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Abstract: It is known that the Sobolev space W1P(RV) is embedded into LN?/N-P)(RN) if p < N and into
L®(RN) if p > N. There is usually a discontinuity in the proof of those two different embeddings since,
for p > N, the estimate |ulo, < C||Du||g/p ||u||11,_N/ P is commonly obtained together with an estimate of the
Holder norm. In this note, we give a proof of the L*°-embedding which only follows by an iteration of the
Sobolev—-Gagliardo—Nirenberg estimate |ullnyv-1) < CllDull;. This kind of proof has the advantage to be eas-
ily extended to anisotropic cases and immediately exported to the case of discrete Lebesgue and Sobolev

spaces; we give sample results in case of finite differences and finite volumes schemes.
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1 Introduction

Let RY denote the euclidean N-dimensional space, and assume that N > 2. In its basic form, the celebrated
Sobolev inequality [13] asserts that, for every 1 < p < N,

Np

“N_p (1.1)

lull Lo vy < CsllDullppwyy, p*
for every C' function u with compact support in RY. It is common knowledge that the inequality for p > 1
can be easily deduced from the case p = 1, sometimes called the Gagliardo inequality. This latter one, in its
general form, reads as

¥, < ]ﬂ[\ ou (1.2)
pPry) ol e '
and was proved independently by Gagliardo [9] and Nirenberg [11].
It is well known that (1.1) fails to be true if p = N and p* = co. However, for p > N, it holds that
lullzeomyy < Kp[lullzewyy + 1Dullre )] (1.3)

for every C! function u with compact support in RV,

The usual proof of (1.3) goes together with the Morrey estimate (see e.g. [1, 7]), which states the embed-
ding of WLP(RN), for p > N, into the space of Hélder continuous functions [10]. Even if the Morrey embedding
gives, of course, a fundamental piece of information, it seems a natural question whether (1.3) could not be
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obtained itself from the scale of Sobolev inequalities, rather than as a byproduct of an estimate on the oscil-
lation of u. This question is especially motivated by the application to discrete numerical schemes for PDEs
since discrete-type Sobolev inequalities are more efficiently proved by using only scaling arguments.
The purpose of this note is to give a proof of (1.3) which relies only on the (recursive application of)
Gagliardo inequality (1.2). In particular, we wish to give evidence to the following two remarks:
(a) Inequality (1.3) can be directly obtained from (1.2) through an iteration scheme.
(b) This approach preserves the natural form of (1.2) and easily extends, for instance, to anisotropic cases
and discrete versions.
To be precise, the natural generalized form of inequality (1.2) that we prove in this paper for the case p > N
is the following one.

Theorem 1.1. Let p;, i =1...N, be such that YN, pi,- < 1. For every r > 1, there exists a constant C, only
depending on p;, N and r, such that

ooy < C(]‘[ ” o
1

for every C! function u with compact support in RN,

N
lull o, 6:= , (1.4)
17 (RN)) b N+r(1-3¥, 2)

As we said before, the interest here lies in the proof of (1.4), which is obtained with an elementary iteration
from the case p = 1, using only algebraic steps and Hélder inequalities. In this approach, inequality (1.3) for
the case p > N follows in the same spirit as inequality (1.1) for the case p < N, up to replacing a finite with
an infinite iteration. In fact, in order to get at the sup-norm, one needs a limit as ¢ — oo of the embedding in
LI(RY), obtained by applying (1.2) to increasing powers of u, like in Moser-type iterations. The convergence
of the iteration and scaling arguments, which fix the precise form of the embedding estimate, are the only
ingredients required. In particular, compared to the usual proof (see [1, 7]), we do not make any use of the
geometry of the underlying euclidean space since we only rely on the starting inequality (1.2).

Apart from the pedagogical interest of this proof, we think that it may have an interest in cases where the
structure of the state space is more complex than the euclidean flat case. As a motivation, and an application
of our approach, we consider the case of discrete-type inequalities which are needed in numerical schemes
for partial differential equations.

An extensive literature now exists about discrete-type Sobolev inequalities; we mention in particular
[3, 4, 6, 8] (and many other references cited therein) for the case of finite volumes. However, the case p > N,
p* = cois often outside the range of those results, despite the fact that, in numerical analysis, the case of low
dimension (N = 2, N = 3) is very relevant. At the end of this note, we provide a discrete-type version of (1.3)
for finite volume schemes, see Theorem 4.1, which is obtained as in the continuous case with an iteration
method. Notice that, in the finite volumes setting, it is very convenient to start with inequality (1.2), applied
to BV functions, a very natural frame for piecewise constant functions. We hope that the kind of discrete
Gagliardo—Nirenberg inequality proved in Theorem 4.1 may have an interest for people working in numerical
analysis: indeed, a special case for N = 2 was needed in our recent paper [12], for a finite difference scheme
used to show numerical hypocoercivity of the Kolmogorov equation.

2 The Iteration Scheme

We start by showing that the iteration of the Gagliardo—Nirenberg—Sobolev inequality (1.2) is convergent and
leads to the estimate of the sup-norm. This is the main technical step in our approach.

Lemma 2.1. Let p > N. For every r > 1, there exist constants a, 3, C, only depending on p, N and r, such that

ooy < C(H H .
i

for every C! function u with compact support in RN,

- ) Il ey 2.1)
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Proof. Giveny > p, we apply (1.2) to u” obtaining

1 gy < YNH"uY L ey < v (1’[|| -
1

Sincey >pandp > N,wehavey < (y - 1)p’ < ym, so we interpolate

N ON N(1-6)
(Jor o) s (furtean) (o) 7

where (y - 1)p’ = Oy 57 + (1 - 6)y, which means

g V-Dp' -y
YN

(Jursax)™ (1
(J“y“d"> { (H"axl

We deduce from (2.2)

N(1-6)

s [)

(N-1)p’

which yields

(N-1)p' _p'[ 1 ]_1[ 1
yNp'(N-1)-6N)  Nly(N-(N-1p)+Np']l N

(N-1D(A-6) _ 1[Y(N—(N—1)p')+(N—1)p']_ 1[
4

ypo'(N-1)-6N) yl  y(N-(N-1)p)+Np' |y

Henceforth, we set the iteration scheme. For r > p, we define the recursive sequence

Yn = (N >Yn1 N \"
yO:rN ! Lo y":r<N—1)’
and we define 1
T ya-DaN

With the above notations, using (2.3) with y = y,,_1, we have
On-1

N
1-0p-1
Nl vy < {Yn 1(““ dX; LP(]RN)>} Pl

which holds for every n > 1. To shorten notations, we define

Cn- {y" 1<H”6x,

—1

L"(IRN))}
1- On-1

Nl ey < Cr-alldll " wy  foralln > 1.

so that (2.4) takes the form

We can now iterate this estimate, and we get

1-0p,-
lullon gy < Coa s ey

1-0pn- 1-0,-
< Cn—l(Cn—2||u||Lyn_§(§RN)) On-1

1=0n- 1-0n- —Un- —0On-
= C" 1C I 1(Cn—3"u||LYno-3(?RN))(1 On-1)(1-0n-2)

< Cn 1C1 On- 1c(1 On-1)(1-0n- 2) . "u"r

Lp(IRN))(J (y-1)p' dx)

e W-1)(1-0)
)} VNG (N-1)-0N) ( J' )y(ﬁ’(Nfl)feN)
u’ .
LP(RY)

We use the value of 6 in terms of y, N, p and the two exponents in the right term become respectively
Nlya-%y+nV

ya-Dant

[} (1-0))

(2.2)

(2.3)

(2.4)
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Finally, we deduce the estimate

n-1 1- n-1
lull Ly mvy < Cnet 1_[ CH’ et (1797 l'[, 0179 foralln > 1. (2.5)

k=0

We observe that

n-1 n-1
H(l -0j) = exp( z log(1 - 0,-)),

j=k j=k

and since, by definition of 0, and yy,

log(1 - 0y) o ! <N )71.
/s AR TN W VRSN
r(1-2) N-1

the above sum is convergent and there exists some co > 0 such that

|
-

n

O0<co<||(1-0j)<1 forallk<n-1landalln>1. (2.6)

T
Iy

We recall that, by definition of Cy and yx, we have

UWk " N koy
= kol ——— A =
{yk(l—[” ax, LP(IRN))} A (N— 1) ’ where T(H” 6x,

1
N
Lp RN))

Hence

2
'i—[ C]l(_[j:kal(l_o-l (A)Zk— o 15, (1-0; ( N

Yico ko T, (1-07)
1) -

Using (2.6) and oy = (( 1) ) we notice that the above quantity is bounded uniformly with respect to n.
Therefore, from (2.5), we deduce that
-
I ]RN)> ||u" r(]RN

for some positive constants C, a,  only depending on r, p, N. Since u has compact support, the left-hand side
converges to [[uf(gryy and (2.1) is proved, at least for r > p. In addition, the above iteration clearly shows
that the exponent S is smaller than one (see (2.6)). Since, for any s < r, we have

hm supllullm RY) < C(H l| ox;
i

s 1-5
lully < fluls lulleo "

the estimate is immediately extended to all Lebesgue spaces LS(RY), with values s < p, with an estimate

B
lull’,
LP(RN)) L@®Y

for possibly different C, a, f3. O

ullpeomyy < C<

ll 0X;j

As we now show, there is no need of a difficult inspection of the above iteration argument in order to detect
the values of a and B. Once inequality (2.1) is obtained, the precise value of a and B can be easily found
through scaling arguments.

Lemma 2.2. Assume that (2.1) holds true. Then we have

r(p - N)
rp-N)+Np'

a=—2P  and B=

r(p—N)+ Np 2.7)

Proof. First of all, replacing u with Au, A > 0, we deduce from (2.1) that

Na+B=1. (2.8)
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Secondly, we take u = up := {(%), where { € Cl(RN)is a cut-off function such that 0 < { < 1, {(x) = 0if x| > 2
and {(x) = 1if |x| < 1. Applying (2.1) to ug, we get

1< C(H ” o

and since R is arbitrary, this implies

NE ONa(X-1)
R™R s
LP(]RN)) ”(”LV(IRN) p
€+a(——1):0. (2.9)
Putting together (2.8) and (2.9) gives (2.7). O
Collecting the above lemmas, we deduce the embedding of WP (RV) n L"(RY) (r > 1) into L®(RY).

Corollary 2.1. Let p > N. For every r > 1, there exists a constant C, only depending on p, N and r, such that

ooy < C(]‘[ |2
1

for every C! function u with compact support in RV,

r(p—I\I;)+Np . PN N;V
T +
) Il 0 (2.10)

LP(RV)

Remark 2.1. If we simply use ||a” ||LP(RN) < | Dullp»rv), then (2.10) implies

r(p—N)

5(,1?;;”” gy (2.11)

lullLeomyy < ClDull;
which is one standard form of the so-called Gagliardo—Nirenberg inequality.

Remark 2.2. If r = p, then (2.10) reads as

o, < (1‘[||ax

which implies (1.3) by Young’s inequality.

p-N
I ]RN ) ||u||L5(RN)s

3 The Anisotropic Case

The same strategy used before can be applied to the more general anisotropic case.

Lemma 3.1. Let p;, i = 1...N, be such that Zf\il I%i < 1. For every r > 1, there exist constants a, f3, C, only
depending on p;, N and r, such that

Bl vy < C(H H =
i

for every C! function u with compact support in RN,

- ) 1l ey 3.1)

Proof. Let {sj}1<i<ny be real numbers and s := Zfil s;. We start from the inequality

A sH - H I (3.2)
i

Inequality (3.2) is the usual starting point for the anisotropic Sobolev inequality; see e.g. [2, 14]. For the sake
of completeness, let us recall how this is obtained, using once more the Gagliardo argument. Since
Xi
lu(x)|* < s;j J [U(X1,s - v Xic1s by Xin1s - )| ~— (1, Xic1, £ Xy, - ) dt

-0

< s,-(J l%(x)ri dx,-)l(J|u(x)|(sx 9} gy, )
R ! R



366 —— A.Porretta, A Note on the Sobolev and Gagliardo-Nirenberg Inequality when p > N

we have N
()1 < [T fitx-a),
i=1

where x_; := (X1, ..., Xi_1, Xis+1, .. .) and

1 Di ST , -
fimsT (| S| dx) ™ ([rucorevet ax ).
Xi
R

R

Applying the Gagliardo inequality (see e.g. [5])

N
[15

i=1

N
< [T il ey,

LYRN) =1

we get

1

s N g au Pi 1-7,'(13/*1) U ’(131—1)
J|u(x)|m dx < Hsi”‘l J (J g(x)| dxi> (Jlu(x)l(si_l)pi dxi>"" dx_;
i=1 ! R

RN-1 R
which implies, by the Holder inequality,

ou |71 1T
S (17l
1

LN Pl Ny
LPi(RN) L¥i (RN)

N 1
= N-1
Jlu(x)|N—1 dx < | |si
i=1

This proves (3.2). Now we choose {s;} so that the N — 1 conditions
(si—1)p; = (sj - 1)p]f foralli #j

are satisfied. Thanks to (3.3), and since ) ; 1%- < 1, we claim that

%<(s,~—1)plf<Ns_ foralli=1,...,N
provided
S; > 1+—N
i N T
plfz]ﬁl%

Indeed, using (3.3), and the standard conjugate relation for p]’., we have

1
s=si+)(sj-1D+N-1=si+(si-1)p]y — +N-1

por j# Fj
1
=si+(si—1)Pl{Z(1__)+N_1
j#i j
1
=5+ (N=1)(1+(s; - Dp)) - (si - 1)p} Y. —
j# oI

1 1
:(N_1)(51._1)pl{+Si<1—p;Z;)+N—1+p;z;.

j#i £ j# =
Since the condition }; 1% < 1 implies p} s pij < 1, we immediately deduce that
s> (N-1)(si - 1)p},

which gives the right-hand inequality in (3.4). In addition, we compute

1 1
s—N(s,-—l)plf=—s,-(plf—1+plfz—)+plf+N—1+pl’.Z—
j# Pi j#i Pi

! 1 ! 1
=-Sip;: Yy —+N+p. )y —,
l l;Pi ’;Pj

and therefore s < N(s; — 1)p; provided (3.5) holds true.

DE GRUYTER

(3.3)

(3.4)

(3.5)

(3.6)
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Let us suppose, by now, that (3.5) is satisfied. Then we have shown that (3.4) holds true, and we can use
the interpolation inequality to deduce from (3.2)

>

N 1-0; i

il ([115) 7 (Jrm) 6

s < oo
"u”LNs_l (]RN) = L Sl axl

where (s; — 1)plf = 0;y>1 + (1 - 0;)y, which means
N-1
0; = T[N(Si - Dp; - sl.

Simplifying (3.7), we obtain

(Jie)™ 5 < { o]

s \ 2 B
}<J|H|N> " ’
LPi(RN)

Since 0 N-1 1 1-6 N 1
i - 2 — VUi
4N ep g n) TNy g )
D; 7 Pj b; i P
we get s(1-3; L )+N(N-1)
— lp,
. s(1-3; 5, 7N’ s(1-3;j 1 Py N2
”u"Lm(]RN) : { || 0X; LP:(]RN)} lu "LN (RN) ) (3.8)
We set henceforth
}\[ n
mo=r(§=1)

and we apply (3.8) with s = Ny,_;. Notice that the N — 1 conditions (3.3) and the choice s = Ny,_; yield
a unique choice of the {s;};=1,... y used above!. In addition, we have that s; depends on n and goes to infinity
as n — oo; this makes sure that condition (3.5) is satisfied for n large. Indeed, by taking r sufficiently large,
we can suppose that this condition holds for all n > 1.

With the above choice, (3.8) reads as the recursive estimate

N ou

Nl oy < {Hsl 5

Unfl
1 On-1
u foralln>1
LP;(H{N) } || "Lyn 1 HIN) s

where we have set 2

Yn(1=3; )+ N’

Op i=

Defining as well

In-1

N
b
LPi(RN)
On-1

lull Ly mvy < C— 1||u||Lyn ‘myy forallm>1,

{Hs'll ox;

the above estimate takes the form

exactly as in Lemma 2.1. Therefore, we obtain again the estimate

n-2

[T}
lullpym@myy < Cn-1 1_[ Cy
k_

1- n-1
o (1-0) lu ||H1 =0 (1-0) foralln>1, 3.9)

and we conclude with similar arguments: as in the isotropic case, there exists ¢y > 0 such that

n-1
O<cos[[(1-0)<1 forallk<n-1landallnz1,
j=k

1 In fact, the computations in (3.6) give the explicit relation between s and s; as s = siplf(N -2 %) + p; Y pij - N(plf -1).
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and since we have s; < 8y,_1 for some constant 8 only depending on p;, N, we estimate

UnT—l
Cot < {wyn ﬂmuax . RN)} .
1 i

Therefore, we conclude, exactly as in Lemma 2.1, that there exist constants a, C > 0 such that

H/ k+1(1 U} l|
Cn ! 1_[ C { aXI LPi(RN) ’

and passing to the limit in (3.9), we finally obtain (3.1), at least for r sufficiently large.
The conclusion is then extended to any value r > 1 asin Lemma 2.1, with a straightforward interpolation
argument. O

Finally, the same proof as in Lemma 2.2 gives the unique values of a, 8. Thus the proof of Theorem 1.1 is
concluded.

4 Discrete Inequalities

Discrete inequalities similar to those proved in the previous sections can be obtained with the same approach.
In order to keep things simpler, we only consider the isotropic case as in Section 2. We start with the easier
case of finite difference schemes.

4.1 Finite Difference Schemes

A discrete inequality as (2.10) was obtained in [12] for a finite difference scheme approximating the Kol-
mogorov equation in R?. In that situation, we proved that, for any p > 2 and r > 1, there exists a constant C,
only depending on p, r, such that

_rp=2)

Iflco < CUDA 1Dy Alp) &7 |7

foreveryf € e;(IRZ) with s = min(2, r), where x, y are coordinates in R?, f = (f;;) is a function defined on the
scheme and Dy, D) are finite difference versions of the derivatives.

Here we give an extension of this kind of estimate to N-dimensional finite difference schemes. To this
purpose, let us consider a uniform grid on RY with mesh step h, and let P = (i1 h, ..., iyh) denote a generic
point in ]Rﬁ’ , with i1, ..., iy € Z. The values of a function f at P are denoted by f;, .. i,, and the natural
Lebesgue space eﬁ is defined as

11,000IN

For a function f defined on the scheme, the discrete derivatives can be defined, for example, as follows:

Jirs ikt iioiintseensin = Jityeomsitetsik=1,ike1sei
kaf(P):: 1 k-1stkstlk+1 Nhl k-1stk k+1 N.
Of course, right-sided derivatives, or centered derivatives, could be used alternatively.
A discrete Gagliardo inequality can be the starting point here. Assume that f has compact support. Since,
in any direction k, one has

ix
|fl'1,---,l'1v| < Z |fi1,---,ik—lyjyik+1,-~-,iN _-fily---;ik—lyj_lyik+1;---xiN ’
=—00

]',
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by taking power ﬁ and N copies of this inequality in the N directions, one obtains

v N () ﬁ
itsooin =T < TIU X Virniicssiionsonin = fivseiici-Lintenin] | -
k=1 \j=-00

Then, exactly as in the continuous case, integrating and using the Holder inequality (and scaling the powers
of h), one gets

N
1A < [TUDx Sl (4.1)
k=1

for any f which has compact support. Inequality (4.1) is the discrete equivalent of (1.2). Now, applying (4.1)
to |f]Y and using that

IDx 1AV < YUY ™+ figs it sic—Loicosseemin DI Dy fl
one obtains with the Holder inequality

1

N N
Y y-1
ASEE cy(l’[unxkﬂm;) 1A

k=1

The iteration scheme then follows exactly as in Lemma 2.1 and provides with the inequality

N a
Iflo < c(]‘[nnmﬂle;;) I
k=1

for some a, 8 > 0 and for every f with compact support. The consistency of the scheme implies that the
same inequality be true for C! functions with compact support, so the values a, § are fixed once again by
Lemma 2.2. Finally, we end up with the inequality

X ; 1-6 Np
Ao < C(E"kaf"ei) "ﬂ'g;l , 0:= m, (4.2)

which is proved to hold (with a standard density argument) for every f € €5, s = min(p, r).

Remark 4.1. We point out that different choices could as well be done for the discrete derivatives Dy, in dif-
ferent directions. The proof adapts easily, for example, to left, right or centered choices. For instance, in [12],
we obtained (4.2) using the choice D, f := @, Dyf := % in order to match the anisotropic behavior
of the Kolmogorov equation 0f — dxxf — x0yf = 0in R2.

4.2 Finite Volume Schemes

Let us now show similar discrete inequalities in the more general context of finite volume schemes. We follow

here [8] for the reference functional setting. An admissible mesh of RY is given by:

« A family M of control volumes, denoted by K, which are bounded convex polyhedral subsets of RN with
positive measure, and such that M realizes a locally finite partition of RV,

« A family & of relatively open subsets of hyperplanes of RV, denoted by o, with positive N — 1 mea-
sure, which represent the faces of each volume K. Indeed, for each K, there exists g ¢ & such that
0K = Ugee, 0, and € = Jxcp Ex- We also assume that the cardinality of £k is uniformly bounded for all
K € M (i.e. there is a uniform bound on the number of faces of the control volumes).

o A family of points {xx}xen such that xg belongs to the interior of K, and for any two neighboring cells
K, L, the line through xg, x1, denoted by [xg, x ], intersects and is orthogonal to the face ogy := 0K N OL.

The size of the mesh is defined as h := supgcy; diam(K) and supposed to be finite. For any xg, xr, their

distance is denoted as

dg :i=|xg —xg| foro=o0gr.
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Notice that the above condition on the line [xg, x;] implies d, > d(xg, 0kr). The mesh is called regular if
those distances are equivalent (uniformly in the mesh), namely,

there exists ¢o > 0 such that d, < cod(xg, 0) forall o € Eg and all K € M. (4.3)

Functions u defined on the scheme are nothing but a collection of real numbers (ux)gen, and clearly iden-
tified with the space of measurable functions in RN which are piecewise constant on M. In particular, we
set

200 = {u= Y ucli, uceR: Y lulIK| < oo}
KeM KeM

with its natural norm

1
p .
Il = (Y luxl?IKT)" i1 <p <o, ulew i= supluxl.
KeM KeM

The discrete version of the seminorm of W7 is given by the following:

whp=( Y |o|%(%)p);, (4.4)

oe&,0=K|L

where, here and later, we denote by | - | the Lebesgue measure, used for both N — 1 and N-dimensional sets,
which will be clear in the context. In (4.4), we assume, without loss of generality, that d; > O forall ¢ = K|L
(see also [8]).

We now establish a discrete version of (2.11). The following result may be seen as a complement of similar
embedding estimates proved in [3, 4] for p < N.

Theorem 4.1. Let M be a discrete regular mesh as defined above. Let p > N. For any r > 1, there exists a con-
stant C, only depending on p, r, N, and c given by (4.3), such that

_ Np

~r(p-N)+Np’

0 1-6 .
lulle < Cluly ,llully”,  6:

forevery u € ¢4, g = min(p, ).

Proof. Without loss of generality, we assume that u has compact support, i.e. ugx # 0 for only a finite number
of K € M (the general case is recovered by density). We recall the Sobolev inequality for functions of bounded
variation

< CnlvliByamyy,

V1, e

where Cy only depends on N. If applied to u € £1()\) (piecewise constant functions, compactly supported,
belong to BV(RM)), the previous inequality reads as

1
lul, ey <Cng Y X lokulluk - ugl.
KeM oeg,0=K]|L

We apply this inequality to |u|¥ and use that |[ug|” — |url’| < y(luKly‘1 +ur )" YHlug — ur|. We get

y )4 -1 -1
al” wo<Cnvs Y X loxalCul™ + sl Hlug - .
eN-1 KeM oeE,0=K|L

Assuming y > p and using the Holder inequality, we obtain (we shorten the notations in the summation index,
where 0 = K|L is omitted)

1 1
_ _ AV 1- p
W e < en b (Y ottt + bt ) (Y todh P -ur )
N1 KeM oeéx KeM o€y
Using condition (4.3) on the mesh, and the definition of discrete Sobolev seminorm, we deduce that

1 1 1 L
y »’ —1)p' \?' ol —Dp' \ 7'
Il < Cef'v( Y Y lotdck, a0 ) ulyp < Cc v Y 1KY ) fuly,p,
en-t KeM o€y KeM
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where C denotes possibly different constants only depending on N, p. Thus we obtain

1
T

v y-1
lull” < Ceg ylul
eN-T

20-1p! |u|1,p,

which is the discrete equivalent of (2.2) in Lemma 2.1. Starting from this inequality, the iteration scheme can
be applied without changes; eventually, this leads to the estimate

A B
lullieo < Clulf ,llulle:

for some a, > 0, and some ¢ depending on N, p, r, co. The consistency of the scheme implies that the same
inequality should hold for smooth functions with compact support; hence the values of a, 8 > 0 are fixed by
Lemma 2.2. [
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