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Abstract: This paper deals with maximum principles depending on the domain and ABP estimates associated
to the following Lane—Emden system involving fractional Laplace operators:

(=A)Su = Ap()[v|* v inQ,
Ny =put)ulfu inQ,
u=v=0 inR"\ Q,

where s, t € (0, 1), a, B > 0 satisfy aff = 1, Q is a smooth bounded domain in R", n > 1, and p and 7 are
continuous functions on Q and positive in Q. We establish some maximum principles depending on Q. In
particular, we explicitly characterize the measure of Q for which the maximum principles corresponding to
this problem hold in Q. For this, we derived an explicit lower estimate of principal eigenvalues in terms of the
measure of Q. Aleksandrov—-Bakelman—Pucci (ABP) type estimates for the above systems are also proved. We
also show the existence of a viscosity solution for a nonlinear perturbation of the nonhomogeneous coun-
terpart of the above problem with polynomial and exponential growths. As an application of the maximum
principles, we measure explicitly how small |Q| has to be to ensure the positivity of the obtained solutions.
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1 Introduction and Statements

We consider the nonlocal eigenvalue problem

{(—A) u=Ap(xu inQ, (1.1)

u=0 inR"\ Q,

where Q is a smooth bounded domainin R",n > 1,p € L"/5(Q)is positive in Q a.e., and the fractional Laplace
operator (—A)’ defined for s € (0, 1) by

u(x) —u(y)

(-A)’u(x) := C(n, s) !gl{g j [x — y|n+2s

R™\Bg(x)
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for all x e R™ and C(n, s) is a normalization constant, given by

52231—- 2s+n
C(n, s) := #’
m2T(1-5s)

where T is the usual Gamma function. A natural space for the operator (-A)? is the weighted L;-space:

1+ |X|n+25

L := {u R" > R: fulg, = I de < +oo}.
]R)’l

Another space strongly connected to this operator is the fractional Sobolev space H(R") defined by

[u(x) - u(y)l

{u € L2(RY) :
Ix —yl2*s

€ LA(R" x IR")}
that is, a Banach space endowed with the norm (see [9])

2 1
c(R) = 24 jj—“‘(x)_u(y)l dxd )Z.
Iuliseey = ( [ 1ud w | ) e

R"

We denote by A1 s(p, Q) the first eigenvalue of problem (1.1). In [25], Servadei and Valdinoci showed for
p = 1that ,
C(n, s) mi .[]RZ" |(p|(>§()y|§f1]+(¥s)| dxdy
2 pexy@\or [ lp(x)]? dx
where A1 5(Q) := A1 5(1, Q) and X3 (Q) := {u € H*(R") : u = O a.e. in R" \ Q} is a Hilbert space with the norm
I llxs @) induced by the inner product (see [25])

J (u) —u(y)(v(x) - v(y))

|X _ y|n+25

A1,5(Q) =

U, Vixs) = dx dy.

R2n

For p € L®(Q), the first eigenvalue A1 s(p, Q) was studied in [8], and for p € L5(Q)in[11].

It is well known that Aleksandrov-Bakelman—Pucci (ABP) type estimates to nonlocal operators are
strictly related to maximum principles. The ABP estimate to the nonlocal operator (-A)S (see [22, Theo-
rem 2.3]) states the following: Let D be an open domain with R(D) < +oo, where R(D) > 0 is the smallest
constant such that

1
[Br(p)(x) \ D| > E|BR(D)(X)|

forall x € D, where | - | stands for the Lebesgue measure of R". Note that, if D is contained between two parallel

hyperplanes at a distance d, then
2"d
R(D) <
|B1|’

where B is the unit ball of R". Assume that f € C(D) and u € C(D) satisfy supp u < co and
(-A’u < f(x) inD,
u=0 inR"\ D,
in the viscosity sense (see [22, Definition 2.1]). Then

Sgpu < CSR(D)ZS ”ﬂlc(ﬁ)y (1.2)

where C; is a positive constant. From this ABP estimate follows the maximum principle in domains (not
necessarily bounded) for which R(D) is small enough (see [22, Theorem 2.4]): Assume that p € L*°(D) and
u € C(D) satisfy
(-A)°u > p(x)u inD,
u=0 inR™"\ D,
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in the viscosity sense with pu € C(D). Then there isanumber R such that R(D") < R implies that each viscosity
solution satisfies u > 0 in D, where D™ := {x € D : u(x) < 0}.

Here we are interested in studying maximum principles depending on the domain and Aleksandrov-
Bakelman-Pucci (ABP) type estimates to the nonlocal Lane—Emden system

(=A)Su = 2Ap()|v|* v inQ,
(~D)tv = pr)ulftu inQ, (1.3)
u=v=0 inR"\ Q,

where s, t € (0, 1), @, § > O satisfy aff = 1, and p and T are continuous functions on Q and positive in Q.
The existence of, at least, one positive viscosity solution to problem (1.3) has been established when
aB > 1in [15] for s # t, and in [16] for s = t. For af < 1, existence and uniqueness results of a positive vis-
cosity solution was proved in [16] for s = t, and later in [18] for s # t. See the definitions of viscosity sub-
supersolution and solution of problem (1.3) in the paper [18].
The weak formulation of system (1.3) is given by

C ’
A poaivietvae dx = S22, 0o (1.4)
Q
and o
u J 700 |ulf 1 u¥(x) dx = r;, v, ¥)xt () (1.5)

Q
for any (@, ¥) € HS(R") x HY(R") with ® = ¥ = 0 a.e. in R" \ Q. Note that, since p and 7 are continuous, the
notions of bounded and continuous weak solution and viscosity solution of (1.3) coincide (see [23]).

We say that (A, u) € R? is a principal eigenvalue of system (1.3) if this admits a positive viscosity solution
(@, ) € (C(R™)?, which is called a principal eigenfunction corresponding to (A, p).

In [18], Leite and Montenegro proved that the set of principal eigenvalues of (1.3) makes up a smooth
curve Aq : (0, 00) — R?, A1(a) = (A1(a), p1(a)) with pq(a) = adi(a), satisfying some important properties
such as asymptotic behavior, local isolation, monotonicity and simplicity. They also furnished a min-max
characterization for A;. The proof of the min-max expression is more intricate since viscosity solutions are
usually not classical.

We say that the weak maximum principle in Q, denoted by (WMP), associated to (1.3) holds in Q if for any
viscosity supersolution (u, v) € (C(R™))? such that u, v = 0 in R" \ Q, we obtain u, v > 0 in Q. If furthermore
eitheru,v=0in Q or atleast u > 0in Q or v > 0 in Q, then we say that the strong maximum principle in Q,
denoted by (SMP), holds in Q. If A, 4 > 0, then (SMP) in Q means that either u,v=0in Qoru,v > 0in Q.

In [18, Theorem 1.3], Leite and Montenegro characterized completely the set of couples (A, u) € R? such
that (WMP) and (SMP) associated to (1.3) hold in Q. More, precisely: Let €, be the open region in the first
quadrant below A1, that is,

€1 :=={(A1(a)t, p1(a)t) : a >0and O < t < 1}.
Then
(A, p) € €1\ A; ifandonlyif (WMP) associated to (1.3) holdsin Q ifand onlyif (SMP) holds in Q.

A topic of great interest theme within the elliptic PDEs theory concerns maximum principles for domains
of small Lebesgue measure. For example, if A € R and £ is a uniformly elliptic linear operator of second
order, then there is a constant n > 0 such that £ + A satisfies weak and strong maximum principles in Q
whenever |Q| < n. This result was proved in two ways: by using the ABP estimate (see [3, Theorem 2.6]), and
the Faber—Krahn inequality obtained by Faber [10] and Krahn [14] (see [19, Theorem 5.1], [5, Theorem 10.1],
[1, Theorem 4.1], and [20, Proposition 8.6]). More recently, in [17], Leite and Montenegro established the
maximum principles for domains of small Lebesgue measure for Lane—Emden systems.

Inspired by these ideas, we characterize some maximum principles corresponding to (1.3) depending on
the domain.
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Firstly, we classify when such (WMP) (or (SMP)) corresponding to (1.3) is satisfied in domains Q (not
necessarily of small measure) for which R(Q) is sufficiently small. For this, we present the following lower
bound, more specifically, a counterpart of [3, Lemma 4.1] to nonlocal Lane—Emden systems.

Lemma 1.1. Let Aq(a) = (A1(a), u1(a)) be the principal curve corresponding to (1.3). So for any a > 0, we get
1

Ai(a) = — I (1.6)
s a1 p+1
aF T Blpl i Il
1
Hi(a@) 2z — ; - (1.7)
st a1 B+1
a = Blpl 55 Il
where
B := max{CsR(Q)%*, C(R(Q)*'}.
As a consequence of above lemma and [18, Theorem 1.3], we obtain the following theorem.
Theorem 1.2. Letp, T € C(Q) and let a, B > O be such that af = 1. Define
A o
Ko = “P"C(ﬁ) "T”C(ﬁ).
Then the following assertions are equivalent:
(i) A=0andyu = 0.
(ii) (WMP) corresponding to (1.3) holds in Q provided that
1 = 1 =
R@) < min{(————)", (————)"}. (1.8)
CsuPtAwiko CepuP+i Awikg

(iii) (SMP) corresponding to (1.3) holds in Q provided that R(Q) satisfies (1.8).

Secondly, we characterize when such (WMP) (or (SMP)) corresponding to (1.3) is satisfied in domains Q of
small Lebesgue measure. For this purpose, we shall obtain some explicit lower estimates.
When a = 1, we get an explicit lower estimate of A; (a) for any bounded domain Q as follows.

Theorem 1.3. Lets,t € (0,1),a =1(andsof =1)andp, T € CcQ). Then, for every Q c R" open and bounded,
we have

1 2 _ar
Ai(a) = mAl,i(BlﬂBﬂ n Q7w (1.9)

where
Co := max{lplcg ITle@}t and  A13(Q) := min{A,s(Q), A1, ()}

Then we obtain the following maximum principle.

Corollary 1.4. Under the hypothesis of Theorem 1.3, the following assertions are equivalent:
(i) A=0andu = 0.
(ii) (WMP) corresponding to (1.3) holds in Q provided that

A17(B1) \%
Q] < (m) |B1]. (1.10)

(iii) (SMP) corresponding to (1.3) holds in Q provided that |Q| satisfies (1.10).

When a # 1, the problem becomes much more delicate. In this case, we use the ideas of the proofs of [5, Theo-
rem 10.1] and [17, Theorem 1.6], together with the following inequalities: For n = 1 and % < s < 1, define

H®S(R") :={u e L5 (R") : (-A)7u € Ls(RM)}, H>3(Q):={ue H**(R"):u=0inR"\ Q},
r(i=s
I<1,S = (—2)1’ al,l H
T(3)28m3

1.1k
Sk T
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An inequality known as fractional Adams inequality (see [21, Theorem 1]) states that

1
j e gy o c1,110 (1.11)
Q

forallu € HS3 (Q) satisfying [|(-A)S/2u] Ls(q) < 1, where cq,1/5 is a positive constant independent of Q. Notic-
ing that

1
a, 1|ulT=s

lulP < C(p)e s foranyp > 1,

replacing u by u/||(-A)52u|| L1/s(q) in inequality (1.11) and using the Holder inequality, we have

2
(j|u|p ax)’ <y gl0ls j|(—A)%u|2dx,
Q Q

withcys = (C(p)cl,l/s)z/l’ for any p > 1. Moreover, by [9, Proposition 3.6], we have

2
- )
([1or ax)” < S1aRm2 e, scm, s)lgt o (1.12)
Q

for all ¢ € X3(Q).
For n > 2s, we use the fractional Sobolev inequality for any ¢ € X3(Q):

$ol2
loll?, 2 @) = lpll?,. fae S Cnsl(GA)2 @1 gy

where 27 = -2 25 and an explicit characterization of ¢, s is well known; see [6, 7]. Furthermore, by [9, Propo-
sition 3.6], we obtain

[E

[ < 5CnsClm, »S)lgs ) (1.13)

for all ¢ € X3(Q).
It will also be necessary to use an explicit lower estimate of 11 (Q) in terms of the Lebesgue measure of Q
for any n > 1. Here we will prove it in a more general context, for A1 s(p, Q) and p € L"/5(Q), as follows.

Theorem 1.5. Let s € (0, 1) and p € L"/(Q). Then, for every Q c R" open and bounded, the following asser-
tions hold:
(i) Ifn > 2s, then we have

(Cns) 72

As(p, Q) > 0 Ay ((B1)?|By[71QI . (1.14)
Il 2
(i) Ifn =1 < 2s, then we have
( 1 s)
A,s(p, Q) = /11 s(B1) T |Bll T |Q|
Il + g
Note that, if Q = B; and p = 1, then
A1,s(B1) = — foranyn=>1.
Cn,s|Bl|7

Consequently, we deduce the following result.

Corollary 1.6. Lets € (0,1)andp € L"S(Q), n > 1. Then, for every Q c R" open and bounded, we have

|Q|‘%
As(p, Q) > ———.
LsiP Cn,s||P||L%(Q)
Now, we define
¢c=min{—, ], C=max{Llplgg) Tl
Cn,s Cn,t
2s(a+ ) +n(l-a) —— 2s(B+1)+n(1-p)

Os = 2s(a+1) %7 2s(B+ 1)
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Theorem 1.7. Letr = min{s, t},letp, T € C(Q) and let A1(a) = (A1(a), u1(a)) be a principal eigenvalue of (1.3).
Suppose

1Q| smin{l,—n}. (1.15)
(Cn,p) 20
(i) Forn > 2rand
2
l<a< % (1.16)
we have :
z:e,
A(a) + a®A(a)* > A S1Q (1.17)
(i) Forn=1, s s,t<1landa > 1, estimate (1.17) holds.
In particular,
lim Aq(a) =
1Q[10

When a < 1, we have > 1, and by duality the next result follows.

Corollary 1.8. Let r=min{s, t}, letp, T € C(Q) and let A1(a) = (A1 (a), u1(a)) be a principal eigenvalue of (1.3).

Suppose
. 1

Q] < mln{l, —

(Cn,s) 250

n-2r

=5y < a<1,wehave

(i) Forn > 2rand =L

C 2, r()iy

M(@)f +ari(a) > ———|Q 7. (1.18)

(;ﬁzﬁ 1
(i) Forn=1,1 5 <S,t<1and0 < a < 1, estimate (1.18) holds.

As an application of these explicit lower estimates and [18, Theorem 1.3], we obtain the following character-
ization of maximum principles.

Corollary 1.9. Let r = min{s, t}, letp, T € C(Q). Assume that a, B>0forn=1and 5 l<s,t<1and

n-2r n+2r

s 1.1
n+2r<a‘B<n—2r (1.19)
for n > 2r. Then the following assertions are equivalent:
(i) A>0andu > 0.
(i) (WMP) corresponding to (1.3) holds in Q whenever
. c b } .
min{1, —, a=>1,
{ (cn,0) 7 (Gaigm) " f 7
Q| < ’1 ¢ T (1.20)
min{l, —, 2"’7]» ifo<a<1.
(Cn,s)ﬁ (cﬁzﬁ—l(/lﬁ + y))

(iii) (SMP) corresponding to (1.3) holds in Q whenever |Q| satisfies (1.20).

Note that Theorem 1.2 and Corollary 1.9 complement each other. In fact, Theorem 1.2 applies toall a, § > O
and in domains Q (not necessarily of small measure) for which R(Q) is sufficiently small. On the other hand,
Corollary 1.9 has a restriction in relation to a and f for n > 2 min{s, t}. However, it measures explicitly how
small |Q| has to be so that the maximum principles corresponding to (1.3) hold in Q.

Now, we give an ABP estimate for supersolutions of the nonlocal Lane-Emden system (1.3).

Theorem 1.10. Let n > 2s. Assume that (u, v) € (C(R"))? is a viscosity supersolution of (1.3) and a viscosity
solution of the problem
(-A)Su < Ap)v* v+ fix)  inQ,

Ny < ut)ulfu+gx) inQ, (1.21)
u=v=0 inR"\ Q,
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where (f, g) € (C(Q))2, f,g = 0in Q. If (A, ) € C1 \ Ay, then the following ABP estimate holds in Q.:

supu + (sgp v)* < Allfle o) + 18150 0y (1.22)
where p > max{g, %} and A > 0 is a constant independent of the (f, g) € (C(Q))? and of any viscosity solution
(u,v) € (C(R™))2.

Using Theorem 1.2 instead of [18, Theorem 1.3] in the proof of Theorem 1.10, we can extend this result to
any (A, u) € R? = [0, 00)? whenever R(Q) satisfies (1.8).

We will also present in this paper an important application of Corollary 1.9. For this, we show the
existence of a viscosity solution to the following problem:

(=A)Su = Ap(O)v[* v + f(x) + F(x,u,v) inQ,
(—A)tv = ]u'(x)lulﬁ‘lu +8(x)+G(x,u,v) inQ, (1.23)
u=v=0 inR"\ Q,

where f and g are functions defined on Q and F, G : Q x R? — R are continuous functions satisfying

0 < F(x, b, ¢) < D1(|bP" exp(01|b|T5) + [c[??), (1.24)
0 < G(x, b, ¢) < Dy(1b|?" + |c|? exp(02]c| 7)), (1.25)
where 1 < p1, p2,q1, 92 < oo and 01, 02, D1, D, > 0 are constants.
We define
2n-(n-2s)(a+1)
al,s = )
n(a+1)
P 2n—-(n-2s)(p2+1)
2,s «— n )
P n+2s
3,5 L Zn ’
oo e 2n—-(n-2s)(q1 +1)
4,5 «— zn >
n-(n-2t)(q2+1)
a5 = 9
2n
n-(n-2s)(p1+1)
dg = s
2n
ar =20 qy,
a+1 ’
a_
ag = (X+llg +ﬂ611,5,
_1/C(n, s)\3
ag,s = Q17 (=5=)7,
_ . (Cn,s) Cn,t)
do := mln{ 5 5 },
. C(n,s) C(n,t)
Dy := max{T, T}’
do e
ry = ( prt i l) ! )
24D1(cn,sDo) "7 Q%2 L4
do e
r2::( 0+l 1 1)2 ’
24D5(Cn,eDo) "7 [Q*2 L7
ry i (p2 + 1)do )Pz%l

24D (pa(CniDo) % 1Q1% + (Co,sDo) 2 |Q2)

1 ,&g,1\1-s
oo By,
a9 ;s\ 201
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o o= (q1 + )do )q%l’

24D5(q1(Cn,sD0) "7 Q1% + (cn,eDo) "7~ |Q1%4)
1 01 \1-¢
r6 = _(_t) ]
ag ¢t 202
where s =¢; 1 if n=1 and % <s <1, and L = 1 otherwise. The last result gives explicit conditions to
ensure the existence of a viscosity solution to (1.23).

Theorem 1.11. Let r = min{s, t} and let a, § > O be such that af = 1. Suppose that p, 1, f, g € L°(Q) and
F, G : O x R? — R are continuous functions satisfying (1.24) and (1.25). Assume the following conditions:
() 1<p1,p2,41,92<00,01,0, >0anda>1forn=1and 3} <s,t<1.
(i) 1<p2,q1,92 < 22,1 < p; < 00,01 20,0, =0,and asatisfies (1.16) forn=1,0<t < 1and 1 <s < 1.
(i) 1 < p1,p2, g1 < 25,1 < g5 < 00,01 = 0,0, > 0, and a satisfies (1.16) forn =1,0 <s < 1 and 1 <t < 1.
(iv) 1 <p1,p2,q1,q> < 23;, 01 = 07 = 0 and a satisfies (1.16) for n > 2 max{s, t}.

Assume also that

doro

1 1
(IAlzeo(@)1Q1%=(cn,sDo)? + lIgllLeo(@)| Q1% (cn,eDo)?) < 50 (1.26)
where ) 1
min{ry, 12,13, r4, s, r'e} ifn:landigs,t<1,
. . 1 1
min{ry, 12, r3, 14, rs} ifn=1,0<t<=-and = <s<1,
ro = 4 2772
1 1
min{ry, 2,13, 15, re} ifn=1,0<s<5andist<1,
| min{ry, 12, 13, 15} if n > 2 max({s, t}.
Suppose that
d 1 r2—2rx
A = 0 min{ —, 0 wa
10[lpllLe(q) Cn,sDolQ|%s " ¢y (Dl Qe
and by
U= do min{ ! o ’ }
10| TllL= (@) Cn,tDolQI%” (cp,sDo)P|Qas )

Then, for every A € [0, A*) and p € [0, u*), system (1.23) has a weak solution (u, v) € X3(Q) x XS(Q). Fur-
thermore, (u, v) € CS(R™) x C!(RM) is a viscosity solution of problem (1.23).

The values A* and p* can be obtained in a simpler way. For this, note that
2-2a 2-28

! <o if and only if "o <1t
Cn,sDolQ|%s — (cn,tDo)*|Q* %1t (cn,sDo)B|QI% ™ Cn,eDolQI%7

Therefore, either

. do . dorg 7
A" = — and p*= ,
10llpll(q)Cn,s Dol Q| 1s 10|17/l zeo(0) (Cn,s Do)B1Q| %
or sy
dors % d
* 9%0 and u* 0

A* = = .
10||plieoq)(cn,eDo)* ] % 1.t 10||7(|Leo(Q)Cn,t Dol Q|47

By duality, Theorem 1.11 holds forall a, § > 0if n = 1 and % < s,t < 1, and for all a, B satisfying (1.19)
if n > 2 min{s, t}.

For the application of Corollary 1.9 mentioned above, we assume the hypotheses of Theorem 1.11. Sup-
pose also that (f, g) is a pair of nonnegative functions and p, T € C(Q) are positive in Q.

Let (ug, vo) be a viscosity solution of system (1.23). Then, by Corollary 1.9, we obtain ug, vo > 0 in Q
whenever |Q| satisfies (1.20). Moreover, if either f,g #0inQorf # 0inQand y >0org# 0inQandA > 0,
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then ug, vo > 0in Q provided that |Q| satisfies (1.20). Thus, we measure explicitly how small |Q| has to be to
ensure the positivity of the obtained solutions in Theorem 1.11.

Our arguments are based on maximum and comparison principles related to nonlocal Lane-Emden
systems obtained in [18]. Some results also play a fundamental role in our proofs such as ABP estimate for
nonlocal operators (inequality (1.2)), fractional Faber-Krahn inequality (see [4, Theorem 3.5]), variational
characterization of A; s(Q), fractional Adams inequality, fractional Sobolev inequality and [24, Proposi-
tion 1.4].

2 Proof of Lemma 1.1

Let (¢4, ¥4) be a principal eigenfunction of (1.3) associated to (A1(a), u1(a)). Applying the ABP estimate for
nonlocal operators (inequality (1.2)) to problem (1.3), we have

||<Pa||c(§) = Sgp Pa

< Bl |M1 (a)P(X)l/)Z "(j(ﬁ)
< (@B lplo Wall g,

and
B
Walem < m@Bltleg)lal, g

where B; := CsR(Q)? and B, := C:R(Q)?. Therefore, combining these two inequalities and using that
B = max{B1, B>}, u1(a) = aA;(a) and af = 1, we obtain inequality (1.6). Using again that u;(a) = ad;(a),
we have that (1.7) is an immediate consequence of the lower bound (1.6), and so we end the proof.

3 Proof of Theorem 1.2

We first prove that (i) implies (ii). For this, let A > 0 and u > 0. If either A = 0 or u = 0, then assertion (ii) holds
from Silvestre’s maximum principle [27].
Now, assume that A > 0 and y > 0. In this case, we take

1
p+1

1
Ko = IpIE% 1Tl

c(Q
Note that ko > 0. Thus, by taking a = % and using the lower bound (1.6) of Lemma 1.1 and the fact that
af = 1, we have

1 1
A(a) = - - - =~ > A,
amTBlplE Iy, @7 BKo

provided that R(Q) satisfies (1.8). Then (A, u) € €; \ A1 for such domains. So, by [18, Theorem 1.3], we get
that (ii) holds.

Finally, by [18, Theorem 1.3], we have that (ii) implies (i), and (ii) is equivalent to (iii). This finishes the
derived proof.

4 Proof of Theorem 1.3

Let (¢4, Y4) be a principal eigenfunction corresponding to (A1 (a), p1(a)), normalized so that

||(pa||]%2(g) + "'I)HH%Z(Q) =1.
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Since (¢4, Pq) is a positive viscosity solution of (1.3), applying equations (1.4) and (1.5) with @ = ¢,
and ¥ = 4, we get

M@ [ paga dx = SV pal g
Q
and C( "
1@ [ TCOpatpa dr = Z2 2l -
Q

Therefore, it follows from variational characterization of A; s(Q) and A1 ((Q) that

C(n S)

Ipllegta(@) = IPalZs gy = A1s(@QN9al g,

and
C(n t)

ITllc@yari(a) = IIIIJaIIXf(Q) 2 A1l @QlPallfz gy

because yi(a) = alAi(a). Consequently, adding up these two inequalities shows that

1
Ai(a) > ) a)/ll,f(Q)-

Moreover, by the fractional Faber-Krahn inequality (see [4, Theorem 3.5]), it is well known that
A1HQ) = Ay s(B1)IB1 T 1QI T

Finally, (1.9) holds. This ends the proof of the theorem.

5 Proof of Theorem 1.5

Let ¢, denote a principal eigenfunction corresponding to A; s(p, Q). We first show assertion (i). Notice that

C(n S)

19115 0) = 1506, D) [ P00} dx
Q

Moreover, by using the Hélder inequality, we get
[ p003 dx <ol oy l911E0
Q
where y = ﬂ . On the other hand, by the variational characterization of A1 s(Q), inequality (1.13) and the

1nterpolat10n inequality, we have

2
C(n’ s) ”(plllx(S)(Q)

5 > (Cn,5)? 7 T,5(Q)°,

"(pl"%yﬂ(Q)

where

1 0 . 1-6
y+1 2 2%
Furthermore, by the fractional Faber—Krahn inequality, we obtain

250 250
Ars(@)% 2 Ay s(B1) By | 71017
So (1.14) occurs, and so we conclude the proof of assertion (i) Finally, the proof of assertion (ii) follows
in a similar way by using the interpolation inequality with 6 = . Then, instead of inequality (1.13), we
invoke inequality (1.12). This finishes the proof.

Yl+S
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6 Proof of Theorem 1.7

Firstly, we prove the case n > 2 max({s, t}. Let (¢4, ;) denote a principal eigenfunction corresponding to
(A1(a), p1(a)). Since

(-8)’pa = i(@)p()Pg
in the viscosity sense, applying equation (1.4) with @ = ¢, we obtain

C(n,s
Ai(a) JP(X)l/)g‘Pa dx = %ll(panffé(ﬂ)'

Q
Moreover, by using the Hélder and Young inequalities, we get

[ peowsea dx < Cllgaliun o + Wl o)
Q

Consequently,
C(n,s
M @C(I9alis @y + 1Wali ) 2 2l o 6.1)

Similarly, it follows from
(~8)tha = p1(@TX) P
in the viscosity sense that

ap C(n,t
B @CIIE (9l L ) + el ) 2 21l g
Thus, it follows from (1.15) that
1 ,C(n,t)
@ C* (1Pl ) + WalFa o) > s (T3 Wally ) - 6.2)

Then, adding up inequalities (6.1) and (6.2) shows that
ENPaliy q) + (3Pl )

||(Pa||La+1 + "lzba"LaH(Q)

because p1(a) = adi(a). On the other hand, by using the interpolation inequality, variational characteriza-
tion of 11 5(Q) and inequality (1.13), we derive

1
M(a) + a*A(a)® = A 1(

C(n’ S) ”goa")z(g(g)

> (Cnys) %1 A0,5(Q)%,

2
2 ||(Pa||La+1(Q)
where m = % + 1;—9 Furthermore, by Corollary 1.6, we obtain
|Q| 2505
(Cn,s) % A1,s ()% >
Cn,s

It follows from (1.15) that (1.17) holds. The remaining cases follow in a similar way. This finishes the
proof.

7 Proof of Theorem 1.10

Let (A, ) € €1\ Aq and let (f,8) € (C(Q))2 bea nonnegative function. Let also (u, v) € (C(R"))? be a viscosity
supersolution of (1.3) satisfying (1.21) in the viscosity sense. Then, by [18, Theorem 1.3], we have that (u, v)
is a nonnegative function. By [18, Corollary 1.1], there is a viscosity solution (z, w) € (C(IR"))? of the problem

(=A)Sz = Ap()|w|“ tw + f(x) inQ,
(-D)'w = ut0)zlP 'z +g(x) inQ,
z=w=0 inR"\ Q.
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We affirm that there exists a constant A > 0 such that
Supz+ (sgp w)* < A(lflr ) + 181550y (7.1
where p > max{§, 7}. In fact, proceeding by contradiction, assume that there is a sequence

(frs 8K)ken € (C(Q))?

and corresponding viscosity solutions
(U Vidken € (C(R™))?

such that
lurll ey + IIVkII'Z,@ > k(lIfillrr ) + ||gk||fp(g))-
We define
3 ug(x)
) = e + e
ke Kle@)
) = Vi)
= — —,
("uk"C(Q) + ”Vk"(:(ﬁ))ﬁ
; fr(x)
SRl W ey A
klic(@) ke
~ Kk (X)
g0 = — S
(el + Vel )

Therefore, (iix, Vi) € (C(R"))? is a viscosity solution of the system

(-8)%itx = ApO[Tk* Mg + frex)  inQ,
(=09 = prOliudlP it + gx(x)  inQ,
U =vr=0 inR"\ Q,
and, furthermore,

- . - na
"uk”C(Q) + "vk”C(ﬁ) =1,
1 (7.2)

%.
Note that Q is bounded. Then, by the Arzela—Ascoli Theorem, up to a subsequence, we get the uniform
convergence ity — it and 7, — v locally in R". Note also that

Wfillzocoy + 18155 ) <

(=) (it — 11x) = Ap(X) (V| ¥ = VR 70) + frn(0) — frx)  in Q,
(=) (m = ) = TP it — 1P ki) + Em(X) — 8k(x)  in Q, (7.3)
U — U =V — V=0 inR"\ Q,
in the viscosity sense. Thus, by using [24, Proposition 1.4] with p > max{%, %} in each equation of prob-
lem (7.3), we obtain

litm - s rmy < (178, = Villr @y + Wfim = Fidlr@))s
1¥m — Vidlcraey < c1(lithy — @4lzv @) + 18m ~ Eellzrca))
for some constant ¢, > 0 independent of k. Therefore, ity — it in CS(R") and ¥, — ¥ in C{(R"), and by (7.2)
we have [lufl ;g + III'/IIZ @ - 1. Moreover, (i1, 7) € (C(IR"))? is a positive viscosity solution of the problem
(=Mt = Ap()|7]* 1% inQ,
(N7 =purolalf ' inQ,
i=7=0 inR"\ Q.
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Then (A, p) is a principal eigenvalue of system (1.3). But this contradicts the assumption (A, u) € C1 \ A;.
Thus, we get a positive constant A such that (7.1) holds.
Note that the pairs (u, v), (z, w) € (C(R™))? satisfy the following inequalities in the sense of viscosity:

(=A)Su + Ap()|v[* v < (=A)°z + Ap(x)|w|* tw
(D) + utO)ulPu < (-A)'w + ut(x)|z1P 12

and u < zand v < win R"\ Q. Then, by [18, Theorem 1.4], we have u < z and v < w in Q. Joining this fact
with inequality (7.1), we obtain estimate (1.22). This concludes the proof.

8 Proof of Theorem 1.11

In this section, we focus on the proof of Theorem 1.11. For this, we will use the Galerkin method together
with the following lemma.

Lemma8.1. Let ¢ : (R, ||-]l;) = (R, |-|l;) be a continuous function such that (¢(£), &) > O for every & € R
with || é|l; = ro for some rg > 0, where ||x||; denotes a general norm in Rland (-,-)1/? = |-|,. Then there exists z
in the closed ball B,,(0) := {z € R! : ||z||; < ro} such that ¢(zo) = O.

A proof of this lemma can be found in [13] for the particular case | x||; := |x|», and in [2] for the general case.

Proof of Theorem 1.11. We define E := X} (Q) x Xf)(Q) induced with the norm

IC, VI = Hlullxs o) + 1VIx: @)
Let Bs = {W1,5, Wa,5, ..., Wi, . . . } be an orthonormal Hilbertian basis of X} (Q). We also define
Wm,s = [Wl,s, W2syeeny Wm,s]
to be the space generated by {w1,s, W25, . . ., Wi s} with norm induced from Xf)(Q).
Clearly,
m m
Mlm,s + |§|m,t = || MWy, s + | flwz,t s
,zzl X5(Q) 1:21 X5(Q)
where

(n;{):(rllarIZ’~'-1rlm’§'ls£2’--~s$m)Elem
is a norm in R?™. Thus, the application
i: (R, | Imys + | Imyt) = Wn,s X Wines 15 1)

such that i(n, &) = (u, v) is an isometric isomorphism, where

m m
u= Z nwys € Wps and v= Z &Ewit € Wit
1=1 1=1

Therefore, we consider the function ¢ : R?™ — R?™ given by

(l)(fl, {) = (Fl(rli ﬂ,Fz(TL 5)’ v :Fm(rl’ 'f)’ G1(l’l, '{)’ Gz(’ls O’ e Gm(rl’ {))’

where
C(n, s) a1
Fy(n, 8 = 5 (U Wiesdxza) = A Jp(X)IVI VWi,s dX — If(X)WK,s dx - I F(x, u, v)wy,s dx,
Q Q Q
C(n, t) p-1
Gx(n, &) = 5 (Vs Wi,t)xt ) — M J TOO)ul” ™ uwy, ¢ dx - Jg(X)wx,t dx - J G(x, U, V)Wy,¢ dx,
Q Q Q
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with k = 1, ..., m. Consequently,

C
(@01, 9, 00,9 = <l 0, - A peatvi v - [ fooude~ | R, vudx
Q Q Q

C(n t)

"V”Xf(o) J T(x)lulﬁ‘luv dx — Jg(x)v dx — J G(x, u,v)vdx.
Q Q Q

Using the Hélder and Young inequalities, we derive
j pOOWVIS v dx < = ||p||Loo<Q>(||u||m) V121 0)
Q

and 1 ,
_ ap 2
J OOl uy dx < SITlo) Q= (s gy + V2 )-
Q

Now, from (1.24), (1.25) and the Young inequality, we get

1
1 1 2 P2 1 1
J e vy = Dy (W ( [ exponut™)dx)” + SPopiirl o)+ i)
Q Q
and
1
G(x, u, v)v < Dy V%! exp(20,|v|T7) dx 2+ Clu 19+ v (F
s Uy < U L2+ (Q) p 2 Lq1+1(Q) L) )
Q Q
Then
C(n S)
(4)(1’[ 5) (fl 5)) 2 — " ”XS(Q) ||p||L°°(Q)(”u”La+1(Q) + ”v"La+1 Q)) "f”L°° |u"L1

1
1 B z D1p2 1
—Dluunizgm(jexp<201|u|lfs)dx) Y [N Pl
Q
C(n t) ap 2
=g, —gurnmmnmaﬂ(uuanfﬂ(Q)+||v||§a+l(m)—||g||Loo<m||v||p<Q)

1
L 2 szh 1 D 1
- D2"V||z§:2+1)(g)( J exp(202|v| 1_t) dX) - || ||L3:—+1(Q) - m”v"z}]:—ﬂ(g)-
Q

From inequalities (1.12) and (1.13), we get

A
(@01, &), (1, £) = doluliy ) - 5 1PNim(@)(€n,s Dol [l ) + (CneDo) 11 IVIZE o)

1 D1p> 1
= W@ 191 (en,s Do) sy = =75 (€n,eD 0 |Q|“2t||v||§$jm

1
1 2
- Di(ensDo) " 101% Julf i j exp(201ul ) dx
Q

Dy ars P2+1
" +1(Cn sDo)™ [0 llullys +do||V||Xz(Q)

- _||T||L°°(Q)(Cn tDolQ|* IIVIIX[(Q) + (Cn, SDO)BIQI“SIIuII (Q))

~ gl @) Q1% (cn,eDo) Viixe o)
1
— Da(cn, Do) 101 ||v||§’;*;)(Jexp<zoz|v|l%t>dx)z
Q

Dyqq Qus )y i+l a q1+1
- q1+1( cn,sDo) s = 101% u ullys gy = (Cn Do) 10 Vi -
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Now, suppose that ||(u, v)|| = ro. Therefore,

2
(p(n,8),(, &) > — - _||p||L°°(Q)(Cn sDolQI? 13 + (cn,t Do) Q|14 r3%)

1 Dip
—||ﬂ|Loo<m|Q|“3:s<cn,sDo)zro—p2 (cniDo) ™ Qo2 PPt

pa+l +1
(cn,sDo) 2 |Q[42s fgz

_ ag 1+1 2 %s >§_ D1
Da(ensDo) 115 ( [ expaor ™))" - =L
Q

- ’g||r||Loo<m(cn,tDo|Q|“7ré + (ensDo)P101% 1) ~ gllLoo() Q1% (cn.e Do) 1o

Nl

- Da(en Do) 101 jexp(zamﬁ—r))
Q
Dy

a1+ 1
1 (cn,eDo) 2 |Q[%rd™.
q1 +

1
(cn,sDo) 5 IQI““rq1+

Note that, if n = 1and 3 < s < 1, we have

_1(Cn,8)\2
I8 2ul 5 g < 10172 (75 ) Il < assro.
where
_1/C(n,8)\z
Then we derive
1 1 u =
=) dx = 2 = — dx. 8.1
J mramTmE l exp(201@5.570) ™ (2 ery) ) & (&1

Since rg < r4, applying the fractional Adams inequality (1.11), we have

J exp(Zal(ag,sro)TEs (L)E) dx < sup j exp(201(a9,sro)ﬁ |z] %) dx

as,sll(u, V)| $
o 102zl g <1

SC1,1|Q|- (8.2)
Analogously, if n = 1 and 3 < t < 1, then we have
J exp(202|v|ﬁ) dx < €11 Q| (8.3)
)

because rg < rg.
It follows from (8.2), (8.3) and the definition of ro that

2
(P, 4),(n,8) 2 —0 - —||P||L°°(Q)(Cn sDolQI% 15 + (Cn,eDo)*1QI* 5%

1 Dip 1
—||ﬂ|Loo<m|Q|“3'S(cn,sDo>zro—p2 (cncDo) % Q%202

Pl
- Di(en,sDo) " I —pzjl(cn,sno) Rl

- E||r||Loo(m(cn,tDo|Q|“7ré + (cnsDo)P1Q1% 1)

1
~ Igllzeo(@)| Q1% (cn,eDo) 2 ro — D2(Cn,eDo) 5 Qs+ réte;

_ Dagqy
Q1

1
1 (Cn, Do) IQI““rq”

a+t qi1+1
1 (€n,eDo) " Q[ *tr"
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Also, by the definition of ry, we obtain

dor? P11 1 1 dor?
552 = DilensDo) 5 lQI el = 0,
doro Dip> pr1 o D Pl o 1 dord
50~ (5 EneD) 5101+ = (engDo) 101 )b = =8,
dor} 1 dor?
230 Ds(ca,Do) ™™ 101+ qﬁlﬁz 240,
dor(z) D>q, a1+l D, +1 dol’z
—0_ CnsDo) T |Q%s cn.tDo) 5 Qs JyDtt 5 200
350~ (g (EnsD0) 101 + (e D) (01 )™ =
Consequently,
(p(n, &), (n, &) = _——||p||L°° ) (Cn,sDolQ1% <13 + (cn,eDo)*|Q|**1413%)
— Ifllze=() Q1% (cn,s Do) 2 To
2
——||r||Loo (€n,eDolQIV 13 + (e sDo)P1QI%rF)
- "g||L°°(Q)|Q|a3'[(cn,tD0)ErO-
Define
d0r2 A
p1 = 2—00 = S lple(@)Cn,s Dol Q115
dorz A
pa 1= 2—00 = S lple@)(n Do) QI 75",
d0r2
p3 = 5 = LTl cn Dol 13,
d0r2 2
pui= 55 = Slitlim)(ens Dol lQI ),
dor a 1 a 1
ps = =g = (AlLe@IQI™* (en,sDo)? + Ighie@) |21 (€n,eDo) *)ro

Thus, p1,p2 > 0 for A < A*, and p3, p4 > 0 for u < u*. Note that ps > 0 if and only if inequality (1.26)
occurs. Thus, for A < A* and p < u*, we get

(p(n, &), (M, &) 2p1+---+ps5 >0,

where (&, 17) € R>™ satisfies [Mlm,s + |&lm,t = ro. Now, in order to apply Lemma 8.1, just prove the continuity
of the function ¢. For this, it is sufficient to show that the function F, given by

m m
Fv(n, &) = jF(x, U, V)Wy,s dX = JF<X Y mwis, Y &wz,t)wx,s dx
1=1 1=1

Q Q

is continuous because the continuity of the other parts of the function ¢ follows in a similar way.
_ Let us prove that F, is a continuous function. Let n/ — n° and & — £°, and in particular n; — n{ and
& — & fori=1,...,m. Thus, thereis M > 1 such that

IWl<M, & <M foralljeN.

Letting j — +00, we obtain

( znzwls’Zszz t)WKs —’F< in Wls’Zfz W1t>Wxs

1=1 1=1

in Qa.e.
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Let { = max{p1, p»}. So,
m ) m .
’F(X, Z rlllwl,sy Z {l]Wl,t)WK,S
1=1 1=1
m. . P1 m. .
< D1(|Z MWys exp<01|z MWys
1=1 1=1

m m m
- j I 1 j
< D Y tw ol exp( oum s M Y wysl 5 )iwisl + 318177 1w, )
1=1 =1 =1

1 m j D2
|WK,S| + Z 51 Wit |WK,S|
1=1

1
m R 1 m 1 m
< D1m(‘1MC< Y lwy sl eXp<01mﬁMﬁ lez,slﬁ)lwx,sl + Z|W1,t|p2|wk,s|)a
1=1 1=1 1=1

where the right-hand side of this inequality is integrable and independent of j, by inequality (1.11) forn = 1
and % < s < 1. By Lebesgue’s dominated convergence theorem, we obtain Fk(nj s .{j ) — Fk(no, & asj— oo.
Therefore, F, is a continuous function.

By Lemma 8.1, for every m € N there exists (179, &) € R?™ with

[Molm,s + 180lm,e < 7o
such that ¢(no, &o) = 0. Then there is (up, viy) € Wi s x Wi, ¢ satisfying
lumllxs) + IVmllxi @) < 7o foreverym e N, (8.4)

and such that
C(n,s)

(Um, Ws)xs0) = A Jp(X)Iva“‘lvmwS dx + Jf(x)wS dx + JF(X, Um,s Vim)Ws dx
Q Q Q
forall ws € Wp,s and

M(vm, Woxi(q) = H J 700 | P umwe dx + Ig(x)wt ax + J G(X, Um, Vi)W dx

Q Q Q
forall wi € Wy ¢.
Notice that Wy, s ¢ X3(Q) for all m € N, and ro does not depend on m. Therefore, the sequence (U, V)
is bounded in E. Since E is a reflexive space, up to a subsequence still denoted by (up,, Vi), thereis (u, v) € E
such that
un —u weaklyinX3(Q) and v, — v weaklyin X{(Q),

that is,
(Um, @) xs0) — U, P)x3(Q) (8.5)
for any @ € X§(Q) as m — oo, and
Vi, ¥ xe o) = (v Wxe ) (8.6)
forany ¥ € X{(Q) as m — oo.
So,
Un — u inLPs(Q) and vm — v in LP{(Q), (8.7)

where ps € [1,27)if n > 2s, and ps € [1, c0) if n < 2s. and
Un —-u and vy — v a.e.in Q. (8.8)
Now, by the continuity of F(x, s, t) and by (8.8), we get
F(x, Um, Vn)> — F(x,u,v)? a.e.in Q.

By (1.12), (8.1), (8.2) and (8.4),

JIF(X, Um, Vim)|? dx < 20%( J|um|21’1 exXp(20+ |um|T5) dx + J|vm|2m dx) <C(Ls+1),
Q Q Q
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where
C= C(n; S, t,pl,p2’ q1, QZ,Dl,DZ, 01,02, |Q|) > 0.

Then
1
I1FO ums vindllzz() < C(Ls +1)72,

and [12, Theorem 13.44] leads to

F(x, um, vmm) — F(x,u,v) weaklyin L2(Q). (8.9)
Similarly to G(x, um, Vi), we have

G(X, Um, Vi) — G(x,u,v) weaklyin L?(Q). (8.10)

Let k € IN. Thus, for every m > k, we obtain

C(n,s _
. 5) (Um, Ws)x3(0) = A j POV Vimws dx + jf(X)Ws dx + JF(x, Um, Vim)Ws dx (8.11)
Q Q Q
for all ws € Wi s, and
C(n, t) p-1
——(Vm, Wedxt () = M J TOO)|UmlP ™ umwe dx + Jg(X)Wt dx + J G(X, Um, vm)w; dx (8.12)
Q Q Q

for all wy € Wy ;.
From (8.7), (8.9) and (8.10), we get

A j p(x)lvml"“lvmwS dx + Jf(x)wS dx + JF(X, Um, Vim)Ws dX
Q Q Q

- A I pX)V[* tvywg dx + Jf(x)ws dx + J F(x, u, v)ws dx (8.13)
Q Q Q

for all ws € Wy g, and

7 J T(x)|um|ﬁ‘1umwt dx + Jg(x)wt dx + J G(X, Um, Vi)W dX
Q Q Q
- U J 700 ulfuw, dx + Jg(x)wt dx + J G(x, u, v)ws dx (8.14)
Q Q Q

for all wy € Wy, when m — co. Now, we use (8.5), (8.6) and (8.11)—(8.14) to get

C(r;, S) (u, ws)xs) = A Jp(x)lvl"“lvwS dx + Jf(x)ws dx + JF(X, u, v)ws dx

Q Q Q
for all ws € Wi g, and

C(n,t)

22 v oy = | TNl dx + [ glowe dx+ [ Gox,w, viwedx
Q

Q Q

for all w; € Wy . Then, since [Wy s]ken is dense in X3(Q), we obtain that (u, v) € E is a weak solution of
problem (1.23). Applying [24, Proposition 1.4] inductively, we have (u, v) € C5(R") x C{(R"). Finally, by
[26, Theorem 1], (u, v) is a viscosity solution of system (1.23). This ends the proof. O
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