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Abstract: In this paper we establish general weighted Hardy identities for several subelliptic settings includ-
ing Hardy identities on the Heisenberg group, Carnot groups with respect to a homogeneous gauge and
Carnot–Carathéodory metric, general nilpotent groups, and certain families of Hörmander vector fields. We
also introduce new weighted uncertainty principles in these settings. This is done by continuing the pro-
gram initiated by [N. Lam, G. Lu and L. Zhang, Factorizations and Hardy’s-type identities and inequalities on
upper half spaces, Calc. Var. Partial Differential Equations 58 (2019), no. 6, Paper No. 183; N. Lam, G. Lu and
L. Zhang, Geometric Hardy’s inequalities with general distance functions, J. Funct. Anal. 279 (2020), no. 8,
Article ID 108673] of using the Bessel pairs introduced by [N. Ghoussoub and A. Moradifam, Functional
Inequalities: New Perspectives and New Applications, Math. Surveys Monogr. 187, American Mathematical
Society, Providence, 2013] to obtain Hardy identities. Using these identities, we are able to improve signifi-
cantly existingHardy inequalities in the literature in the aforementioned subelliptic settings. In particular,we
establish the Hardy identities and inequalities in the spirit of [H. Brezis and J. L. Vázquez, Blow-up solutions
of some nonlinear elliptic problems, Rev. Mat. Univ. Complut. Madrid 10 (1997), 443–469] and [H. Brezis
and M. Marcus, Hardy’s inequalities revisited. Dedicated to Ennio De Giorgi, Ann. Sc. Norm. Super. Pisa Cl.
Sci. (4) 25 (1997), no. 1–2, 217–237] in these settings.
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1 Introduction
Let G denote a Carnot group with sub-LaplacianL = ∑mj=1 X2j , horizontal gradient ∇H = (X1, . . . , Xm), homo-
geneous dimension Q, and L-gauge d (see preliminaries for precise definitions). In this paper, we employ
factorization of differential operators andBessel pairs to obtainweightedHardy identities on Carnot groups G
of the form

∫
BR(0)

V(d)
󵄨󵄨󵄨󵄨󵄨󵄨󵄨
∇H(

u
φ(d))
󵄨󵄨󵄨󵄨󵄨󵄨󵄨

2
φ2(d) dx = ∫

BR(0)

V(d)|∇Hu|2 dx − ∫
BR(0)

W(d)u2|∇Hd|2 dx (1.1)

for u ∈ C∞0 (BR(0) \ {0}), where (V,W) is a pair of positive C1-functions on (0, R) which satisfy the condition
that there exists a positive C1-solution φ : (0, R) → ℝ to the differential equation

(Vφ󸀠)󸀠 +Wφ = 0 on (0, R).
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Such a pair of functions is called a Bessel pair. Here, dx is a Haar measure on G, and BR(0) is the gauge
ball determined by d with radius R and center being the origin 0. This result is contained in Theorem 3.2
below. As a particular important application, we obtain weighted Hardy identities on the Heisenberg group
HN = ℝ2N+1, the simplest and most important nonabelian Carnot group. It is important to note that, for
an appropriately chosen Bessel pair, our results recover the Hardy identity corresponding to known Hardy
inequalities on the Heisenberg group and more general Carnot groups, thereby strongly improving these
known inequalities by finding exact remainder terms.

In addition to these identities, we also obtain Hardy identities of the form

∫
0<dK<R

V(dK)
󵄨󵄨󵄨󵄨󵄨󵄨󵄨
∇H(

u
φ(dK)
)
󵄨󵄨󵄨󵄨󵄨󵄨󵄨

2
φ(dK)2 dx = ∫

0<dK<R

V(dK)|∇Hu|2 dx − ∫
0<dK<R

W(dK)u2 dx

− ∫
0<dK<R

V(dK)|u|2φ−1(dK)φ󸀠(dK)[LdK −
α − 1
dK
] dx,

(1.2)

where ∇H is the horizontal gradient with respect to certain smooth vector fields X1, . . . , Xm, and dK is the
Carnot–Carathéodory distance (also known CC distance) to a closed subset K with respect to this system of
vector fields. A key point here is that, by [24], the CC distance function dK satisfies the horizontal eikonal
equation |∇HdK | = 1, unlike a general homogeneous gauge d for which |∇Hd| = 1 is typically false. This is the
content of Theorem 3.16.

We recall that, on the Heisenberg group HN = ℝ2N+1, the sharp Hardy inequality

∫
HN

|∇Hu|2 dz dt ≥
(Q − 2)2

4 ∫
HN

|u|2

d2
|∇Hd|2 dz dt, u ∈ C∞0 (HN \ {0}), (1.3)

was established by Garofalo and Lanconelli in [14]. The Lp-Hardy inequality on the Heisenberg group for
1 < p < Q = 2N + 2 was established by Niu, Zhang and Wang [26] by using the Picone’s identity for the
p-subLaplacian (see also Zhang and Niu [28])

∫
HN

|∇Hu|p dz dt ≥ (
Q − p
p )

p
∫
HN

|u|p

dp |∇Hd|
p dz dt, u ∈ C∞0 (HN \ {0}).

When d is replaced by the Carnot–Carathéodory metric dcc, then there holds

∫
HN

|∇Hu|2 dz dt ≥ c ∫
HN

|u|2

d2cc
dz dt, u ∈ C∞0 (HN \ {0}), (1.4)

for some constant c > 0. See for example [13, 22, 27]. Using the fact that dcc and d are equivalent metrics,
one may also obtain a Hardy inequality of the form (1.4) with dcc replaced by d, though the best constant
appears to be unknown in either case. Nevertheless, while (1.3) is sharp, there are no extremizers, and so
it is natural to try to improve this inequality by adding nontrivial nonnegative terms to the right-hand side
of (1.3). As mentioned above, we in fact determine exact remainder terms so that (1.3) becomes

∫
HN

|∇Hu|2 dz dt =
(Q − 2)2

4 ∫
HN

|u|2

d2
|∇Hd|2 dz dt + remainder rerms.

Therefore, we obtain a strict improvement of the known Hardy inequality (1.3), and the counterparts for
Carnot groups. This is the content of Theorem 3.6.

The approach used here is inspired by the recent work of Lam, Lu and Zhang in [20] where they used
factorization of differential operators and Bessel pairs to prove, among other things, various Hardy identities
on the half-space

ℝN+ = {(x1, . . . , xN) ∈ ℝN : xN > 0}.

Their main identity theorem is stated as follows.
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Theorem A. Let 0 < R ≤ ∞, and let V and W be positive C1-functions on (0, R). If (rN+1V, rN+1W) is a Bessel
pair on (0, R) with positive solution φ, then there holds

∫
BR(0)∩ℝN+

V(|x|)|∇u|2 dx − ∫
BR(0)∩ℝN+

[W(|x|) − V
󸀠(|x|)
|x| ]|u|

2 dx = ∫
BR(0)∩ℝN+

V(|x|)
󵄨󵄨󵄨󵄨󵄨󵄨󵄨
∇(

u
φ

1
xN
)
󵄨󵄨󵄨󵄨󵄨󵄨󵄨
φ2x2N dx

for u ∈ C∞0 (BR(0) ∩ ℝN+ ),

In addition to this theorem, Lam, Lu and Zhang also proved the following Hardy identities on strips of the
formA2R = ℝN−1 × (0, 2R)which imply in particularHardy identities on thehalf-spaceℝN+ with the Euclidean
norm |x| replaced by the distance function d∞(x) = xN , the height from the boundary. Their result is stated
as follows.

Theorem B. Let 0 < R ≤ ∞, let V and W be positive C1-functions on (0, R), and let dR = min{xN , 2R − xN} be
a distance function to the boundary of A2R. If (V,W) is a Bessel pair on (0, R) with positive solution φ, then for
u ∈ C∞0 (A2R) there holds

∫
A2R

V(dR(x))|∇u|2 dx − ∫
A2R

W(dR(x))|u|2 dx = ∫
A2R

V(dR(x))
󵄨󵄨󵄨󵄨󵄨󵄨󵄨
∇(

u
φ(dR(x))

)
󵄨󵄨󵄨󵄨󵄨󵄨󵄨

2
φ2(dR(x)) dx

and

∫
A2R

V(dR(x))
󵄨󵄨󵄨󵄨󵄨󵄨󵄨
∂u
∂xN

󵄨󵄨󵄨󵄨󵄨󵄨󵄨

2
dx − ∫

A2R

W(dR(x))|u|2 dx = ∫
A2R

V(dR(x))
󵄨󵄨󵄨󵄨󵄨󵄨󵄨
∂

∂xN
(

u
φ(dR(x))

)
󵄨󵄨󵄨󵄨󵄨󵄨󵄨

2
φ2(dR(x)) dx.

Actually, similar half-space Hardy inequalities have been established for the Heisenberg group. We recall the
following result of Luan and Yang given in [23].

Theorem C. Let H+N = {(z, t) ∈ HN : t > 0} denote the upper half-space of HN . Then there holds for u ∈ C∞0 (H
+
N),

∫
H+
N

|∇Hu|2 dz dt ≥ ∫
H+
N

|z|2

t2
|u|2 dz dt (1.5)

and this inequality is sharp and without extremizers.

See [18] for similar Hardy inequalities on different Heisenberg half spaces.
In the spirit of Theorems A, B and C, we establish the Hardy identities on strips

∫
A2R

V(dR)
󵄨󵄨󵄨󵄨󵄨󵄨󵄨
∇H(

u
φ(dR)
)
󵄨󵄨󵄨󵄨󵄨󵄨󵄨

2
φ2(dR) dz dt = ∫

A2R

V(dR)|∇u|2 dz dt −
1
4 ∫
A2R

W(dR)|z|2|u|2 dz dt,

∫
A2R

Vφ2(dR)
󵄨󵄨󵄨󵄨󵄨󵄨󵄨
∂
∂t(

u
φ(dR)
)
󵄨󵄨󵄨󵄨󵄨󵄨󵄨

2
dz dt = ∫

A2R

V(dR)
󵄨󵄨󵄨󵄨󵄨󵄨󵄨
∂u
∂t
󵄨󵄨󵄨󵄨󵄨󵄨󵄨

2
dz dt − ∫

A2R

W(dR)|u|2 dz dt,

and half-gauge balls

∫
BR(0)∩H+

N

V󵄨󵄨󵄨󵄨∇(
u
φ
1
t )
󵄨󵄨󵄨󵄨
2φ2t2 dz dt = ∫

BR(0)∩H+
N

V|∇u|2 dz dt − ∫
BR(0)∩H+

N

[W − V
󸀠

d ]|u|
2|∇d|2 dz dt.

Here dR(z, t) = min{t, 2R − t} and d∞(z, t) = t is the vertical height function. The identity on strips implies in
particular improvements of (1.5). These identities are the contents of Theorems 3.8 and 3.12.

We note that, in [23], (1.5) has an interesting improved version by adding to the right side a nonnegative
nontrivial term with weight given in terms of the homogeneous gauge d; however, they do not obtain exact
remainder terms. Moreover, this inequality is not coordinate independent, and so the best constant appear-
ing in front of ∫ |x|2t−2|u|2 dx depends on the coordinates chosen for the left invariant vector fields on HN .
In particular, our choice of coordinates are different and the best constant turns out to be 1

16 for our choice
of coordinates.
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Wealsomention that, our Hardy identities of the form (1.2) for the general distance function dK are in the
spirit of the following Hardy identities for general distance functions (for example, the distance to a subset)
on Euclidean space obtained by Lam, Lu and Zhang in [21].

Theorem D. Let 0 < R ≤ ∞, let V and W be positive C1-functions on (0, R), and let d be a distance func-
tion. Assume that for some α ∈ ℝ, ∆d(x) − α−1

d(x) exists on {0 < d(x) < R} in the sense of distributions and
(rα−1V, rα−1W) is a Bessel pair on (0, R) with positive solution φ. Then, for u ∈ C∞0 ({0 < d(x) < R}),

∫
0<d(x)<R

V(d(x))|∇u(x)|2 dx − ∫
0<d(x)<R

W(d(x))|u(x)|2 dx

= ∫
0<d(x)<R

V(d(x))φ2(d(x))
󵄨󵄨󵄨󵄨󵄨󵄨󵄨
∇(

u(x)
φ(d(x)))

󵄨󵄨󵄨󵄨󵄨󵄨󵄨

2
dx − ∫

0<d(x)<R

V(d(x))|u(x)|2[∆d(x) − α − 1d(x) ]
φ󸀠(d(x))
φ(d(x)) dx.

Among the particularly interesting applications of the Hardy identity (1.1) are Hardy identities and inequal-
ities which improve Hardy inequalities of the form

∫
BR(0)

|∇u|2 dx ≥ ∫
BR(0)

|u|2

d2
|∇d|2 dx

by adding positive nontrivial L2-terms to the right-hand side. In fact, Brezis and Vázquez established the
remarkable inequality

∫
Ω

|∇u|2 dx − (N − 22 )
2
∫
Ω

|u|2

|x|2
dx ≥

z20ω
2
N
N

|Ω| 2N
∫
Ω

|u|2 dx,

where Ω ⊂ ℝN , N > 2, is any bounded domain, u ∈ H1
0(Ω), and z0 is the first zero of the Bessel function J0.

(See also [4] for the distance function the boundary.) We introduce similar inequalities on Carnot groups (see
Theorem 3.6) by establishing identities of the form

∫
BR(0)

|∇Hu|2 dx − (
N − 2
2 )

2
∫

BR(0)

|u|2

d2
dx =

z20
R2
∫

BR(0)

|u|2 dx + ∫
BR(0)

󵄨󵄨󵄨󵄨󵄨󵄨󵄨
∇H(

ud Q
2

J0;R(d)
)
󵄨󵄨󵄨󵄨󵄨󵄨󵄨

2 J0;R(d)2

dQ
dx,

where J0;R(r) = J0( z0rR ). This is done by choosing an appropriate Bessel pair (V,W) and applying (1.1). We
note that such Brezis–Vázquez-type inequalities [5] on Carnot groups were observed first by Kombe in [19].

We take the opportunity tomention some forthcomingworkswhich continue the programof establishing
Hardy identities by use of Bessel pairs, including the work in this paper and the work of Lam, Lu and Zhang
already mentioned. First, we mention that Duy, Lam and Lu establish recently in [7] the following Lp-Hardy
identities by use of p-Bessel pairs.

Theorem E. Let N ≥ 1, p > 1, 0 < R ≤ ∞, and let A and W be positive C1-functions on (0, R). If (rN−1V, rN−1W)
is a p-Bessel pair on (0, R), then for all u ∈ C∞0 (BR(0) \ {0}),

∫
BR(0)

V(|x|)|∇u|p dx − ∫
BR(0)

W(|x|)|u|p dx = ∫
BR(0)

V(|x|)Cp(∇u, φ∇(
u
φ)) dx

and

∫
BR(0)

V(|x|)|Ru|p dx − ∫
BR(0)

W(|x|)|u|p dx = ∫
BR(0)

V(|x|)Cp(Ru, φR(
u
φ)) dx.

Here φ is the positive solution of

(rN−1V(r)|y󸀠|p−2y󸀠)󸀠 + rN−1W(r)|y|p−2y = 0

on (0, R). Moreover, R is the radial derivative, and Cp is defined by

Cp(x, y) = |x|p − |x − y|p − p|x − y|p−2(x − y) ⋅ y.
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We also point out here that we have established in [10] the Lp-Hardy identities for general distance functions
in the Euclidean setting in which we generalize Theorem D to the Lp-setting. We have also established in [12]
the Lp-Hardy identities for domains in Euclidean space. Our Lp-Hardy identities from [10] for general distance
functions is stated as follows.

Theorem F. Let p > 1, 0 < R ≤ ∞, let d be a distance function on ℝN , and let V,W ∈ C1(0, R) be positive.
Assume that for some α ∈ ℝ, ∆d(x) − α−1

d(x) exists on {0 < d(x) < R} in the sense of distributions, and that
(rα−1V, rα−1W) is a p-Bessel pair on (0, R) with positive solution φ. Then, for u ∈ C∞0 ({0 < d(x) < ∞}), there
holds

∫
0<d(x)<R

V(d(x))|∇u|p dx − ∫
0<d(x)<R

W(d(x))|u|p dx

= ∫
0<d(x)<R

V(d(x))Cp(∇u, φ(d(x))∇(
u

φ(d(x)))) dx

− ∫
0<d(x)<R

V(d(x))|u|pφ(d(x))1−p|φ󸀠(d(x))|p−2φ󸀠(d(x))[∆d(x) − α − 1d(x) ] dx

and

∫
0<d(x)<R

V(d(x))|∇d ⋅ ∇u|p dx − ∫
0<d(x)<R

W(d(x))|u|p dx

= ∫
0<d(x)<R

V(d(x))Cp(∇d ⋅ ∇u, φ(d(x))∇d ⋅ ∇(
u

φ(d(x)))) dx

− ∫
0<d(x)<R

V(d(x))|u|pφ(d(x))1−p|φ󸀠(d(x))|p−2φ󸀠(d(x))[∆d(x) − α − 1d(x) ] dx.

Another important geometric inequality is the Hardy uncertainty principle given by

|Q + λ − 2|
2 ∫

G

u2|∇Hd|2 dx ≤ (∫
G

u2d2|∇Hd|2 dx)
1
2

(∫
G

|∇Hu|2 dx)
1
2

. (1.6)

The uncertainty principle for the Heisenberg group may be found in [14]. Using factorization, we also obtain
a new family of inequalities which generalize (1.6) to a family of uncertainty principles whose weights are
given in terms of Bessel pairs. These inequalities are of the form

1
2 ∫
BR(0)

u2|∇Hd|2[W + V(
φ󸀠

φ )
2
] dx ≤ ( ∫

BR(0)

u2|∇Hd|2V(
φ󸀠

φ )
2 dx)

1
2

( ∫
BR(0)

V|∇Hu|2 dx)
1
2

and are the content of Theorem 3.13. These inequalities appear to be entirely new even for Euclidean space,
and they give a new interpretation of the classical Hardy uncertainty principle.

We recall that Ghoussoub and Moradifam introduced in [15] (see also their book [16]) the notion of
Bessel pairs to enhance and unify several improvedHardy-type inequalities in the literature for the Euclidean
setting. They established the following important characterization theorem.

Theorem G. Assume N ≥ 1, let 0 < R ≤ ∞, and let V and W be C1-functions on (0, R) such that
R

∫
0

1
rN−1V(r)

dr = ∞ and
R

∫
0

rN−1V(r)dr < ∞.

If (rN−1V, rN−1W) is a Bessel pair on (0, R), then for all u ∈ C∞0 (BR(0)) there holds

∫
BR(0)

V(|x|)|∇u|2 ≥ ∫
BR(0)

W(|x|)|u|2 dx. (1.7)

Also, if (1.7) holds for all u ∈ C∞0 (BR(0)), then (rN−1V, rN−1cW) is a Bessel pair on (0, R) for some c > 0.
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It is worth mentioning that these results extend straightforwardly to more general settings. We describe two
such generalizations now. The first is the case of simply connected nilpotent Lie groups G where we specify
a system of left invariant vector fields X = {X1, . . . , Xm} which bracket generate the Lie algebra of G. Then,
as was shown by Nagel, Ricci and Stein in [25], the sub-Laplacian L = ∑mj=1 X2j has a global fundamental
solution ΓX(x, y). Then (1.1) holds if we take ∇H = (X1, . . . , Xm), d(x) = dX(x) = ΓX(x, 0)2−q for some q > 2,
and BR(0) = {dX(x) < R}.

The second is the case that X = {X1, . . . , Xm} is a system of Hörmander vector fields homogeneous of
degree −1 (see the preliminaries for precise details). In fact, recently it was shown in [1] that, for these kinds
of vector fields, the Hörmander operatorL = ∑mj=1 X2j admits a global fundamental solution ΓX(x, y), and one
can, similar to the nilpotent case, take d(x) = ΓX(x, 0)2−q, where q is the homogeneous dimension arising
from the family of dilations used to define X. Analogous Hardy identities may be formulated just as in the
nilpotent case just mentioned. These identities are the contents of Theorem 3.20.

Finally, wemention that the Lp-weighted Hardy’s identities and inequalities (for p ̸= 2) with the p-Bessel
pairs on Carnot groups and for Hörmander vector fields have been established in [11]. This is inspired by the
earlier works of the authors on Lp-weighted Hardy’s identities and inequalities (for p ̸= 2) with the p-Bessel
pairs in Euclidean spaces [7, 10, 12].

Organization. The paper is outlined as follows. We first recall in the Preliminaries section facts about Hör-
mander vector fields, theHeisenberg group, and general Carnot groups. In the following section,we first state
and prove themain factorization lemma. Fromhere, we establish themainHardy identities on Carnot groups,
and then apply this result by choosing specific Bessel pairs. Next, we establish another factorization lemma
and use it to establish Hardy identities on the Heisenberg half-space and half-gauge ball. Next, we use the
factorization lemma to state and prove general weighted uncertainty principles as well as some applications.
Then we establish Hardy identities for general distance functions dK, where dK is the CC distance to a closed
set K. Lastly, we state and prove Hardy identities and specific inequalities for more general settings including
certain vector fields and simply connected nilpotent Lie groups.

For convenience of the reader, we point out explicitly themain results of the paper. Firstly, in Theorem3.2
we prove the main Hardy identity for Carnot groups. Secondly, in Theorem 3.6, we apply Theorem 3.2 to
obtain a Hardy identity in the spirit of Brezis–Vázquez. Thirdly, in Theorem 3.8 and Theorem 3.12, we prove
Hardy identities related to the Heisenberg half space. Fourthly, in Theorem 3.13, we introduce a new class of
uncertainty principles for groups. Lastly, in Theorems 3.16 and 3.20, we prove Hardy identities for the more
general settings with respect to the CC metric and global fundamental solution, respectively.

Remark 1.1. We employ the following notational conventions. Firstly, if a theorem is the result of a refer-
enced paper, then that theorem is labeled by a Latin letter (e.g., such as Theorem A). Secondly, for a gen-
eral Carnot group, its measure will generally be denoted by dx; however, in the case of the Heisenberg
group, we opt to use dz dt when it is more natural. Secondly, general points shall be denoted by x, and
the Lebesguemeasure shall be denoted by dx. In particular, a point in the Heisenberg groupmay be denoted
by (x1, . . . , xN , y1, . . . , yN , t) or (z, t) or x, and its measure will always be denoted by dx or dz dt. Lastly, in
general, d shall denote a homogeneous gauge, dX shall denote a power of the fundamental solution corre-
sponding to a system of vector fields X, dcc shall denote the Carnot–Carathéodory (CC) metric with respect to
a given system of vector fields, and dK shall denote the CC distance to a closed subset K.

2 Preliminaries
We begin by recalling facts about general vector fields, and then proceed to recalling facts and properties
about the Heisenberg group and more general Carnot groups. Thus, let X = {X1, . . . , Xm} denote a collection
of smooth vector fields onℝN , i.e.,

Xj =
N
∑
i=1

aij(x)
∂
∂xi

, j = 1, . . . ,m,
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with aij ∈ C∞(ℝN). A subunit curve for X is a Lipschitz continuous curve γ : [0, T] → ℝN , T > 0, such that
there exist measurable functions h1, . . . , hm : [0, T] → ℝ satisfying

γ󸀠(t) =
m
∑
j=1

hj(t)Xj(γ(t)),
m
∑
j=1

h2j (t) ≤ 1

for almost every t ∈ [0, T]. The Carnot–Carathéodory distance between two points x, y ∈ ℝN is then defined
to be

dcc(x, y) = inf{T ≥ 0 : there exists a subunit curve γ : [0, T] → ℝN with γ(0) = x, γ(T) = y}.

In case the vector fields X1, . . . , Xm are such that the Lie algebra generated by X isN-dimensional at every
point in ℝN , then X is said to satisfy Hörmander’s condition. The Chow–Rashevsky theorem asserts that,
if X satisfies Hörmander’s condition, then dcc(x, y) < ∞ for all x, y ∈ ℝN . In particular, dcc becomes a metric
onℝN .

Associated with X is the Hörmander sum of squares operator LX = ∑mj=1 X2j , and, in case X satisfies the
Hörmander condition, it is a well-known result of Hörmander that LX is hypoelliptic. We also define the
horizontal gradient ∇H and divergence as follows:

∇Hu = (X1u, . . . , Xmu), divH(a1, . . . , am) =
m
∑
j=1

X∗j aj ,

where a = (a1, . . . , am) : ℝN → ℝm is any sufficiently regular function, and X∗j is the formal adjoint of Xj.
Now, suppose for convenience thatLX has a global fundamental solution ΓX(x, y). Thenmotivated by the

fact that, for N ≥ 3, the function Γeu(x, y) = 1
N(N−2)ωN

|x − y|2−N , where ωN is the volume of the Euclidean unit
ball, is the fundamental solution for the Euclidean Laplacian, and |x| = Γeu(x, 0)

1
2−Q defines the Euclidean

norm, we may define the function dX(x) = ΓX(x, 0)
1

2−N and use it to define the corresponding ball

BX,R(0) = {x ∈ ℝN : dX(x) < R}.

An important family ofHörmander vector fields are the left-invariant vector fields of theHeisenberg group
HN = ℝ2N+1. Recall that H may be defined asℝ2N+1 equipped with the group law

(a, b, t)(a󸀠, b󸀠, t󸀠) = (a + a󸀠, b + b󸀠, t + t󸀠 + 12 (⟨a, b
󸀠⟩ − ⟨a󸀠, b⟩)),

where a, b, a󸀠, b󸀠 ∈ ℝN are horizontal coordinates, and t, t󸀠 ∈ ℝ are central coordinates. At a given point
(z, t) = (x1, . . . , xN , y1, . . . , yN , t) ∈ HN , the corresponding left invariant vector fields are given by

Xi =
∂
∂xi
−
yi
2

∂
∂t , Yi =

∂
∂yi
+
xi
2

∂
∂t , T = ∂

∂t (2.1)

for i = 1, . . . , N. These vector fields satisfy the Heisenberg relation

[Xi , Yj] = δijT, i, j = 1, . . . , N,

and so the Lie algebra h of H is a graded nilpotent Lie algebra of step 2. The corresponding sub-Laplacian is
given by

L =
m
∑
j=1
(X2j + Y

2
j ) = ∆ℝ2N +

1
4 |z|

2 ∂2

∂t2
−

m
∑
j=1
(xj

∂
∂yj
− yj

∂
∂xj
)
∂
∂t , (2.2)

and the horizontal gradient is given as above.
The Heisenberg group is a homogeneous group in the sense that it has a family of anisotropic dilations

δλ : H → H given by δλ(z, t) = (λz, λ2t) for λ > 0. The corresponding homogeneous dimension of H is given
by Q = 2N + 2. Moreover, H has a homogeneous gauge given by

d(z, t) = (|z|4 + 16t2)
1
4 , (2.3)

and this norm is such that d2−Q is a scalar multiple of the fundamental solution of L. In particular, for an
appropriate c > 0, the balls BX,cR(0) are exactly the balls gauge balls BR(0) = {x ∈ HN : d(x) < R}. The Haar
measure, which will be denoted by dx or dz dt, on H is given by the Lebesgue measure dx = dz dt onℝ2N+1.
The Haar measure and homogeneous gauge enjoy the following homogeneity properties:

d(δλ(z, t)) = λQ dz dt, d(δλ(z, t)) = λd(z, t).
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The Heisenberg group belongs to a large family of nilpotent groups, called the Carnot groups, which are
important in many fields of analysis and have a rich geometric structure. We recall Carnot groups now. First,
recall that a stratified Lie algebra g of step r is a Lie algebra with subspaces V1, . . . , Vr satisfying

g = V1 ⊕ ⋅ ⋅ ⋅ ⊕ Vr and [V1, Vi] = Vi+1, i = 1, . . . , r − 1, [V1, Vr] = 0.

If G is a simply connected Lie group with a stratified Lie algebra g, then G is called a Carnot group. In fact,
if Nj = dim Vj, and using the exponential map, we may identify G with ℝN1 × ⋅ ⋅ ⋅ × ℝNr so that each point
g ∈ G is identified with a point x = (x(1), . . . , x(r)) in ℝN1 × ⋅ ⋅ ⋅ × ℝNr so that x(j) ∈ ℝNj ; such an identification
will always be made. Just as for the Heisenberg group, the Carnot groups have a natural family of anisotropic
dilations δλ : G → G given by

δλ(x) = (λx(1), λ2x(2), . . . , λrx(r)).

The homogeneous dimension Q of the group is defined to be Q = ∑mj=1 j dim Vj. Let dx denote a Haarmeasure
on G, which can be taken to be the Lebesgue measure on ℝN1 × ⋅ ⋅ ⋅ ℝNr . The left-invariant vector fields of the
first layer on G may be written in the following way:

Xj =
∂
∂xj
+

r
∑
h=2

Nh

∑
k=1

a(h)j,k (x
(1), . . . , x(h−1)) ∂

∂x(h)k
, j = 1, . . . , N1,

where aj,k are degree h − 1 polynomials which are homogeneous with respect to δλ. These vector fields gen-
erate the Lie algebra of G and so every left invariant vector on G may be obtained from taking linear com-
binations of brackets of the Xj. The horizontal gradient, horizontal divergence, and sub-Laplacian of G are
defined as before.

We now recall the notions of symmetric homogeneous norms and gauges in the following definitions.

Definition 2.1. Anonnegative continuous function d onG is called a symmetric homogeneousnormprovided
(1) d(δλ(x)) = λd(x) for all λ > 0, x ∈ G,
(2) d(x) > 0 iff x ̸= 0,
(3) d(x−1) = d(x) for every x ∈ G.

Definition 2.2. Suppose d is a symmetric homogeneous norm on Gwhich is smooth away from the origin. If d
satisfies Ld2−Q = 0 away from the origin, then d is called an L-gauge. An L-radial function is any function
u : G \ {0} → ℝ satisfying u = f ∘ d for a suitable f : (0,∞) → ℝ and a given L-gauge d.

Note that the Heisenberg homogeneous gauge (2.3) satisfies this definition. Moreover, it is well known that
(e.g., see [3]), if Γ(x, y) denotes the fundamental solution of L, then any L-gauge d is a scalar multiple of
Γ

1
2−Q (x, 0) away from the origin (see for example [3]). This fact allows for a nice formula forL acting on radial

functions, and we recall this useful formula in the following lemma.

Lemma A. If f(d) is a smooth radial function on G \ {0}, then

L(f(d)) = |∇Hd|2(f 󸀠󸀠(d) +
Q − 1
d f 󸀠(d)).

The proof may be found in [3, Proposition 5.4.3].
In fact, these properties of G and its fundamental solution hold in a more general setting. Indeed, if

{Y1, . . . , Ym} is a system of C∞(ℝn) homogeneous linearly independent vector fields with homogeneous
degree 1 with respect to an anisotropic dilation

δλ : (x1, . . . , xn) 󳨃→ (λσ1x1, . . . , λσn xn),

where 1 = σ1 ≤ ⋅ ⋅ ⋅ ≤ σn, and if this system satisfies Hörmander’s finite rank condition at x = 0, then, by [1],
their sum of squares operator LY = Y2

1 + ⋅ ⋅ ⋅ + Y2
m admits a global fundamental solution ΓY satisfying

(1) LY,yΓY (x, y) = δx,
(2) ΓY is strictly positive,
(3) Γ(δλ(x); δλ(y)) = λ2−qΓ(x; y) for all x ̸= y and λ > 0,
(4) Γ(x; y) = Γ(y; x) for x ̸= y.
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Here, q = ∑nj=1 σj is the homogeneous dimension of the system, and by being homogeneous of degree 1 it is
understood that

Yj(f ∘ δλ) = λ(Yj f) ∘ δλ
for all λ > 0, f ∈ C∞(ℝN), and j = 1, . . . ,m. Following the proof of [3, Proposition 5.4.3], it is easy to see that
dY = Γ

1
2−q satisfies

LYdY = (q − 1)
|∇YdY |2

dY
,

where ∇Y = (Y1, . . . , Ym). Moreover, if f(dY ) is a radial function with respect to dY , then there holds

LY (f(dY )) = |∇Yd|2(f 󸀠󸀠(dY ) +
q − 1
dY

f 󸀠(dY )).

3 Main Results and Proofs

3.1 Hardy Identities on Carnot Groups

We begin by introducing our main factorization lemma which our main results rely on. While this lemma is
stated for L, ∇H and divH on G, it is worth mentioning that this lemma holds for more general operators M,
M∗, the formal adjoint M∗, and M∗M replacing ∇H , divH , and L, respectively.

Lemma 3.1. Let Ω ⊂ G be a domain, let V, φ : Ω → ℝ>0 be C1(Ω), and let s ∈ ℝ. Define

Ts = √V∇H − s√Vφ−1∇Hφ, T+s = −divH(√V ⋅) − s√Vφ−1∇Hφ⋅,

where T+s is the formal adjoint of Ts, and Ts acts on compactly supported smooth functions supported inΩ. Then

T+s Tsu = −divH(V∇Hu) + s(uφ−1∇HV ⋅ ∇Hφ − Vuφ−2∇Hφ ⋅ ∇Hφ + Vuφ−1Lφ) + s2Vuφ−2∇Hφ ⋅ ∇Hφ.

Moreover, if T = T1, then

T+Tu = −divH(V∇Hu) + uφ−1∇HV ⋅ ∇Hφ + Vuφ−1Lφ,

|Tu|2 = Vφ2󵄨󵄨󵄨󵄨∇H(uφ
−1)󵄨󵄨󵄨󵄨

2.
(3.1)

Proof. First compute

−divH(√V(√V∇Hu)) = −divH(V∇Hu),
−divH(sVφ−1u∇Hφ) = −s(φ−1u∇Hφ ⋅ ∇HV − Vuφ−2∇Hφ ⋅ ∇Hφ + Vφ−1∇Hu ⋅ ∇Hφ + Vφ−1uLφ),

−s√Vφ−1∇Hφ ⋅ (√V∇Hu) = −sVφ−1∇Hφ ⋅ ∇Hu,

−s√Vφ−1∇Hφ ⋅ (−s√Vφ−1∇Hφ) = s2Vφ−2∇Hφ ⋅ ∇Hφ.

Collecting these identities together, we get

T+s Tsu = −divH(V∇Hu) + s(uφ−1∇HV ⋅ ∇Hφ − Vuφ−2∇Hφ ⋅ ∇Hφ + Vuφ−1Lφ) + s2Vuφ−2∇Hφ ⋅ ∇Hφ,

as desired. Evaluating at s = 1 provided the desired identity (3.1).
Next, by expanding

|Tu|2 = (√V∇Hu − u√Vφ−1∇Hφ) ⋅ (√V∇Hu − u√Vφ−1∇Hφ)
= V|∇Hu|2 − 2Vφ−1u∇Hφ ⋅ ∇Hu + u2Vφ−2∇Hφ ⋅ ∇Hφ

we see that

Vφ2|∇H(uφ−1)|2 = Vφ2(φ−1∇Hu − φ−2u∇Hφ) ⋅ (φ−1∇Hu − φ−2u∇Hφ)
= V|∇Hu|2 − 2φ−1u∇Hφ ⋅ ∇Hu + φ−2u2∇Hφ ⋅ φHφ
= |Tu|2,

which is the desired identity.
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Now, if there is a third positive C1-functionW such that (V,W) is a Bessel pair with positive solution φ on an
interval (0, R), then Lemma3.1maybe applied to the functions V(d(x)) andφ(d(x)) to establish the following
Hardy identities. We remark that similar results were obtained in [17, 26] where they assume the weights
satisfy a general differential inequality; however, our approachwith Bessel pairs provides a fairly simple way
to produce many interesting weights.

Theorem 3.2. Let G be a Carnot groupwith symmetric homogeneous gauge d, and let BR(0) denote the d-gauge
ball of radius R for a given 0 < R ≤ ∞. Let V and W be positive C1-functions on (0, R). If (rQ−1V, rQ−1W) is
a Bessel pair on (0, R) with positive solution φ, then for u ∈ C∞0 (BR(0) \ {0}) there holds

∫
BR(0)

V(d)
󵄨󵄨󵄨󵄨󵄨󵄨󵄨
∇H(

u
φ(d))
󵄨󵄨󵄨󵄨󵄨󵄨󵄨

2
φ(d)2 dx = ∫

BR(0)

V(d)|∇Hu|2 dx − ∫
BR(0)

W(d)u2|∇Hd|2 dx.

In particular, the following Hardy’s inequality holds:

∫
BR(0)

V(d)|∇Hu|2 dx ≥ ∫
BR(0)

W(d)|u|2|∇Hd|2 dx.

Proof. First observe that
∇HV(d) = V󸀠(d)∇Hd, ∇Hφ(d) = φ󸀠(d)∇Hd.

Next, by using the factorization lemma (Lemma 3.1), we have

∫
BR(0)

Vφ2󵄨󵄨󵄨󵄨∇H(uφ
−1)󵄨󵄨󵄨󵄨

2 dx = ∫
BR(0)

|Tu|2 dx

= ∫
BR(0)

uT+Tu dx

= − ∫
BR(0)

u divH(V∇Hu) dx + ∫
BR(0)

u2φ−1∇HV ⋅ ∇Hφ dx + ∫
BR(0)

Vu2φ−1Lφ dx.

Next, we use the divergence theorem and Lemma A to obtain

∫
BR(0)

Vφ2󵄨󵄨󵄨󵄨∇H(uφ
−1)󵄨󵄨󵄨󵄨

2 dx = ∫
BR(0)

V|∇Hu|2 dx + ∫
BR(0)

u2V󸀠φ−1φ󸀠|∇Hd|2 dx

+ ∫
BR(0)

Vu2φ−1(φ󸀠󸀠 + Q − 1d φ󸀠)|∇Hd|2 dx

= ∫
BR(0)

V|∇Hu|2 dx + ∫
BR(0)

u2φ−1(Vφ󸀠󸀠 + Q − 1d Vφ󸀠 + V󸀠φ󸀠)|∇Hd|2 dx.

Then, using that (rQ−1V, rQ−1W) is a Bessel pair, we have that

Q − 1
r V(r)φ󸀠(r) + V󸀠(r)φ󸀠(r) + V(r)φ󸀠󸀠(r) = −W(r)φ(r),

and so

∫
BR(0)

Vφ2󵄨󵄨󵄨󵄨∇H(uφ
−1)󵄨󵄨󵄨󵄨

2 dx = ∫
BR(0)

V|∇Hu|2 dx − ∫
BR(0)

u2φ−1W|∇Hd|2 dx,

which is the desired identity. From

∫
BR(0)

V(d)
󵄨󵄨󵄨󵄨󵄨󵄨󵄨
∇(

u
φ(d))
󵄨󵄨󵄨󵄨󵄨󵄨󵄨

2
φ(d)2 dx ≥ 0

the last inequality of the theorem follows.
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Remark 3.3. One of the main strengths of the identities given in Theorem 3.2 is that it allows one to check
for the existence of extremizers of

∫
BR(0)

V(d)|∇Hu|2 dx ≥ ∫
BR(0)

W(d)u2|∇Hd|2 dx

provided that this inequality is in fact sharp. Indeed, if

∫
BR(0)

V(d)|∇Hu|2 dx = ∫
BR(0)

W(d)u2|∇Hd|2 dx,

then
∫

BR(0)

V(d)
󵄨󵄨󵄨󵄨󵄨󵄨󵄨
∇H(

u
φ(d))
󵄨󵄨󵄨󵄨󵄨󵄨󵄨

2
φ(d)2 dx = 0.

This implies that
u = φ(d),

and so the existence of extremizers is dictated by the integrability of φ in the appropriate weighted Sobolev
space.

Remark 3.4. Throughout, we assume that u ∈ C∞0 (G \ {0}). This assumption may be weakened to assuming
u ∈ C∞0 (G) provided that the origin is a removable singularity with respect to the weighted Sobolev norm

‖u‖2 = ∫
BR(0)

V(d)|∇Hu|2 dx + ∫
BR(0)

W(d)|u|2|∇Hd|2 dx.

On the other hand, if either V orW is too singular, then u ∈ C∞0 (G \ {0})may be necessary for integrability.

As mentioned above, by choosing specific Bessel pairs and using Theorem 3.2, we may improve geometric
inequalities in the sub-elliptic setting. We now state several such applications and include their respective
proofs which depict the appropriate choice of Bessel pair.

The first identity we present is the Hardy identity with power weights which imply the classical weighted
Hardy inequalities on Carnot groups.

Corollary 3.5. For all u ∈ C∞0 (G \ {0}), and all λ ∈ ℝ, there holds

∫
G

d−λ|∇Hu|2 dx −
(Q − 2 − λ)2

4 ∫
G

d−λ−2|u|2|∇Hd|2 dx = ∫
G

d2−Q󵄨󵄨󵄨󵄨∇H(d
Q−2−λ

2 u)󵄨󵄨󵄨󵄨
2 dx.

Proof. The identity follows from applying Theorem 3.2 to the Bessel pair

(rQ−1V, rQ−1W) = (rQ−1−λ , (Q − 2 − λ)
2

4 rQ−3−λ),

which has as a positive solution φ(r) = r− Q−2−λ2 .

The following corollary establishes the Hardy identity which implies the Brezis–Vázquez-type inequality in
our setting.

Theorem 3.6. Let G be a Carnot group with symmetric homogeneous gauge d, and let BR(0) denote the d-gauge
ball of radius R for a given 0 < R < ∞. Then, for u ∈ C∞0 (BR(0) \ {0}), there holds

∫
BR(0)

|∇Hu|2 dx − (
Q − 2
2 )

2
∫

BR(0)

|u|2

d2
dx =

z20
R2
∫

BR(0)

|u|2 dx + ∫
BR(0)

󵄨󵄨󵄨󵄨󵄨󵄨󵄨
∇H

ud Q
2

J0;R(d)
󵄨󵄨󵄨󵄨󵄨󵄨󵄨

2 J0;R(d)2

dQ
dx.

Proof. The identity follows from applying Theorem 3.2 to the Bessel pair

(rQ−1V, rQ−1W) = (rQ−1, rQ−1((N − 22 )
2
r−2 +

z20
R2
))

which has as a positive solution
φ(r) = r

Q
2 J0(

rz0
R ) = r

− Q2 J0;R(r).
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3.2 Hardy Identities on the Heisenberg Half Space

Define the Heisenberg half-space H+N = {(z, t) ∈ HN : t > 0} and the half-gauge ball B+R(0) = BR(0) ∩ H+N . In
this subsection, we introduce general Hardy identities in terms of Bessel pairs on the half-space H+N and half-
gauge ball B+N , and, for specific choices of the Bessel pair, we recover and find exact remainder terms for the
half-space inequalities given by Luan and Yang in [23]. To begin, first define the strip

A2R = {(z, t) ∈ HN : t ∈ (0, 2R)},

and define the vertical height function dR(x, t) = min{t, 2R − t}, and set d∞(z, t) = t. Using Lemma 3.1, we
will obtain Hardy inequalities on A2R in this section.

To obtain Hardy identities in terms of the vertical derivative ∂
∂t , the following factorization lemma spe-

cialized to the vertical derivative T = ∂
∂t onHN is needed. In fact, the following factorization is effectively used

in [20], but for completion and to state the factorization in the same generality as Lemma 3.1, we state and
prove the following lemma.

Lemma 3.7. Let
S = √V ∂

∂t −
√Vφ−1 ∂φ∂t , S+ = − ∂∂t (

√V ⋅) − √Vφ−1 ∂φ∂t ,

where S+ is the formal adjoint of S, and S acts on compactly supported functions with appropriate domains.
Then

S+Su = − ∂∂t(V
∂u
∂t ) + φ

−1 ∂V
∂t

∂φ
∂t u + Vφ

−1 ∂2φ
∂t2

u, |Su|2 = Vφ2󵄨󵄨󵄨󵄨󵄨󵄨󵄨
∂
∂t(

u
φ)
󵄨󵄨󵄨󵄨󵄨󵄨󵄨

2
.

Proof. First compute

∂
∂t(Vφ

−1 ∂φ
∂t u) = φ

−1 ∂V
∂t

∂φ
∂t u − φ

−2V(∂φ∂t )
2
u + Vφ−1 ∂

2φ
∂t2

u + Vφ−1 ∂φ∂t
∂u
∂t ,

from which we obtain

S+Su = − ∂∂t(V
∂u
∂t ) + φ

−1 ∂V
∂t

∂φ
∂t u − φ

−2V(∂φ∂t )
2
u + Vφ−1 ∂

2φ
∂t2

u + Vφ−1 ∂φ∂t
∂u
∂t

− Vφ−1 ∂φ∂t
∂u
∂t + Vφ

−2(
∂φ
∂t )

2
u

= −
∂
∂t(V

∂u
∂t ) + φ

−1 ∂V
∂t

∂φ
∂t u + Vφ

−1 ∂2φ
∂t2

u,

as desired. Lastly, computing

|Su|2 = V(∂u∂t )
2
+ Vφ−2(∂φ∂t )

2
(
∂u
∂t )

2
− 2Vφ−1 ∂φ∂t u

and
󵄨󵄨󵄨󵄨󵄨󵄨󵄨
∂
∂t(

u
φ)
󵄨󵄨󵄨󵄨󵄨󵄨󵄨

2
= φ−2(∂u∂t )

2
+ φ−4u2(∂φ∂t )

2
− 2φ−3u ∂φ∂t

∂u
∂t ,

we find
|Su|2 = Vφ2󵄨󵄨󵄨󵄨󵄨󵄨󵄨

∂
∂t(

u
φ)
󵄨󵄨󵄨󵄨󵄨󵄨󵄨

2
.

We may now state the main Hardy identity for strips.

Theorem 3.8. Let 0 < R ≤ ∞, and let V and W be positive C1-functions on (0, R). If (rQ+1V, rQ+1W) is a Bessel
pair on (0, R) with positive solution φ, then for u ∈ C∞0 (A2R), there holds

∫
A2R

V(dR)
󵄨󵄨󵄨󵄨󵄨󵄨󵄨
∇H(

u
φ(dR)
)
󵄨󵄨󵄨󵄨󵄨󵄨󵄨

2
φ2(dR) dz dt = ∫

A2R

V(dR)|∇u|2 dz dt −
1
4 ∫
A2R

W(dR)|z|2|u|2 dz dt

and
∫
A2R

Vφ2󵄨󵄨󵄨󵄨󵄨󵄨󵄨
∂
∂t(

u
φ)
󵄨󵄨󵄨󵄨󵄨󵄨󵄨

2
dz dt = ∫

A2R

V(dR)
󵄨󵄨󵄨󵄨󵄨󵄨󵄨
∂u
∂t
󵄨󵄨󵄨󵄨󵄨󵄨󵄨

2
dz dt − ∫

A2R

W(dK)|u|2 dz dt,
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Proof. First observe that
Lφ(dR) = φ󸀠󸀠(dR)|z|2, |∇HdR|2 =

1
4 |z|

2,

and so, by Lemma 3.1, we have that

T+Tu = −divH(V∇Hu) +
1
4u

φ󸀠(dR)
φ(dR)
|z|2V󸀠(dR) +

1
4uV(dR)

φ󸀠󸀠(dR)
φ(dR)
|z|2

= −divH(V∇Hu) +
1
4u|z|

2 1
φ(dR)
[φ󸀠(dR)V󸀠(dR) + φ󸀠󸀠(dR)V(dR)].

Therefore, using that (V,W) is a Bessel pair and the divergence theorem, we find

∫
A2R

V(dR)
󵄨󵄨󵄨󵄨󵄨󵄨󵄨
∇H(

u
φ(dR)
)
󵄨󵄨󵄨󵄨󵄨󵄨󵄨

2
φ2(dR) dz dt = ∫

A2R

|Tu|2 dz dt

= ∫
A2R

V(dR)|∇Hu|2 dz dt −
1
4 ∫
A2R

W(dR)|z|2|u|2 dz dt,

as desired.
To obtain the second identity, one may simply appeal to [20, Theorem 1.3]; we include the following

short proof for completeness. Observe

∂V
∂t

∂φ
∂t = V

󸀠(dK)φ󸀠(dK),
∂2φ
∂t2
= φ󸀠󸀠(dK),

and so, using Lemma 3.7, we find

S+Su = − ∂∂t(V
∂u
∂t ) + uφ

−1[V󸀠φ󸀠 + Vφ󸀠󸀠].

Therefore, using that (V,W) is a Bessel pair and integration by parts, we find

∫
A2R

Vφ2󵄨󵄨󵄨󵄨󵄨󵄨󵄨
∂
∂t(

u
φ)
󵄨󵄨󵄨󵄨󵄨󵄨󵄨

2
dz dt = ∫

A2R

|Su|2 dz dt = ∫
A2R

V(dR)
󵄨󵄨󵄨󵄨󵄨󵄨󵄨
∂u
∂t
󵄨󵄨󵄨󵄨󵄨󵄨󵄨

2
dz dt − ∫

A2R

W(dK)|u|2 dz dt,

as desired.

Using Theorem 3.8, we may obtain the following Hardy identity which improves and recovers (1.5).

Corollary 3.9. For u ∈ C∞0 (H
+
N), there holds

∫
H+
N

|∇H t
α
2 u|2t dz dt = ∫

H+
N

tα+1|∇Hu|2 dz dt −
α2

16 ∫
H+
N

|z|2tα−1|u|2 dz dt

and
∫
H+
N

󵄨󵄨󵄨󵄨󵄨󵄨󵄨
∂
∂t (t

α
2 u)
󵄨󵄨󵄨󵄨󵄨󵄨󵄨

2
t dz dt = ∫

H+
N

tα+1
󵄨󵄨󵄨󵄨󵄨󵄨󵄨
∂u
∂t
󵄨󵄨󵄨󵄨󵄨󵄨󵄨

2
dz dt − α

2

4 ∫
H+
N

tα−1|u|2 dz dt.

In particular, we have the algebraically interesting Hardy inequalities

∫
H+
N

tα+1|Tu|2 dz dt = ∫
H+
N

tα+1|[Xj , Yj]u|2 dz dt ≥
α2

4 ∫
H+
N

tα−1|u|2 dz dt.

Proof. The identity follows from applying Theorem 3.8 to the Bessel pair

(V,W) = (rα+1, α
2

4 rα−1)

with positive solution φ = r− α2 on (0,∞).
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Remark 3.10. We point out that to obtain Hardy identity from [23], one needs to take α = −1, and the change
of variable t 󳨃→ 4t is needed since they use the vector fields

Xj =
∂
∂xj
− 2yj

∂
∂t , Yj =

∂
∂yj
+ 2xj

∂
∂t ,

compare this with (2.1).

We now state and prove the Hardy identities for the half ball B+R(0). We will again need a new factorization
lemma.

Lemma 3.11. Let V, φ, Y be sufficiently smooth and define

U = √V∇H − √Vφ−1∇Hφ + √VY−1∇HY,

U+ = −divH(√V ⋅) − √Vφ−1∇Hφ ⋅ +√VY−1∇HY ⋅ .

where U+ is the formal adjoint of U, and U acts on compactly supported smooth functions with appropriate
domains. Then

U+Uu = −divH(V∇Hu) + uφ−1∇HV ⋅ ∇Hφ + Vuφ−1∆φ + 2VuY−2|∇HY|2 − VuY−1∆Y
− uY−1∇HV ⋅ ∇HY − 2Vuφ−1Y−1∇Hφ ⋅ ∇HY,

|Uu|2 = Vφ2Y−2|∇H(uφ−1Y)|2.

Proof. If T denotes the operator in Lemma 3.1, then

U = T + √VY−1∇HY, U+ = T+ + √VY−1∇HY.

Consequently, there holds

U+Uu = (T+ + √VY−1∇HY)(T + √VY−1∇HY)u

= T+Tu + T+(u√VY−1∇HY) + √VY−1∇HY ⋅ (Tu) + uVY−2|∇HY|2.
(3.2)

Since we already have T+T from Lemma 3.1, we need only compute the middle two terms

T+(u√VY−1∇HY) = −divH(VuY−1∇HY) − uVY−1φ−1∇Hφ ⋅ ∇HY
= uY−1∇HV ⋅ ∇HY − VY−1∇Hu ⋅ ∇HY + VuY−2|∇HY|2 − VuY−1LY
− uVY−1φ−1∇Hφ ⋅ ∇HY,

√VY−1∇HY ⋅ (Tu) = VY−1∇HY ⋅ ∇Hu − uVφ−1Y−1∇HY ⋅ ∇Hφ.

(3.3)

Therefore, using that
T+Tu = −divH(V∇Hu) + uφ−1∇HV ⋅ ∇Hφ + Vuφ−1Lφ,

we may combine (3.2) and (3.3) to obtain the desired identity for U+U.
The computation for |Uu|2 is similar to the computation in Lemma 3.1.

We remark that Lemma 3.1 may be obtained from Lemma 3.7 by taking Y = 0.
With this factorization lemma established, we are now prepared to state and prove the following Hardy

identity on the half-gauge ball B+R(0).

Theorem 3.12. Let 0 < R ≤ ∞, and let V andW be positive C1-functions on (0, R). If (rQ+1V, rQ+1W) is a Bessel
pair on (0, R), then for u ∈ C∞0 (BR ∩ H+N) there holds

∫
BR(0)∩H+

N

V
󵄨󵄨󵄨󵄨󵄨󵄨󵄨
∇(

u
φ
1
t )
󵄨󵄨󵄨󵄨󵄨󵄨󵄨

2
φ2t2 dz dt = ∫

BR(0)∩H+
N

V|∇u|2 dz dt − ∫
BR(0)∩H+

N

[W − V
󸀠

d ]|u|
2|∇d|2 dz dt.

Proof. This theorem will follow by taking Y = 1
t in Lemma 3.11. To see this, first compute

L
1
t =
|z|2

2t3
, ∇Hd ⋅ ∇H

1
t = −

1
t2
∇Hd ⋅ ∇H t = −

1
t |∇Hd|

2.
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We then compute

uφ−1∇HV ⋅ ∇Hφ = uφ−1φ󸀠V󸀠|∇Hd|2,

Vuφ−1Lφ = Vuφ−1|∇Hd|2(φ󸀠󸀠 +
Q − 1
d φ󸀠),

2Vut2|∇H
1
t |

2 =
1
2Vu
|z|2

t2
,

VutLt = 12Vu
|z|2

t2
,

ut∇HV ⋅ ∇H
1
t = −uV

󸀠|∇Hd|2,

2Vuφ−1t∇Hφ ⋅ ∇H
1
t = −2Vuφ

−1φ󸀠|∇Hd|2.

Collecting everything together, we have

U+Uu = −divH(V∇Hu) + uV󸀠|∇Hd|2 + uφ−1|∇Hd|2[Vφ󸀠󸀠 + V󸀠φ󸀠 +
Q + 1
d Vφ󸀠]

= −divH(V∇Hu) + uV󸀠|∇Hd|2 + uW|∇Hd|2,

where, to get the last equality, we used the fact that (rQ+1V, rQ+1W) is a Bessel pair. At last,

∫
BR(0)∩H+

N

V
󵄨󵄨󵄨󵄨󵄨󵄨󵄨
∇(

u
φ
1
t )
󵄨󵄨󵄨󵄨󵄨󵄨󵄨

2
φ2t2 dz dt = ∫

BR(0)∩H+
N

|Uu|2 dz dt

= ∫
BR(0)∩H+

N

V|∇u|2 dz dt − ∫
BR(0)∩H+

N

[W − V
󸀠

d ]|u|
2|∇d|2 dz dt,

as desired.

3.3 Weighted Uncertainty Principles

Lemma 3.1 may also be used to obtain Caffarelli–Kohn–Nirenberg-type inequalities with more general
weights than simple power weights. The following results are new even for the Euclidean setting.

Theorem 3.13. If (rQ−1V, rQ−1W) is a Bessel pair on (0, R) with solution φ, then for u ∈ C∞0 (BR(0) \ {0}) there
holds

1
2 ∫
BR(0)

u2|∇Hd|2[W(d) + V(d)(
φ󸀠(d)
φ(d) )

2
] dx ≤ ( ∫

BR(0)

u2|∇Hd|2V(d)(
φ󸀠(d)
φ(d) )

2
dx)

1
2

× ( ∫
BR(0)

V(d)|∇Hu|2 dx)
1
2

.

Proof. The following proof is motivated by Costa’s work [6]. (See also [8, 9].) Using Lemma 3.1, we find

∫
BR(0)

|Tsu|2 dx = − ∫
BR(0)

ū divH(V∇Hu) dx + s2 ∫
BR(0)

|u|2V(φ
󸀠

φ )
2
|∇Hd|2 dx

+ s ∫
BR(0)

|u|2[V󸀠 φ
󸀠

φ − V(
φ󸀠

φ )
2
+ V 1

φ(φ
󸀠󸀠 +

Q − 1
d φ󸀠)]|∇Hd|2 dx.

Then, using that (rQ−1V, rQ−1W) is a Bessel pair, we find

∫
BR(0)

|Tsu|2 dx = ∫
BR(0)

|∇Hu|2V dx + s2 ∫
BR(0)

|u|2V(φ
󸀠

φ )
2
|∇Hd|2 dx − s ∫

BR(0)

|u|2[W + V(φ
󸀠

φ )
2
]|∇Hd|2 dx.
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At last, by using that As2 + Bs + C ≥ 0 for all s ∈ ℝ implies 1
2 |B| ≤ A

1
2 C 1

2 , with

A = ∫
BR(0)

|u|2V(φ
󸀠

φ )
2
|∇Hd|2 dx,

B = − ∫
BR(0)

u2|∇Hd|2[W + V(
φ󸀠

φ )
2
] dx,

C = ∫
BR(0)

V|∇Hu|2 dx,

we obtain

1
2 ∫
BR(0)

u2|∇Hd|2[W + V(
φ󸀠

φ )
2
] dx ≤ ( ∫

BR(0)

u2|∇Hd|2V(
φ󸀠

φ )
2
dx)

1
2

( ∫
BR(0)

V|∇Hu|2 dx)
1
2

,

as desired.

By taking
(V,W) = (rλ , |Q + λ − 1|rλ−2),

then (rQ−1V, rQ−1W) is a Bessel pair with positive solution φ = r1−λ−Q on (0,∞). Using this Bessel pair in
Theorem 3.13, we recover the weighted Hardy uncertainty principles as a corollary

|Q + λ − 2|
2 ∫

G

u2dλ|∇Hd|2 dx ≤ (∫
G

u2dλ+2|∇Hd|2 dx)
1
2

(∫
G

|∇Hu|2dλ dx)
1
2

for all λ ∈ ℝ and u ∈ C∞0 (G \ {0}). In fact, one may show that if

V = r−2b , V(φ
󸀠

φ )
2
= αr−2a

were to hold for some a, b, α ∈ ℝ, thenW changes sign on (0,∞) unless a = b + 1. Therefore, it is reasonable
to interpret Corollary 3.14 as a general family of uncertainty principles.

Now, using thatW > 0 and V(φ
󸀠

φ )
2 ≥ 0, Theorem3.13may be used to obtain general weightedHardy-type

inequalities of the following form.

Corollary 3.14. Suppose V > 0 and φ ≥ 0 are C1-functions on (0, R) such that

(rQ−1Vφ󸀠)󸀠 < 0 on (0, R).

Then, for all u ∈ C∞0 (BR(0) \ {0}), there holds

1
4 ∫
BR(0)

|u|2V(d)(φ
󸀠(d)
φ(d) )

2
|∇Hd|2 dx ≤ ∫

BR(0)

|∇Hu|2V(d) dx.

Proof. If (rQ−1Vφ󸀠)󸀠 < 0 for a given pair (V, φ), then taking

W = − 1
rQ−1φ
(rQ−1Vφ󸀠)󸀠,

we obtain a Bessel pair (rQ−1V, rQ−1W). SinceW > 0 and V(φ
󸀠

φ )
2 ≥ 0, there holds

∫
BR(0)

u2|∇Hd|2[W + V(
φ󸀠

φ )
2
] dx ≥ ∫

BR(0)

u2|∇Hd|2V(
φ󸀠

φ )
2
dx,

and so Theorem 3.13 implies

1
2 ∫
BR(0)

u2|∇Hd|2V(
φ󸀠

φ )
2
dx ≤ ( ∫

BR(0)

u2|∇Hd|2V(
φ󸀠

φ )
2
dx)

1
2

( ∫
BR(0)

V|∇Hu|2 dx)
1
2

.

Rearranging terms gives the desired inequality.
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In the case that V = 1, Corollary 3.14 may be used to obtain the following sufficient condition for a certain
Hardy-type inequality to hold. For simplicity, we state it for Euclidean space only.

Corollary 3.15. Let w(r) be a nonnegative C1-function on (0, R). Then, for

1
4 ∫
BR(0)

|u|2w(|x|) dx ≤ ∫
BR(0)

|∇u|2 dx

to hold for u ∈ C∞0 (BR(0) \ {0}), it is sufficient for w to satisfy the differential inequality

(rN−1w
1
2 e∫w

1
2 dr)
󸀠
< 0. (3.4)

This inequality is equivalent to
N − 1
r w + 12w

󸀠 + w
3
2 < 0. (3.5)

Proof. Setting w = (φ
󸀠

φ )
2, we see that

φ = Ce∫w
1
2 dr , φ󸀠 = Cw

1
2 e∫w

1
2 dr

for some C > 0. The result follows from Corollary 3.14.
To see why (3.5) is equivalent, first observe that

φ󸀠 = w
1
2 φ, φ󸀠󸀠 = 12w

− 12 φ + w
1
2 φ󸀠 = 12w

− 12 φ + wφ.

Consequently, (3.4) holds if and only if

0 > (rN−1φ󸀠)󸀠 = (N − 1)rN−2φ󸀠 + rN−1φ󸀠󸀠 = (N − 1)rN−2w
1
2 φ + 12w

− 12 φ + wφ,

and whence (3.5).

It is interesting to note that the Hardy potential w(r) = (N − 2)2r−2 does not satisfy (3.5). However, the class
of weights satisfying (3.5) is not small. Indeed, for every Bessel pair (V,W)with positive solution φ, one may
simply take w = (φ󸀠/φ)2. It is also worth mentioning that the more singular w is at the origin, the more likely
(3.5) is to hold.

3.4 General Distance Functions in Carnot–Carathéodory Spaces

We first recall a result for a general class of vector fields given in [24] by Monti and Serra-Cassano. In prepa-
ration, we state three cases in which their result (and hence our results) apply. Note that Case A is satisfied
by any Carnot group, and hence the Heisenberg group.

Case A. Let X1, . . . , Xm ∈ C∞(ℝN ;ℝN), m < N, satisfy Hörmander’s condition and be of the form

Xj =
∂
∂xj
+

N
∑

i=m+1
aij(x)

∂
∂xi

, j = 1, . . . ,m,

where aij ∈ C∞(ℝN).

Case B. Let X1, . . . , XN ∈ C∞(ℝN ;ℝN) be of the form

X1 =
∂
∂x1

, X2 = p2(x1)
∂
∂x2

, . . . , XN = pN(x1, . . . , xN−1)
∂

∂xN
,

where pj ∈ C∞(ℝj−1), j = 1, . . . , N, are functions vanishing on a set of null (j − 1)-dimensional Lebesgue
measure.

Case C. Let X1, . . . , Xm ∈ C∞(ℝN;ℝN) and these vector fields spanℝN at every point.
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Their theorem may now be stated.

Theorem H. Let (ℝN , d) be a CC complete space induced by X1, . . . , Xm belonging to any one of the cases A, B
or C. Let K ⊂ ℝN be a closed set, and let dK denote the CC distance from K. Then dK satisfies the horizontal
eikonal equation

|∇HdK(x)| = 1

for almost every x ∈ ℝN \ K.

In particular, if K = {0} is the origin, and if dcc = d{0} is the CC-distance to the origin, then dcc satisfies the
eikonal equation |∇Hdcc| = 1, in contrastwith the homogeneous gauges considered above. Using this fact and
Lemma 3.1, we may establish the following Hardy identity theorem for general distance functions arising
from cases A, B and C above.

Theorem 3.16. Let (ℝN , d) be a CC complete space induced by X1, . . . , Xm satisfying any one of the cases A, B
or C. Let K ⊂ ℝN be a closed set, and let dK denote the CC distance from K. Let ΩR = {x ∈ H : 0 < dK(x) < R}
for a given 0 < R ≤ ∞, and let V and W be positive C1-functions on (0, R). If (rα−1V, rα−1W) is a Bessel pair
on (0, R) with positive solution φ for some α ∈ ℝ, then for u ∈ C∞0 (ΩR \ {0}) there holds

∫
ΩR

V(dK)
󵄨󵄨󵄨󵄨󵄨󵄨󵄨
∇H(

u
φ(dK)
)
󵄨󵄨󵄨󵄨󵄨󵄨󵄨

2
φ(dK)2 dx = ∫

ΩR

V(dK)|∇Hu|2 dx − ∫
ΩR

W(dK)u2 dx

− ∫
ΩR

V(dK)|u|2φ−1(dK)φ󸀠(dK)[LdK −
α − 1
dK
] dx.

In particular, if
φ󸀠(dK)[LdK −

α − 1
dK
] ≤ 0 (3.6)

in the sense of distributions, then

∫
ΩR

V(dK)|∇Hu|2 dx ≥ ∫
ΩR

W(dK)|u|2 dx.

Proof. First observe that

∇HV(dK) = V󸀠(dK)∇HdK ,
∇Hφ(dK) = φ󸀠(dK)∇HdK ,

∇HV(dK) ⋅ ∇Hφ(K) = V󸀠(dK)φ󸀠(dK),

Lφ(dK) =
m
∑
j=1

X2j φ(dK) = φ
󸀠󸀠(dK) + φ󸀠(dK)LdK ,

(3.7)

where we have invoked Theorem H to use |∇HdK | = 1. Now, by using the factorization lemma (Lemma 3.1),
we have

∫
ΩR

Vφ2󵄨󵄨󵄨󵄨∇H(uφ
−1)󵄨󵄨󵄨󵄨

2 dx = ∫
ΩR

|Tu|2 dx

= ∫
ΩR

uT+Tu dx

= − ∫
ΩR

u divH(V∇Hu) dx + ∫
ΩR

u2φ−1∇HV ⋅ ∇Hφ dx + ∫
ΩR

Vu2φ−1Lφ dx.

Next, we use the divergence theorem and (3.7) to obtain

∫
ΩR

Vφ2󵄨󵄨󵄨󵄨∇H(uφ
−1)󵄨󵄨󵄨󵄨

2 dx = ∫
ΩR

V|∇Hu|2 dx + ∫
ΩR

u2V󸀠φ−1φ󸀠 dx + ∫
ΩR

Vu2φ−1(φ󸀠󸀠 + φ󸀠LdK) dx

= ∫
ΩR

V|∇Hu|2 dx + ∫
ΩR

u2φ−1(Vφ󸀠󸀠 + α − 1d Vφ󸀠 − α − 1d Vφ󸀠 + φ󸀠LdK + V󸀠φ󸀠) dx.
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Then, using that (rα−1V, rα−1W) is a Bessel pair, we have that

α − 1
r V(r)φ󸀠(r) + V󸀠(r)φ󸀠(r) + V(r)φ󸀠󸀠(r) = −W(r)φ(r),

and so

∫
ΩR

V(dK)φ2󵄨󵄨󵄨󵄨∇H(uφ
−1(dK))󵄨󵄨󵄨󵄨

2 dx = ∫
ΩR

V(dK)|∇Hu|2 dx − ∫
ΩR

u2W(dK) dx

− ∫
ΩR

V(dK)|u|2φ−1(dK)φ󸀠(dK)[LdK −
α − 1
dK
] dx.

which is the desired identity.

It is also worth mentioning that verifying if (3.6) holds is difficult in general. So, for sake of concreteness, we
state applications for Theorem 3.16 for the particular case when the vector fields are the left-invariant vector
fields on the Heisenberg group HN , and the distance is the CC distance to the center Z of HN (this is shown
below). We note that, in this case, ΩR is the infinite cylinder of radius R with axis being Z. First we establish
the general Hardy identity for this setting, and then its applications.

Corollary 3.17. Let Z = {(z, t) ∈ H : z = 0} denote the center of the Heisenberg group H = ℝ2N+1, and let dZ(x)
denote the CC distance from a point x ∈ H to Z. Let ΩR = {x ∈ H : dZ(x) < R} for a given 0 < R ≤ ∞, and let V
and W be positive C1-functions on (0, R). If (r2N−1V, r2N−1W) is a Bessel pair on (0, R) with positive solution φ
for some α ∈ ℝ, then for u ∈ C∞0 (ΩR \ Z) there holds

∫
ΩR

V(|z|)
󵄨󵄨󵄨󵄨󵄨󵄨󵄨
∇H(

u
φ(|z|))
󵄨󵄨󵄨󵄨󵄨󵄨󵄨

2
φ(|z|)2 dx = ∫

ΩR

V(|z|)|∇Hu|2 dx − ∫
ΩR

W(|z|)u2 dx. (3.8)

Proof. First, the CC distance dZ(x) from a point x ∈ HN to the Heisenberg group center Z is computed. To
begin, let deu(x, y) denote the Euclidean distance between two points x, y ∈ ℝ2N+1 when considered as an
Euclidean space, and let

deu,Z(x) = inf{deu(x, y) : y ∈ Z}

denote the Euclidean distance from a point x ∈ ℝ2N+1 to the Heisenberg group center Z. It is well known that
the CC distance from a point (z, 0) ∈ HN to the origin (0, 0) is given by

dcc((z, 0), (0, 0)) = |z|.

Due to left-invariance, the distance from any point (z, t) to (0, t) is thus |z|.
Now, it is also well known that, for two points x, y ∈ ℝ2N+1, there holds deu(x, y) ≤ dcc(x, y), and so

deu,Z(x) ≤ dZ(x). Given that

dcc((z, t), (0, t)) = |z| = deu,Z((z, t), (0, t)) ≤ dZ(z, t),

it follows that dZ(z, t) = |z| for all (z, t) ∈ HN . In particular, ΩR is the infinite cylinder of radius R with axis
being Z.

Next, using (2.2), we compute

LdK(z, t) = ∆ℝ2N |z| =
2N − 1
|z| =

2N − 1
dcc(z, t)

.

It is also easy to verify directly that |∇HdZ | = 1. With these observations, we find that

− ∫
ΩR

V(dcc)|u|2φ−1(dcc)φ󸀠(dcc)[Ldcc −
2N − 1
dcc
] dx = 0.

The identity in (3.8) then follows by applying Theorem 3.16 with α = 2N.
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We use this theorem to establish the following weighted Hardy identities for dZ .

Corollary 3.18. For all u ∈ C∞0 (HN \ Z), and all λ ∈ ℝ, there holds

∫
HN

d−λZ |∇Hu|
2 dx − (2N − 2 − λ)

2

4 ∫
HN

d−λ−2Z |u|
2 dx = ∫

HN

d2−2NZ
󵄨󵄨󵄨󵄨󵄨󵄨󵄨
∇H(d

2N−2−λ
2

Z u)
󵄨󵄨󵄨󵄨󵄨󵄨󵄨

2
dx.

Proof. The identity follows from applying Corollary 3.18 to the Bessel pair

(r2N−1V, r2N−1W) = (r2N−1−λ , (2N − 2 − λ)
2

4 rQ−3−λ),

which has as a positive solution φ(r) = r− 2N−2−λ2 .

Recalling that onℝN , the sharp Hardy inequality takes the form

∫
ℝN

|∇u|2 dx ≥ (N − 2)
2

4 ∫
ℝN

|u|2

|x|2
dx,

and so it is apparent that the Hardy inequality onℝ2 reduces to the trivial inequality

∫
ℝN

|∇u|2 dx ≥ 0.

Regardless of this, one may obtain critical Hardy inequalities of the form

∫
ΩR

1
|x|α−2
|∇u|2 dx − 14 ∫

ΩR

|u(x)|2

|x|2󵄨󵄨󵄨󵄨log
R
|x|
󵄨󵄨󵄨󵄨
2 dx = ∫

ΩR

1
|x|α−2

log R
|x|
󵄨󵄨󵄨󵄨󵄨󵄨󵄨
∇(

u(x)

√log R
|x|

)
󵄨󵄨󵄨󵄨󵄨󵄨󵄨

2
dx;

see [21] and the references therein. Similar to the Euclidean case, if we take λ = 2N − 2 in Corollary 3.18,
then we obtain trivial identities. Therefore, we establish analogous critical Hardy identities for the distance
function dK to the center of HK .

Corollary 3.19. For all u ∈ C∞0 (ΩR \ Z), and all λ ∈ ℝ, there holds

∫
ΩR

d2−2NK |∇Hu(x)|
2 dx − 14 ∫

ΩR

|u(x)|2

dZ(x)2N 󵄨󵄨󵄨󵄨log
R

dK(x)
󵄨󵄨󵄨󵄨
2 dx = ∫

ΩR

1
dK(x)2N−2

󵄨󵄨󵄨󵄨󵄨󵄨󵄨
∇(

u(x)

√log R
|x|

)
󵄨󵄨󵄨󵄨󵄨󵄨󵄨

2
log R

dK(x)
dx.

Proof. The identity follows from applying Corollary 3.18 to the Bessel pair

(r2N−1V, r2N−1W) = (r, 1
4r|log r

R |2
),

i.e., with
(V,W) = (r2−2N , 1

4r2N |log r
R |2
)

with solution φ = √|log r
R |.

3.5 Hardy Identities for Nilpotent Groups and Hörmander Vector fields

In this subsection we state the analogous results for Theorem 3.2 in the more general setting of simply
connected nilpotent groups and homogeneous Hörmander vector fields. The main point here is that the
appropriate sub-Laplacians in these settings have a global fundamental solutions whose powers general-
ize the homogeneous gauges of Carnot groups. Thus, first consider a simply connected nilpotent Lie group G,
where we specify a system of left invariant vector fields X1, . . . , Xm which bracket generate the Lie algebra
of G. Indeed, as was shown by Nagel, Ricci and Stein in [25], the sub-Laplacian L = ∑mj=1 X2j has a global
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fundamental solution Γ(x, y). Then, by taking dX(x) = Γ(x, 0)2−q for some q, we find

L(dX) = |∇HdX |2
q − 1
dX

,

where ∇H = (X1, . . . , Xm) is the horizontal gradient corresponding to the system X1, . . . , Xm.
Similarly, if X = {X1, . . . , Xm} is a system of Hörmander vector fields homogeneous of degree −1, then,

by [2], theHörmander operatorL = ∑mj=1 X2j admits a fundamental solution ΓX(x, y). Moreover, we also define
dX(x) = ΓX(x, 0)

1
2−q and observe

L(dX) = |∇HdX |2
q − 1
dX

also holds.
As was defined for general Hörmander vector fields in the preliminaries, we shall take for a suitable

domain the sets
BX,R(0) = {x ∈ ℝN : dX(x) < R}.

We now state the twomain Hardy identities in this setting. Of course the Bessel pairs used in the previous
section may be used in the following theorem, and so the analogous results also hold in this setting.

Theorem 3.20. Let X1, . . . , Xm denote either a system of homogeneous Hörmander vector fields on ℝN , or
a bracket generating collection of left invariant vector fields on a simply connected nilpotent group. Next, let
dX(x) = ΓX(x, 0)

1
2−q , where ΓX(x, y) is the fundamental solution of L = ∑mj=1 X2j , and let BX,R(0) = {dX < R}.

Lastly, let V and W be positive C1-functions on (0, R). If (rQ−1V, rQ−1W) is a Bessel pair on (0, R) with positive
solution φ, then for u ∈ C∞0 (BX,R \ {0}) there holds

∫
BX,R(0)

V(dX)
󵄨󵄨󵄨󵄨󵄨󵄨󵄨
∇H(

u
φ(dX)
)
󵄨󵄨󵄨󵄨󵄨󵄨󵄨

2
φ(dX)2 dx = ∫

BX,R(0)

V(dX)|∇Hu|2 dx − ∫
BX,R(0)

W(dX)u2|∇HdX |2 dx. (3.9)

In particular,
∫

BX,R(0)

V(dX)|∇Hu|2 dx ≥ ∫
BX,R(0)

W(dX)|u|2|∇Hd|2 dx.

Proof. The proof is identical to the proof of Theorem 3.2.

Funding: J. Flynn and G. Lu were partially supported by a grant from the Simons Foundation.
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