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Abstract: We are concerned with the following Schrédinger—Newton problem:

2 o1 u?(¢) 3
eAu+V(x)u—8ﬂgz(J|X_€|d¢“>u, x € R’
]R3

For € small enough, we prove the non-degeneracy of the positive solution to the above problem, that is, the
corresponding linear operator
uz(é)

L) = ~€2M000 + V00N 00 - #( = df)n(x)
R3

1 (J us(§n($)

" 4re? [x - &

drf)ug(x)

is non-degenerate, i.e., £.(1:) = 0 = n = 0 for small € > 0. The main tools are the local Pohozaev iden-
tities and the blow-up analysis. This may be the first non-degeneracy result on the peak solutions to the
Schrédinger—Newton system.

Keywords: Schrodinger-Newton System, Non-Degeneracy, Pohozaev Identity

MSC 2010: Primary 35B40, 35B45; secondary 35J40

Communicated by: Silvia Cingolani

1 Introduction and Main Results

The Schrédinger—Newton system describing the quantum mechanics of a polaron at rest,

2
£

—Au-VX)u+ypu=0, xe1R3,
2m ) ¥ (1.1)

AY + 4atlul?> =0, xeR?,

was derived by R. Penrose [13] as a model of self-gravitating matter, in which quantum state reduction is
understood as a gravitational phenomenon. Here, the interacts with a matter density is given by the square
of the wave function u , which is the solution of the Schrédinger equation. In addition, an electric field is
generated by a potential V(x). In (1.1), i is the gravitational potential, ¢ is the Planck constant, T = Gm?
and G is the Newton’s constant of gravitation.

Let

u(x) - V(x) — ﬁV(X), P(x) — ﬁwo«).

u
4emrm’
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Then system (1.1) can be written, maintaining the original notations, as

A -V(x)u+ypu=0, xeR3,
(1.2)

[ul?

2N + =0, xeR>.

The second equation in (1.2) can be solved explicitly with respect to i, so that the system can be turned into
the following single nonlocal equation:

1 u?(£)

2 3

e Au+V = — d , € R°, 1.3

e Au+ V(x)u 8ﬂ£2(J|X—f| {)u X (1.3)
]R3

which has been investigated extensively. Especially, when € = 1 and V(x) = 1, the existence and uniqueness

of the ground states for (1.3) was obtained by variational methods [7, 9, 12], while the non-degeneracy was

proved in [15, 17].

Theorem A (cf. [8, 17]). For any fixed a € R3 satisfying V(a) > 0, there exists a unique radial solution U, of the

problem
1 u?(d .3
—Au + V(a)u = §< j Ty d{)u inR’,
]R3
u(x)>0 inR3, u(0) = max u(x).
XxeR3

The solution U, is strictly decreasing and

Uy (x)
lim Uy(x)eM|x] =2y >0, lim =%~ =
it Ua(neTlx = 4o i—co Ug(X)

for some constant Ay > 0. Moreover, if ¢p(x) € H' (IR?) solves the linearized equation

Uz§) d€> 1 < J Ua(D¢(§)

~Ap() + V(@P(0) = %( | o0+ ([ 717 d{) Ua(x),

Ix ¢
]R3

then ¢(x) is a linear combination of 0U,/0xj,j = 1, 2, 3.

If € is small and V(x) is not a constant, the existence of solutions with ground states for (1.3) was proved
by [10]. Then Wei and Winter [17] considered the existence of multiple solutions concentrating at k points
of the local minimum points of V(x). We also refer to [3, 14, 16] and the references therein for the existence
of solutions with concentration in other cases. The uniqueness result of concentrating solutions can be
found in [11], by using local Pohozaev type of identity and blow-up analysis, which was recently developed
in[1, 4, 6].

Theorem B (cf. [17]). Suppose that {a1, . .., ai} c R3 are non-degenerate critical points of V(x). There exists
a positive solution {u}¢so concentrating at {a, . . ., ax} € R3, i.e., there exist {x; ¢}e>0 € R> such that
X=X
Ug = ZUi< : >+wg, (1.4)
: £
i=1
where |x; e —aijl =0o(1) fori=1,...,k and |w¢|¢ = 0(8%).

It is well known that the non-degeneracy of the solutions is of fundamental importance when dealing with
the orbital stability or instability result of the corresponding time-dependent equations. Especially, when
V(x) is not a constant, apart from the existence and uniqueness results, whether the positive solution is non-
degenerate is still unknown.

We assume that V(x) is a bounded C! function satisfying infyegs V(x) > 0. Define the following Sobolev
space H;:

Hﬂ={mmeHmwMJkﬁwmnﬁ+wmﬁundx<mk
R3
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and the corresponding norm

1

2

lulle = (u(x), u(X))é = ( J(x?ZIVu(X)I2 + Vo)u® (x)) dX) .
R3

For any n € H'(R3?), we define

2
et =000+ Vooneo - g ([ 229 ag oo - ([ 28 a Yoo,
R3

R3

where u; is obtained by Theorem B.
Our main results are as follows.

Theorem 1.1. Suppose that {ai, . .., ai} ¢ R3 (k > 1) are non-degenerate critical points of V(x). Let {ug}eso
be a positive solution to (1.3) concentrating at {ay, . . ., ax} ¢ R3. If n. is a solution to L¢(n¢) = 0, thenn = 0
for small € > 0.

Inspired by Guo, Musso, Peng and Yan [5], we apply local Pohozaev identity and the blow-up analysis to
obtain n.(x) = o(1) near the non-degenerate critical points. Especially, we point out that, distinct from the
classical Schrédinger equations, the corresponding local Pohozaev identity of the Schrédinger—Newton sys-
tem would have two terms involving volume integral due to the nonlocal term. Moreover, the asymptotic
behavior of the concentrating points to Schrédinger—-Newton problem is quite different from that of the classi-
cal Schrodinger equation. Hence, we should deal with the non-degeneracy of the single-peak and multi-peak
solutions separately.

Organization of the Paper. In Section 2, we obtain some estimates needed in the proof of Theorem 1.1,
especially including the local Pohozaev identities. The main result on the non-degeneracy of the one-peak
solutions will be proved in Section 3, while the result of multi-peak solutions will be obtained in Section 4.

2 The Basic Estimates

We first recall the following known results.

Proposition 2.1 ([11]). Suppose that u.(x) is a positive solution of equation (1.3) concentrating at different
points ay, . .., ai with k > 1. Then, for any fixed R > 1, there exist 6 > 0 and C > 0 such that

Ix=xp ¢l

k
[d £
ugs(x) < Ce” 7 forl=1,...,kandx € R? \UBRg(xj,g),

j=1
_6R 3 k
[Vue(x)| < Ce™ < for x € R\ || Bre(xje).
j=1

Corollary 2.2. Suppose that u.(x) is a solution of equation (1.3) as in Proposition 2.1. Then the followings
statements hold:
(1) For any fixed R > 1, there exists 61 > 0 such that

k
Ue(X), [Vue(x)| = 0(e%R)  forx e R? \ UBRg(xj,g). (2.1)
j=1
(2) For any fixed d > 0, there exists 6, > O such that

0, k
Uc(X), [Vue ()| = 0(e™% ) forx e R>\ UBd(xj,g). (2.2)
=1
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Proposition 2.3. Let u(x) be the solution of (1.3), £(1) = 0. Then we have the following local Pohozaev iden-
tities:

J ag(f) H00 dx = ~2¢? J agi,X) ag)(:.() do + J (E21Vu(x)1? + VOOu? (x)vi(x) do
0Q l 00
1 w(Qui(x) 1 g
 8re? j I Ix — & vi(x) d§ do + 8e? I J u?(Hu’ (X) €|3 dédx  (2.3)
20 R o
and

oV(x) o [ oul)onx)  onx) au(x)
i oxi ueon(x) dx = -¢ ,[ oV 0x; T o OX;

0Q

+ I (ez(Vu(x), vn(x)) + Voux)n(x))vi(x) do
FYo)

1 u?(&u(x) meo w?)u@n)y.
" Sne? a!m[ ( Ix- ¢ Ix - ¢& >V1(X) dédo
- ¢ ¢
R J ]RI (2 (au(x)n(x) g7 uOnow 0 aB)d{dx, (2.4)

where Q is a bounded open domain of R3,i=1, 2,3, v(x) = (v1(x), va(x), v3(x)) is the outward unit normal
of 0Q and x', &' are the i-th components of x, £.

Proof. Identity (2.3) is obtained by multiplying ag)((x) on both sides of (1.3) and integrating on Q. While the
identity in (2.4) is obtained by multiplying 9109 and a“ ") on both sides of (1.3) and £.(17) = 0, respectively,

Toxt
and integrating on Q. We omit the details. O
Let 5 5 5
1 uz( 1 U (X)ug(
F = £ , F = J 2.
100 = 5 j g P | S (2.5)
R
Proposition 2.4. For n.(x) satisfying L:(n) = 0, we have
Inelle = O(e?). (2.6)
Proof. From
—2An(x) + Vx)n(x) — F1(x)n(x) - F2(x) = 0
we have
Inet? = [ Froon2eo dx+ [ Fatomeo d 2.7)
]R3 ]R3

Next, by the Hardy-Littlewood-Sobolev inequality, Holder’s inequality and the fact |n:(x)| < 1, we know

< Ce‘2< j lue (915 d$)6 ( J Ine0Ol’s dX)6
IR3 ]R3

< Ce-z( j ue(1% d€)6 ( j |ng(x)|2dx)6
]R3

R3

’ j F1(00n2(x) dx
]R3

1 s s 5 1
< Ce?lluglFlnelé < Ce™Zlinell < Ce + lengllf (2.8)

and
1
j F2(0me(0 dx| < C% + 2 Inel. (2.9)

]R3
Then (2.7), (2.8) and (2.9) imply (2.6). O
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Proposition 2.5. Suppose that u.(x) = Zf‘:l Ua,(x_fl’f) + We(x) is a positive solution of equation (1.3) and that

{ai, ..., ax} c R3 are the different non-degenerate critical points of V(x) with k > 1. Then it holds
Iwelle = 0(e?) + 0(&* max |xj - al?). (2.10)
j=1,...,
Proof. We postpone the proof to the Appendix. O

3 Proof of Theorem 1.1 with k =1

When k = 1, we have the following modified estimate.

Proposition 3.1. Let u.(x) be the solution of (1.3) concentrating at a non-degenerate critical point a, € R3
of V(x). Then it holds
IX1,6 — ail = o(e). (3.1)

Proof. This result can be found in [11], but we sketch the proof for being self-enclosed. First, for the small
fixed constant d > 0, taking u(x) = u.(x) and Q = B4(x1 ¢) in the Pohozaev identity (2.3) withany d € (d, 2d),
we have, fori=1, 2, 3,

V() 1 -¢&
| Siwwdc= | Bodor o | [ (X)ug(.f) g dédx, (3.2)
Ba(x1,e) 0Bg(x1,¢) Ba(x1,¢) R
where oue(x) due(x) :(8)
2 OUe (%) Qe (x 5 9 1 Ug )
B(x) = -2¢ v ox x (8 [Vue(x)| +us(x)<V(x)— - J -4 d{))v,(x).
R3
Next, since
V()  oV(x) oV(a) 1, 0°V(a)) .
- o od Z( ) +o(x—-aj]) fori=1,2,3,

xiox!
=1 0x

forany d € (d, 2d), (1.4) gives

oV(x) oV(x) X - X1,
j ™ uZ(x) dx = J i Uﬁl( 8”)dx+o(s4+s3|x1,g—a1|)
Ba(x1,e) Ba(x1,e)
3 02 ay) (3.3)
a
- 83( J Uz, (x) dx) Z axiaxll (x’llg —a) +o(e* + E2Ix1 ¢ — a1l),
e =1
where xll, & al1 are the I-th components of x1 ¢, a;. On the other hand, for any fixed d, we have
j g2 90U Ue(X) ot 2 j Vi (02 do.
ov oX;
0Bg(x1,¢) 0Bg(x1,¢)
Then from (A.4), for any fixed d, we find
B(x)do| < C J [E2IVue (0 + (e (0)?] do.
0Bg(x1,¢) 0Bg(x1,)
So using (2.2), (A.1) and (2.10), there exists d € (d, 2d) such that
J B(x)do = 0(e” % + |wel2) = O(e” + €3|x1 ¢ — a1[*). (3.4)

0Bag (x1,¢)

Also forany d € (d, 2d), by symmetry and (2.2), we deduce

j ju ()uz (é') g;

Ba(x1,e) R3 R3 R3

1
8me?

agax= o1 [ [ uooz g3d£dx+0( H=o(e?). 35)
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Letd = d. in (3.2). Then (3.3), (3.4) and (3.5) imply

3 32
1:21 Ixiox! (X1, —a1) = o(lx1,e — a1l) + o(e),

which gives (3.1). O

Next, we prove Theorem 1.1 by contradiction. Suppose that there exists €,,;, — 0 satisfying
IMe, e =1, Le,Ne, = 0.

For simplicity, we will omit the subscript m, replacing &, by ¢.

Lemma 3.2. Let n1,:(x) = ne(ex + x1,¢). By taking a subsequence, if necessary, it holds

3 0Uq, (x)

Ni,e(x) = ) ayi . (3.6)
i; ox!

uniformly in C*(Bg(0)) for any R > 0, where n.(x) is the solution to £(17) = 0, and ay,i (i=1,2,3) are some
constants.

Proof. Since [|n1,¢llz~(wr3) < 1, by the regularity theory, we know
N1,e00 € CLY(R®)  and 1,6l < € forsomea € (0, 1).

So we may assume that
M1,e(0) = M1(0)  in Cioc(R).

By direct calculations, we have
=An1,e(0) = =V(ex + x1,e)N1,e(X) + A1(EX + X1,e)N1,6(X) + A (EX + X1 ).

Since from (A.4) and (A.5), we have

1 U;
A(ex+x1) = 8_7'[( J x 1_(2 dé’) +0o(1), xeBa(0),
IR3

and

Ar(ex +x1,¢) =

Ual(X)( J’ Ua, ()11,6(5)

4n =g df) v, xe By(0).

Next, for any given @(x) € C°(R?), we have

Uz
J (=An1,e(x) + V(ex + x1,6)N1,e(0))D(x) dx - %1 j j x 1_(;) N1,:(X)®P(x) d& dx
R3 R3 R3 37)
1 Uqg, (‘f)rlls({) (
_ 4_7-[]&[111 WUal(X)CD(X) dtde = 0(1)||(D||H1(]R3).

Letting € — 0in (3.7) and using the elliptic regularity theory, we find that n; (x) satisfies

Uz Uaq .
=An1(0) + V(a)ni(x) = %( j i 1_(;) dé')m(X) + %ﬂ( J %’2(8 dtf)Ual(X) inR>.
R3 R3

Uqy (x)
oxt

By Theorem A, it holds that 171 (x) = Z?:l ayi , which means (3.6). O
Lemma 3.3. Let ai,; be as in Lemma 3.2. Then we have

a1,;i=0 foralli=1,2,3.
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Proof. Recall the Pohozaev identity (2.4). First, by use of Corollary 2.2, for some y > 0 it holds that

g2 J OUs(X) OMe(X) | OMe(X) OUe(x)
ov oXi ov 0X;j

0Bg(x1,¢)
; j (£2(Vate (x), V:00) + VOOue(0ne00)vi(x) do = 0(e”¥).
aBd(Xl,E)

Moreover, combined with Hardy-Littlewood-Sobolev inequality, we know that

1 J j( E)ug(X)ng(X) u2(Oue(9ne(é)

)vi(x) dédo = 0(e?).

- 87e? - ¢ Ix ¢l
0Bg(x1,¢) R?
By symmetry,
1 -4 2 -4
- @Bd! )R[ (om0 25 + ueme 07— ) d d
1 { xi— gi y
= 871e2 IR[H{[ <u ({)ue(X)ne(X) —p + ue({ms(f)u (X) Y ) dé dx + O(e s)
= 0(e™¢).
To sum up,
RHS of (2.4) = O(e™¢).
On the other hand,
Vv 3 2y j
J aa (f) UM () dx =y J aaxléai)(X’ @)Uz (01 (x) dx
By(x1,6) =1 B4(01.0)
+ 0( J X — a1lus (X)ne(x) dX).
Bd(xl,s)

We estimate
) ) j J 3
¥ - @) (0One(x) dx = s“( (X’ + Xl‘g—gal)UaAX)( D au U, (x) | 0(1)) dx)

i=1 ox!
Ba(x1,e) B% (0)

aUal( X 4 +o(e")

= ap ;e J X Uyg, (X)
R3
=B J Ug, (x) dx + o(e*).

2
R3

Hence

3 2
Vi
z J 0 (al)aljdx =o0(1).
h oxioxi

=By (x1,e)
Since, by assumption, a; is a non-degenerate critical point of the potential V(x), we find that a; j = 0 for
j=1,2,3. O
Lemma 3.4. For any fixed R > 0, it holds

Ne(x) =0(1), x € Bre(x1,e).

Proof. Lemma 3.2 and Lemma 3.3 show that for any fixed R > 0, one has 11,(x) = 0(1) in Bg(0). Also, we
know 11 ¢(x) = ne(ex + x1,¢). Then ng(x) = 0(1), X € Bre(X1,¢)- O

Similar to Proposition 2.1 with k = 1, we have the following estimate.
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Lemma 3.5. Forlarge R > O there exist 6 > 0 and C > O such that
O)x—x ,€|
ne() < Ce— == forl=1,..., kandx € R? \ Bre(X1.¢),
6R
[VRe(x)| < Ce™* for x € R \ Bre(x1,e).

Proof of Theorem 1.1 with k = 1. By contradiction, we suppose that |||z~ and L. = 0. From Lemma 3.4
and Lemma 3.5 one has 1.(x) = o(1) for all x € R?, which contradicts with |[¢]l~m®3) = 1. As a result, we
obtain that 1, = 0 for € small enough. O

4 Proof of Theorem 1.1 with k > 1

The case of k > 2 is distinct from that of k = 1, which can be seen from the following known result.

Lemma 4.1 ([11]). Let u.(x) be the solution of (1.3) concentrating at k, k > 2, different non-degenerate critical
points {ai, . .., ax} ¢ R3 of V(x). Then it holds

Ixje —ajl =0(e) forj=1,2,... k.
Furthermore, there exist jo € {1, ..., k}, Cy > 0 and C, > 0 such that

Ci€ < |Xjy,e — ajy| < Cae.

Lemma 4.2. Letnje(x) = ne(ex+ xj¢)forj=1,2,..., kandk > 2. Then, by taking a subsequence if necessary,
it holds 3

00 = X aji—5 aU“' i
uniformly in C*(Bg(0)) for any R > 0, where aji, 1= 1, 2, 3, are some constants.
Proof. Following the proof of Lemma 3.2, we can obtain Lemma 4.2 similarly. O
Lemma 4.3. Let aj; be as in Proposition 4.2. Then we have aj; =0 forallj=1, ...,k i=1,2,3.

Proof. Similar as in the proof of Lemma 3.3, we also recall Pohozaev identity (2.4). By use of Corollary 2.2
and the Hardy-Littlewood—-Sobholev inequality, for some y > 0 it holds that

&’ J QuUe) OMe() | OMel) JUe) (2(Vue(x), Ve (0) + V(X)ue 00N (0)vi(x) do

oV 0x; oV 0x;
0Ba(x;j,e) 0Ba(xj.e)
! U (Que(Me(x) | uZue@ne(9) I
8me? J J- ( - ¢ + Ix-¢& )V,(X) d§do=0(e¢).
0B4(xj,c) R3

Next e claim that

1 -4 X =&
g | ] (@ueomeo i = s won i ddx o, @)
Ba(xj,e) R3
which then gives that
RHS of (2.4) = o(e").
Indeed, set
1 1
Mg | [ uiucona =k ag ax,
Ba(xj,e) R3
1 - ¢
M- | ] us(angmu%x) g A,
Ba(xj,c) R?
k

We=00= Y Ua,(x_x”‘f).

1=1, 14 €
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Now, A can be written as
Ar=A11+A1p+A13+ A4,

where s
1 5 i
vegm || U a5 agax
Bs(xj,e) R3
1 X—X é,’
Ap= s j jUa,.( - )wg(xmg(ang(s) g A,
Bs(xj,e) R3
1 -
Az = Snng (J | I (We(0)? us(é)ns(ﬁ) i dé dx,
5(Xj.e) R3

1 i
Ay = WB (J ) J Wj,s(X)(zue(X) w;, S(X))us(fme(g) 53 dé dx,
5(Xj,e) R3

while A, can be written as follows:
Ay =Ar 1 +Az) + A3,

1
Az = 8me? J jUa‘(

Bs(Xj,e) R

1
Arp = e J- J’ Wj,s(X)ns(X)(us(a) { dé dx,

where

)ng(X)(ug(.f)) .,f|l3 d¢ dx,

=
Bs(xj,¢) R3
" (j | ng(x)ng(x)(ug(a) = S dgax
5 Xj,g ]R3

Then in view of the fact that (by the Hardy-Littlewood—Sobolev inequalities) for any u1, us, us, us € H, and
0<A<2,

| [ ma@uauseuao - 1x - 87 dg dx < oM lebuallebus eluale, (4.2)
R3 R3
and there exist two positive constants d; and n such that, for j=1,2,...,k,
Uaj(%) =0(e?) forxeR3 \ Ba(xj¢)and 0 < d < d;. (4.3)

Then we know that (2.6) and (B.5) imply
A1 = O(e*Iwel2llue + uellelnelle) = O(e®),  A14=0(eF), Ay =0(e?).

Moreover, we could apply similar argument as in [11] to estimate that

1 X -
Al,l = G1 + 8]‘[82 j j Uﬁi(

Y g(-f)ng({) =5 g dx+ o(eh,

3
A - ¢l
where £ {l
1 > (X = Xje = Xje
G = 8me? J JU""( £ >Ua"< € )11 (5) - &3 dg dx,
R3 R3
and

A= g [ [ Ua(E0 Yweou (2 Yo X ES g ofe,

2me? a3 - &P
Moa=6-5 [ | Ua].("_g"f"f)wgoan,(f < e _53 dé dx + o(e"),

R3 R3
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where
G, = _87:6‘2 J I U§i<X—€Xj,s>Ual<f )ﬂs( ) g; dé¢ dx,
R3 R3
and :
Arp= s | [ U (F2) w9 g; dE dx + o(e%).
R3 R?

To sum up, 41 + A, = o("), which implies the claim (4.1).
On the other hand, similar estimate to that in Lemma 3.3, we have

3 2 .
J aV()ug(X)ne(X)dx Y J o Viay)

(' = aue()me(x) dx + 0< j Ix = ajluc(x)ne(x) dX)

oxi Pt oxiox!
Ba(xj,e) Ba(xj,e) Ba(x;j,e)
0*V(a)) &t ! XJI',& B all' : 4
:; e ( J (' + 22 Yuq 0 Z +o(1) ) dx ) +o(e")
B B4(0) -
3. 02V(aj) 4 oUq(x) 4
:1_21 Sxioxd] aj € Ix Uq, (X) 5 dx + o(g")
= e
02Vl
- Z (a,l) Gl o4 I U2 (x) dx + o(g").
5 oxiox! 2
R3
Hence
02 V(a,)
Z Sciond Ui = 0D
Since, again by assumption, gj is a non-degenerate critical point of the potential V(x), we find that a;j; = 0
forl=1,2,3. O
Lemma 4.4. For any fixed R > 0, it holds
k
ne(x) = 0(1), x €| JBre(xje).
j=1
Proof. Similar to the proof of Lemma 3.4, Lemma 4.2 and Lemma 4.3 give the result. O

Similar to Proposition 2.1, we also have the following estimate.

Lemma 4.5. Forlarge R > O there exist 6 > 0 and C > 0 such that

Olx-xp ¢l k
ne(x) < Ce™ e forl=1,...,kandx € R*\ | Bre(xe),
j=1

k
6.
IVne(ol < Ce™s  forx € B2\ | J Be(xj,e).
j=1
Proof of Theorem 1.1. By contradiction, we suppose that [|1.[lr~ and £.n, = 0. From Lemmas 4.4 and 4.5,

ne(x) = o(1), for all x € R?, which contradicts with ||| row3) = 1. As a result, we obtain that . = 0 for ¢
small enough. O

A Estimates on A4, A,

Lemma A.1. Suppose f. € LY (IR?) n C(R3), for any fixed small d>0 independent of € and x.. Then there exists
a small constant d, € (d, 2d) such that

fe(ldo < = j Ife (0l dx. (A1)

0B, (X¢) R3



DE GRUYTER Q. Guo and H. Xie, Non-Degeneracy for Schrédinger—-Newton Problem = 457

Proof. First, for any fixed small d > 0 and x,,

2d
j j \fe(0)| dodr = j Ife(0)l dx < j Ife ()] dx. (A.2)
d 9B (xe) B,5(xe)\Bz(xe) R3

Also JaB ) Ife(x)| do is continuous with respect to r. By the mean value theorem of integrals, there exists
a constant d. € (d, 2d) such that
d

N

j fe(0l do dr = d, j f (0l do. (A.3)

d 9B:(xe) 0By (x¢)
Then (A.2) and (A.3) imply (A.1). O

Using the notations from (2.5), we have the following estimates.

Lemma A.2. For any fixed R > O, it holds

k
Ai(x)=0(1)-R+ O(%) forx € R?\ UBRS(X]"S) (A.4)
j=1
and )
Ar(x) = O(e‘elR) forx e R3\ UBRg(xj,g) and some 0" > 0. (A.5)
j=1

Proof. First, we know

k k
&
{{: X— & < Rz} cR\ B (xje) forx € R¥\ | Bre(xe),
= s

and |uglle = O(e%). Then by (2.1), for x € R3 \ U]’le Bre(xj,¢), it holds

MW= | @h-atags s | ae@?x-atag
[x-§<ke |x-&|> e
. 0(3-2 j (We(®) Ix - & d.{) + 0(e2%RR?) 1 0(%). (A.6)

R
Ix=§l<75

Also, by Holder’s inequality, we have

J (We(®)*Ix— &7  dé = 0(( J (We(9)° dé’) : ( -3 df) )
Ix-¢< & R Ix-¢<
=R-0(e Hwe(HI2) = o(e?) - R. (A.7)
Then (A.6) and (A.7) imply (A.4).
Next for x € R3 \ U]]‘(=1 Bge(xj,¢), we have
Ar(0=0(e™) &7 J Ue(@)lx = &7 - ()] d& (A.8)
]R3
and

j U)X — &7 - ()] dE = j Ue(Olx — &7 - 17D dE + O((Re) ug + uellelnel)

R h-gl< ke
= O(”(“e(')"’“s(')”e)’( Ix — &2 d{) +O0(R1e?)
[x—¢<ke
= O((R? + R H)e2). (A.9)

Then (A.8) and (A.9) imply (A.5). O
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Lemma A.3. For any fixed small d > 0, it holds

1 - Xj¢ _ .
Ar(x) = 87'(82( J Ugj(f - )Ix—é,’l 1d¢“> +o(1) inBalxe) (A.10)
IR3
and
Ar() = — .U (X_X"’S) JU (‘(_X"’b") O)lx— &1 dE ) +0(1) inBalx;) (A.11)
2X) =77 Y c aj c Me dXje). .
R3

Proof. For x € By(x;,¢), we have

Ar(0 - Flgz( [z (S Y- g ds)‘
o

= O(g_2 J |we(&)] - (ug(.f) + Uaj( § —ij,g ))|X -t d{) + O(e‘g)
R3

- 0<e2 [ el (wet + v (52255) e g1 d{)
Ix=§1<C

+0(e 2 we()l

us(')"'Ua,-(._;j’g)

)+ o(e™?), (A.12)

where C is a fixed constant.
On the other hand, by Holder’s inequality, we know

&= Xje
&

))p- gt g

( [ g ds)s)
L2(R3)

Ix=4l<C

) = o(2). (A.13)

| el - (uetd + U

|x=¢]<C

e U 252

&

= O<||W£(')||L6(]R3)'

He() + Ug (22

Then (A.12) and (A.13) imply (A.10). Similar to the estimates of (A.10), combining Proposition 3.1, we
deduce (A.11). O

- O(e-lnwg(-)ug-

£

B Estimates of the Term w;

We denote . .
X-X X—X
Re() =) Ua,( l’s), Wie(x)= Y Uaz<—l’€>-
i-1 € 1=1,14j €
Let M. (x, we(x)) be as follows:
Me(x, We(x) = —€*Awe(x) + G(x, we(x)),

where

2
606, () = VOOWe(x) - — ( j (Re(2) d{)wgm + 4711 ( j Re(@we () df)Rs(xx
R3 R3

8ne? Ix - & g2 Ix - ¢l

Let us(x) = Ro(x) + we(x) be the solution of (1.3). Then

Me(x, we(x)) = N(x, we(x)) + (%),
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h
where 1 .{) we(x) [ Re(Owe(é)
N(x, we(x)) = Sme? J vy dé |(Re(x) + we(x)) + [mgzj T aé¢
IR3
" LGy = Wie®) W,-,g(g)Ua].(f‘;"“)d Y (Vi) — Voo, (20
)= e [ g 46 Y (V) - Vi (),
R3 -

Proposition B.1. Let u.(x) = Ro(x) + w¢(x) be the solution of (1.3). Then there exists a constant p > 0 indepen-
dent of € such that

j M (x, we(x))We(x) dx = pllwg 2. (B.1)
]R3

Proof. Similar to the proof of [2, Proposition 3.1], we can prove (B.1) by the contradiction argument and
blow-up analysis. For the more details, one can refer to [1, 2]. O

Proof of Proposition 2.5. First, from Proposition B.1, we know

lwel? < C I N(x, we(x))we(x) dx + C J L. (xX)we(x) dx. (B.2)

R’ R3

k=

Next, using Theorem B and (4.2), we deduce

J N(x, we(x))we(x) dx = Rg(x) + We(X))we(x) dx d&

R3 3R3
1 Rs(‘f)wf(a w2
" 4ne? J J W) dxdg
= 0(e 2 [wel? - Iwe + Relle) = o(1)[lwell2. (B.3)
Also from (4.3) and
3 3 ( )
V(aj) - Vo) ==Y Yo - a)(x' - 1) S Ol ail),
i=11=1
we have
k e
I w0 dx = Y j(V(a,-) - V(x))Ua,.(X SX”S)wg(x) A& dx
R3 j:11R3
- # I J- )s({)Ua,<f c ) }s(X)Ws(X)|X & 1d‘f
IR3 IR3
= 0(52||w£||£(£ +1max |Xje — aj|2)+e‘g). (B.4)
Then (B.2), (B.3) and (B.4) imply (2.10). O

Proposition B.2. Let u.(x) be a positive solution of (1.3) as in Proposition 2.5. Then it holds
Iwelle = O(?). (B.5)

Proof. It follows from the results of Proposition 3.1 and Proposition 2.5 directly. O
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