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Abstract: In this paper, we establish several Liouville type theorems for entire solutions to fractional parabolic
equations. We first obtain the key ingredients needed in the proof of Liouville theorems, such as narrow
region principles and maximum principles for antisymmetric functions in unbounded domains, in which we
remarkably weaken the usual decay condition u — 0 at infinity to a polynomial growth on u by constructing
proper auxiliary functions. Then we derive monotonicity for the solutions in a half space R} x R and obtain
some new connections between the nonexistence of solutions in a half space R? x R and in the whole space
R™ ! x R and therefore prove the corresponding Liouville type theorems. To overcome the difficulty caused
by the nonlocality of the fractional Laplacian, we introduce several new ideas which will become useful tools
in investigating qualitative properties of solutions for a variety of nonlocal parabolic problems.
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1 Introduction

In this paper, we establish Liouville type theorems — nonexistence of positive solutions for the following
fractional parabolic equations in both the whole space:

3, )+ (D uCx, 0 = flulx, ), (6,0 € R xR, (1.1)

and the half space:
%(X, )+ (-A)°u(x, ) = f(u(x, 1)), (x,t) e RExR,
u(x, t) =0, (x, t) ¢ RT xR,

(1.2)

where 0 < s < 1, f is a C! function, the range for time variable t is (-0o, co), and in this case, the solutions
are referred to as entire solutions.
For each fixed t € R, the fractional Laplacian on x is defined by

u(x, t) —u(y, t)
|X _ y|n+2$

u(x, t) —u(y, t)

dy = Cn,s gli,rng J |x — y|n+2s ’

R™\Bg(x)

(=A)*u(x, t) = Cn.s PV. j
]RH
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where PV. stands for the Cauchy principal value. It is easy to see that, foru € C Ling 25, (=A)Suiswell defined,

loc
where
lu(x, t)|

W dx < +OO}.

Cos = fut 0 e L @Y | |

R

It is well known that the fractional Laplacian is a nonlocal operator, and as s — 1, it approaches to the regular
Laplacian —-A.

We exhibit some new monotonicity and Liouville type results for entire solutions of (1.1) and (1.2). It is
well known that Liouville type theorems play crucial roles in the theory of PDEs, while monotonicity usu-
ally is a key tool to derive Liouville theorems. To this end, a number of systematic approaches have been
established, such as the extension method [7], the method of moving planes [1, 2, 12, 15, 20], the method
of moving spheres [13, 32], and the sliding methods [3, 43]. From the heuristic point of view, Liouville type
theorems turn out to be equivalent to universal (initial or final) blow-up or decay estimates (see [37, 44] and
the references therein).

For the elliptic equations involving either local or nonlocal operators, there have been numerous articles
that dedicated to the study of Liouville type theorems, such as [5, 6, 8, 16, 17, 21, 22, 27, 31, 33, 36, 39, 40]
and so on.

Entire solutions to semi-linear parabolic equations involving the regular Laplacian

M, )~ B, ) = e, 1), (x6) € R xR,

play an important role in the dynamics of solutions to the Cauchy problem

ou n
{E(X, t) - Au(x, t) = f(u(x, t)), (x,t) € R" x (0, +00), (1.3)

u(x, 0) = ug(x), x e R".

For example, the travelling wave solutions and the w-limits sets of bounded solutions to (1.3) are comprised
of entire solutions. In particular, the study of entire solutions is essential for a full understanding of the tran-
sient dynamics and the structures of the global attractors; see [25, 26]. For these reasons, entire solutions to
reaction diffusion equations have been widely studied (see [24, 34, 41]).

For nonlinear parabolic equations involving local operators, such as —A, there have also been a series of
results in this respect.

Bidaut-Véron [4], Merle and Zaag [34], and Polacik, Quittner and Souplet [37] proved that the only non-
negative bounded classical solution of the parabolic problem

%(X, t)-Aulx, t) =uP(x,t), (x,t)eR"xR,

is the trivial solutionu = 0for1 < p < "r(l’_';)zz) . Then Quittner generalized thisresultto1 < p < Z—f% in [38]. This

is also true if u? is replaced by f(u), where f is a decreasing continuous function and satisfies f(c) = 0 if and
only if c = 0.

For the case of a half space, Kavian [29], and Levine and Meier [30] showed that the only nonnegative
bounded classical solution of the parabolic problem

%(x, t) = Au(x, ) =uP(x,t), (x,t) € RT xR,
u(x,t) =0, (x,t) € {x;1 =0} x R" ' xR,

is the trivial solution u = 0for1 < p < Z—ﬁ Then Polacik, Quittner and Souplet [37] and Xing [44] extended
n2-1

the range of the exponent p from p < Z—ﬁ top < (L Similar to the whole space case, the same conclusion
holds if u? is replaced by f(u), where f is a decreasing continuous function and satisfies f(c) = 0 if and only
ifc=0.

So far as we are aware, not much is known concerning the entire solutions to fractional parabolic equa-
tions. Due to the nonlocality of the fractional Laplacian, many traditional approaches for local elliptic opera-
tors do not work anymore in the nonlocal setting. However, these qualitative properties of solutions, in par-

ticular, the Liouville type theorems, are definitely important tools in the blow-up rate, a priori bounds, and
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optimal universal estimates of solutions to related initial and initial-boundary value nonlocal parabolic prob-
lems and so on. This is a motivation for the present paper.

In this paper, we prove Liouville type theorems for fractional parabolic problems (1.1) and (1.2) and
establish some new connections between the solutions of (1.1) and (1.2). To this end, we first introduce
some new ideas to develop a fractional parabolic version of the method of moving planes, in which the key
ingredients are narrow region principles and maximum principles for anti-symmetric functions as we will state
in the following two theorems.

For x € R", denote x = (x1, x"), x} = (24 - x1, x'), where x’ € R"1. Set

Tii=xeR"|x; <A} and Tr={xeR"|x3=A}.

Theorem 1.1 (Narrow Region Principle). Let Q be a bounded or unbounded narrow region in X, such that it
is contained in {x | A — 21 < x1 < A} with small l. Suppose that w(x, t) € (Cl’l(Q) N Lys) x CL(R) is uniformly

loc
bounded with respect to t and lower semi-continuous in x on Q, and it satisfies

w(x, t) < o(1)|x] foranyO<y<2s asl|x| — +oo,
and N
a—vtv(x, £) + (“A)Pw(x, £) = c(x, OW(x, £), (X, t) € AR,
w(x, t) >0, (x, b) € (2\Q) x R, (1.4)
W(XA, t) = -w(x, t), (x,t) e Zy xR,
If c(x, t) is bounded from above, then for sufficiently small I, we have
wx,t) >0, (x,t)eZyxR. (1.5)
Furthermore, the following strong maximum principle holds: either w(x, t) > 0 or w(x, t) =0, (x, t) € Q x R.

In previous literature, for instance in [14], to establish a narrow region principle in an unbounded domain,
one usually assumed that limy—+c0 W(X, t) = 0. Here, in Theorem 1.1, we remarkably weaken this condition
and even allow w(x, t) to go to infinity and only assume its growth rate does not exceed |x|¥ (0 < y < 2s). To
this end, we consider

_ e™w(x, t)
with a suitable auxiliary function h(x) satisfying
. B (-AP°h(x) _ C
|Xlll)rzrlooh(x) =+0o and W > 7

for some positive constant C.

The main difficulty lies in how to seek such a function h(x). For the Laplace operator, it is much easier
to find such a function since we can choose h(x) = sin(ax;)V(|x'|), where V is a radial function satisfying
an ordinary differential equation. However, for the fractional Laplacian, due to the nonlocality, it seems
impossible to use an ODE method to find such a function V. After many trials, we finally choose

x1 - (A=1D)%\$
hoo = [(1- - (=D (12 ) ) +1]aspt,
+
This implies limx|—+c0 W(x, t) = 0. Consequently, when we use a contradiction argument to prove (1.5), w
would be able to attain its negative minimum in the interior of Z;.
For the regular Laplacian, the convenience is

Aw(x, t) = e ™ (AW(x, t) - h(x) + 2VW(x, t) - VR(X) + W(x, t) - AR(X)). (1.6)

At a minimum of w(x, t), the middle term on the right hand side vanishes since Vw(x, t) = 0. This makes the
analysis much easier. However, the fractional counter part of (1.6) is

(W(x, t) = w(y, t))(h(x) - h(y))
|X _ y|n+23

(=AY W(x, £) = e-mf((—A)SW(x, £ h(x) - 2C j

R"

dy + Wx, t) - (—A)Sh(x)).
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At a minimum of w(x, t), the middle term on the right-hand side (the integral) neither vanishes nor has a defi-
nite sign. This is the main difficulty. To circumvent it, we combine the first two terms together to derive a good
estimation.

Remark 1.2. In [10], the authors derive a narrow region principle for fractional elliptic equations in un-
bounded domains under the conditions that w(x) is bounded. Here, by using our auxiliary function h(x),
we will be able to weaken this boundedness condition to a polynomial growth.

More precisely, as a byproduct, we can prove the following.
Proposition 1.3. Let Q be a bounded or unbounded narrow region in £, such that it is contained in

{x|A=-2l<x1 <A} withsmalll.

1,1

loc (2) N L25(RM) is lower semi-continuous on Q, where

Suppose that w(x) € C

[u(x)]|
LZS(]RH) = {u € Llloc(]Rn) J W dx < +OO}.
IRYI

Assume

w(x) < o(1)|x|¥ foranyO<y<2s as|x| — +oo,
and

(=A)Sw(x) + c(x)w(x) = 0, xeQ,
w(x) >0, x € Z)\Q,

w(x/‘) =-w(), x¢€ZX).
If c(x) is bounded from above, then we have w(x) > 0, x € Z). Furthermore, the following strong maximum
principle holds: either w(x) > 0 or w(x) =0, x € Q.

Theorem 1.4 (Maximum Principle for Antisymmetric Functions). Let Q be a bounded or unbounded region
in X,, and assume that the width of Q in x1 direction is bounded. Suppose that w(x, t) € (Cllo’c1 (Q) N Lys) x CY(R)
is uniformly bounded with respect to t and lower semi-continuous in x on Q, and it satisfies w(x, t) < o(1)|x|¥
forany 0 <y < 2s as |x| — +c0, and

%—V:(x, )+ (“A)Sw(x, t) = clx, Ow(x, t), (x,t) € QxR,

w(x, t) > 0, (x, 1) € (Z1\Q) xR, (1.7)
w(x", t) = -w(x,t), (x,t) € Zy xR,
If
c(x,t) <0 or c(x,t)>0issmall, (x,t) e QxR, (1.8)

then w(x, t) = 0, (x, t) € Z; x R. Furthermore, the following strong maximum principle holds: either w(x, t) > 0
orw(x,t) =0, (x,t) e Q xR,

Remark 1.5. In Theorem 1.4, if we replace the first equation in (1.7) by

0

a—vtv(x, )+ (A Wi, )20, (6t eQxR,
then the same conclusions as in Theorem 1.4 still hold.

Based on Theorem 1.1 and 1.4, we derive the strict monotonicity of solutions to the problem

ou s B n
{E(X’ )+ (=A)ulx, t) = fulx, 1), x,t)eRI xR, (1.9)

u(x, t) =0, (x,t) ¢ RT xR.

We also find some new connections between the existence of solutions of (1.9) and of the problem

%(X, 6+ (=A)Su(x, t) = flulx, t)), (,t) e R”"IxR. (1.10)
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Theorem 1.6 (Monotonicity in aialfSpace). Assume f: [0, 00) — Ris a C! function with f(0) = 0, f'(0) < 0,
and suppose u € (CLH(R™) N C(RT) N £35) x C(R).
(i) If u is a positive solution of (1.9) satisfying u(x, t) < o(1)|x|¥ for any 0 < y < 2s as |x| — +oo, then it is

increasing in x, and

0
—u(X, >0, (x,t)eRIxR.
()Xl
(ii) If thereis a positive bounded solution of (1.9), then there exists a positive bounded solution of (1.10).

Combining Theorem 1.6 (ii) with the nonexistence result in the whole space obtained in [23], we derive the
following nonexistence result in the half space.

Theorem 1.7 (Nonexistence). Assumen >3, 1 < p < "=1425_ Then the problem

%(x, 6+ (-A)°u(x, t) =uP(x, t), (xt) e R xR,
u(x, t) =0, (X, t) ¢ RY xR,

1,1
loc

possesses no nontrivial nonnegative bounded solution that is in (C,’. (R}) N C(IR_Z) N Lys) x CL(R).

Our approach can also be applied to derive Liouville type theorems for other fractional parabolic problems
such as the following.

1,1
loc

Theorem 1.8. Assume f: [0, co) — Ris a C! function satisfying f' <0, and u € (C
negative bounded solution of

N L) x CL(R) is a non-

%(X, B+ (=A)Su(x, t) = flu(x, t)), ((x,t)eR"xR. (1.11)

(i) Then u is independent of spatial variables x; (1 < i < n), and hence u; = f(u(t)) forall t € R.

(ii) Assume f(c) = 0 if and only if ¢ = 0; then the only nonnegative bounded solution of (1.11) is the trivial
solution u = 0.

(iii) Assume f(c) < O for ¢ > O; then the nonnegative bounded solution of (1.11) does not exist.

Such examples of f(u) are 1 — e%, —u?, —e", . ... These kinds of results are also indispensable tools in the
study of blow-up rate for indefinite problems (see [44]). For other results concerning nonlocal parabolic
equations, please see e.g. [9, 18, 23, 28, 35].

In Section 2, we derive narrow region principles and maximum principles for anti-symmetric functions. In
Section 3, we establish the monotonicity and nonexistence in half spaces. In Section 4, we prove Theorem 1.8.

2 Maximum Principles

Before presenting the proof of the narrow region principle, we first construct the auxiliary function h(x) and

evaluate
(=A)*h(x)

h(x)
Lemma 2.1. Let x = (x1, x'), and h(x) = f(x1)gy(x"), 0 < y < 2s, where

2.s
f(xl)=(1—%) +1, and g,(d)=(1+ X
+

Then there exists C1 > 0 such that, for all sufficiently small I, we have

(A°h() _ G

hoo forall |x1] < L. (2.1)

Proof. First, if |x1| < I, we have
s 2
1

(-8 0x1) = (-0)° (1 - ’;—5) 1] = (1 - ’l‘—z) = A1) = 152 (2.2)
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Also, (-A)*gy(x") is bounded. Indeed, if |x| = 0, then

_ 12y% _ 12y%
(-A)°gy(x') = Cn,s PV. I M dy' dy; = Cps PV. j 1=+l );5 ly'| dy’ dt
e YR +yD o YR+ P

-C PVJ L=l e cpy J
s et |y1|n—1+25(1+t2)%25 y o

1-1+ly'P)?
|yI|n—1+25

R"

C+f01—(1+r2)§
0

Rn-1

dr < +00.

rl+2s

If |x'| = +00, then

gy(xl) _gy(y’)
|X_y|n+25

AN !
dy = CH,S PV I gy(x ) gY(y ) n+2s

(-A)°gy(x") = Cp,s PV. J
e e (X =Y+ 0 —y1)?)

gy -g,(y")
(Ix" =y'1> + X" = y'?t2)

= Cp,s PV. J Ix' —y'|dtdy’'

Rn

n+2s
2

x') — !
= Cns BV J gy,( )15)11(3/25)' : = dtdy’
Ix" =yl 1+e2)7

Rn

Y Y
1+ IX'1D)7 = (1 +]y'12)?
|X' _yl|n—1+25

gy(X’) —gy(y’)
|X' _ylln—1+25
1

= CPV. J

R

dy' = CPV. J
Rn-1

dy' — 0.

Therefore, |(—A)5gy(x' )| < C. Similarly, we have

fly)(g,(x') - g,(y")
|X _ y|n+25

Cn.s PV. J dy‘ <cC. 2.3)
]RYI

Combining (2.2) and (2.3), we derive

fx1)gy(x") - fy1)gy(y") dy

(=A)*h(x) = Cp,s PV. J Xy

IR"
= Cus PV. j
]Rn
— Cos PV. j

R"

= g,(X)(=A)Y*f(x1) + Cps PV. J
]R"

fx1)gy (") = fy1)gy(xX") + f(y1)gy(X") - f(y1)8,(¥")
|X _ y|n+2s

(f(x1) = fy))gy(xX) + fy1)(gy (x") — g,(y"))

|X _ y|n+23

dy

dy

fy)(g, (") -g,("))

C
dy > Iz—sgy(x’) -C.

|X _ y|n+25
Therefore,
(-A)*h(x) 1 /C ) C
i > () =€) g
This completes the proof of Lemma 2.1. O

Next we present the proof of the narrow region principle (Theorem 1.1).

Proof of Theorem 1.1. Let

(a1 -@A-D)?

S mt
h(x) = [(1—1—2) +1](1+|x'|2)%, 0<y<2s, and Ww(x,t)= emwix, t)
N

h(x) °

where m > 0 is a constant.
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By (1.4) and a direct calculation, w(x, t) satisfies

ow W(Xs t) —W(}’, t)
E(X’ t) + hix )Cns ]RJ; Wh()’) dy

_ (-A)h(x)\ -
) - (c(x, £)+m-— W)w(x, 0, (X, ) € A xR,
w(x, t) >0, (x,t) € (B2\Q) xR,
w(x, t) — 0, (x,t) € 2y x R, |x'| = +00.

Next we prove that

w(x, t) > min{0, igf wix, B}, (x,t) e Qx[t, T)forall [, T] c R.

If (2.5) is false, then there exists (xg, tg) € Q x (£, T] such that

W(xo, to) = inf w(x,t) < min{0, 1nfw(x Hl,
ax(E,T]

and hence
(x0,t0) <0
ot ’ ’

while

h(y) dy

PV, j w(xo, to) — W(y, to)
|X0 _ y|n+25

w(xo, to) — W(y, to) w(xo, to) — wW(y, to)
=PV. I Xo — s h(y) dy + PV. J Xo — s h(y)dy
bl ¢
w(xo, to) — W(y, to) W(xo, to) + W(y, to) , , 2
=PV. J Xo — s h(y)dy + PV. J o — yAm2s h(y")dy
)
W(XOx tO) W()’, tO) A W(XO’ tO) + W(ys tO) A
J Ixo — y/\|n+23 h(y )dy +PV. J Ixo — y/\|n+25 h(y )dy
A
2w(xo, to) A
= j }t|n+23 h(y )d}/ <0,
}l
where we have used the fact that |xo - y| < |xo — y*| and h(y) > h(y}), y € Z,.
In addition, since c(x, t) is bounded from above, we apply (2.1) and choose m = 2Cl;5 s

(=A)*h(xo)
h(xo)
Therefore, we derive a contradiction from (2.4) and conclude (2.5). That is,

w(x, t) mE
h00 }2 -Ce™.

(c(xo, to) + m-— >W(xo, to) > 0 if lis sufficiently small.

W(x, 6) > min{o, inf (x, B} = min{O, e inf

— 945

(2.4)

(2.5)

Therefore, w(x, t) > —Ce‘m“‘f)h(x). Since the above inequality holds for any (< T) € R, letting f — —co, we

have w(x, t) > 0, (x, t) € Q x R. It follows from w(x, t) > 0in (£)\Q) x R that w(x, t) > 0, (x, t) € £y x R.

Moreover, if there exists a point (x°, t°) € Q x R such that w(x°, t°) = 0, then
w(x°, t%) = inf w(x,t) =0, and a—W(xo, =0, (A w(x° t° <o.
ZixR at
Therefore, by (1.4), we have

0> %_V:(XO, 9 + (=A)Sw(x°, %) = c(x°, O)w(x°, t°) = 0

This is a contradiction, and thus the strong maximum principle holds. This completes the proof of Theo-

rem 1.1.

O
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Next we present the proof of the maximum principle for anti-symmetric functions.

Proof of Theorem 1.4. Denote @ = sup{|x1|, x € Q}. Let x = (x1,x'), a = =z and

h(x) = [(1 - a’x3)3 +1](1 + [bx'|?)%, 0<y < 2s.
It can be seen from the proof of Lemma 2.1 that we can choose a constant b associated with a in the above
equality such that

(=A)*h(x) 2s
h(X) > C1a . (26)
Denote M, 0
_ e™w(x, t
w(x, t) = TX),
where m > 0 is a constant to be determined later. By (1.7) and a direct calculation, w(x, t) satisfies
ow 1 w(x, t) - w(y, t)
—_— — PV. | —————=
52 00 0+ g G PV | ROy ay
]Rn
_A)S
2 = (c(x, H+m- M)W(X, b, x,t) e QxR, (2.7)
h(x)
w(x, t) =0, (x, 8) € (Z2a\Q) X R,
w(x, t) — 0, (x,t) € ZA xR, |¥']| = +00.
Next we prove that
w(x, t) > min{0, igf wx, B}, (x,t) e Qx[t, T)forall [, T] c R. (2.8)

If (2.8) is not valid, there exists (xg, to) € Q x (£, T] such that

W(Xo, to) = min w(x, t) < min{0, inf w(x, )},
Z,\X(E,T] Q

then o
w
—(xo, tg) < 0.
5t (X0, to)

By (1.8), we may assume that
ClaZS

c(xo, to) <

Choosing m = lezs , we derive from (2.6) and W(xo, tp) < O that

(=A)*h(xo)
h(xo)
On the other hand, by a calculation similar to Theorem 1.1, we derive

PV J W(Xo, to) — W(y, to)
|X0 _ y|n+25

<C(Xo, to) + m-— )W(xo, to) > O.

h(y)dy < 0.

This is a contradiction with (2.7), and we thus arrive at (2.8). That is,
eMw(x, f)
h(x)

It follows that w(x, t) > —Ce ™D (). Since the above inequality holds for any f (< T) € R, letting £ — —oo,
we have w(x, t) > 0, (x, t) € Q x R, and thus conclude that w(x, t) > 0, (x, ) € Z) x R.
Moreover, if there exists a point (x°, t°) € Q x R such that w(x?, t°) = 0, then

W(x, £ = minfo, inf w(x, B} = min{o, inf } > _Ce™.

w(x°, t°) = inf w(x,t) =0, and a—w(xo, =0, (A*wix°, % <o0.
ZAXR ot
Therefore, by (1.7), we have
0> ‘?)—V:(xo, ) + (-A)Sw(x°, %) = c(x°, O)w(x°, t° = 0.

This is a contradiction, and we thus obtain the strong maximum principle. This completes the proof of Theo-
rem 1.4. O
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3 Liouville Type Theorem in a Half Space
In this section, we first prove Theorem 1.6, the monotonicity of solutions to the problem

%(X, 6+ (-0)°ux, t) = f(ulx, t)), (x,t) € R} xR,
u(x, t) =0, (x,t) ¢ RT xR,

by the method of moving planes, where f is a C! function satisfying f(0) = 0, f'(0) < 0. We also establish the
connection between the existence of solutions of the above problem and the following problem:

M, )+ (DU, 0 = flu(x, ), (6,0 € R xR,
Forany A € Rand x = (x1,x'), X' € R*"!, we denote u(x, t) = u(x*, t) and wa(x, t) = u(x, t) - u(x, t), where
XA = (2A-xq, X’).

Proof of Theorem 1.6. To show the strict monotonicity of u(x, t) in x;-direction, we only need to prove that,
forany A > 0, we have w)(x, t) > 0, (x, t) € £y x R.
() LetEy ={x e RT | 0 < x1 < A}; then

%(X’ B+ (=0)°walx, ) = calx, Owalx, ), (x, t) € 3 xR,
wa(x, t) = 0, (x, t) € (C\5) X R,
WA(XA, t) = -walx, t), (x,t) € Ty x R,

where

1
cr(, t) = jf’(su(x, £+ (1 - syua(x, £) ds
0

is bounded. We divide the proof into three steps.

Step 1. We show that, for the sufficiently small A, we have
wilx,t) >0, (x,t)eZyxR. (3.1)

By Theorem 1.1 and taking Q = %1, which is a narrow region, we derive w)(x, t) > 0, (x, t) € $1 x R, then (3.1)
follows from the above inequality since w)(x, t) > 0 in (R?)€ x R.

Step 2. Denote A = sup{A | wu(x, ) > 0, (x,t) € £, x R, u < A}. In this step, we prove that Ap = +oo. If not,
then 0 < Ap < +o0o and there exists a sequence Ax > Ao such that

Ak = Ao (3.2)
and Zy := {(x, t) € Zj, x R | wy, (x, t) < O} is nonempty. Set

my :=sup{u(y1, X', t) | y1 € (0, &), X' e R", t e R,
and there exists x; € (0, Ax) such that (xq, x', t) € Zy}.

We consider the following two possibilities:

(@ mg — 0,

(b) passing to a subsequence, we have my > &g for some gg > 0.
First assume that case (a) holds. It can be seen from (1.9) that

0 .
%(X’ t) + (—A)SW}(k(X, t) = C}[k(X, t)W/lk(X’ t)’ (X’ t) € Z/lk X ]R’

0
wy (X, 1) 20, (x, ) € (2 \Zy) X R,

WAk(XAk’ t) = _W/lk (X’ t)’ (X’ t) € ZAk X ]R’
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where
1

06 6) = Jf’(su(x, £+ (1 = s)up, (x, £)) ds.
0
Denote g := SUpPy,pez, CA (X, t). By the definition of cy,, gx and my, and f'(0) < 0, we have lim_, o0 gk < O.
By the maximum principle for antisymmetric functions (Theorem 1.4), we have w;, (x, t) > 0 on Z. This of
course contradicts the definition of Zi, and therefore case (a) cannot occur.
Secondly, assume that case (b) holds, then there exist subsequences x’l‘ s y’l‘ € (0, ), zK e R™1, tk ¢ R
such that
wAk(x’{,zk, t*y<0 and u(y’l‘,zk, t* > . (3.3)

We may assume that
x* >a, yk b forsomea,b c0,Ao]. (3.4)

Consider the functions
ko ) = ul, X+ 25+ 9, x=(x1,x) eRY, teR,
and define w’,{k(x, t) := uﬂ{k (x, t) — uk(x, t). By (3.3), we have
wi (x§,0,0)<0 and u*(yf,0,0) > &. (3.5)

Since uX(x, t) is uniformly bounded, by the regularity estimates for the fractional parabolic equations [19],
up to a subsequence (still denoted by u*), as k — +oo, we have

uk(x, ) — a0, t),  (~A)°uk(x, t) — (-A)%i(x, B),
w’/{k(x, t) > Wy (x, ) := 1y, (x, £) - (x,£) >0, (x,t) € Z), X R, (3.6)

and
Wy, (a,0,0) <0. (3.7)

In addition, we know that ii(x, t) satisfies

%(X, )+ (-A)°u(x, t) = f(l(x, 1), (x,t) e R} xR,

(x,t) =0, (x,t) ¢ R x R, (3.8)
u(x, t) >0, (x,t) e R" x R.
By (3.4) and (3.5), we derive that
t(h,0,0) > g > 0. (3.9)
Combining (3.8) and (3.9), we have
U, t) >0, (x,t) e RTxR. (3.10)

In fact, if (3.10) is false, then there exists a point (xo, to) € R} x R such that
U(xog, tg) = 0 = inf u(x,t),
R"xR

then >
5 (0, to) + (=1)*ii(xo, t0) < O,
which contradicts the fact that f(ii(xo, to)) = f(0) = 0. Therefore, (3.10) holds.
Moreover, it can be deduced from (3.6) and (3.8) that w;, (x, t) satisfies
oWy,
ot

(X 1) + (D)W, (X, t) = f(ilp, (x, 1) = fi(x, 1)), (X, 1) € Zp, X R,
Wy, (x, t) > 0, (x, t) € Tp, xR,
Wi, (0, X', 1) > 0, (', ) e R xR,
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and we conclude that
Wa, (6, 6) >0, (x,t) € Zpy x R. (3.11)

If (3.11) is not valid, then there exists a point (x*, t*) € Z), x R such that wy, (x*, t*) = infrexg Wy, (x, t) = 0.
It follows that

%(x*,t*)zo and  (—A)Sw, (x*, t) < 0.

Therefore,

0
3/;0 (O, ) + (ZA)* W, (x*, £7) = fip, (X", £9) - fa(x*, t)) = 0.

This is a contradiction, and therefore, we derive (3.11).
Since a € [0, Ao] in (3.4), combining (3.7) with (3.11), we must have w;,,(a, 0, 0) = 0 with a = Ao, which
indicates that

0>

I}LTOXI{ =a=Ap. (3.12)

To proceed with the proof, we need the following Hopf lemma for antisymmetric functions, whose proof
is similar to that for [42, Theorem 3.1]. However, for readers’ convenience, we include it in the appendix.

Lemma 3.1 (Hopf’s Lemma for Antisymmetric Functions). Assume that w(x, t) € (Cllo’cl(Q) N Lys) x CY(R) is
bounded and satisfies

I, )+ (WA ) = €A% WA 0, (6,0 € A xR,
wi(x, t) =0, (x,t) e Zy xR,
walh, t) = ~walx, B), (x,t) € A xR,

where cj(x, t) is bounded from below. If there exists a point x € Z, such that wy(x, t) > 0, (x, t) € £y x R, then

g—‘;?(xo, to) <0 forall (x°, ty) € Ty x R.

Now we continue our proof in Step 2.
First, since ii(x, t) = O for (x, t) € R? x R, it follows from (3.10) that there exists a point x € Z,, such that
Wy, (x, t) > Oforall t € R. Second, Wy, (x, t) satisfies

oW, _ _ _
a—t"(x, B+ (AW, (x, £) = B, (X, OWA (X, £), (X, 8) € Z3y X R,
Wy, (x, t) =0, (x,t) € 2y X R,
Wi, (X0, ) = -, (x, 1), (x,t) € Ty, x R,

where
1

a0 ) = [ £/(sux, 6+ (1= )it (x, ) ds.
0
Therefore, we derive from Hopf’s lemma (Lemma 3.1) that

Wiy (x,t) <0 forall (x,t) € Ty, x R.
aX1
It follows that 5 Lo
ou __1oWx
o, (A0,0,0) = 2 on, (A0, 0,0) > 0.

Therefore, (;’—)Z(xl, 0, 0) is bounded from below by a positive constant in a neighborhood of Ay, and this
remains valid for g—)‘jf(xl ,0,0), i.e., there exists a positive constant § > 0 such that, for all sufficiently large k,

k
a_u(xlyzk’tk):ai(xlyoxo)>o, X1 € [AO_69A0+6]'
())(1 aX1

This contradicts the fact that wy, (xX, zX, t%) < 0 in (3.3). Indeed, if k is sufficiently large, then 2A; — x¥ > xk.

Recall from (3.2) and (3.12) that limy_ o, Ak = limy_, x’{ = Ao, and therefore, both of 2A; - x’{ and x’{ belong
to [Ap — 8, Ao + 6]. Therefore, we conclude that Ag = +co.



950 —— W.Chenand L. Wu, Liouville Theorems for Fractional Parabolic Equations DE GRUYTER

Step 3. Combining Step 1 with Step 2, we derive that, for any 0 < A < +00,
walx, t) >0, (x,t)eZyxRR.

It follows that if there exists a point (x°, t°) € Z; x R such that wy(x°, t°) = 0 = infgrrr Wa(x, t), then

ow
ot

which contradicts f(up(x°, t9)) - f(u(x?, t°)) = 0. Therefore, for any 0 < A < +00,

(2, %) + (AP m(x°, £°) < 0,

walx, t) >0, (x,t)eZyxR.

It follows that 5
2 (x,t)>0, (x,t)eR}xR.
aXl

Now we have verified that the solution u is strictly increasing along x; direction. Next we will use this property
to construct an entire solution of the same equation in the whole space of dimension n — 1: R x R.
(ii) Let u be a positive bounded solution of (1.9). For k = 1, 2, . . ., consider the functions

w6 = ulk, X', ), O, ) e R"TxR.

Each of them solves the equation
ouy

ot
Since the sequence uy(x', t) is uniformly bounded, using parabolic estimates, one can show that there exists

a subsequence of ux(x’, t) converging uniformly on arbitrary compact set to a bounded nonnegative solution
u(x', t) of

O, ) + (CDui, ) = F, ), (¢, ) e R xR,

aa ! S TV =0 ! n-
E(X ’t)+(_A)]Rn71u(X ’t) =f(u(X st))’ (X ’t) €R ! x R.

Here we have used the fact that (-A)g, 7i(x') = (-A)§,.-. #(x"), which can be obtained by a direct calculation as
shown in the appendix. This proves (ii) and completes the proof of Theorem 1.6. O

Now, based on Theorem 1.6, we are able to derive the Liouville type theorem of the problem

%(x, )+ (D)°ulx, t) =uP(x, t), (x,t) e RI xR,
u(x, t) =0, (x5, t) ¢ RT xR,

by applying the following nonexistence result.

Lemma 3.2 ([23]). Let0 < 9% < 1+ 0, and assume u ¢ (Cllo’c1 N Lys) x CL(R) satisfies

ou s _ 1+a n
{E(X, )+ (=A)°u(x, t) = h(hu "*(x, t), (x,t) e R"x(0,T), (3.13)

u(x, 0) = ug(x) =0, x € R",
where uy(x) is a nontrivial nonnegative and continuous function on R", and h(t) satisfies
(h1)h € C[0, +00), h > 0,
(hy) cot? < h(t) < c1t? for sufficiently large t, where cq, ¢1 > 0 and o > —1 are constants.

Then the nonnegative solution u(x, t) of (3.13) blows up for some To > 0, and u(x, t) = +co for every t > Ty
and x € R".

Proof of Theorem 1.7. As a consequence of Lemma 3.2, we derive thatif 1 < p < %25, then
ou s n
E(X’ B+ (=A)Sux, t) =uP(x, t), (x,t) e R"xR, (3.14)

has no nontrivial nonnegative bounded solutions. Combining (3.14) with conclusion (ii) in Theorem 1.6, we
arrive at Theorem 1.7. O
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4 More Relevant Liouville Type Theorems

In this section, we employ the methods developed in the previous sections to prove Theorem 1.8.

Proof of Theorem 1.8. (i) We can deduce from (1.11) that wy(x, t) satisfies

B, )+ (WA, ) = €A% OWa6 ), (6,0 € Ty xR, )
wath, ) = —walx, 0), (X, 1) € A xR,
where
1
a(x, t) = jf’(su(x, )+ (1 -s)ua(x, t)) ds
0
is bounded. Since f' < 0, we have c(x, t) < 0, (x, t) € £, x R. We choose the auxiliary function as
_ walx, t
g0 = = A+ Derl’, e, ) = A0,
g(x)
where e; = (1,0, ..., 0), and o is a small positive number to be chosen as in the proof of [11, Theorem 1].

Obviously, wa(x, t) and w,(x, t) have the same sign, and we have lim|y—+c Wa(X, t) = 0. For any fixed
t € R, denote
wa(x(t), t) = inf wa(x, t). (4.2)
X€EZL)

First we conclude that, for any fixed ¢ € R, if wy(x(¢), t) < O, then

%(x(t), £ > Wax(0), 0. (4.3)
|x

_c
1(t) - AJ%S

In fact, by a calculation similar to [11, formula (22)], we derive

C
(=0 wa(x(t), t) < WWA(X(U, b).
Combining this with (4.1), we derive
0 -C
S0, 0> = E e, 0.

Therefore, (4.3) follows from the above inequality and the definition of w,(x, t) in (4.2).
For any fixed t € R, denote
m(t) := wa(x(t), t) = inf wp(x, t).
X€EZL)

To proceed with the proof, we need the following lemma.

Lemma 4.1. For any fixed t € R, if m(t) < —my, then

W > Co > O, (4.4)

where x(t) = (x1(t), . . ., Xn(t)) is a minimum point of wy(x, t) in Z,.

Proof. If (4.4) is not valid, then there exists a sequence of {ty}, k = 1, 2, ..., such that
m(ty) < —-mg (4.5)

and
C
[x1(tx) — A%
therefore, |x1(tx)| — +00, k — +00, and it follows that m(ty) = wa(x(tx), tx) — 0, k — +0o, which contradicts
(4.5) and hence completes the proof of Lemma 4.1. O

-0, k- +oo;
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2y x [, to] t

X1
Figure 1: The domain of definition of v(x, t).
Now we continue our proof. We want to show that
walx,t) >0, (x,t)eZyxR forallAeR. (4.6)
If (4.6) is false, then there exists ty € R such that
- mo := m(to) = wa(x(to), to) < O. (4.7)

To derive a contradiction with (4.7), for any f < to, we construct a subsolution z(t) = -M et where cg is
as defined in (4.4) and -M = infy, g Wa(X, t).
Next we prove that
walx, t) = z(t), (x,t) € Zy x [F, to]. (4.8)

Consider the function
v(xX, ) = walx, ) - z(t), (x,t) € Ty x [F, tol,

whose domain of definition is shown in Figure 1.
First notice that, on the bottom of the cylinder £, x [, to], we have

v(x, t) = Wa(x, t) — z(t) = wa(x, t) - (-M) 2 0, (x, t) € Zx x {f},
and on the lateral surface of the cylinder X, x [£, to], we have
v(x, t) = walx, t) - z(t) = =z(t) 2 0, (x,t) € TA x [t, tol.

If (4.8) does not hold, then there exists a point (x(f), f) € 2 x (£, to] such that

v(x(f),t) = inf v(x,t)<0 (4.9)
Z)[X(l_‘,fo]
and 5
174 -~
E(x(t), f)y<o. (4.10)

On one hand, from the definition of v(x, t), we have

walx(d), f) = i?fw,\(x, ) < z(f) < 0.

Therefore, by (4.3), we have

%(x(f), b> WA, . (4.11)

_ <
[x1(f) — AI?
On the other hand, we obtain from (4.9) that v(x(f), f) < v(x(to), to), i.e.,

Wa(x(®), B = wa(x(to), to) < z(£) - z(to) < 0
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due to the monotonicity of z(¢t). Therefore,
m(f) = wa(x(f), £) < wa(x(to), to) = m(to) = —mo.

Using Lemma 4.1, we derive from (4.12) that

C

———— > >0.
@ -Azs ~ 0

Combining this with (4.11), we obtain
ow, . B —_—
W(X(t)’ t) = —cowa(x(t), t).

Then, by (4.10), we derive
ow)

W(X(E)’ £) = —cowa(x(f), ),

- 0Z .
—Coz(t) = E(t) >
and consequently, z(f) < wp(x(f), f), which contradicts v(x(f), f) < 0. Therefore, we conclude that

Wa(x, £) 2 z(8) = z(F),  (x,t) € Ty x [£, to],

i.e., we derive (4.8).

— 953

(4.12)

Now let { — —c0; since z(f) — 0, we have wa(x, t) > 0, (x, t) € 23 x (00, to]. This is a contradiction with
the assumption (4.7) that wj(x(to), to) < 0. As a consequence of the above results, we obtain (4.6). Therefore,

we derive that u(x, t) is increasing in x; -direction due to the arbitrariness of 4, i.e.,
ou
—(x,t) >0.
ax1

Replacing x; by —x1, we have
ou
—((x,t) <0.
o, (x,0)

It follows that 5
u
a_Xl(X , t) =0

and u is constant in x;. Applying the same argument for other x;, one shows that u is constant in all x;

(1 <i < n).Hence u is a solution of uy = f(u(t)) for all t € R. This proves (i).

Parts (ii) and (iii) follow from conclusion (i) and an elementary analysis; see [44, Propositions 3.10

and 3.11].

O

Corollary 4.2. Assume f: [0, c0) — R is a decreasing C* function, and u ¢ (Cllo’cl(lRZ) n C(]R_ﬁ) N L) x CL(R)

satisfies
%(X, t) + (-A)’u(x, t) = f(u(x, t)), (x,t) e Rf xR,
u(x,t) =0, (x, t) ¢ RT x R.

(i) Then each positive bounded solution u of (4.13) is increasing in x1-direction,
ou
—(x,t)>0, (xt)eR}!xR.
ax1

(ii) Iff(c) < 0 as c = 0, then the nonnegative bounded solution of (4.13) does not exist.
Proof. For any given 0 < A < +00, let &) = {x ¢ R" | 0 < x; < A}. By (4.13), we have

ow;

¢ 06 0+ (A WAl B = el Hwalx, 0), - (6, 1) € I xR,

walx, t) = 0, (x,t) € (B\Z) x R,

wath, £) = —wax, B), (X, t) e AR,

(4.13)
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where

1
CMLU:JﬂGMLO+ﬂ—QmuJ»$
0

is bounded. Since f’ < 0, we have c;(x, t) <0, (x,t) € 21 xR, Using Theorem 1.4, we derive wj(x, t) > 0,
(x,t) € 3 x R. Since 0 < A < +co is arbitrary, we derive (i).
Since u(x, t) is bounded in R" x R, by an argument similar to Theorem 1.6 (ii), the limit

aix', 6= lim u(xg,x',t), &', t)e R"IxR,
X1—+00
exists and satisfies >i
SO0 0+ (0700 0 = fE0 0), () e R XR.

It follows from (iii) in Theorem 1.8 that the nonnegative bounded solution of (4.13) does not exist. This
completes the proof of Corollary 4.2. O

A Appendix

Lemma A.1 (Hopf’s Lemma for Antisymmetric Functions). Assume that w(x, t) € (Cl’1

1oe R™) N L5) x CH(R) is
bounded and satisfies

0
S0+ WA O = a0 Wil O, (%, 0 € xR,
wa(x, t) >0, (x,t) e Zy xR,
wa(, ) = —walx, t), (x, ) e A xR,
where cj(x, t) is bounded from below if there exists a point x € X, such that
walx, t) >0, (x,t)eZyxR. (A.1)

Then 5
ﬂ()Z, f)<0 forall(x,f) e Ty xR.
aX1

Proof. Without loss of generality, we may assume that A = 0 and X = 0. If A = 0, we denote X, = Zy, Tx = To,
xt=x0 = (—x1, %), Yt =y° = (-y1,¥") and wr(x, ©) = wo(x, 1), ca(x, t) = co(x, t). Let W(x, t) = e™wq(x, t),
m > 0. Since co(x, t) is bounded from below, we can choose m such that m + co(x, t) > 0. For fixed £, w(x, t)
satisfies

%—f/(x, 6+ (“A)SW(x, t) = (m+ colx, t)h)w(x, t) >0, (x,t) e Zox[f-1,F+1]. (A.2)
By (A.1) and the continuity of wy, there exists a set D cc Xy and a positive constant ¢ such that
wolx,t) >c, (x,t)eZox[t-1,F+1]. (A.3)
Let Dy be the reflection of D about the plane T for any time ¢. Denote g(x) = x1{(x), where

1, IxI<e,

() = ¢(Ix]) =

¢ ¢ {O, |x| > 2¢,

and 0 < {(x) < 1, {(x) € C3°(B2£(0)). Obviously, g(x) is an antisymmetric function with respect to plane T,
i.e., g(=X1, X2, ..., Xn) = —=8(X1, X2, - . . , Xp)-

Now we construct a subsolution w(x, t) = xpup, X)W(x, t) + 6n(t)g(x), where
1, xeDuDy,

(x) =
XpuDa {o, x ¢ DU Do,
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and n(t) € CP([ - 1, { + 1]) satisfies

Since g(x) is a C3°(B2¢(0)) function, we have (-A)*g(x) € C*(B2¢(0)). Then we apply the mean value theorem
on (-A)’g(x) at x = (0, x") € Tg and x = (x1, x') € B>-(0) to obtain

I(=A)°g(x0)] = [(-2)*8(x) + V((-D)*8)(&) - (x = X)| < Cox1, (A.4)

where ¢ lies between X and x, and (-A)*g(x) = 0 due to the antisymmetry of g(x).
By the definition of fractional Laplacian and (A.3), we derive that, for each fixed t € [f - 1, f + 1] and for
any x € B,.(0) N Zy, we have

Xpup, X)W(X, t) — Xpup, V)W(Y, t) d
y
|X _ y|n+25

(~A)* ({pup,W(X, £)) = Cps PV. j
IRYI
=XDpup, Y)W(y, t)

- Cos PV | e

R"

dy

—W()’, t) —W(YO, t)
|X_y|n+25 + |X_y0|n+25
D

1 1 -
<|X _ y0|n+25 - |X_y|n+25 >W(y’ t) dy

2 2 _
%w(y, Ody <-Cixi, (A.5)

=—Cp,sX1
where {(y) is some number between |x — y| and |x — y°|, C; is a positive constant, and the second inequality
from the bottom holds due to the application of the mean value theorem to h(z) = 2% over [z1, z2] with
z) = |x-yl*and z, = |x - y°|2.
For (x, t) € (B2:(0) N o) x [f -1, £+ 1], by (A.4) and (A.5), we obtain
ow

Y (D) w(x, t) = 67" (£)g(x) + (—=8)* (Xpup, W(X, 1)) + 6n(t)(-A)°g(x)

< 6n'(H)g(x) - C1x1 + 6n(6)Coxi.

Hence, taking 6 sufficiently small, we derive
ow
ot

Set v(x, t) = W(x, t) — w(x, t). Obviously, v(x, t) = —v(x°, t). From (A.2) and (A.6), we derive that v(x, t) satis-
fies

+ (A w(x, 1) <0, (x,t) € (B2:(0)NZo) x [£-1,F+1]. (A.6)

%(x, )+ (=A)Svix, t) >0, (x,t) e (Bp(0)NZg)x[f—1,E+1].
Also, by the definition of w(x, t), we have
V(x,t) 20, (x,t) € (Zo\ (B2(0)NZp)) x [E-1,+1],
and v(x, - 1) > 0, x € 9. Now we apply the following lemma to v(x, t).

Lemma A.2 (Maximum Principle for Antisymmetric Functions [14]). Let Q be a bounded domain in £,. Assume

that wa(x, t) € (C21(Q) N L£15) x CL([0, 00)) is lower semi-continuous in x on Q and satisfies

loc

%(x, t) + (=A)°wa(x, t) > calx, hwa(x, t), (x, t) € Q x (0, 00),
walxh, ) = —walx, t), (x, t) € 21 x [0, 00),
walx, t) = 0, (x, t) € (Z2\Q) x [0, 0),
wi(x,0) =0, x € Q.

If ci(x, t) is bounded from above, then wp(x, t) > 0, (x,t) € Qx [0, T forall T > 0.
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As an immediate consequence of this lemma with co(x, t) = 0, we obtain
v(x,t) =20, (x,t) e (Ba(0)NnZo)x[to—1,1to+1].
This implies that
e™wo(x, t) - 6g()n(t) =0, (x,t) € (B:(0) NZo) x [E-1, F+1].

It follows that
wo(x, ) = €8x, (X, t) € (Be(0)NZo) x [~ 1, 7+1].

Since wq (0, £) = 0, we have

wo(x, ) = wo (0, ©) N
X1 -0 -

e 50, xe B:(0) N Xp.

Therefore,
()W()

oxy

This completes the proof of Lemma A.1. O

(0,%) <0.

LemmaA.3. Let x = (X', xn), where x' € R""1; then (=A)gau(x') = (=05, u(x").

Proof. By the definition of the fractional Laplacian, we have

(=A)5u(x") = Cp.s PV. J %

=C, PV J u(x') —u(y") dyy dy’
n,s r.V. (|X’ _y,|2 + |X _ |2)%zs 1
R" 1—Y1
u(x" - u(@y’
:Cn,sP.V.J p /2( ) ,(y’) 2M|X,—yl|dtdy’
R" (|X _y| +(|X _y|t))2
+00 1 u(x’) u(y,)
= 5 dt- el P A YY)
- | e 4 Cns Y | S A7)
0 Rn—l
where ont 1
1 -cos(271t(y -
“f(y—mm?—“)’ (A.8)
]RYI

and { = ({1, {); please refer to [12].

Since
+00
1-cos(2mt{;) 1 1-cos(2n{y) ,,,
J n+2s d¢ = J 9y 128 dt J 11n+2s d( . (A.9)
PR 3 A+)% <"1
Combining (A.7)-(A.9), we derive
+00
1
J W dt Cn,s = Cn_Ls.
o (L+t2)

Therefore,
u(x") —uy")

(_A)isR"u(X,) = Cp-1,s PV. J [x! — y![n+2s-1

Rn-1

dy' = (=D)5u(x").

This completes the proof of Lemma A.3. O
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