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Abstract: This paper analyzes the behavior of the positive solution 68, of the perturbed problem
—Au = Am(X)u - [ag(x) + be(x)]JuP =0 inQ,
Bu=0 on 0Q,

as £ | 0, where a.(x) ~ e%a(x) and b(x) ~ eb(x) for some a > 0 and S > 0, and some Holder continuous
functions a(x) and b(x) such that a > 0 (i.e., a > O and a # 0) and ming b > 0. The most intriguing and inter-
esting case arises when a(x) degenerates, in the sense that Qg = int a~1(0) is a non-empty smooth open
subdomain of Q, as in this case a “blow-up” phenomenon appears due to the spatial degeneracy of a(x)
for sufficiently large A. In all these cases, the asymptotic behavior of 6. will be characterized according to
the several admissible values of the parameters a and f. Our study reveals that there may exist two different
blow-up speeds for 6, in the degenerate case.
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1 Introduction and Main Results

In this paper, we characterize the limiting behavioras € | 0 of the classical positive solutions of the semilinear
boundary value problem

—Au = Am(x)u - [ag(x) + be(x)]u’ =0 inQ, 1.1

Bu=0 on oQ, ’

where A > 0 is a real parameter, p > 1 is constant, € € (0, 1] is a perturbation parameter, Q is a bounded
domain of class @2** of RY (N > 1) for some u € (0, 1), whose boundary consists of two disjoint open and
closed subsets T’y and Ty of class €2*#, 0Q = Ty U T4, and B stands for the boundary operator defined for
everyu € C(To) ® C1(QUT;) by

u on Ty,
Bus= {iu +y(x)u onl, (1.2
ov *

In (1.2), v stands for the outward unit normal to 0Q, and y € C#(T'1) is an arbitrary non-negative function,
y = 0. Necessarily, I'g and I'; must possess finitely many components. As I'g, or I'1, can be empty, our mixed
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boundary operator B includes Dirichlet, Neumann and Robin boundary conditions. By simplicity, we set
B=DifTg=0Q,and B=Nifl'; =0Qandy =0.
A function u: Q — R is said to be of class C*** for some integer k > 1 if it is of class €*(Q}) and D*u
is Holder continuous in Q, with exponent y, for all multi-index a ¢ N¥ such that |a] = a; +--- + ay = k.
A subdomain D c Q is said to be of class C**# if the components of its local charts in 0D are functions of
class C**H,
Throughout this paper, for every W ¢ C#(Q), we denote by o1[-A + W; B, Q] the principal eigenvalue of
the linear eigenvalue problem
A+ W)p =0p inQ,
{ Bp=0 on 0Q.

By applying [26, Theorem 7.10] with h =1, it becomes apparent that o1[-A; B, Q] > 0 if either Ty # 0,
or I'o =0 but y 2 0. On the contrary, o1[-A; N, Q] = 0. Thus, under the previous general assumptions,
o1[-A; B, Q] > 0.
As far as m(x), a-(x) and m¢(x) are concerned, for every € € (0, 1], they are assumed to be functions of
class C#(Q) such that
(Hm) m(x,) > O for some x, € Q,
(Ha) a. > 0in Q forall € € (0, 1], and there exists a constant a > 0 such that
lim a—i =a uniformlyin Q,
£l0 €
for some non-negative function a € C*(Q) such that a=1(0) = Qg ¢ Q, where Qg is an open subdomain
of class C*#, possibly empty,
(Hb) ming b, > 0 forall € € (0, 1], and there exists a constant > 0 such that

lim be _ b uniformlyin Q,
elo &b
for some b € CH*(Q) such that b(x) > 0 forall x € Q.
Thus, a; ~ e%a and b, ~ €?b forsmall € > 0. This entails that, as soon as a > 0 and B > 0, the limiting problem
of (1.1) as € | 0 becomes linear. Thus, it is of a different nature than the classical problems in “homogeniza-
tion theory”, where, e.g., a.(x) = a(ex). In this case, lim, | a(ex) = a(0), and hence, the limiting problem is
regular if a(0) > 0. Our problem here is of another nature. As it will become apparent later, once having read
the proofs of the main results of this paper, assumptions (Hm), (Ha) and (Hb) are optimal for their validity as
they stand.
Under these general assumptions, a.(x) + bs(x) > 0 for all x € Q and ¢ € (0, 1], and hence, for every

€ € (0, 1], problem (1.1) admits a unique positive solution, denoted by 6, in this paper, ifand only if A > /1113 Q)
(see, e.g., Fraile et al. [15] and Aleja, Antén and Lopez-Gémez [1]), where )l]f (Q) > 0 stands for the maximal
non-negative principal eigenvalue of the weighted eigenvalue problem

(1.3)

-Au =Am(x)u inQ,
Bu=0 on 0Q.

It is well known that AY(Q) = 0, whereas A¥(Q) > 0 if either Ty # @, or Ty = @ but y > 0 (see [21, Section 1]).
According to this notation, for any given subdomain Q of class C* of Q, )l? (Q) stands for the principal eigen-
value of 5
-Au=Am(x)u inQ,
u=0 on 0Q.

Their existence goes back to Hess and Kato [19] and Brown and Lin [7] and can be derived, very easily, from
the general theory of [26, Chapter 9].

The main goal of this paper is to analyze how the sharp behavior of 8, as € | 0 depends on the several
possible relations between the exponents a > 0 and f > 0, which will provide us with each of the shadow
limiting problems of (1.1) as € | 0. In all cases, the sharp asymptotic profiles of 8, as € | 0 are regulated by
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either the positive solutions, or the minimal metasolutions in Q \ Qo, of a semilinear elliptic boundary value
problem of the form
—Au=Am(X)u - c)uP(x) =0 inQ,
(x) (0uP(x) (1.4)
Bu=0 onoQ,

where the concrete value of ¢ € {a, b, a + b} is determined by the values of @ and f; the precise concept of
metasolution has been discussed in the monograph [27]. Note that (1.4) is non-degenerate, unless ¢ = a and
Qo # 0, because we are assuming that b(x) > 0 for all x € Q and a + b > b. Throughout this paper, for every
c € C¥(Q), ¢ 2 0, we will denote by U, the unique positive solution of (1.4) if it exists. According to Fraile
etal. [15], U, exists if and only if A > Af(Q) unless ¢ = a and Qg # 0. In the degenerate case when ¢ = a and
Qo # 0, problem (1.4) possesses a positive solution if and only if

Q) <1< 22Qo). (1.5)

Moreover, it is unique if it exists (see Fraile et al. [15] and Aleja, Antén and Lopez-Gémez [1]). By adopting
the notation A? (Qo) = +o0if Qg = 0, (1.5) characterizes the existence of a positive solution in all these cases.
This convention is consistent with the property that

lim A2(Q) = +o0,

12110
where |Q| stands for the Lebesgue measure of Q, which can be easily derived from the iso-perimetric inequal-
ity of Faber [14] and Krahn [20] (see [22, Theorem 5.1]).

The dynamics of the positive solutions of the parabolic counterpart of (1.4) are governed by the maxi-
mal non-negative solution of (1.4) if ¢ € {b, a + b}, or ¢ = a with Qg empty, but it is regulated by its minimal
positive metasolution when ¢ = a, Qo is non-empty and A > /\? (Qop). Thus, if the coefficient a(x) has a spa-
tial degeneracy in Qo, i.e., Qg # 0, then the asymptotic behavior of the positive solutions to problem (1.1)
can be quite different from the behavior of the classical perturbation problem when a(x) admits no spatial
degeneracy.

The analysis of these degenerate problems goes back to Brézis and Oswald [6], by means of variational
techniques, Ouyang [32], through global continuation, and Fraile et al. [15], where the method of sub and
supersolutions was incorporated to the theory of singular problems, and the problem of the dynamics of the
parabolic counterparts of these degenerate elliptic models was addressed by the first time. Then, based on
[15], the theory advanced very quickly with Garcia-Melian et al. [16], Gomez-Refiasco and Lopez-Gémez [17],
and Du and Huang [13] (see [27] for further information).

The spatial degeneracy makes a fundamental change on the behavior of the positive solutions of (1.4)
when ¢ = a and Qg # 0 (see, e.g., Lopez-Gémez [23] and Du [12] for the simplest case when m = 1). Assume
that m is sufficiently smooth in Qo with m(x) > 0 for all x € 0Q¢ and m > 0 in Q. Then, by a recent result of
the authors [21, Theorem 1.1], U, satisfies

lim U, =

+oo  uniformlyin Qo,
AP (Q0)

L™n in O\ Qo,
where L™" stands for the minimal positive solution of the singular problem
~Au = A2(Qo)ym(x)u - a(x)uP (x) inQ\ Qo,
Bu=0 on 0Q, (1.6)
U=+00 on 0Q.
The existence of L™ for (1.6) was established by [21, Theorem 2.1]. The “blow-up” of U, in Qg asA | /1{’ (Qop)
appears due to the spatial degeneracy of a(x) in Q.
On the other hand, if c = a = 0 in Q, then (1.4) reduces to the linear eigenvalue problem (1.3). In this

case, the sharp changes of the positive solutions between the nonlinear problem (1.4) with ¢ = a and the
linear problem (1.3) have been investigated by Sun in [33], where it was established that, whenever a > 0,

lifg Uq, = +oo locally uniformly in Q.
&
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These two basic results tell us that the “blow-up” phenomenon occurs when either a(x) exhibits some degen-
eration or the whole nonlinear problem degenerates to the linear one. At the end of the day, the second
situation is a limiting case of the former one when Qg T Q. Our interest in analyzing those sharp changes
explains why we have chosen the perturbed model (1.1), where a > 0 is the quenching speed of the nonlinear
function and B > 0 is the speed of the spatial degeneracy.

Problem (1.4) is a basic semilinear elliptic boundary value problem used in the study of a variety of phe-
nomena in the applied sciences (see, e.g., [3, 5, 6, 10, 15,17, 18, 21, 28, 32]). It is also the most paradigmatic
model in population dynamics, the diffusive logistic model (2, 4, 9, 11, 13, 17, 23, 29, 31]. In this context,
Q is the region inhabited by the population with species density u, Am(x) measures the birth or death rates
in a heterogenous environment, according to whether it is positive or negative, and c(x) measures the car-
rying capacity of Q, i.e., the capacity of Q to support the species u(x). From a biological point of view, the
region {x € Q : m(x) > 0} acts like a source for u, whereas {x € Q : m(x) < 0} can be thought as a sink. The
case when the growth function m(x) changes sign seems to be far more interesting from the point of view
of the applications than the case when m(x) is everywhere positive, besides much harder to deal with from
a mathematical point of view. Under the above assumptions, the semilinear problems (1.4) was well studied
(see |1, 15, 18, 21, 29, 31] and the references therein).

We now deliver the main results of this paper. The first one provides us with the sharp profile of 8, as
e | Owhen a = 8 > 0. It can be stated as follows.

Theorem 1.1. Suppose (Hm), (Ha) and (Hb), witha = B > 0, and A > Alf (Q). Then

lim(e7°76;) = Uqsp  uniformly in Q. (1.7)
el0+

In particular, limg|o 6, = Ugyp uniformly in Q if a = 0, while limg o 6, = +oo locally uniformly in Q if a > 0,
which covers the result of Sun [33], because lim¢|o(a, + be) = 0 in Q if @ = > 0. Moreover, by (1.7), when
a = B > 0, the positive solutions of (1.1) have a blow-up rate £ 7T because 0, ~ grT Ugspase | O.

Our second result provides us with the sharp profile of . ase | O whena > 8 > 0.

Theorem 1.2. Suppose (Hm), (Ha) and (Hb), witha > B > 0, and A > )l? (Q). Then
lim (81% 0:) = Up uniformly in Q. (1.8)
£l0+

In particular, limg|o 6 = U uniformly in Q if B = 0, while lim, 10 8¢ = +0o locally uniformly in Q if > 0.
Moreover, when a > 8 > 0, the positive solutions of (1.1) have a blow-up rate £ 7T because, due to (1.8),

B
0. ~e 71U, ase]O0.

The most intriguing case arises when § > a > 0, where the asymptotic profiles of 6, as € | 0 make a sharp
change with respect to the previous ones. Our main result in this case can be stated as follows. We are denoting
by r: N — N U {0} the function defined by r(1) = 0, r(2) = r(3) = r(4) = r(5) = 1, and, for every n > 2,

rtan-2)=r(4n-1)=r(4n)=r4n+1) =r(4(n-1)) + 2.
It was introduced by the authors in [21].

Theorem 1.3. Suppose (Hm), (Ha) and (Hb), with B> a >0, m >0 in Qo, m(x) > 0 for all x € 0Qop, and
m e C'™(Qq), where N is the spatial dimension. Then
(a) whenA3(Q) < A < AP(Qo),

lgilr{)l(sﬂ% 0.) = U, uniformly in Q. (1.9)

(b) When A > A2(Qo),
lsifg(sﬁ 0¢) = +oo  uniformly in Qo. (1.10)

Moreover, for every sequence {€p}n>1, Withlim,_,«, €n = O, there exists a subsequence of {0, }n>1, relabeled
in the same way, such that

a_

lim (¢;70,,)=L inQ\Qo, (1.11)
n—oo
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where L is a positive solution of the singular problem

—Au=Amu-au? inQ\Qo,

Bu=0 on oQ, (1.12)
U =+00 on 0Qo.
Furthermore, if, in addition,
a _
lim == =0 uniformly in Qo, (1.13)
el0 gﬁ

ag + b, > €%a for sufficiently small € > 0, and the minimal positive solution L™ of problem (1.12) satisfies
L™ e 12P(Q\ Qo), then L = L™" and

B -
lilr{)l(sﬁ 0¢) = Up,q, uniformlyin Qo, (1.14)
£

where Uy, q, stands for the unique positive solution of

{—Au =Amu-bu? inQo, (1.15)

u=0 on 0Qp.

Note that (1.14) provides us with the exact blow-up rate of 6, in Qg as € | 0. More precisely, according to
(1.11),
O~ 1L™M in O\ Qy ase O,

whereas, thanks to (1.14),
__B . =
0. ~e 7 1Upq, inQp ase]O.

Thus, 6, has two different blow-up ratesin Qas e | 0if > a > 0.

Unless the singular problem (1.12) admits a unique positive solution, or a. + b, > €%a for sufficiently
small € > 0, one cannot guarantee that, along two different subsequences of 6., the same positive solution of
(1.12) will be approximated. In general, the limit might depend on the decay of a. + b, to O as € | 0. Some
very general conditions on a(x) near 0Qg so that (1.12) can admit a unique large positive solution were given
in [24, 25, 30] as well as in the references therein. According to [24, Theorem 1.1], this occurs, e.g., when
there are two continuous functions E, C: 0Qy — (0, co) such that, for every xg € 0Qo,

lim akx)
xeQ\Qo [dist(x, 9Qq)]EX0)

X—Xo

= C(xo), (1.16)

though a(x) can decay to zero on 0Q, with rather general rates (see [25] for further information). Moreover,
under condition (1.16), the unique positive solution L of (1.12) satisfies, for every xo € 0Qo,

E(xg)+2

+ 1)]p%1 [dist(x, 9Q0)]~ 7

1 E(xg)+2 (E(xo) +2

L=t p-1 \p-1

when x € Q \ Q¢ approximates xq. Thus, in the special but important case when the decay rate of a(x) to
zero on 0Qg, measured by E, is constant on 0Qo, i.e., there exists a constant g > 0 such that E(xo) = g for all
Xo € 0Qo, then L € L2 (Q \ Qo) if and only if

j [dist(x, 0Q0)] ¥ dx < +oo. (1.17)
Q\Qo
It is folklore that (1.17) holds true if and only if N > 2p Zl_i. Therefore, in this case, all the assumptions of the
last part of Theorem 1.3 are satisfied for sufficiently large N > 1. The challenge of analyzing whether or not
the assumption L € L??(Q \ Qo) can be removed from the statement of Theorem 1.3 remains an open problem
in this paper.
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Finally, note that, as soon as 8 > a > 0, one has that

a a
_g = ga_ﬁ_s
b g4

with & — B < 0. Thus, (Ha) and (1.13) entail that

.. a A
lim—==a=0 inQo
el0 &%

at a rate higher than e#-4,

The rest of this paper is organized as follows. Section 2 delivers the proof of a general comparison result,
Lemma 2.1, which is used throughout this paper, Section 3 gives the proofs of Theorems 1.1 and 1.2, and
Section 4 consists of the proof of Theorem 1.3.

2 A Useful Comparison Result

This section studies an extremely useful comparison result, whose proof will be delivered by the sake of
completeness.

Lemma 2.1. Let c > O be a function of class C*(Q) such that problem (1.4) possesses a positive solution U, nec-
essarily unique by, e.g., [1, Theorem 3.1]. Then, for every positive strict subsolution u of (1.4) such that u(x) > 0
forallx € Q, one has that U. — u > 0 in the sense that U.(x) — u(x) > O forallx € Q, and 9,(U. — u)(x) < O for
all x € 0Q such that u(x) = Uy(x). Similarly, for every positive strict supersolution u of (1.4) such that ti(x) > 0
for all x € Q, one has that ii — U; > 0.

Proof. Since U, is a positive solution of (1.4), we have that

(A +cUP™' - Am)U. =0 inQ,
Bu=0 onoQ.

Thus, according to [26, Theorem 7.7],
o1[-A+cUP™ —Am; B, Q] = 0. (2.1)
Let u be a positive strict subsolution of (1.4). By definition,

—Au < Am(xX)u - c(x)u? inQ,
Bu<O0 on 0Q,

with some of these inequalities strict. Thus,
B(U.-u)>0 onoQ, (2.2)
and

1
~A(U¢ - u) 2 Am(Uc - u) - c¢(UE - uP) = Am(U, - u) - pc J(tUc +(1- )P dt (Ue - w),
0

with some of these inequalities strict. Equivalently,
(-A+V-Am)(U.-u)=0 inQ, (2.3)
where

1
V =pc J(tUC +(1-tu)P !t at.
0
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Since u(x) > 0 for all x € Q and ¢ > 0, it becomes apparent that
1
p J(tUc(x) +(1-tu))Ptdt> U (x) forallx e Q,
0

and hence, V > ch LinQ. Consequently, by [8, Proposition 3.3], we find that
01[-A+ V- Am;B, Q] > 01[-A + cUP ™ = Am; B, Q] = 0.

Therefore, since either (2.2) or (2.3) is strict, we can conclude from [26, Theorem 7.10] that U, — u > 0.
The second assertion can be easily accomplished by adapting the previous argument. So we will omit
any further technical details herein. O

3 Proof of Theorems 1.1 and 1.2

The proof of these theorems relies on the next (regular) perturbation result.
Theorem 3.1. Suppose (Hm) and c. € C*(Q), € € [0, 1], satisfies co(x) > O for all x € Qmega and

liP(;l ce = Cco uniformly in Q. (3.1)
£

Then
1il18 Ue, = Ue, uniformlyin Q. (3.2)
£

Proof. By (3.1), for every n > 0, there exists €9 = €o(n) such that
co-nN<ce<co+n forallee(0,¢p).
Hence, for every € € (0, &), we have that
AmU;, - (co + n)Ur, < AmU,, - ccUr. = AU, < AmU¢, - (co - n)U~..
Consequently, for every € € (0, &), U,, is a subsolution of

~Au = Amu - (co -nuP inQ,
Bu=0 on o0Q,

and, simultaneously, it is a supersolution of

—Au =Amu - (co+nuP inQ,
{ (co+1m) (3.3)

Bu=0 on 0Q.
Since co(x) > 0 for all x € Q, 17 > 0 can be shortened, if necessary, so that co(x) -1 > 0 for all x € Q. So
the positive solutions U, are well defined because we are assuming that A > Af(Q). Moreover, thanks to

Lemma 2.1, they satisfy
Ucoin < Ue, < Ugp-y inQ foralle € (0, £o).

Therefore, (3.2) holds true as soon as

li{g Ucon = Ue,  uniformly in Q, (3.4)
n

whose validity can be easily shown, e.g., by applying the implicit function theorem to the pair (1, u) = (0, Ug,)
viewed as a solution pair of, e.g., (3.3). Indeed, the solutions of (3.3) are given, e.g., by the zeroes of the
operator §: R x (311;” Q) - (?:;“ (Q) defined by

FEW=u—(-A+ 1) [(Am + Du—(co + OuP], (£, u) e Rx €5 (Q),
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where (-A + 1)1 stands for the resolvent operator of —A + 1 in Q subject to the boundary operator B, and
C;H(Q) = {u € €1*¥(Q) : Bu=00n 00Q}.
By definition, §(0, U,,) = 0. Moreover, since p > 1, § is of class ¢! and
DyF(0, Uy )u = u — (—A + 1)~ [(Am + 1)u — pcoU, Hu]

for all u € (211;“ (Q). Since it is a compact perturbation of the identity map, D,J(0, U,) is a Fredholm
operator of index zero. Thus, it is an isomorphism if ker D, §(0, U,) = [0]. On the contrary, assume that
D,$(0, Ugy)u = 0 for some u € (‘3;”((_2), u # 0. Then, by elliptic regularity, u € (‘3?“(@) and

(-A +pcoU‘?0_1 -Amu=0 inQ.
Thus, o1[-A + pco Ufo_l - Am; B, Q] < 0. Hence, by [8, Proposition 3.3],
0> 01[-A+pcoUl " —Am; B, Q] > 04[-A + coUP, — Am; B, Q],

which contradicts (2.1) and shows that D, §(0, U,,) indeed establishes an isomorphism. Therefore, by the
implicit function theorem, there exist o > 0 and a map of class CL u: (=10, o) — G;“ (Q), such that
u(0) = U, and §(n, u(n)) = O for all € (-no, no). Since U, > 0, it is apparent that u(n) > 0 for sufficiently
small n. Consequently, by the uniqueness of the positive solution, we find that u(n) = Uc,+,. By the continuity
of u(n), this shows (3.4) and ends the proof. O

3.1 Proof of Theorem 1.1

Suppose that a = § = 0. Then lim;|o(as + be) = a + b uniformly in Q, and hence, Theorem 1.1 is a direct
consequence of Theorem 3.1.
Suppose that & = 8 > 0. Then the positive function w, = £7-1 8, solves the problem

—Av = Am(x)v - (E + &>vp inQ,
ex ga
Bv=0 on 0Q.

Thus, since

hﬁ}(% + %) =a+b uniformlyinQ,
&

we can infer from Theorem 3.1 that lim,|o we = Ug+p. The proof is complete.

3.2 Proof of Theorem 1.2

Suppose that a > = 0. Then limgo(a; + be) = b uniformly in Q, and, also in this case, Theorem 1.2 follows
as a direct consequence of Theorem 3.1. ,
Suppose that a > 8 > 0. Then the positive function w, = £7-1 8, solves the problem
be

—Av = Am(x)v - (& + —)vp inQ,
P

Bv=0 on 0Q.

Since a > B, it follows from (Ha) and (Hb) that

im(% 1 2) < ime A% 4 2y uitormiyin
E£<£ﬁ+gﬂ —lglﬂ)l(s £a+£ﬂ)—b uniformly in Q.

Therefore, also by Theorem 3.1, lim¢|o w, = Ujp, which ends the proof of Theorem 1.2.
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4 Proof of Theorem 1.3

As Theorem 1.3 is a very deep result, its proof is substantially more sophisticated than the proofs of Theo-
rems 1.1 and 1.2. We will divide it into four steps.

Step 1: Proof of (1.9) for B > a = 0 and A5(Q) < A < 22(Qo). Suppose B > a = 0. Then, by (Ha) and (Hb),
lilrg(a‘g +b;) =a uniformlyin Q. (4.1)
&
Suppose, in addition, that A2(Q) < A < A2(Qo). By [21, Theorem 1.2], the positive solution U, is well defined
and it is unique. Note that, in case a = 0, (1.9) simplifies to
lifl(‘)l 0. = U, uniformlyin Q. (4.2)
&€
By (4.1), we obtain that, for sufficiently small € > 0, a, < a¢ + b < a(x) + 1 for all x € Q. Subsequently, we
will assume that € has been chosen in this way. Then
Amé; — (a + 1)6% < Am6, - (a. + bs)8° = —AB; < Am0, — a6

and hence, by Lemma 2.1,
Ua+1 < 05 < Uas in Q. (4.3)

Subsequently, for sufficiently small § > 0, we consider the open subset of Q defined by
Qs = {x € Q : dist(x, Qo) < 6}.

By construction, Q¢ ¢ Qs and, since m > 0 in Qg for sufficiently small § > 0, using the general theory of
[26, Chapter 9], it is apparent that § can be shortened so that

A < A2(Qs) < AD(Qo). (4.4)

Pick any function ds € €#(Q) such that a;'(0) = Q5 and ds(x) < a(x) for all x € Q \ Q. Then, since a; — a
as ¢ | 0 uniformly in Q and a.(x) > 0 for all x € Q, one has that ds < a. for sufficiently small € > 0. Thus,

~AUq, = AmU,, - a.Uh, < AmU,, - asUb,

and hence, by Lemma 2.1, we find that U,, < Ug, for sufficiently small € > 0. Therefore, by (4.3), we can infer
that
Ugi1 < 0: < Ug, inQ. (4.5)

For sufficiently small € > 0O, &, satisfies the integral equation

0 =(-A+ 1)71[(}“'” +1)0; - (a. + be)eg]
=(-A+ 1) [(Am +1)0; — ab%] + (<A + 1) [(a - as — be)6?]. (4.6)

Moreover, by (4.1), we have that
lilrg(—A + 1) M(a-ae-be)02] =0 in C*H(Q).
&
Thus, by the compactness of the resolvent operator, it follows from (4.5) that there exists a sequence {€,}n>1,

with limp_,e €n = 0, such that lim,_,o0 0, = 60 € CZ*#(Q). Particularizing (4.6) at € = £, and letting n — co
yields to O = (<A + 1) [(Am + 1) — a9’0’], i.e., Oy solves the problem

—Au = Am(x)u —a(x)uP(x) inQ,
Bu=0 on 0Q.

Moreover, by (4.5), 8y > 0. Therefore, by uniqueness, 6y = U,. As this argument can be repeated along any
sequence of €’s converging to zero, (4.2) holds.
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Step 2: Proof of (1.10) and (1.11)for > a=0and A > A?(Qo). Assume thatf > a =0and A > A?(Qo). Asin
Step 1, (4.1) holds. Pick a sufficiently small 6§ > 0 such that m > 0 in Q. Since 6.(x) > O forall x € 9Qs c Q,
0. provides us with a positive strict supersolution of the boundary value problem

{—Au =Am(X)u - (ag + be)uP?  in Qs, .7)

u=0 on 0Qs.

According to (4.4), we have that A > /1117(00) > /111)(95). Moreovet, a.(x) + be(x) > 0 for all x € Q5. Thus, (4.7)
admits a unique positive solution, denoted by 0|, s (see, e.g., [1] if necessary). By Lemma 2.1,

One5) < 0 inQs. (4.8)

Similarly, since m > 0 in Qs, for sufficiently small > 0, the function 6|, s provides us with a positive
supersolution of

—Au = A2(Qo) - nm(x)u - (ac + be)u?  in Qs, (.9)
u=0 on 0Qs. '
Hence, again by Lemma 2.1, it follows from (4.8) that
Q[A?(QO),n,g,g] <0Oipe8 <0 inQs. (4.10)

As for sufficiently small 7 > O we have that /1’13((2) < /\lf (Qo)—-n< /111) (Qo), applying the result already proven
in Step 1 to problem (4.9), it is apparent that

Efg 0112 (Q0)-n,e,61 = A2 (Q0)-n,a,615

where 0(32(q,)-n,a,5) denotes the unique positive solution of
~Au = (A2(Qo) - n)m()u — au? in Qs,
u=0 on 0Qs.

Consequently, letting € | 0 in (4.10), we obtain that, for sufficiently small n,

9[/1117(00)_,1"1’5] < llrgll%)nf 98 in Qg. (4.11)

Since under the general assumptions of Theorem 3.1, [21, Theorem 1.1] implies that

. _ . oA -1
lrﬂlg B[A?(QO),n’a,é] =+0o uniformlyin Qy = a(0), (4.12)

letting n | 0 in (4.11), we can conclude from (4.12) that liminf;|¢ 6 = +co uniformly in Qo. This ends the
proof of (1.10) for a = 0.

It remains to prove the second assertion of part (b) for a = 0. By (Ha) and (Hb), there exists 6y > 0 such
that, for every § € (0, 8o), there are gy = £09(6) > 0 and 1o = 170(8) > 0 such that

ac+be>a-n>mina-n>0 inDs=Q\ Qs
0\Qs

forall € € (0, g9) and 1 € (0, no). Thus, thanks to Lemma 2.1,

0, < Lﬁln_ir,;’Dﬁ inDs=Q\ Qs foreverye e (0, &), (4.13)

where Lglj‘,; p, Stands for the minimal positive solution of the singular problem
-Au = Amu - (a - n)uP(x) in Ds,
Bu=0 on 0Q,

U =+00 on 0Qs.
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Observe that 0Ds = 0Q U 0Qs. Now, we consider a decreasing sequence of §’s, {6,}n>1, With §; < 8¢, such
that lim,_,o, 6,, = 0. Then, for every n > 1,

Ds, ¢ Ds,,, < Q\Qo, Q\Qo= ] Ds,.

mz=n

Moreover, for every n > 1, € € (0, £9(6,)) and 1 € (0, 179(8y)), it follows from (4.13) that

0 < L™ p, inDs, =0Q\Qs,. (4.14)

Pick a sequence {€,;}m>1 of €’s such that lim,;_,o, €m = 0, as well as an integer n > 1. Then, thanks to (4.14),

for sufficiently large m > 1, say m > mo(n), we have that 6, < L;n_izo( 5112)/2.D5 in Dg,,. In particular, there
n+. 2 0n+2

exists a constant C,,1 > 0 such that

min :
Oen < LaZny(6u2)/2.Ds,,, < Cnvt 0 Ds

n+1*
Thus, by the global Schauder estimates, there exists a constant C,, such that
”05,” "GZH‘(D_gn) < Cn for all m > mo(n).

Consequently, as the injection (i’zﬂ‘(Dgn) — GZ(D5n) is compact, there exists a subsequence of 8, , denoted
by {Om,n}m=1, and a function 6, € C?(Ds,) such that

lim Oy, =0, inC*(Ds,).
m—oo

As this scheme can be repeated for every integer n > 1, we can extract a subsequence of 6., , denoted by
{Om,1}m>1, such that

lim 6,1 = ©; inC*(Ds,),

m—o00

and a subsequence of {0,,1}m>1, denoted by {02} m>1, such that
lim O, =0, inC*(Ds,),
m—oo
and, more generally, for every n > 2, a subsequence of {0, n-1}m>1, denoted by {0,n}m>1, such that
lim Oy, = ©, in€%*(Ds,),
m—00
where 0, € GZ(D;;H) for all n > 1. By the uniqueness of the limits,
(E),,Jrllﬁlsn =0, foralln=>1.

So ©,,1 provides us with an extension of ®, to D, , for all n > 1. Moreover, by (4.1), letting m — oo in the
differential equation of 6,,,,, it becomes apparent that, for every n > 1, the function 0, solves the problem
—Au = Am(x)u — auP(x) in Ds,,
Bu=0 on 0Q.

Furthermore, since lim,_,, 6, = 0, it follows from (4.10) that the diagonal subsequence, {0y, n}n>1, cOnverges
to a large solution of the singular problem (1.12). This ends the proof of (1.11) for a = 0.

Step 3: Proof of (1.9)-(1.11) for B > a > 0. Suppose B > a > 0. In this case, the function w, = gr 1 0. solves
the problem
—Aw = Am(x)w - (ﬁ + E)wp in Q,
ex  ga
Bw=0 on 0Q.

Since 8 > a, (Ha) and (Hb) imply that

lim(% + E) =a+ lim<eﬁ‘“&) =qa uniformlyin Q.

elo\ex  ga €l0 eB

Therefore, (1.9), (1.10) and (1.11) follow easily by applying Steps 1 and 2 to we.
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pa B
Step 4: Proof of (1.14) for B > o > 0. Set 9, = er T w, = €71 6,. Then I, satisfies

B a. b .
—ASg—Am88—<g—ﬁ+€—p)3€ inQ, (4.15)
B3, =0 on 0Q.
According to (Ha), (Hb) and (1.13), we have that
inQ\Q
1im<ﬁ + E) _ lim(s“’ﬁ%> spo {0 MO Qo,
elo\eB B €l0 &x b in Qo.
Setn := % ming b € (0, ming b), and let &9 € (0, 1) be such that
& >b-n foralle e (0,¢gp).
B
Then
a. bg
Ce=—F+—2=2b-n foralle € (0,¢p),
B B
and it follows from (4.15) that
A9 = Am3; — ¢ < AmY, - (b - n)9~.
Thus, by Lemma 2.1, it is apparent that
e <Upy inQ foralle e (0, &). (4.16)

In particular, {9¢}ec(0,¢0) is bounded in L (Q). Moreover, multiplying the differential equation of (4.15) by 9,
and integrating by parts in Q yields to

I|vl9g|2 dx + I Y92 ds + j e dx = 2 j m9? dx. (4.17)

Q Iy Q Q

Thus, since y > 0 on T and ¢, > 0 in Q, it follows from (4.17) that {9;}z¢(0,¢,) is bounded in W12(Q). As the
injection W2(Q) — L?(Q) is compact, for any given sequence &, € (0, &), n = 1, such that lim,_,o, &y = 0,
one can extract a subsequence, relabeled by n > 1, such that, for some 9o € L?(Q), limp_,c0 9¢, = 9o in L?(Q).
Moreover, by (4.16) and (4.17), we also find that

J S ot dx < J ce, 0 dx < A j m8? dx < Amaxm J Uz, dx.
0\0o €n Q Q !

Hence, there is a constant C > 0 such that

J Z‘; 9 dx<C foralln> 1. (4.18)
ag
Consequently, since > 0 and
lim ‘;” = +oco pointwisein Q \ Qo,

n—.,oo
&n

it follows from (4.18) that
nlLrgo 8¢, =0 almost everywhere in Q \ Qo.

Thus, by the uniqueness of the limit, 99 = 0 in Q \ Qo. To complete the proof, it remains to show that
9o = Up,q, in Qp, where Uy o, stands for the unique positive solution of (1.15). This can be proven with
the following argument.

Note that, by the definition of 9, we have that

(B-a)p B-a ae

71, D p-ari b
Csn'9€,, =Ce€n  We, = Cg&p We, =

(4.19)
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Thus, since

. g, + Db . be, p-a
hm%za+hm< e
n—oco s n—oco Sﬁ

uniformly in Q and, owing to (1.11), we already know that limy_,c, we, = L in Q \ Qo, it becomes apparent
that

—a

e, ~alPel’ asn— oo.

o

N

In particular,
nlLH(}O (ce, .9‘?”) =0 uniformly in compact subsets of (Q U 0Q) \ Q.

This nice convergence is lost at 0Q( because L = co on 0Qg. This technical difficulty is overcome with the
integrability condition L™™ e L2P(Q \ 0Qo) and the assumption that

ag; +be > e%a for sufficiently small € > 0. (4.20)

Next, we will show that {9, }>1 is actually a Cauchy sequence in W12(Q). This entails that 9o € W2(Q) and
thatlim,_,c 9, = 9o in W12(Q). Actually, since 9o = 0in Q \ Qo, it becomes apparent that 9o € Wé’z(Q \ Qs)
for sufficiently small 8, say 6 < 8o, where we are denoting Qs = {x € Q : dist(x, Qp) < 6}. Thus, since Qg is
stable, as discussed, e.g., in [8], we find that

e [ Wo*(Q\Qs) = Wy(Q\ Qo).
6€(0,80)

To prove that {9, }n>1 is a Cauchy sequence in W'-2(Q), we argue as usual. By some direct straightforward
manipulations from (4.15), it is easily seen that, for every pair of integers, n > 1 and € > 1,

stsn V9, Pdx<A J m(9s, - 95,)? dx + J ce, 9219, — 96| dx
Q Q Q
N J Ce, 9196, — 9¢,| dx - J Y(9%, - 9,)? do.
Q Iy

Thus, since y > 0 on I';, we find that
Jwag" V9., dx < Amaxm I(sge ~9,.) dx
Q
Q Q

+ J Ce, 92196, — 9,1 dx + J Ce, 9 196, — 9, | dx. (4.21)
Q Q

To estimate the right-hand side of (4.21), we proceed as follows. By (4.20), there exists &1 € (0, £9) such that,
for every € € (0, 1), (4.20) implies that

~Aw, = Amw, - <% L

: —a)a)g < Amwg - aw?
g« ¢

forall € € (0, £1). Thus, by Lemma 2.1, it becomes apparent that
we < L™ inQ\ Q (4.22)

for all € € (0, £1). In particular, by (1.11), we find that L = L™" because L™ < L by definition of minimal
solution. By the Holder inequality,

1
j Ce, 9 196, — 9, dx < (j 2,82 dx)" 19, - e lraco- (4.23)
Q Q

Moreover,
2920 g, _ 2 g2p 2 g2p
JCEHBg" dx = j e, 9, dx + J ce, 9g, dx.

Q O\Qo Qo
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According to (4.19) and (4.22), there exists a constant C > O such that

2 e =2 ae, +be, 2 e i

J c2 9P dx = ¢e,” J e dx<e," C I (L™M)2P gx.
n n Sg n

0\Qo Q\Qo 0\Qo

Hence, since L™ € L2P(Q \ 0Qy), we find that
. 2
lim I cz 9P dx =o0.
Q\Qo

On the other hand, as, due to (1.13),
limce = b uniformlyin Qo,
€l0

by (4.16), we find that, for sufficiently large n > 1,

J Cﬁnf)g‘f dx < I(b + n)zUifn dx<C
Qo Q0

for some constant C > 0. Therefore, by (4.23), there exists a constant C > 0 such that

[ cc,82,19¢, - 8eil dx < €185, - ez

Q
By symmetry,

[ ccid2.18:, = 8eldx < €185, - o

Q
From these estimates, it readily follows that 9, is a Cauchy sequence in WT2(Qo). The fact that 9y provides
us with a weak non-negative solution of (1.15) is routine from the weak formulation of the 9, -problem by

letting n — oco. To show that 9y > 0, we can use the following argument. Since, for every n > 1, 9¢,(x) > 0
for all x € 0Qy, it becomes apparent that 9, is a positive supersolution of the problem

_ ag, ben P
Av = Amv <eﬁ + o )v in Qp, (4.24)
v=0 on 0Qg.
Thus, by Lemma 2.1, we have that, for everyn > 1,
9e, 2 Ve, inQo, (4.25)

where v,, denotes the unique positive solution of (4.24). On the other hand, by our assumptions of the weight
functions a, and b, and, in particular, by (1.13) and (Hb), we have that
( a. bg

&, _) = b uniformly in Q.

lim R

el0

Consequently, according to Theorem 1.1, it is apparent that
Aim ve, = U0,

where Up,q, stands for the (unique) positive solution of (1.15). Therefore, letting n — co in (4.25) yields
to 9o > Up,q,. Actually, by the uniqueness of the weak positive solution, we have that 9o = Up,q,. As this
argument can be repeated along any sequence {€,},>1, the proof of Theorem 1.3 is completed.
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