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Quantum steering has attracted increasing research attention because of its fundamental importance,
as well as its applications in quantum information science. Here we leverage the power of the deep
learning model to infer the steerability of quantum states with specific numbers of measurement
settings, which form a hierarchical structure. A computational protocol consisting of iterative tests is
constructed to overcome the optimization, meanwhile, generating the necessary training data.
According to the responses of the well-trained models to the different physics-driven features
encoding the states to be recognized, we can numerically conclude that the most compact
characterization of the Alice-to-Bob steerability is Alice’s regularly aligned steering ellipsoid; whereas
Bob’s ellipsoid is irrelevant. We have also provided an explanation to this result with the one-way
stochastic local operations and classical communication. Additionally, our approach is versatile in
revealing further insights into the hierarchical structure of quantum steering and detecting the hidden

steerability.

The quantum correlations between spatially separated parties are widely
acknowledged as a nontrivial resource showing advantages over the classical
counterparts for quantum foundations and quantum information'™.
Among the family of quantum correlations, Bell nonlocality” is arguably the
most famous one due to the historical debate of Einstein-Podolsky-Rosen
paradox’. A nonlocal state can be certified by the violation of Bell’s
inequality’, and can be explicitly applied to the fully device-independent
quantum information tasks®"*.

Apart from the fully device-independent scenario, the constraints can
be relaxed to the one-side device-independent quantum information
tasks'™"*, in which one of the two-party system (say Bob) is steered by the
other party’s (say Alice) untrusted measurements. In this Alice-to-Bob
steering scenario, one relies on a steerable correlation, also referred to
steerable assemblage, as a resource to achieve quantum advantages over an
unsteerable assemblage admitting the local-hidden-state (LHS) models™*"*.
Such a quantum resource requires a steerable state with an incompatible
measurement" ™' such that the generated assemblage is incompatible with
the LHS models.

There have been many approaches to test the incompatibility of a given
assemblage with respect to the LHS models”™; in contrast, to verify the
steerability of a quantum state remains a cumbersome task. To that aim, one
has to optimize over all possible incompatible measurements, e.g., (1) the
number 7 of observables and (2) which observables to be measured on a

given state. With this construction, the classification of quantum states
according to the minimal number n of required observables to exhibit the
steerability forms a hierarchy, which we refer to as the hierarchy of steering
measurement settings.

There are some attempts to tackle this difficulty by deriving feasible
criteria. For example, the criterion, derived by Bowles, Hirsch, Quintino, and
Brunner (BHQB)”, is a sufficient condition for verifying the qubit-pair
unsteerability. Furthermore, the maximal violation of the steering
inequality, derived by Cavalcanti, Jones, Wiseman, and Reid (CJWR)™, by a
qubit-pair state under 2 and 3 observables has been utilized as a quantifier of
qubit-pair steerablity’'. However, both conditions are not strong enough in
fully discriminating the (un)steerability of qubit-pair states. The explicitly
experimental examination of the insufficiency has been reported recently™.

On the other hand, inspired by the wide-spreading applications of
learning algorithms in quantum physics, e.g, quantum dynamics™ ™,
quantum computing’®”’, quantum chemistry’*™, and quantum
communication*"* (see also the recent reviews* ), the machine-learning
approach has also been applied to verify the quantum correlations'*™".
Although the idea of detecting the steerability of qubit-pair states with
machine learning has been implemented**’, their approach hardly reveals
the physical insights, e.g., the minimal number of required observables to
demonstrate steerability and characterization of the steerability of quantum
states, from the prediction.
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Here we leverage the power of the supervised deep learning algorithm
to infer the fine-grained hierarchy of steering measurement settings. Due to
the aforementioned insufficiency of the theoretical criteria, to exactly verify
this hierarchy for quantum states is difficult, rendering the actual boundaries
of the hierarchy undetermined. Such a problem without ground truth (GT),
or hard to find out the ground truth, is called to be GT-deficient. This
hinders the generation of reliable training data, as well as the training of a
supervised deep learning algorithm.

To overcome this insufficiency, we construct a computational protocol
by iteratively testing the steerability of a given qubit-pair state with the
semidefinite program (SDP) under #n random observables, designating the
state to be n-measurement steerable (n-MS). This constitutes the necessary
data set for training a deep learning algorithm.

Physical intuition on the steerability allows us to reduce the parameters
encoding a qubit-pair state in the data set. From the counterintuitive
responses of the well-trained deep learning models to the physics-driven
parameters, we can acquire a compact, and precise, way for the character-
ization of steerability. Our results suggest that, in contrast to the entangle-
ment, the characterization of the steerability from Alice to Bob is
dominantly determined by Alice’s regularly aligned ellipsoid; whereas Bob’s
ellipsoid is irrelevant. Recall that Alice’s steering ellipsoid™ is defined to be
the set of all states that can be steered to from Bob, and vice versa. Com-
paring these operational definitions of quantum steering and the steering
ellipsoid, our results are seemingly counterintuitive. Therefore, we have also
provided an explanation with the one-way stochastic local operations and
classical communication (1W-SLOCC).

For a comprehensive visualization, we have also applied the well-
trained deep learning models to depict the hierarchy of two types of states
generalized from the Werner state. Our models are capable of identifying the
4-MS states, ie., the states requiring at least four observables to exhibit
steerability on Bob, with high precision. Currently, no theoretical criteria in
the literature are capable of efficiently determining the 4-MS states. Fur-
thermore, with a different way of parameterizing the qubit-pair states, our
models can also be applied to characterize hidden quantum steerability of
generalized Werner states, whereby an unsteerable state becomes steerable
after an 1W-SLOCC operation. Our results, on the one hand, unravel a new
direction in the characterization of steerability; on the other hand, these also
underpin the capability of the deep learning approaches to shed light on a
new route toward the physics remaining obscure, rather than merely being a
substitution of cumbersome computational tasks.

Results
Hierarchy of steering measurement settings
We first recall the notion of quantum steering. Consider two parties,
denoted as Alice and Bob, sharing an unknown quantum state p*®. Alice
performs a measurement, described by the projective measurement M,
satisfying M, M|, = 8, oM, Vx and >- ;M. = I, where x =0, ...,n —
land a=0,...,0— 1 represent the index of observables and outcomes of
measurements, respectively. With one-way classical communication, Bob
will obtain a set of (subnormalized) states, referred to as the assemblage
{Oat, o With 04, = Try[(M,, ® I 2)p™B], containing both classical
information of the probability p(a|x) = Tr(o,,) and Bob’s quantum
states pp, = g/ Tr(0,)-

An assemblage is defined to be unsteerable if it admits a classical
description of the local-hidden-state (LHS) model, namely,

alx

g = XA: pMplalx, Mpy, Y a, x )

where {p)} is a set of preexisting quantum states, p(A) is a probability
distribution, and p(alx, A) denotes the postprocessing of Alice under the
hidden variable A. For a given assemblage, deciding whether it admits an
LHS is a semidefinite program (SDP)"". Whenever feasible solutions of Eq.
(1) can be found, the given assemblage admits an LHS and, by definition, is
unsteerable; otherwise, steerable. The detailed constructions of the SDP can

be found in ref. . Although an assemblage is generated by a quantum state,
we stress that, it is the assemblage that conceived to be the intrinsic resource
in quantum steering, rather than a state”. Throughout this work, we only
consider the steerability from Alice to Bob, unless stated otherwise.

In contrast to the efficient verification of the steerability of an assem-
blage with an SDP, it becomes more difficult to verify the steerability of a
bipartite quantum state with a given number of measurement settings
#x = n. To this end, one has to test all possible incompatible measurements
with #x = n. More specifically, to determine the least number of observables
generating steerable assemblages, Alice must begin with iteratively testing
two random observables until she successfully steers Bob; otherwise, she will
measure one more observable if she concludes that she has no way to steer
Bob with two observables, and so on. If the state requires at least # obser-
vables from Alice to exhibit steerability on Bob, a quantum state is defined to
be n-measurement steerable (n-MS), namely

n-MS = {pAB|EIn eN> <V{0ﬂ‘x}a‘x§é LHS = #xZn) } 2)

The classification of states in terms of #-MS naturally forms a hier-
archical structure that we define as the hierarchy of steering measurement
settings. We remark that a similar issue has been raised in Bell nonlocality as
well’. Even for the simplest case (qubit-pair Werner state), the exact local
and nonlocal boundary is still vague™.

There are several feasible criteria in the literature discriminating the
(un)steerability of a qubit-pair p*® state. The BHQB criterion™ is a sufficient
condition for certifying the qubit-pair unsteerability; however, it is not
strong enough to detect all unsteerable states. Additionally, two criteria of 2-
and 3-MS are derived based on the CJWR steering inequality’*"". These 2-
and 3-MS criteria are hardly generalized to the cases for # > 4; moreover,
they have a limited performance in detecting all 2- and 3-MS states. This
insufficiency has been experimentally verified recently”’. A brief review of
these criteria is presented in Supplementary Note 1.

In light of the insufficiencies of aforementioned theoretical works™~', a
computable approach to determine the hierarchy is desirable. We propose
to leverage the compelling approach of supervised deep learning algorithms,
which are clever at extracting hidden patterns and relationships within a
huge amount of data.

Training data and SDP iteration

In training a supervised deep learning model, it is necessary to generate a
sufficient amount of labeled training data. Each training datum (f, I) consists
of the feature f = (f|,...,f;) € R of length k encoding the object to be
recognized and a label / € R indicating the ground truth (GT) associated
with the feature f. The goal of a deep learning model is to extract the
relationship between fand lamong the training data set {(f, )} and predict an
[ for an f " never seen to the model. However, the theoretical insufficiencies
discussed above prevent us from generating labeled training data efficiently,
rendering the problem GT-deficient.

To overcome the GT-deficiency, we construct a computational pro-
tocol (Fig. 1a) to generate the necessary labeled training data. The first stage
of the protocol is a pre-filter consisting of the positive partial transpose
(PPT)**® and the BHQB criteria, which are used to efficiently capture the
separable (SEP) and some unsteerable (UNS) states from the randomly
generated qubit-pair density matrices fed into the protocol. After passing
through the pre-filter, the states are entangled with indeterminate (IND)
steerability.

The next stage is a fine-grained iterative SDP test determining the
hierarchy. The detailed procedure is exemplified in Fig. 1b for the cases of 2-
and 3-MS. At each level of the hierarchy, the IND states will be iteratively
tested by the SDP under n randomly chosen observables x = % - & by
Alice, where i is a three-demensional unit vector. Then the states will be
designated a label /=n-MS once the protocol successfully detects the
steerability of the assemblage; otherwise, it will terminate after sufficiently
many failures and pass the IND states to the next level. Note that the iterative
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test will be repeated for sufficiently many times to implement the optimi-
zation on Alice. Further details and statistical analyses are presented in
Methods and Supplementary Note 2. Due to the limitation on our com-
putational resource, here we have worked out a maximal n = 4. To further
promote the capability of the deep learning model, the final stage is the
coarse-grained iteration, where a 12-MS over 100 iterations has been
worked out (Fig. 1a). For those fail in this stage, we can not assign a reliable
label. They are dropped without being appended to the training data.

Feature engineering

Before feeding into the deep learning model, it is vital to properly encode the
object to be recognized into a feature f = (f,,...,f},) € R* of length k.
Since feature engineering reflects how the model recognizes the object, it has
a significant influence on the behavior of the model. Generically, the
reduction of the feature length will facilitate promoting efficiency during the
training; nevertheless, this allows the model to acquire only limited infor-
mation on the object, leading to a reduced prediction accuracy.

Here we consider five types of feature of different lengths, which is
reduced based on the physical insights into quantum steering. In contrast to
the above generic intuition, we will see that the physics-driven reduction of
the feature length is helpful in improving prediction accuracy. This helps us
to extract informative parameters relevant to quantum steering and to
discover the physics behind the data. Further details are presented in
Methods.

Recall that, a qubit-pair state p"B ZU ii0; ® 0; can be fully
described by 0; = = Tr(p*%0; ® 0; ) where oy=1I;and o; denotes the three
Pauli operators Consequently, neglectrng the triviality ®go=1, p"*
encoded into a feature of length k = 15 consisting of ©;, denoted as General-
15. Moreover, the state can be transformed to PP =[I; ®
(%)~ Y 2Bl ® (pP) C12 1/2 through the one-way stochastic local
operations and classical communication (1W-SLOCC) on Bob, which
preserves the steerability from Alice to Bob®*"®. The denominator 2
denotes the success probability of the transformation. It is critical to note
that, since Bob’s local state of 5 is maximally mixed, we only need a feature
of length k = 12 to encode a qubit-pair state, denoted as SLOCC-12.

Additionally, a particularly inspiring technique studying quantum
correlations is the quantum steering ellipsoid™. Operationally, it is defined
as the set of all attainable local states generated by measurements from the
other side. For instance, if Alice performs all possible measurements, Bob’s
(normalized) local states in a Bloch sphere form an ellipsoid. In other words,
Bob’s steering ellipsoid contains all possible quantum states that Alice can

Density matrlces Pre-filter

steer to by her local measurements. This is reminiscent of the operational
definition of the Alice-to-Bob steerability discussed in the previous section
of Hierarchy of steering measurement settings. The mathematical
description of Bob’s ellipsoid requires a 3 x 3 symmetric matrix Qg and its
center ¢ 5 € R?, giving rise to a feature of length k = 9, which we designate
as ELLB-9; similarly, ELLA-9 for Alice. Furthermore, it has been pointed
out™ that both p** and p*® have the same Alice’s ellipsoid, underpinning the
adequacy of ELLA-9 in the characterization of quantum steering.

Generically, the ellipsoids are obliquely aligned. We can further rotate
the Bloch sphere such that the three semiaxes of Alices’s ellipsoid are reg-
ularly aligned with the computational bases by applying an appropriate local
unitary transformation on both sides. Note that the local unitary transfor-
mations preserve the steerability of a given quantum state. This corresponds
to the elimination of the information on the orientation of the ellipsoid by
diagonalizing Q,, leading to the most compact feature of length k=6,
denoted as LUTA-6. According to our findings below, here we merely
consider Alice’s regularly aligned ellipsoid.

Supervised deep learning model

The artificial neural network (ANN) is one of the most widely used learning
models. We have trained five ANN models, each of which is optimized for
one type of features accordingly. As schematically shown in Fig. 2, an ANN
consists of an input layer, multiple hidden layers, and an output layer. The
number of neurons in the input layer is the same as the feature length k. In
our constructions, the detailed structure of the hidden layers will be opti-
mized for each type of features. As the ANN models are trained to forecast
the five types of labels, the output layer is composed of five neurons followed
by the softmax function outputting the probability of each label. The most
probable prediction I can be determined accordingly. The weights {wfﬂj)}
connecting the neurons between layers are optimized with the conventional
backpropagation algorithm aiming at minimizing the loss function. And the
outputs of the neurons in the hidden layers are determined by an activation
function ReLU : y(™—>x{". Further details on the structure and imple-
mentation of the ANN models are presented in Supplementary Note 4.

Verification of the accuracy of the models

Now we proceed to verify the accuracy of the well-trained models. The
testing data of size 10,300 are also output from the protocol other than those
in the training data set. The details on the grouping of the generated data
into training and test sets are presented in Supplementary Note 3. It will
become clear that, from the responses of the models to the physics-driven
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Fig. 1 | Computational protocol generating the labeled training data. a To
determine a reliable label / as the ground truth of the hierarchy, each state is fed into a
computational protocol, which consists of three stages of the pre-filter, the semi-
definite program (SDP) iteration, and the coarse-grained iteration. The pre-filter
consists of the positive partial transpose (PPT) and the Bowles-Hirsch-Quintino-
Brunner (BHQB) criteria, which are used to efficiently capture the separable (SEP)
and some unsteerable (UNS) states from the randomly generated qubit-pair density
matrices fed into the protocol. After passing through the pre-filter, the states are
entangled (ENT) with indeterminate (IND) steerability. In the final stage of the

coarse-grained iteration, 12 random observables over 100 iterations have been
worked out for sparse steerable (STE) states. b In the stage of the SDP iteration, the
hierarchy can be determined. Each indeterminate input state will be iteratively tested
by the SDP, under Alices’s # random observables x = % - 6. Once the steerability is
detected by the SDP for a certain set of x’s, then the state is n-measurement steerable
(n-MS); otherwise, it will be repeatedly tested for a sufficiently long iteration and
passed to the next level. The iteration times for 2-, 3-, and 4-MS states are 900, 27,000
and 810 thousands, respectively.
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features, we can figure out the most informative parameters relevant to the
characterization of quantum steering. More specifically, a counterintuitive
conclusion can be drawn that the steerability from Alice to Bob is dom-
inantly characterized by Alice’s regularly aligned ellipsoid.

Figure 3 shows the accuracy of the models trained with each feature. It
can be seen that, except for the ELLB-9 model shown in Fig. 3d, the overall
accuracy gets improved significantly along with the reduced features. Par-
ticularly, the LUTA-6 model shown in Fig. 3e almost precisely reproduces all
the labels of the testing data. This, on the one hand, implies that the six
parameters of the LUTA-6 feature dominantly characterize the steerability
from Alice to Bob. On the other hand, even if the General-15 feature does
contain complete information on the input states p*°, the redundancy in the
feature irrelevant to the steerabiltiy expands the model space. This hinders
the trainability of the General-15 model, giving rise to a limited accuracy
shown in Fig. 3a.

We then take a further closer look into the procedure of feature
engineering to reveal deeper physical insights into the behavior of the
models The feature reductlon begins with the 1W SLOCC transformation
PPPspt = [ ® (pB) 21p*BlL, ® (p®)/*1/2, which is shown to
preserve the steerablhty from Alice to Bob****, leading to a more compact
SLOCC-12 model with improved accuracy shown in Fig. 3b.

Input layer

Hidden layers Output layer

o ,7“\‘\‘7" il ||
m’u N <
\'A';', “ ,/~‘v : —ng g
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label (GT) [ —{

Fig. 2 | The structure of an artificial neural network (ANN). An ANN consists of
an input layer, multiple hidden layers, and an output layer. The weights {wl(f,'})}
connecting the neurons between layers are optimized with the conventional back-
propagation algorithm aiming at minimizing the loss function. The prediction Tis
determined according to the probability given by the softmax function via the five
outputs from the output layer. Then Twill be compared with the ground truth (GT) I
to estimate the loss function, which in turn determines how the weights { w('”)} are
updated.

b

[V

General-15 SLOCC-12

ELLA-9

The aforementioned technique of quantum steering ellipsoid™ char-
acterizes the entanglement in a geometrical manner; whereas, it remains
vague how can this approach characterize quantum steering. In Fig. 3¢, d we
show the results of the ELLA(B)-9 models, encoded based on the ellipsoids
of Alice (Bob), respectively. On the one hand, the ELLA-9 model exhibits
further improved accuracy than the SLOCC-12, indicating an even further
compact encoding scheme, and less redundancy.

On the other hand, the failure of ELLB-9 is seemingly counterintuitive.
Since Bob’s ellipsoid is defined in the similar way of Alice-to-Bob steer-
ability, i.e., the set of all states pale that can be steered to from Alice, an
intuitive conjecture arises naturally that Bob’s ellipsoid should be adequate
to characterize the steerability from Alice to Bob. There are also attempts in
the literature to connect both concepts, e.g., the semiaxes of Bob’s steering
ellipsoid can be used to determine Alice’s optimal measurements® .
Although the accuracy of the ELLB-9 model is unsatisfactory, it provides
information about hidden steerability, which will be discussed later.

The physics behind the behaviors of the ELLA-9 and the ELLB-9
models can be both understood from the critical properties of the 1W-
SLOCC. Since any 1W-SLOCCs on Bob can neither alter Alice’s steering
ellipsoid™, nor the detection of steerable state from Alice to Bob™**. More
generically, any 1W-SLOCC transformations

AAB _ (I, ® K)p"* (I, ® K)'
Tr[(I; ® K)p*B(I; ® K)']

AB

p (3)

do not alter neither the Alice-to-Bob steerability nor Alice’s steering
ellipsoid®****. Here, Kraus operator K satisfying K'K < I, forms a valid
quantum operation, and the denominator denotes the renormalization
factor (or success probability of the transformation). Consequently, the
ELLA-9 feature should contain all the necessary information to certify the
steerability. We therefore put particular emphasize on the conclusion that, it
should be Alice’s steering ellipsoid, instead of Bob’s ellipsoid, that adequate
to characterize the steerability from Alice to Bob, underpinned by the
further improved accuracy of the ELLA-9 model as well. In contrast, the
1W-SLOCCs on Alice do change the steerability from Alice to Bob.
However, the ELLB-9 feature of a state is invariant under the IW-SLOCCs
on Alice. Namely, two states related to each other viaa IW-SLOCC on Alice
should share the same ELLB-9 encoding with different steerability,
rendering the label [ given by the protocol unreliable. This severely
suppresses the accuracy of the ELLB-9 model. We will also demonstrate the
effects of the 1W-SLOCCs on Alice in detecting the hidden steerability.
Finally, the LUTA-6 feature is inherited from Alice’s ellipsoid by
rotating the Bloch sphere such that it is regularly aligned, leading to the most
compact feature and a highly precise prediction shown in Fig. 3e. This
highlights that the orientation of Alice’s ellipsoid is irrelevant in the char-
acterization of quantum steering. Specifically, from the above feature

d ELLB-9 e LUTA-6

100

98.5 96.7

=)
3

99.8 98.7 99.7 100 988 o745 997 100 992
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I
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742 155

61.8

70.6

20

2-MS 3-MS 4-MS STE UNS Overall 2-MS 3-MS 4-MS STE UNS Overall

Fig. 3 | The accuracy of the well-trained models on the testing data. The accuracy
for each label, i.e., n-measurement steerable (n-MS), steerable (STE) with n > 5, and
unsteerable (UNS), on the 10,300 testing data along with the different features,
including General-15, stochastic local operation with classical communication
(SLOCC-12), Alice’s steering ellipsoid (ELLA-9), Bob’s steering ellipsoid (ELLB-9),
and Alice’s regularly aligned ellipsoid (LUTA-6), is shown in panels a—e. Crucially,
except for the ELLB-9 model, the overall performance of the model is significantly
improved, indicating an even compact, and informative, encoding scheme.

2-MS 3-MS 4-MS STE UNS Overall

2-MS 3-MS 4-MS STE UNS Overall 2-MS 3-MS 4-MS STE UNS Overall

Particularly, the LUTA-6 model is capable of predicting the hierarchy of steering
measurement settings at a very high overall accuracy of 99.2 %. On the other hand,
the ELLB-9 model shows an unsatisfactory accuracy even though this feature
encodes all of Bob’s states that can be steered to from Alice. From these responses of
the models to different features, we can pinpoint that the adequate characterization
of the steerability from Alice to Bob should be given by the Alice’s regularly aligned
ellipsoid.
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engineering, the steerability of a state p** = {3=,0;0; ® 0; is invariant
under the cascased transformations

PP B B — (UA @ UPFR (U ® UB)T, (4)

where U* ® UP is an appropriate local unitary operator diagonalizing Q,.
From the above physics-based deduction and the high accuracy of the
well-trained model, the following corollary can be drawn:

Corollary 1. Alice’s regularly aligned ellipsoid determines the most com-
pact encoding of Alice-to-Bob steerability for qubit-pair states.

It is also worthwhile to emphasize that this reasoning is independent of
the hierarchy of steering measurement settings. Furthermore, since the
effect of 1W-SLOCC operation on steerability is independent of the system
dimension, it is also helpful in decreasing the necessary parameters char-
acterizing the quantum steering in higher-dimensional cases. Note that,
although the definition of a higher-dimensional steering ellipsoid is vague,
decreasing the encoding parameters of the steerability by 1W-SLOCC
remains valid in higher-dimensional cases.

This also explains the insufficiency of the CJWR-based criteria, which
are used to detect the steerability of a qubit-pair state with 2 and 3 mea-
surement settings”'. The CJWR-based criteria only take the eigenvalues of
Qa into account and neglect < > which we have shown to be critical as well
in characterizing the steerability. In this sense, the CJWR-based criteria are
considered to be symmetric. Further detailed behaviors of the models
expressed in terms of the confusion matrices are shown in Supplemen-
tary Note 5.

Hierarchy predicted by the models and hidden steerability

To further showcase the merit of the well-trained models, meanwhile to
facilitate the visualization of the predictions, we apply these models to
predict the hierarchies of two different types of quantum states generalized
from the standard Werner state; namely,

Iy

2 5)
P, ) = q[¥e)(Ye| + (1 — pp* ©

pia.5) = Q¥ (v + -9 L

where  |¥) = cos §]00) +siné[11), 0<&<n/2, q€[0,1], and
pt = Trp|Wg) (We|. Here we use the subscribes in p; and p, to denote the
two different types of noise adding to the pure entangled state ['¥).

In view of the accuracy presented in Fig. 3, we show the hierarchies
predicted by the LUTA-6, the ELLA-9, and the ELLB-9 models (starry
curves) in Fig. 4 for comparison. Additionally, it is also insightful to compare
the model predictions with the results output from the protocol (colored
regions) explained in Fig. 1, which serve as the GT to evaluate the model
performance on these two types of states. To provide a quantitative eva-
luation of the model performance, we also estimate the mean absolute
displacement (MAD) of the border predicted by the model from that given
by the protocol according to

7/2 | (Prediction) (GT)
Zg,o 9 — 9

MAD = = 4 (©)
number of pixels on a border

The numerical results are shown in Table 1. Further predictions by the
General-15 and the SLOCC-12 models are presented in Supplemen-
tary Note 6.

Figure 4a, b shows the predictions by the LUTA-6 model for the type-1
and type-2 states, respectively. As expected, the predicted boundaries
between 2- and 3-MS, as well as between 3- and 4-MS, are in good agree-
ment with the fine-grained hierarchies given by the protocol, leading to the
very small MAD values of the LUTA-6 model for both types of states in
Table 1. Additionally, the deviations from those given by the CJWR-based

criteria (dotted and dot-dashed curves) can also be clearly observed in
Fig. 4a. This discrepancy is in line with the recent experimental report”,
wherein merely 2 or 3 Pauli measurements have been tested p,(g, &).

Furthermore, the green regions of 4-MS states, which are hardly
detected by the existing theoretical approaches in the literature, have also
been predicted by the LUTA-6 model in high precision. According to our
results, the range of the 4-MS standard Werner state py(q) = p1(g, 7/4) is
1/+/3 > q>0.555. Inferring from the hierarchical structure shown in Fig, 4,
it is reasonable to conjecture that each n-MS band would be narrower with
increasing n. In addition, we also show the potential STE-UNS boundaries
(purple starry curves) suggested by the models, lying within the blank region
of IND states sandwiched between the 4-MS and the UNS detected by the
BHQB criterion. This also reflects the insufficiency of the BHQB criterion.

The results predicted by the ELLA-9 model for the type-1 and type-2
states are shonw in Fig. 4c, d, respectively. As expected, the overall perfor-
mance of the ELLA-9 model is slightly lower than that of the LUTA-6
model. However, the predicted boundaries for the type-1 states still fit well
into the fine-grained hierarchies given by the protocol. For the case of type-2
states, except for the 2-MS border, the other two predictions are even
numerically better than that of LUAT-6 model.

Compared to the previous two models, the performance of the ELLB-9
model (Fig. 4e, f) is worse, as numerically shown in Table 1. It is interesting
to note that, actually, type-1 states result in the same ellipsoids for Alice and
Bob due to the high symmetry of the states; therefore, the overall profile of
the predicted hierarchy for type-1 states remains in line with the GT. On the
other hand, the ELLB-9 model appears to completely fail to predict the
hierarchy of type-2 states. Every state is identified as the Werner state
pw(q) = pa(g, m/4), giving rise to the horizontal borders.

To understand the seemingly erroneous horizontal borders given by
the ELLB-9 model for the type-2 states (Fig. 4f), we notice that each type-
2 state p,(g, £) will be transformed to the Werner state by an IW-SLOCC
on Alice, i.e, py(q) = [(0*) "> ® Llp,(q, OI(p») > @ /2, V E€ o,
71/2]. In other words, for a given g, the states p,(g, ) lying on the same
horizontal line share the same ELLB-9 feature encoding with pw(q), and,
consequently, are identified as the Werner state pw(q) by the ELLB-9
model. However, p,(g,§) and pw(q) do exhibit different hierarchies of
steering measurement settings. This, on the one hand, results in the
seemingly erroneous prediction shown in Fig. 4f. On the other hand, the
inconsistency of the predictions by the LUTA-6 and ELLB-9 models for
type-2 states (Fig. 4b, f) is reminiscent of the famous concept of hidden
steerability, where an unsteerable state can become steerable w.r.t. an
appropriate 1W-SLOCC on Alice®®”". In particular, in the previous
studies, the SLOCCs on both Alice and Bob were considered to activate
hidden steering. The prediction from deep learning model suggests that it
is sufficient to consider 1W-SLOCC on Alice to activate hidden
steering™*",

Discussion

Although the assemblage is known to be the intrinsic resource in quantum
steering, its optimal preparation from a bipartite state remains unclear. We
attempt to shed light on the avenue toward this issue. In this work, we tackle
the cumbersome optimization over all possible incompatible measurements
with two approaches. Each of which provides deeper insights into the
characterization of quantum steering, leading to the hierarchy of steering
measurement settings.

We first develop a computational protocol implementing the optimi-
zation by sufficiently long iterations under n random observables. We
concretely exemplify the protocol with two types of generalized Werner
state, and clearly showcase its merit in overcoming the insufficiencies of the
theoretical criteria in the literature, including the fine-grained 2- and 3-MS
borders and a 4-MS region inaccessible to the existing criteria.

We also manage to infer the fine-grained hierarchy of steering mea-
surement settings by leveraging the power of the supervised deep learning
algorithm. According to the responses of the well-trained models to the
physics-driven features, we can acquire deeper physical insights seemingly
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Fig. 4 | Prediction of the hierarchy of both types of states. The predictions of the
hierarchy (starry curves) for a type-1 p,(g, §) and b type-2 states p,(g, £) by the model
trained with the feature of Alice’s regularly aligned ellipsoid (LUTA-6) are in good
agreement with the ground truth given by the protocol (solid curves). Due to its high
accuracy, the LUTA-6 model is capable of discovering several physical insights.
More specifically, in the case of type-1 states, the predictions deviate from the
Cavalcanti-Jones-Wiseman-Reid (CJWR)-based criteria (dotted and dot-dashed
curves), indicating the insufficiency of the existing theoretical approaches in the
literature. Furthermore, for both types of states, the LUTA-6 model can predict the
border of the green regions of 4-measurement steerable (MS) in high precision,
which is hard to detect with existing theoretical approaches; meanwhile, we also
show the predicted boundaries (purple starry curves) between steerable (STE) with

n > 5 and unsteerable (UNS), sandwiched between the 4-MS and the UNS detected
by the Bowles-Hirsch-Quintino-Brunner (BHQB) criterion. In contrast, the pre-
dictions of the hierarchy (starry curves) by the model trained with the feature of
Alice’s ellipsoid (ELLA-9) (for ¢ type-1 and d type-2 states) and the model trained
with the feature of Bob’s ellipsoid (ELLB-9) models (for e type-1 and f type-2 states)
are worse, compared to the LUTA-6 counterpart. Although the overall profile of the
predicted hierarchy for type-1 states remains in line with the ground truth, the
ELLB-9 model appears to completely fail to predict the hierarchy of type-2 states.
Whereas, we stress that, the predicted horizontal lines in turn reveal the underlying
physics of hidden steerability. The orange region in each panel stands for separable
(SEP) states which can be efficiently captured by the positive partial transpose
criterion.

contradictory to existing operational definitions. Our results suggest that,
Alice’s regularly aligned steering ellipsoid is the most compact characterize
of Alice-to-Bob steerability for qubit-pair states. Additionally, we also
showcase the versatility of our models in predicting the hierarchy and the
exploration of the hidden quantum steering.

Our results naturally open several new directions. For example, an
explicit characterization of steerability in terms of Alice’s ellipsoid would be
impactful, particularly in constructing stronger steering criteria in qubit-
pair scenarios. For a given qubit-pair state, our protocol can be helpful in
finding the optimal preparation of steerable assembles. To explore a com-
pact characterization of two-way steerability in a similar way would be a
heuristic attempt. Crucially, our results also underpin the possibility of the
deep learning algorithms in mining new physics behind a huge amount of
data, rather than a substitute of cumbersome computational task.

Table 1 | Quantitative evaluation of the model performance

Type-1 LUTA-6 ELLA-9 ELLB-9

2-MS 2.13x10°° 447x10°° 7.67x107°
3-MS 0.44x10°° 0.71x10°® 7.82x10°°
4-MS 1.24x10°3 1.11x10°3 459x10°°
Type-2 LUTA-6 ELLA-9 ELLB-9

2-MS 464x10°° 11.06x 1072 125x 1072
3-MS 48x107° 1.24x 1072 172x 1072
4-MS 594 x107° 3.72x10°° 163 x 1072

We propose to quantitatively evaluate the model performance in terms of the mean absolute dis-
placement (MAD) of the border of n-measurement steerable (1-MS) states predicted by the model
from that given by the protocol. Here we show the numerical results of the LUTA-6, the ELLA-9, and
the ELLB-9 models on the two types of states.

Methods

Data generation and SDP iteration

The training data set {(f, )} is a collection of tuples, where f € R¥ is the
feature encoding the object to be recognized and ] € R is the label indicating
the ground truth associated to the feature f. Due to the GT-deficient nature
of the problem to be resolved, we construct a computational protocol to
determine the correct label I of each datum, i.e., the hierarchy of steering
measurement settings of qubit-pair states.

By running the RandomDensityMatrix code”’, we can efficiently
generate a large amount of random density matrices (Fig. 1a). Then we feed
them into the protocol described below to determine the label [ of each state.

The first stage of the protocol is a pre-filter, which consists of two
discriminators capable of efficiently capturing those states manifestly
unsteerable. The PPT criterion can efficiently and exactly determine the
separability (I = SEP) of a qubit-pair state and pass the entangled state to the
next BHQB criterion. Although the BHQB criterion is sufficient for
unsteerability (/= UNYS), it can be efficiently implemented and enhance the
ratio of steerable states among the output states from the pre-filter. After
passing through the pre-filter, the states are entangled with indeterminate
(IND) steerability.

The second stage is the SDP iteration used to determine the label of #-
MS. The detailed procedure is schematically shown in Fig. 1b. The IND
states from the pre-filter are sent to the first level of 2-MS, wherein Alice will
randomly perform two observables. Then Bob obtains the corresponding
assemblages and determines their steerability with SDP. Once the assem-
blages are steerable, then the corresponding states are designated a label
I=2-MS. For those fail to demonstrate steerability, Alice will perform the
measurements again with two new random observables. This SDP test will
be repeated for at most 900 times at the level of 2-MS. The states fail to
demonstrate 2-MS after 900 iterations will be sent to the next level of 3-MS.
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At each level of the hierarchy, the procedure is similar besides the number #
of Alice’s observables and the times of iterative test. For the following level of
3-,4-,and 5-MS, the iterative test will be repeated for 27,000, 810 thousands,
and 24 millions times, respectively. Such high repetition is to ensure the
optimization over all possible incompatible measurements on Alice’s side.
Further statistical analyses on the iteration times are presented in Supple-
mentary Note 2.

It can be seen that, to ensure the optimization, the iteration times
increases exponentially with the number n of observables. The demand on
the computing power rapidly exceeds our machines. Here we have worked
out a maximal n = 4. However, it is manifest that there should be steerable
states with » >4, which can not be detected with the fine-grained SDP
iteration terminating at 4-MS in the second stage. In the final stage of coarse-
grained iteration (Fig. 1a), we manage to dig out more steerable states to the
largest extent from the indeterminate states fail at level # = 4. The procedure
of this stage is also the same as those in the SDP iteration. But here, limited by
our computational resource, we set 11 = 12 and repeat for at most 100 times.
For states successfully demonstrate steerability, we designate a label / = STE.
On the other hand, for those fail in this stage, we can not decide whether they
are steerable with 7 > 13 or unsteerable. Consequently, we can not designate
a reliable label and drop them from the data set.

Extracting relevant parameters in the feature
Here we present the construction of five types of feature encoding a qubit-
pair state p**, and explain how to extract informative parameters relevant to
the characterization of quantum steering, leading to a compact feature.
As discussed in the main text, the density matrix of a qubit-pair state
=4 ZyQJ ; ® 0; can be expressed in terms of a 4 x 4 real matrix ®
w1th 0; = = Tr(p*%0; ® 0) where 0, =1I; and 0; denotes the three Pauli
operators It can be seen that O has a block structure:

! "T} @)
da T

Q=

Since any density matrices are always of unital trace, ®go =1 is trivial
and irrelevant to quantum steering. Therefore, we need 15 real parameters
to fully describe p**, denoted as General-15.

Consider the one-way stochastic local operations and classical com-
munication (1W-SLOCC) on Bob via the mapping:

=1, ® ®) ", @ (0B /2. ®)

It is critical to note that Bob’s local state of p*®
corresponding to the transformed matrix

~ 1 of
a-[1 7] o

prP

is maximally mixed,

More specifically, T is a 3x3 real matrix determined by T
Tr(p*%0; ® o) forije{l,2,3} anda € IR, Therefore, we have only 12
nontrivial parameters left, denoted as SLOCC-12. Moreover, it has been
pointed out”*'* that p*® and p*" have the same steerability from Alice to
Bob, provided that p® = Tr, p"B is a mixed state. Therefore, SLOCC-12 is
capable of characterizing quantum steerability with lesser parameters.

Inspired by the technique of quantum steering ellipsoid™, we
would like to ask whether quantum steering can also be characterized
in a geometrical manner. Suppose that Bob performs a measurement
described by an operator E = ZZ X0, then Alice will obtain her
local state $@©X with probability p, = 2(1 + b - X). According to
the 0perat1onal definition, Alice’s ellipsoid is obtained by collecting
the normalized local state 1®X/p; for all possible measurement
operators E. Moreover, it has been pointed out™ that Alice’s ellipsoid
is invariant under the 1W-SLOCC on Bob (8). This provides a
convenient way for expressing Alice’s ellipsoid for p*® with the

parameters in the transformed matrix ® in Eq. (9); namely,

(10)

Note that Q, is a 3 x 3 symmetric matrix; therefore, along with the
center of the ellipsoid €, = @, we need merely at most 9 parameters in total
to encode p*®, denoted as ELLA-9. Similar zprocedure can be done with
respect to the 1W-SLOCC operator (2pA) ® I, on Alice, leading to the
ELLB-9. This reduction is achieved by symmetrizing T by Q, in Eq. (10).

For a randomly generated p®, Alice’s ellipsoid may be obliquely
aligned; namely, the off-diagonal elements of T may be non-zero. To con-
struct the most compact feature, we can diagonalize T by applying an
appropriate local unitary transformation on both sides as

Q=TT .

PR p 2B = (UA @ UB)B(U ® UB)'I'_ (11)
Then we have
1 o
o = 12
{7’ T’] (12

with T’ being a diagonal matrix, leading to the most compact feature with
k=6, denoted as LUTA-6. In this construction, the information on the
orientation of the ellipsoid is removed.

Data availability
The data that support the findings of this study are available upon rea-
sonable request from the corresponding authors.
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