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Abstract

Microwave electromagnetic heating are widely used in many industrial processes.
The mathematics involved is based on the Maxwell’s equations coupled with the heat
equation. The thermal conductivity is strongly dependent on the temperature, itself an
unknown of the system of P.D.E. We propose here a model which simplifies this cou-
pling using a nonlocal term as the source of heating. We prove that the corresponding
mathematical initial-boundary value problem has solutions using the Schauder’s fixed
point theorem.
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1 Introduction

Microwave electromagnetic heating is increasingly used in industrial applications.
The existing treatments deal mainly with one-dimensional models (see [1-3] and
reference therein). In this paper the coupling between the Maxwell’s equations and
the heat equation is modeled in a simplified form, since the source term in the heat
equation is taken to be

£(t) = lf [6E2(I)+MH2(I)]dx (1
2 Je
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which represents the total electromagnetic energy. This is justified by the order of mag-
nitude of the parameters involved, moreover this approach simplifies the mathematical
treatment and is probably also useful for the numerical treatment.

Let £2 be an open and bounded subset of R? (or of R?) representing a conductor of
both heat and electricity. The boundary of £2, denoted I', is supposed to be of class C?.
The electrical conductivity o depends from the temperature 6 according to a given
law: 0 = o(6). We wish to determine the electric field E(x, 7), the magnetic field
H(x, ) and the temperature 0(x, ¢) in £2 with the following initial boundary-value
problem

e%—l;: +0(@)E—- curlH=0 in Q7 :=£ x(0,T) 2)
oH .
ME +curlE=0 in Or 3)
% — KA = %/Q[eEz(t) + qu(t)]dx in Q7 “
Ex,0) =Eo(x) xe 2 )
H(x,0) =Hy(x) xe 2 (6)
0(x,0) =0y(x) xe€ @)
6=0 onI x(0,T) (8)
nAE=0 onl x(0,7), ©)]

where Eq(x), Ho(x) and 6p(x) are given initial data. The dielectric constant €, the
magnetic permeability u and the diffusivity « are all assumed to be constants. n is the
unit vector normal to I".!

In this paper we prove that, under suitable assumptions on the data, the problem (2)-
(9) has solutions. The main analytical tool will be the Schauder’s fixed point theorem.

2 Weak formulation of the problem

In addition to the usual Lebesgues and Sobolev spaces use will be made of the following
spaces (see for more details [4, 5] and [6])

H(curl; 2) = {¥ € L*(2)°, curl ¥ € L*(2)?} (10
Ho(eurl; 2) = {® € L*(2)*, curl @ € L*(2)*, na @ =0}. (1]
We recall that the mapping v — (n A v)p from C'(£2)? into C'(I")? can be

extended by continuity to a mapping, again denoted v — (n A v) r, from H (curl; £2)
into (H~'/2(r ))3. We recall the Green formula®

! This model applies to micro-wave heating not to be confused with induction heating which is based on
the quasi-stationary Maxwell equations.

2 Here and hereafter (A, B) denotes the scalar productin L2(£2)% and I || the corresponding norm. Moreover,
we use the notation fg A(x,1) e B(x,1)dx = (A(t) e B(1)).
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(curl A, B)—(A, curlB):/ nAA-Bd T (12)
r

for all A and B € H (curl; £2). If, in particular, either A or B € Hy(curl; §2) then
(curl A, B)= (A, curl B). (13)

We motivate here our weak formulation of problem (2)-(9). Let T > Oand (E, H, 6)
be a classical solution. Let

200 7. : 9P o 120003 _
®(x.1) € L*(0, T; Ho(eurl; 2)), —= € L3O, T: L*(2)*), #(x.T) =0. (14)

Multiplying (2) by @ and integrating by parts we have

/OT [—G(E, %)—i—(a (O)E, tb)—(H, curl rp)]dr = (Eo(x), P (x, 0)), (15)

for all @ (x, r) satisfying (14). Let
2 oW 2 2,003
Y (x,t) € L“(0, T; H(curl; £2)), o e L0, T; L7(£2)°), ¥(x,T) =0. (16)

Multiplying (3) by ¥ (x, #) and integrating by parts with respect to ¢ we obtain

/OT [M<—H, ¥>+<E curl -p)]dz = M(Ho(x), W(x, 0)) (17)

for all ¥ (x, t) satisfying (16). Therefore, we arrive at the following problem. Let

Eo(x) € Ho(curl; £2), Hp(x) € H(curl; £2) (18)
60(x) € Hy (). (19)
Assume
1, A 80
o(§) € C(Qr), [o(§)| < oo, ‘E <ol. (20)
We wish to find
00 JE o0 2 3
E € L°(0, T; Ho(curl; £2)), m € L0, T; L*(£2)) (21)
o0 oH oo 2 3
H e L0, 75 Heurl; 2)),  —— € L¥0,T; L2(2)*) (22)
6 € L0, T; Hy (£2)) (23)
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such that (15) and (17) hold and

0, = K AO + 1/ [GEz(Z‘) n qu(t)]dx.
2/

3 The linear problem

(24)

To prove that problem (15)-(24) has at least one solution we study in this Section a
linear problem for the Maxwell equations in which the electrical conductivity & is

assigned as a function of x and 7.

Theorem 1 Let
Eo(x) € Hy(curl; 2), Hy(x) € H(curl; $2).
Assume & (x, 1) € C1(Q7) to satisfy

G(x, 1) < op

‘ 90 . 1) ‘ -

—(x,1)|< o1

at

There exists a unique weak solution to the initial-boundary problem

E
EE—i—cr(x,t)E—curlH:O
8H+ IlE =0
— +curlE =

Moot

OE
E € L™®(0, T; Ho(curl; 2)), o € L0, T; L*(2)%)

oH
H e L™, T; H(curl; 2)), - € L®0, T:; L*(2)%)

E(x,0) = Ep(x)
H(x,0) = Hy(x).

Proof Let @ ;(x) € C!(£2)%, j € N be such that

®;An=0 onl forallj

{®1,....,?,} arelinearly independent for every m.

(25)

(26)
27)

(28)
(29)
(30)

€1y

(32)
(33)

(34)
(35)

m
The finite sums Zéjtbj(x) & € R! are dense in Hy(curl; £2).(36)

j=1
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Let ¥ (x) € C'(£2)%, j € N be such that ?
{Wq,....,¥,} arelinearly independent for every m. (37)

m
The finite sums Z nj¥ix) n;e R! are dense in H(curl; £2). (38)
j=l1

By (38) and (36) we can find two sequences Eq,, (x), Ho,, (x) of the form

Eon(x) =Y &®;(x), Hon® =) n¥;(x) (39)
j=1 j=1

such that for m — oo
Eon (x) = Eg(x) in Hyo(curl; £2), Hp,(x) —> Hyp(x) in H(curl; £2). (40)
We look for approximate solutions of the form
m m
E,(x, 1) =Y dj(t)®;(x), Hy(x, 1) =) b;()¥;(x), (41)
j=1 j=1

where d, (1), b, () are solutions of the following system of 2m ordinary differential
equations

€(E), (1), @) = (curl Hy, (1), ;) — (0 (X, NEy (1), @) o
p(H,, (1), ¥ ) = —(curl E, (1), ¥ ) w

supplemented with the initial conditions
E;.(0) = Eon, H;(0) = Hop. (44)
By the theorem of existence and uniqueness for systems of ordinary differential
equations the linear initial value problem (42)-(44) has one and only one solution
(dj(t), bj(t)) defined in [0, T']. Let us multiply (42) by d;(t) and (43) by b;(¢) and
sum over j from 1 to m. We find respectively
€(E,, (1), E(1))= (curl Hy, (1), By, (1)) —€(6 (%, )Ep (1), Epy (1)) (45)

and

11 (HL, (1), Hyy (1)) = € (curl B,y (1), Hy (1)) (46)

3 The “base” D, P, .. Py, ... doexist and the same can be said for 'Ilj. See [4] page 147.
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Adding (45) and (46) and recalling (13), we obtain

1d
5 77 (IER P + )7 )= —€ (6 (2 DE(). By (). 47)

Recalling (26) we can estimate the right hand side of (47) and arrive at

d
5 2 (CIER P + kI, O1) < €1+ Ca BRI + ulHA 1)), (48)

where the constants C1 and C; depend only on the data. Moreover, by (40) and (44)
we have

€llE, (0)[1> 4 wlH,, (0)]1> < C, (49)

with the constant C depending only on the data. Using the Gronwall’s inequality
we conclude that

E,, and H,, are bounded in L*°(0, T’; L2(9)3) by a constant M, (50)

with M not depending on m. Therefore, we can extract two subsequences E, and H,,
such that

E, > E, H, > H weakly*in L®(0, T; L*(22)*). (51)

Let£;(1) € C'([0, T1), &(T) =0, n;(t) € C'([0, T1), n;(T) = 0 and define

Vix, 1) = Zéj(t)¢j(X) (52)
j=1
WX, 1) =Y n;(0)W;x). (53)
j=1

Let us choose in (42) and (43) m = v. Multiply (42) by &;(¢) and (43) by n;(?).
Summing over j from 1 to m, integrating by parts and using (13) we obtain

_/OT(EEU,%)d::fOT(HU,curlv)dt—/oT(&(x, t)EU,V)dt

+(Eo(x), V(x, 0)) (54)
_/OT(MHV,&a—‘;V)dt - —/()T(E,,,curl W)dl+(Ho(x),W(x, 0)). (55)
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By (51) we can pass to the limit in (54) and (55) to obtain

T

/OT_(GE %)d;:/OT@, curl V)dt—/o (6(x, HE, V)dr

+(Eo(x), V(x,0)) (56)

T T
= / (nn. M)dr:— / (E. curl W)dr + (Hy(0, Wx, ) (57)
0 dt 0

for all functions of the special form (52) and (53). But, if @ satisfies (14) we can
find a sequence Vi (x, t) of the form (52) such that

Vi(x,1) = ®(x,1) in L*(0, T; Ho(curl; £2)) (58)
v P
a_tk — 27 in L20, T; L2(£2)%). (59)

Furthermore, if ¥ satisfies (16), we can find a sequence Wy (X, ¢) of the form (53)
such that

Wi(x,1) > ¥(x,1) in LZ(O, T; H(curl; £2)) (60)
W, oW
7" — - in L20, T; L2(£2)%). 61)

With this choice of the test functions the equation (56) becomes

/OT—(EE, %)d;:/j(ﬂ, curl Vk)dt—/oT(&(t)E, Vi)dt

+(Eo®), Vk(x, 0)).  (62)

In the same way, with the choice of the test functions Wy, (57) becomes

_/OT(MH, %)dt - —/OT(E, curl Wk>dt+ (Ho(x),Wk(x, 0)). 63)

In the limit for k — oo from (62) we obtain

/OT[—<6E, %)—(H, curl ¢)+(<§(x, HE, <P>]dt = (Eo(X), D (x, 0)) (64)

for every @ (x, 1) satisfying (14). Moreover, from (63), again for k — oo, we have

/<>T[_<MH’ %>+<E curllll)]dt = (Ho(x), w(x, 0)) (65)

for every W (x, t) satisfying (16). Thus (E,H) is a weak solution to problem (28)-(33).
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Up to now we did not use all the assumptions of regularity made on the data. If we
do this we can obtain a more regular solution. Let us differentiate with respect to ¢
(42) and (43) a legitimate operation. We find

(eE;;,(t), (pj): (curl H, (1), q)j)—(&(x, DE. (1), q>j>
_(a&(x, )
ot

E, (i), ® j) (66)

(MH;;,(t), IIIj)z —(curl E) (1), ulrj). (67)

Multiplying (66) by d} (t) and (67) by b;. (¢) and summing over j we obtain respec-
tively

6%%I|E:n(t)||2 = (curl H,,(). E;, (t))—(aag’ DE! (1), B )
(60 DE}, (). B, (1) (68)
oy SO = (eurl B (1), W, 1)) (69)
2dt

Adding (68) and (69) and using (13) we have

1d

5 7 (CIEL O 17 + 1, O17)= (o (x DE;, (). B, (1))

do (X, 1) )
(5 En 0., ). (70)

Moreover, from (42) and (43) we have forr =0
(eE;n(O), (bj): (curl H,,(0), ¢j)—(a(x, 0)E,, (0), <pj) (71)
(MH;,, ), lIIj): —(curl E, (0), ¥ j). (72)
Since ||Eo,, || and [|Hg,, || are bounded by (40), we conclude that
IE;, )11 + IH,,0)> < M (73)

with M not depending on m. Using (26), (27) and the Cauchy-Schwartz’s inequality
we can estimate the R.H.S of (70) and arrive at the inequality
1d

32 (1B, O + WIH, 1) = €1 (eIE, )1 + wlIH, 017)+C2. (74)

Recalling (73) and using the Gronwall’s inequality we conclude that E), and H),
are both bounded in L (0, T; L%(£2)%) by a constant N not depending on m. Hence
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the weak solution (E, H), found before, satisfies

JE oH
5 € L0, T: L*(2)%), - € L0, T; L*(2)%). (75)

Thus we are permitted to write
E(x,0) = Eo(x), H(x,0) = Ho(x). (76)

Integrating by parts with respect to 7 in (64) and (65), which is now permissible, we
have, in the sense of distribution,

oE
65 —curlH+6(xx, )E=0, E(x,0)=Ey(x) 77)
oH
/JLE +curlE =0, H(x,0) =Hyx). (78)
O

With this degree of regularity of the solution, now at our disposal, we can also prove
easily that the solution is unique. For, we have

Theorem 2 [fwe assume in Theorem 1
Hy=0, Ey=0 (79)

the corresponding solution vanishes identically, i.e. the solution of the problem (77)-
(78) is unique.

Proof Let us multiply (28) by E and (29) by H, we obtain, recalling (13) and taking
into account of (79),

1d
3 g1 (FIE@IP + kIO I7)= — (o (x, DB, E0). (80)

Estimating the R.H.S we find

1d
5 72 (CIBOI + I HOI?) < C3(IBOI? + wIHOI?)+Ca. 8D

Since €||E(0)[|> + w||H(0)||> = 0, we conclude, by the Gronwall’s Lemma, that
E=H=0. O

4 The non-linear problem

Use will be made in this section of the following “a priori” estimate for the heat
equation (see [8]). If f(t) € L°°(0, T) and 6y(x) € HOl (£2) the weak solution of the
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following initial-boundary value problem
0 =kA0+ f(t)in 2, 6 =0on I" x £2, 0(x,0) = 6p(x) (82)
belongs to H]’°°(O, T; HO1 (£2)) and the following estimate holds
10010, < K (17Ol + W0l gy ) ) (83)

Theorem 3 Assume

Eo € Ho(curl; 2), Hy e H(curl; 22) (84)
0§ € C'(Qp), 10®)] = \ LU (85)
fo(x) € HY(2). (86)

There exists at least one solution of the initial-boundary value problem

00 oE 00 2 3
E € L*(0, T; Hy(curl; 22)), 5 €LT0.T; L292)) (87)
E(x,0) = Eo(x), H(x,0) = Hy(x), 0(x,0) = 6(x) (88)
H e L>®(0, T; H(curl; 22)), % € L™, T: L*(£2)%) (89)
0 € L0, T; HL(£2)) (90)
e% —curl H+o0(0)E=0 ©n
oH
ME +curl E=0 92)
6 = kA0 + / [eEz(t) T qu(t)]dx. (93)
2Ja

Proof We obtain easily an “a priori” estimate. Assume (E, H, 6) to be a solution of
problem (87)-(93). Let us multiply (91) by €E and (92) by nH. Integrating over §2
and using (13), we obtain

1d
~—|€elE@)|* + plH —/ 0)€E*(t)dx. 94
> ar [SIEOF + IO | = = | o @R @)dx ©4)

Estimating the R.H.S of (94) with the help of (85), taking into account of the initial
conditions (88) and using the Gronwall’ s lemma, we conclude that there exists a
constant N, depending only on the data, such that

£(t) = % /Q [eE(t)z + uH(t)z]dx <N. (95)
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Define K = {f(t) e CO0, TD), |f()] < N}. Let f(t) € K and solve the
problem

6, = kA + f(1),0(x,0) =6p(x),0 =0 onl x (0, 7). (96)

Then with 6 (x, 1) = O’(é (x, )). The condition (26) is certainly verified by (85).
Moreover, by (83) and (27) we have

9 o nl= 127 Gx z))Ha—é(x t)‘<01N 97)
ar & ’ T ’

This implies existence and uniqueness for the following problem

. ) o
E €L>®(0, T; Ho(curl; 2)), = € L0, T; L*(2)%) (98)
2 00 8ﬁ 00 2 3
HeL™(, T; Heurl; 2)), —= € LX(0, T: L2(2)?) (99)
E(x, 0) = Eo(x) (100)
H(x, 0) = Hy(x) (101)
IE . .
eo —erlH+6(x NE=0 (102)
B} .
pe - +eurl E=0. (103)
Let
~ 1 A ~
£w) =+ / [¢E%@) + B’ ()| (104)
2 /e

and define the operator 7 : IC — L°°(0, T) by
Et) = T(E®)). (105)
We claim that
E) e HY™0,T), 1D coqo.ry < N- (106)
Differentiating (104) we have, by (102) and (103),
&)= [(17:(;), curl ﬁ(r))—(ﬁ(r), curl E(z))]— /Q o (Ox, NE@) - E)dx. (107)

The first integral in R.H.S vanishes by (13). Thus
Ew)=— / o O, )E®) - E@)dx. (108)
2
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To estimaAte the RHS of equation (108), we recall equation (50) which permits to
estimate E(¢) in L*°(0, T; L2(9)3). This will give the estimate (109) below, where
the constant C depends only on the data,

I1E' Ol 0.1y < C. (109)

Thus (106) holds true and é (1) € K. Since H>®(0, T) is compactly embedded in
CO([0, T1) we conclude that 7 is a compact operator. By the Schauder fixed point
theorem (see [9]page 125) problem (87)-(93) has at least one solution.

(]
Final remark. The paper quoted in [10] treats a related problem. The part concerning
the Maxwell equations is the same of the present paper. However, the coupling with
the heat equation is completely different. Here the transfer of energy is measured
in the bulk of the specimen. This greatly simplifies the mathematical treatment. The
uniqueness of the solution given by Theorem 3 is an open question. In addition to the
uniqueness it would be interesting to examine the stability of the solution.
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