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Abstract
In this work, we put forward a concept of Besicovitch almost anti-periodic functions on time
scales, which is new even when time scale T = R or Z. Based on this, we use the fixed point
theorem and analytical techniques to obtain the existence, uniqueness and global exponential
stability of Besicovitch almost anti-periodic solutions for a class of octonion-valued Cohen–
Grossberg neural networks with time delays on time scales. Finally, the validity of the results
is verified by a numerical example.

Keywords Besicovitch almost anti-periodicity · Time scale · Octonion-valued
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1 Introduction

It is well known that anti-periodicity is a special kind of periodicity, and anti-periodic oscilla-
tion is one of the important qualitative properties of differential equations and neural network
systems described by differential equations [1–6]. Recently, M. Kostić put forward a concept
of almost anti-periodic functions in the sense of Bohr and Stepanov [7]. Like periodicity and
almost periodicity, almost anti-periodicity is also a generalization of anti-periodicity. At the
same time, almost anti-periodic functions are a special case of almost periodic functions.
That is to say, almost anti-periodic oscillations more accurately describe the motional law of
matters than almost periodic oscillations. Consequently, almost anti-periodic oscillation is
also one of the important dynamics of differential equations and neural networks [8–11]. Fur-
thermore, we know that Besicovitch almost (Bp-almost) periodicity is a very general almost
periodicity. In a certain sense, it includes Bohr almost periodicity, Stepanov almost peri-
odicity and Weyl almost periodicity [12–14]. Therefore, it is very natural and reasonable to
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introduce and study Bp-almost anti-periodicity. Meanwhile, it is meaningful and challenging
to study the Bp-almost anti-periodic oscillation for neural networks.

On the one hand, with the continuous progress of science and technology, and the contin-
uous development of neural network theory, more and more massive multi-dimensional data
need to be processed by neural networks. As we know, using ordinary real-valued neural net-
works to process massive multidimensional data requires more connection weight functions
and occupies more storage space in the processor. However, using complex-valued [15–20],
quaternion-valued [21–25], Clifford-valued [26–32], and octonion-valued neural networks
[33–37] to process the same data only requires less connection weight functions and less
storage space. Therefore, the theoretical and applied research on the algebraic valued neural
networks mentioned above has received increasing attention. It is worth mentioning that the
research on octonion-valued neural networks has just started. Since the multiplication of
octonion algebra is neither commutative nor associative, little is known about the dynamics
of octonion-valued neural networks. And most of the existing results have been obtained by
decomposing the octonion-valued system under consideration into real-valued or complex-
valued systems [38–45]. Therefore, it is necessary to explore direct methods to study the
various dynamics of such neural networks.

On the other hand, the neural network models described by difference equations play an
important role in theory and practical application. Thanks to the time scale theory [46, 47], the
research on neural network models described by dynamic equations on time scales can unify
the research on neural network models described by differential equations and difference
equations respectively.

Inspired by the above observation and considering that, in the past decades, various types of
Cohen–Grossberg neural network (CGNN) [48–53] have been successfully applied in many
fields, the main purpose of this work is to introduce a concept of Bp-almost anti-periodic
functions on time scales, and study the existence and stability of Bp-almost anti-periodic
solutions of a class of octonion-valued CGNNs on time scales.

The main contributions of this paper are as follows:

1. We propose a concept of Bp-almost anti-periodic function on time scales, which is new
even for functions defined on the set of real numbers or the set of integers.

2. This is the first paper to study the existence of Bp-almost anti-periodic solutions of neural
networks. Our results are new to neural networks described by differential equations or
difference equations.

3. When the neural networks we consider degenerate into real-valued, complex-valued and
quaternion-valued networks, our results are also new.

4. The results and methods in this paper can be used to study the existence of Bp-almost
anti-periodic solutions to other types of dynamic equations.

5. Our researchmethod is a direct approach, which does not decompose the octonion-valued
system under consideration into real-valued, complex-valued, or quaternion-valued sys-
tems.

The rest of this paper is organized as follows: In Sect. 2, we recall some relevant definitions
and give a description of the model. In Sect. 3, we propose a definition of Bp-almost anti-
periodic functions on time scales. In Sect. 4, we study the existence and global exponential
stability of Bp-almost anti-periodic solutions for a class of CGNNs on time scales. In Sect. 5,
we present an example to show the validity of our conclusion. In Sect. 6, we provide a brief
conclusion.
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2 Preliminaries andModel Description

The algebra of octonions is defined as

O =
{
x =

7∑
l=0

xlel : xl ∈ R, l = 0, 1, . . . , 7

}
,

where el , l = 0, 1, · · · , 7 are the octonion units and they satisfy the following multiplication
table:

× e0 e1 e2 e3 e4 e5 e6 e7
e0 e0 e1 e2 e3 e4 e5 e6 e7
e1 e1 −e0 e3 −e2 e5 −e4 −e7 e6
e2 e2 −e3 −e0 e1 e6 e7 −e4 −e5
e3 e3 e2 −e1 −e0 e7 −e6 e5 −e4
e4 e4 −e5 −e6 −e7 −e0 e1 e2 e3
e5 e5 e4 −e7 e6 −e1 −e0 −e3 e2
e6 e6 e7 e4 −e5 −e2 e3 −e0 −e1
e7 e7 −e6 e5 e4 −e3 −e2 e1 −e0

From the table, one can easily check that the multiplication of octonions is neither com-
mutative nor associative. For each x ∈ O, we define its conjugate as x̄ = x0e0−∑7

l=1 x
lel and its norm as ‖x‖O = √

x x̄ . For y = (y1, y2, · · · , yn)T ∈ O
n , we can define

‖y‖On = maxl∈I [n]{‖yl‖O}. For more information about the octonion algebra, we refer to
[54].

Let T be a time scale. For a function y = ∑7
l=0 y

lel : T → O, where yl :
T → R, l = 0, 1, . . . , 7 are delta differentiable, the delta derivative of y is defined by
y�(t) = ∑7

l=0(y
l)�(t)el . For a function z = ∑7

l=0 z
lel : T → O, where zl : T →

R, l = 0, 1, . . . , 7 are rd-continuous, the delta integral of z from a to b is given by∫ b
a z(s)�s = ∑7

l=0(
∫ b
a zl(s)�s)el .

Throughout this paper, we use R+ to denote the set of all positive regressive functions
fromT toR. We denote by L p

loc(T,On) the set of all locally p-th�-integrable functions from
T to O

n and by L∞(T,On) the set of all strongly �-measurable and essentially bounded
functions fromT toOn , respectively. Obviously, L∞(T,On) is a Banach space with the norm
‖ f ‖∞ := ess supt∈T ‖ f (t)‖On for f ∈ L∞(T,On).

Lemma 2.1 [55] If a, b ∈ Crd
(
T,R+)

with−a,−b ∈ R+ and t, s ∈ T, ξ ∈ �, then e−a(t+
ξ, σ (s + ξ))− e−b(t, σ (s)) = ∫ t

σ(s) e−b(t, σ (θ))(b(θ)− a(θ + ξ))e−a(θ + ξ, σ (s + ξ))�θ .

Definition 2.1 [55] A time scale T is called an almost periodic time scale if

� := {τ ∈ R : t ± τ ∈ T, for all t ∈ T} �= {0}.
Obviously, if T is an almost periodic time scale, then the graininess function μ of T satisfies
μ+ := sup

t∈T
μ(t) < +∞. From now on, unless otherwise specified, the time scale T refers to

the almost periodic time scale.
The model we consider in this paper is the following octonion-valued CGNNs with delays

on time scale T:

x�
i (t) = −αi (xi (t))

[
βi (xi (t)) −

n∑
j=1

ai j f j (x j (t)) −
n∑
j=1

bi j g j (x j (t − θ j )) − Ii (t)

]
, (1)
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where i ∈ I [n] := {1, 2, . . . , n}, xi (t) ∈ O is the state of the i th unit at time t , αi (·) : O → O

is the amplification function, βi (·) : O → O is the behaved function, and fi (·), gi (·) : O →
O are the activation functions, ai j , bi j ∈ O present the connection weight, the discretely
delayed connection weight, respectively, θ j ∈ �+ denotes the time delay, Ii (t) ∈ O is the
external input at time t .

To make model (1) meaningful, we stipulate that for a, b, c ∈ O, abc = (ab)c.
The initial values of (1) are

xi (s) = ϕi (s) ∈ L∞([−�, 0]T,O), i ∈ I [n], � = max
j∈I [n]{θ j }.

3 Bp-Almost Anti-periodic Functions on Time Scales

Let (E, ‖ ·‖) be a Banach space and f ∈ L p
loc(T,E), where p ≥ 1, we define the Besicovitch

seminorm by

‖ f ‖B p := lim sup
T→+∞

[
1

2T

∫ T

−T
‖ f (t)‖p�t

] 1
p

.

Denote by B p
b (T,E) the space of all B p-bounded functions.

Let L∞(T,E) be the collection of functions x : T → E that aremeasurable and essentially
bounded, then it is a Banach space with the norm ‖x‖∞ = ess sup

t∈T
‖x(t)‖ for x ∈ L∞(T,E).

Definition 3.1 A function f ∈ B p
b (T,E) is called Bp-almost periodic if for each ε > 0 the

set
Ebpap( f , ε) = {τ ∈ � : ‖ f (· + τ) − f (·)‖B p < ε}

is relatively dense. We will denote by B p AP(T,E) the space of all such functions.

Definition 3.2 A function f ∈ B p
b (T,E) is called Bp-almost anti-periodic if for each ε > 0

the set
ϑbpap( f , ε) = {τ ∈ � : ‖ f (· + τ) + f (·)‖B p < ε}

is relatively dense. We will denote by B p AN P(T,E) the set of all such functions.

Example 3.1 If μ(t) < 1
2 for any t ∈ T, for p ≥ 1, we can easily check that the following

functions are not periodic, anti-periodic or almost anti-periodic but Bp-almost anti-periodic,

(1) f (t) =

⎧⎪⎪⎨
⎪⎪⎩
cos(π t) + cos(

√
2π t) + e2(t, 0) + (−σ(t)−t)

1
p

(1+σ 2(t))
1
p (1+t2)

1
p
, t ∈ (−∞, 0]T;

cos(π t) + cos(
√
2π t) + e−2(t, 0) + (σ (t)+t)

1
p

(1+σ 2(t))
1
p (1+t2)

1
p
, t ∈ (0,+∞)T.

(2) g(t) =

⎧⎪⎪⎨
⎪⎪⎩
sin(π t) + sin(

√
2π t) + e2(t, 0) + (−σ(t)−t)

1
p

(1+σ 2(t))
1
p (1+t2)

1
p
, t ∈ (−∞, 0]T;

sin(π t) + sin(
√
2π t) + e−2(t, 0) + (σ (t)+t)

1
p

(1+σ 2(t))
1
p (1+t2)

1
p
, t ∈ (0,+∞)T.

Remark 3.1 From Sect. 3.1, 3.2 and 3.1, one can see that the space of Bp-almost anti-periodic
functions is a proper subspace of the space of Bp-almost anti-periodic functions.

By Sect. 2.1 and the Fubini theorem on time scales, one can easily show that
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Lemma 3.1 If f ∈ L∞(T,E), a ∈ Crd(T,R+) is bounded with −a ∈ R+ (the set of all
positive regressive functions), a+ = sup

t∈T
a(t), a− = inf

t∈T a(t) > 0, a+μ+ < 1 and τ ∈ �+.

Then
∥∥∥∥

∫ ·

−∞
e−a(·, σ (s)) f (s)�s

∥∥∥∥
B p

≤ 1

a−(1 − a+μ+)
1
p

(
1 + 1

1 − e−a−τ

) 1
p ‖ f ‖B p .

Definition 3.3 Function f = ( f1, f2, · · · , fn) : T → O
n is called Bp-almost anti-periodic

if for every i ∈ I [n], fi is Bp-almost anti-periodic.

In the sequel, we will use the following symbols:

a∗
i j = ‖ai j‖O, b∗

i j = ‖bi j‖O, c∗
i j = ‖ci j‖O, μ+ = sup

t∈T
μ(t), I+

i = ‖Ii‖∞

and make the following assumptions:

(H1) For i ∈ I [n], there exist constants Lα
i ≥ 0 such that for any x, y ∈ O,

‖αi (x) ± αi (y)‖O ≤ Lα
i ‖x ± y‖O.

(H2) For i ∈ I [n], there exist positive constants γi > 0 with γiμ
+ < 1, γi ∈ R+ and

constants L�
i ≥ 0 such that functions �i : O → O defined by �i (u) := γi u −

αi (u)βi (u) for any u ∈ O satisfying, for any x, y ∈ O,

‖�i (x) ± �i (y)‖O ≤ L�
i ‖x ± y‖O.

(H3) For j ∈ I [n], functions f j , g j ∈ C(O,O) and there exist positive constants L f
j , L

g
j >

0 such that, for any x, y ∈ O,

‖ f j (x) ± f j (y)‖O ≤ L f
j ‖x ± y‖O, ‖g j (x) ± g j (y)‖O ≤ Lg

j‖x ± y‖O.

(H4) Function I = (I1, I2, · · · , In) ∈ B p AN P(T,On) ∩ L∞(T,On).
(H5) There exist positive constants r > 0 and h ∈ �+ such that max

i∈I [n]{ρi Hi } < 1, where

�i = 1

(1 − μ+γi )
1
p

(
1 + 1

1 − e−γi h

) 1
p

(> 1),

ρi = 1

γi

[
L�
i + 2r Lα

i

n∑
j=1

(
a∗
i j L

f
j + b∗

i j L
g
j

) + Lα
i I

+
i

]
.

4 Bp-Almost Anti-periodic Solutions

4.1 Existence

By (H2), system (1) can be written as

x�
i (t) = − γi xi (t) + �i (xi (t)) + αi (xi (t))

×
( n∑

j=1

ai j f j (x j (t)) +
n∑
j=1

bi j g j (x j (t − θ j )) + Ii (t)

)
, i ∈ I [n]. (2)
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Definition 4.1 Under assumptions (H1)-(H4), if x = (x1, x2, . . . , xn)T ∈ L∞(T,On) is a
solution of the following equation

xi (t) =
∫ t

−∞
e−γi (t, σ (s))

[
�i (xi (s)) + αi (xi (s))

( n∑
j=1

ai j f j (x j (s))

+
n∑
j=1

bi j g j (x j (s − θ j )) + Ii (s)

)]
�s, i ∈ I [n]. (3)

then x is said to be a mild solution of system (1).

By Sect. 2.1 and conditions (H1)-(H3), one can easily get that

Remark 4.1(10) If there exists a positive constant a > 0 with −a ∈ R+, for any τ ∈ � and
t ≥ σ(s), e−a(t + τ, σ (s + τ)) = e−a(t, σ (s));

(20) obviously, αi (0) = �i (0) = f j (0) = g j (0) = 0.

Theorem 4.1 Assume that (H1)-(H5) are fulfilled. Then system (1) has a unique Bp-almost
anti-periodic mild solution in Y = {ϕ : ϕ ∈ L∞(T,On), ‖ϕ‖∞ ≤ r}.
Proof Noting that (L∞(T,On), ‖ · ‖∞) is a Banach space and Y is a closed convex subset
of L∞(T,On). Consider an operator T : Y → L∞(T,On) defined by

(Tφ)(t) = ((Tφ)1(t), (Tφ)2(t), . . . , (Tφ)n(t))
T ,

where φ = (φ1, φ2, . . . , φn) ∈ Y, t ∈ T and

(Tφ)i (t) =
∫ t

−∞
e−γi (t, σ (s))

[
�i (φi (s)) + αi (φi (s))

( n∑
j=1

ai j f j (φ j (s))

+
n∑
j=1

bi j g j (φ j (s − θ j )) + Ii (s)

)]
�s, i ∈ I [n].

Step 1: We will show that T (Y) ⊂ Y. In view of (H1)-(H5) and Sect. 4.1, for any φ ∈ Y,
one gets

‖(Tφ)‖∞ = max
i∈I [n]

{
ess sup
t∈T

∥∥∥∥
∫ t

−∞
e−γi (t, σ (s))

[
�i (φi (s)) − �i (0) + (αi (φi (s)) − αi (0))

×
( n∑

j=1

ai j ( f j (φ j (s)) − f j (0)) +
n∑
j=1

bi j (g j (φ j (s − θ j )) − g j (0))

)

+ (αi (φi (s)) − αi (0))Ii (s)

]
�s

∥∥∥∥
O

}

≤ max
i∈I [n]

{ ∫ t

−∞
e−γi (t, σ (s))

[
L�
i ‖φi‖∞ + Lα

i ‖φi‖∞
( n∑

j=1

a∗
i j L

f
j ‖φ j‖∞

+
n∑
j=1

b∗
i j L

g
j‖φ j‖∞

)
+ Lα

i ‖φi‖∞ I+
i

]
�s

}

≤ max
i∈I [n]

{
1

γi

[
L�
i + Lα

i ‖φi‖∞
n∑
j=1

(
a∗
i j L

f
j + b∗

i j L
g
j

) + Lα
i I

+
i

]
‖φ‖∞

}
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≤ max
i∈I [n]

{
1

γi

[
L�
i + r Lα

i

n∑
j=1

(
a∗
i j L

f
j + b∗

i j L
g
j

) + Lα
i I

+
i

]
r

}
≤ r .

That is, T (Y) ⊂ Y.
Step 2: we will prove that T has a fixed point in Y. For any ϕ,ψ ∈ Y, by (H1)-(H5) and

Sect. 4.1, we infer that

‖(Tϕ) − (Tψ)‖∞

= max
i∈I [n]

{
ess sup
t∈T

∥∥∥∥
∫ t

−∞
e−γi (t, σ (s))

[
�i (ϕi (s)) − �i (ψi (s)) + αi (ϕi (s))

×
( n∑

j=1

ai j ( f j (ϕ j (s)) − f j (ψ j (s))) +
n∑
j=1

bi j (g j (ϕ j (s − θ j )) − g j (ψ j (s − θ j )))

)

+ (αi (ϕi (s)) − αi (ψi (s)))

( n∑
j=1

ai j f j (ψ j (s)) +
n∑
j=1

bi j g j (ψ j (s − θ j )) + Ii (s)

)]
�s

∥∥∥∥
O

}

≤ max
i∈I [n]

{ ∫ t

−∞
e−γi (t, σ (s))

[
L�
i ‖ϕi − ψi‖∞ + r Lα

i

( n∑
j=1

a∗
i j L

f
j ‖ϕ j − ψ j‖∞

+
n∑
j=1

b∗
i j L

g
j ‖ϕ j − ψ j‖∞

)
+ Lα

i ‖ϕi − ψi‖∞
(
r

n∑
j=1

a∗
i j L

f
j + r

n∑
j=1

b∗
i j L

g
j + I+i

)]
�s

}

≤ max
i∈I [n]

{
1

γi

[
L�
i + 2r Lα

i

n∑
j=1

(
a∗
i j L

f
j + b∗

i j L
g
j

) + Lα
i I

+
i

]
‖ϕ − ψ‖∞

}

≤ max
i∈I [n]{ρi }‖ϕ − ψ‖∞,

which combined with (H5) implies that T is a contraction mapping. As a consequence, T
has a unique fixed point x̂ = (x̂1, x̂2, . . . , x̂n) inY. Hence, x̂ is a unique essentially bounded
solution of (1).

Step 3: we will show that the x̂ is Bp-almost anti-periodic. For i ∈ I [n], we can rewrite
(3) as

x̂i (t) =
∫ t

−∞
e−γi (t, σ (s))

{
�i (x̂i (s)) + αi (x̂i (s))

[ n∑
j=1

ai j f j (x̂ j (s))

+
n∑
j=1

bi j g j (x̂ j (s − θ j )) + Ii (s)

]}
�s. (4)

By (H4), for any ε > 0, there exists a τi (ε) ∈ ϑbpap(Ii , ε) such that

‖Ii (· + τi ) + Ii (·)‖B p < ε, i ∈ I [n]. (5)

On one hand, by Lemma 4.1, Sects. 4.1 and 2.1, we can obtain that

‖x̂i (· + τi ) + x̂i (·)‖B p =
∥∥∥∥

∫ ·

−∞
e−γi (·, σ (s))Fi (s)�s

∥∥∥∥
B p

, i ∈ I [n], (6)

where

Fi (s) =�i (x̂i (s + τi )) + �i (x̂i (s)) + αi (x̂i (s + τi ))
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×
( n∑

j=1

ai j f j (x̂ j (s + τi )) +
n∑
j=1

bi j g j (x̂ j (s + τi − θ j )) + Ii (s + τi )

)

+ αi (x̂i (s))

[ n∑
j=1

ai j f j (x̂ j (s)) +
n∑
j=1

bi j g j (x̂ j (s − θ j )) + Ii (s)

]
.

According to (H1) − (H5), (5), Sect. 3.1 and Sect. 4.1, for h ∈ �+ and i ∈ I [n], we deduce
that∥∥∥∥

∫ ·
−∞

e−γi (·, σ (s))Fi (s)�s

∥∥∥∥
B p

≤ 1

γi (1 − μ+γi )
1
p

(
1 + 1

1 − e−γi h

) 1
p
∥∥∥∥�i (x̂i (s + τi )) + �i (x̂i (s)) + αi (x̂i (s + τi ))

×
( n∑

j=1

ai j ( f j (x̂ j (s + τi )) + f j (x̂ j (s))) +
n∑
j=1

bi j (g j (x̂ j (s + τi − θ j )) + g j (x̂ j (s − θ j )))

+ Ii (s + τi ) + Ii (s)

)
+ (αi (x̂i (s)) − αi (x̂i (s + τi )))

×
( n∑

j=1

ai j f j (x̂ j (s)) +
n∑
j=1

bi j g j (x̂ j (s − θ j )) + Ii (s)

)∥∥∥∥
B p

≤ 1

γi
�i

[
L�
i ‖x̂i (· + τi ) + x̂i (·)‖B p + r Lα

i

( n∑
j=1

a∗
i j L

f
j ‖x̂ j (· + τi ) + x̂ j (·)‖B p

+
n∑
j=1

b∗
i j L

g
j ‖x̂ j (· + τi ) + x̂ j (·)‖B p + ‖Ii (· + τi ) + Ii (·)‖B p

)

+ Lα
i ‖x̂i (· + τi ) − x̂i (·)‖B p

(
r

n∑
j=1

a∗
i j L

f
j + r

n∑
j=1

b∗
i j L

g
j + I+i

)]

≤ 1

γi
�i

[
L�
i + r Lα

i

n∑
j=1

(
a∗
i j L

f
j + b∗

i j L
g
j

)]‖x̂i (· + τi ) + x̂i (·)‖B p

+ 1

γi
�i

[
r Lα

i

n∑
j=1

(
a∗
i j L

f
j + b∗

i j L
g
j

) + Lα
i I

+
i

]
‖x̂i (· + τi ) − x̂i (·)‖B p + r Lα

i
γi

�i ε. (7)

On the other hand, by (4) and Sect. 2.1, we can get that

‖x̂i (· + τi ) − x̂i (·)‖B p =
∥∥∥∥

∫ ·

−∞
e−γi (·, σ (s))Gi (s)�s

∥∥∥∥
B p

, (8)

where

Gi (s) =�i (x̂i (s + τi )) − �i (x̂i (s)) + αi (x̂i (s + τi ))

×
( n∑

j=1

ai j f j (x̂ j (s + τi )) +
n∑
j=1

bi j g j (x̂ j (s + τi − θ j )) + Ii (s + τi )

)

− αi (x̂i (s))

( n∑
j=1

ai j f j (x̂ j (s)) +
n∑
j=1

bi j g j (x̂ j (s − θ j )) + Ii (s)

)
.
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By (H1)-(H5), (5), Sect. 3.1 and Sect. 4.1, for h ∈ �+ and i ∈ I [n], one can easily get that∥∥∥∥
∫ ·

−∞
e−γi (·, σ (s))Gi (s)�s

∥∥∥∥
B p

≤ 1

γi (1 − μ+γi )
1
p

(
1 + 1

1 − e−γi h

) 1
p
[
L�
i ‖x̂i (· + τi ) − x̂i (·)‖B p

+ r Lα
i

( n∑
j=1

a∗
i j L

f
j ‖x̂ j (· + τi ) + x̂ j (·)‖B p +

n∑
j=1

b∗
i j L

g
j‖x̂ j (· + τi ) + x̂ j (·)‖B p

+ ‖Ii (· + τi ) + Ii (·)‖B p

)
+ Lα

i ‖x̂i (· + τi ) + x̂i (·)‖B p

(
r

n∑
j=1

a∗
i j L

f
j + r

n∑
j=1

b∗
i j L

g
j + I+

i

)]

≤ 1

γi
�i

[
2r Lα

i

n∑
j=1

(
a∗
i j L

f
j + b∗

i j L
g
j

) + Lα
i I

+
i ‖x̂i (· + τi ) + x̂i (·)‖B p

+ L�
i ‖x̂i (· + τi ) − x̂i (·)‖B p + r Lα

i ε

]
. (9)

Since �i > 1, by (8) and (9), one can infer that

‖x̂i (· + τi ) − x̂i (·)‖B p ≤
[
1 − L�

i �i

γi

]−1
�i

γi
[(γiρi − L�

i )‖x̂i (· + τi ) + x̂i (·)‖B p + r Lα
i ε]

= �i

γi − L�
i �i

[(γiρi − L�
i )‖x̂i (· + τi ) + x̂i (·)‖B p + r Lα

i ε]

=γiρi�i − L�
i Hi

γi − L�
i �i

‖x̂i (· + τi ) + x̂i (·)‖B p + r Lα
i �i

γi − L�
i �i

ε

≤γi − L�
i Hi

γi − L�
i �i

‖x̂i (· + τi ) + x̂i (·)‖B p + r Lα
i �i

γi − L�
i �i

ε

=‖x̂i (· + τi ) + x̂i (·)‖B p + r Lα
i �i

γi − L�
i �i

ε. (10)

Consequently, it follows from (6), (7), (10) that

‖x̂i (· + τi ) + x̂i (·)‖B p

≤ �i

γi

[
L�
i + r Lα

i

n∑
j=1

(
a∗
i j L

f
j + b∗

i j L
g
j

)]‖x̂i (· + τi ) + x̂i (·)‖B p

+ �i

γi

[
r Lα

i

n∑
j=1

(
a∗
i j L

f
j + b∗

i j L
g
j

) + Lα
i I

+
i

]
‖x̂i (· + τi ) − x̂i (·)‖B p + r Lα

i �i

γi
ε

≤�iρi‖x̂i (· + τi ) + x̂i (·)‖B p + �i

γi

[
r Lα

i

n∑
j=1

(
a∗
i j L

f
j + b∗

i j L
g
j

) + Lα
i I

+
i

]
r Lα

i �i

γi − L�
i �i

ε + r Lα
i �i

γi
ε,

hence,

‖x̂i (· + τi ) + x̂i (·)‖B p <

�i
γi

[
r Lα

i

n∑
j=1

(
a∗
i j L

f
j + b∗

i j L
g
j

) + Lα
i I

+
i

]
r Lα

i �i

γi−L�
i �i

+ r Lα
i �i
γi

1 − �iρi
ε, i ∈ I [n],

which implies that x̂ is Bp-almost anti-periodic. This ends the proof.
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10 Page 10 of 17 Y. Li, W. Qi

Remark 4.2 Due to the fact that the set composed of almost anti-periodic functions does
not have a linear structure, B p AN P(T,E) is not a Banach space. Our method of proving
Theorem 4.1 is different from the usual method of proving the existence of almost periodic
solutions. And for dynamic equations on time scales, our method of proving Theorem 4.1 is
different from existing methods.

4.2 Global Exponential Stability

Theorem 4.2 Under the assumptions of Sect. 4.1. Let x be the Bp-almost anti-periodic solu-
tion of system (1) with the initial value ϕ and y be an arbitrary solution of system (1) with
the initial value ψ , respectively. Then there exist positive constants λ with 
λ ∈ R+ and M
such that

‖x(t) − y(t)‖On ≤ Me
λ(t, 0)‖ϕ − ψ‖τ , t ∈ (0,+∞)T,

where ‖ϕ−ψ‖τ = sup
s∈[−�,0]T

‖ϕ(s)−ψ(s)‖On , i.e., the Bp-almost anti-periodic mild solution

x of system (1) is globally exponentially stable.

Proof Let z(t) = y(t) − x(t), for i ∈ I [n], by (2), we have

z�i (t) = y�
i (t) − x�

i (t) = −γi zi (t) + Fi (t, yi , xi ), i ∈ I [n], (11)

where

Fi (t, yi , xi ) =�i yi (t)) − �i (xi (t)) + (αi (yi (t)) − αi (xi (t)))

[ n∑
j=1

ai j f j (y j (t))

+
n∑
j=1

bi j g j (y j (t − θ j )) + Ii (t)

]
+ αi (xi (t))

[ n∑
j=1

ai j ( f j (y j (t)) − f j (x j (t)))

+
n∑
j=1

bi j (g j (y j (t − θ j )) − g j (x j (t − θ j )))

]
.

Based on (11), one can have that

zi (t) = zi (0)e−γi (t, 0) +
∫ t

0
e−γi (t, σ (s))Fi (s, yi , xi )�s, i ∈ I [n]. (12)

For i ∈ I [n], set
Ni (λ) = γi 
 λ − �i (λ),

where

�i (λ) = (1 + μ+λ)

[
L�
i + r Lα

i

n∑
j=1

(a∗
i j L

f
j + b∗

i j L
g
j e

λθ j ) + r Lα
i ζi + Lα

i I
+
i

]
.

Then, we have Ni (λ) → −∞ as λ → +∞, and Ni (0) > 0 by (H5). Hence, by the continuity
of Ni (λ), one can take a number λ with 0 < λ < min

i∈I [n]{γi } such that Ni (λ) > 0, i ∈ I [n],
which implies that �i (λ) < γi 
 λ. From (H5), we have

M := min
i∈I [n]

{
γi [�i (0)]−1

}
> 1,
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thus,

1

M
≤ �i (0)

γi
<

�i (λ)

γi 
 λ
< 1.

For any ε > 0, it is obvious that

‖z(t)‖On < M(‖ψ − ϕ‖τ + ε)e
λ(t, 0), t ∈ [−�, 0]T.

Furthermore, we claim that

‖z(t)‖On < M(‖ψ − ϕ‖τ + ε)e
λ(t, 0), t ∈ [0,+∞)T. (13)

If not, then there is a positive constant t̂ ∈ T such that

‖z(t̂)‖On = M(‖ψ − ϕ‖τ + ε)e
λ(t̂, 0) (14)

and
‖z(t)‖On < M(‖ψ − ϕ‖τ + ε)e
λ(t, 0), t ∈ [0, t̂)T.

Hence, from (12), one has

‖zi (t̂)‖O <(‖ψ − ϕ‖τ + ε)e−γi (t̂, 0) + M(‖ψ − ϕ‖τ + ε)

∫ t̂

0
e−γi (t̂, σ (s))

(
L�
i e
λ(s, 0)

+ Lα
i e
λ(s, 0)

[
r

n∑
j=1

a∗
i j L

f
j + r

n∑
j=1

b∗
i j L

g
j + I+

i

]

+ r Lα
i

( n∑
j=1

a∗
i j L

f
j e
λ(s, 0) +

n∑
j=1

b∗
i j L

g
j e
λ(s − θ j , 0)

))
�s

≤M(‖ψ − ϕ‖τ + ε)e
λ(t̂, 0)

{
e−γi⊕λ(t̂, 0)

M
+

∫ t̂

0
e−γi⊕λ(t̂, σ (s))

[
L�
i eλ(σ (s), s)

+ Lα
i eλ(σ (s), s)

(
r

n∑
j=1

a∗
i j L

f
j + r

n∑
j=1

b∗
i j L

g
j + I+

i

)

+ r Lα
i

( n∑
j=1

a∗
i j L

f
j eλ(σ (s), s) +

n∑
j=1

b∗
i j L

g
j eλ(σ (s), s − θ j )

)]
�s

}

≤M(‖ψ − ϕ‖τ + ε)e
λ(t̂, 0)

{
e−γi⊕λ(t̂, 0)

M
+ 1 + μ+λ

γi 
 λ
(1 − e−γi⊕λ(t̂, 0))

×
[
L�
i + r Lα

i

n∑
j=1

(a∗
i j L

f
j + b∗

i j L
g
j ) + Lα

i I
+
i + r Lα

i

n∑
j=1

(a∗
i j L

f
j + b∗

i j L
g
j e

λθ j )

]}

<M(‖ψ − ϕ‖τ + ε)e
λ(t̂, 0).

Consequently,
‖z(t̂)‖On < M(‖ψ − ϕ‖τ + ε)e
λ(t̂, 0),

which contradicts (14), and so the claim is true. Letting ε → 0+, (13) yields

‖z(t)‖On ≤ M‖ψ − ϕ‖τ e
λ(t, 0).

This completes the proof.
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5 A Numerical Example

Example 5.1 In network (1), let n = 2, r = 20, for i, j = 1, 2 and x ∈ O, take

f1(x) =0.03 sin(x0)e0 + 0.01 tanh(x1)e1 + 0.03 tanh(x2)e2 + 0.02 sin(x3)e3

+ 0.001 sin(x4)e4 + 0.003 sin(x5)e5 + 0.002 sin(x6)e6 + 0.03 arctan(x7)e7,

f2(x) =0.01 sin(x0)e0 + 0.025 sin(x1)e1 + 0.025 tanh(x2)e2 + 0.025 sin(x3)e3

+ 0.03 arctan(x4)e4 + 0.005 sin(x5)e5 + 0.04 tanh(x6)e6 + 0.001 sin(x7)e7,

g1(x) =0.003 sin(x0)e0 + 0.001 tanh(x1)e1 + 0.006 sin(x2)e2 + 0.006 sin(x3)e3

+ 0.02 arctan(x4)e4 + 0.001 sin(x5)e5 + 0.02 tanh(x6)e6 + 0.003 sin(x7)e7,

g2(x) =0.03 sin(x0)e0 + 0.02 sin(x1)e1 + 0.02 sin(x2)e2 + 0.01 sin(x3)e3

+ 0.03 sin(x4)e4 + 0.02 sin(x5)e5 + 0.01 sin(x6)e6 + 0.02 sin(x7)e7,

I1(t) =0.01(cos(π t) + cos(
√
2π t))e0 + 0.01(cos(π t) + cos(

√
2π t))e1

+ 0.01(cos(π t) + cos(
√
2π t))e2 + 0.01(cos(π t) + cos(

√
2π t))e3

+

⎧⎪⎪⎨
⎪⎪⎩
0.01 cos(π t) + 0.01 cos(

√
2π t) + 0.01(−σ(t)−t)

1
p

(1+σ 2(t))
1
p (1+t2)

1
p
, t ∈ (−∞, 0]T

0.01 cos(π t) + 0.01 cos(
√
2π t) + 0.01(σ (t)+t)

1
p

(1+σ 2(t))
1
p (1+t2)

1
p
, t ∈ (0,+∞)T

e4

+ 0.01(cos(π t) + cos(
√
2π t))e5 + 0.01(cos(π t) + cos(

√
2π t))e6

+
{
0.01 cos(π t) + 0.01 cos(

√
2π t) + 0.01e2(t, 0), t ∈ (−∞, 0]T

0.01 cos(π t) + 0.01 cos(
√
2π t) + 0.01e−2(t, 0), t ∈ (0,+∞)T

e7,

I2(t) =0.01(sin(t) + sin(
√
3t))e0 + 0.01(sin(t) + sin(

√
3t))e1

+

⎧⎪⎪⎨
⎪⎪⎩
0.01 sin(t) + 0.01 sin(

√
3t) + 0.01(−σ(t)−t)

1
p

(1+σ 2(t))
1
p (1+t2)

1
p
, t ∈ (−∞, 0]T

0.01 sin(t) + 0.01 sin(
√
3t) + 0.01(σ (t)+t)

1
p

(1+σ 2(t))
1
p (1+t2)

1
p
, t ∈ (0,+∞)T

e2

+ 0.01(sin(t) + sin(
√
3t))e3 + 0.01(sin(t) + sin(

√
3t))e4

+
{
0.01 sin(t) + 0.01 sin(

√
3t) + 0.01e2(t, 0), t ∈ (−∞, 0]T

0.01 sin(t) + 0.01 sin(
√
3t) + 0.01e−2(t, 0), t ∈ (0,+∞)T

e5

+ 0.01(sin(t) + sin(
√
3t))e6 + 0.01(sin(t) + sin(

√
3t))e7,

a11 = − 0.1 sin(
√
2) + 0.1 cos(

√
3)e1, a12 = 0.1 cos(

√
2) + 0.1 sin(

√
5)e2,

a21 =0.1 cos(
√
2) + 0.1 sin(

√
2)e3, a22 = −0.05 sin(

√
2) + 0.05 cos(

√
5)e4,

b11 = − 0.05 cos(
√
2) + 0.05 sin(

√
3)e5, b12 = 0.01 sin(

√
2) + 0.01 cos(

√
3)e6,

b21 =0.04 sin(
√
2) + 0.04 cos(

√
5)e7, b22 = 0.05 cos(1) + 0.05 sin(

√
2)e3 + 0.05 cos(

√
2)e6.

If T = R, let

θi = 6, h = 0, p = 1, αi (x) = x, βi (x) = 18 + 1

1 + xx
.

If T = Z, let
θi = 4, h = 0, p = 4, αi (x) = 1, βi (x) = x .
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Fig. 1 T = R, states x01 , x11 , x21 and x31 of system (1) with different initial values

Fig. 2 T = R, states x41 , x51 , x61 and x71 of system (1) with different initial values

By simple calculations, we have for i = 1, 2,

a∗
11 = 0.1 sin(

√
2), a∗

12 = 0.1 sin(
√
5), a∗

21 = 0.1 sin(
√
2), a∗

22 = 0.05 sin(
√
2),

b∗
11 = 0.05 sin(

√
3), b∗

12 = 0.01 sin(
√
2), b∗

21 = 0.04 sin(
√
2), b∗

22 = 0.05 sin(
√
2),

L f
1 = 0.03, L f

2 = 0.04, Lg1 = 0.02, Lg2 = 0.03, Lh1 = 0.04, Lh2 = 0.02, I+i ≤ 0.065.

For T = R, i ∈ I [n], we have γi = 18, �i (x) = − x
1+xx ,

Lα
i = 3, L�

i = 1.25, ζi < 0.0149, ρi < 0.162, �i = 2, max
i

ρi Hi < 0.324 < 1.

For T = Z, i ∈ I [n], we have γi = 0.8, �i (x) = −0.2x,

Lα
i = 0, L�

i = 0.2, ζi < 0.0233, ρi < 0.25, �i < 2, max
i

ρi Hi < 0.5 < 1.

So, (H1) − (H5) are fulfilled. By Sect. 4.2, system (1) possesses a unique Bp-almost anti-
periodic mild solution, which is globally exponential stable (see Figs. 1, 2, 3, 4, 5, 6, 7 and
8).

Remark 5.1 There are no known results that can yield the results of Example 5.1.

6 Conclusions

In this paper, we have proposed a concept of Bp-almost anti-periodic functions on time scales,
and obtained the existence and global exponential stability of Bp-almost anti-periodic mild
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Fig. 3 T = R, states x02 , x12 , x22 and x32 of system (1) with different initial values

Fig. 4 T = R, states x42 , x52 , x62 and x72 of system (1) with different initial values

Fig. 5 T = Z, states x01 , x11 , x21 and x31 of system (1) with different initial values

Fig. 6 T = Z, states x41 , x51 , x61 and x71 of system (1) with different initial values
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Fig. 7 T = Z, states x02 , x12 , x22 and x32 of system (1) with different initial values

Fig. 8 T = Z, states x42 , x52 , x62 and x72 of system (1) with different initial values

solutions for a class of Cohen–Grossberg neural networks by using the fixed point theorem,
inequality techniques and the method of contradiction. The concepts and research methods
proposed in this paper can be used to study the existence of almost anti-periodic solutions to
other types of neural network models and dynamic equations on time scales.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included in the
article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If material is
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regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder.
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