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Abstract

The goal of this paper is to better understand the quasimap vertex functions of type A
Nakajima quiver varieties. To that end, we construct an explicit embedding of any type
A quiver variety into a type A quiver variety with all framings at the rightmost vertex
of the quiver. Then, we consider quasimap counts, showing that the map induced by
this embedding on equivariant K -theory preserves vertex functions.
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1 Introduction

The topic of this paper is type A Nakajima quiver varieties, see [1-3], and their
quasimap vertex functions [4]. These varieties are of crucial importance in geometric
representation theory, see for example [3-7]. From a physical perspective, they arise
as the Higgs branch of the moduli space of vacua of 3d N' = 4 gauge theories,
which leads to their relevance in the phenomenon of 3d mirror symmetry studied, for
example, in [8—16]. Our main goal here is to prove a statement relating the quasimap
vertex functions of two different type A quiver varieties. As we will discuss later in the
introduction, our results are motivated by the hope of developing a sufficient technical
understanding of vertex functions needed to prove their expected duality under 3d
mirror symmetry.
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1.1 Embedding of quiver varieties

Fix a natural number m and consider the type A, quiver Q, which has vertex set
Qo = {1,2,...,m}and edgesi — i + 1 for1 < i < m — 1. For a choice of
V,W € Zgg, called the dimension vector and framing vector, respectively, and for
a stability parameter 0 € Z20, Nakajima defined a quasiprojective algebraic variety
Mg (v, w). To be sure, Nakajima varieties are well-defined for any choice of quiver
0, but our interest in this paper is only in the type A setting.

Assume now that w; # 0 for some i < m. Let k € Q¢ be the maximal vertex such
that k + 1 < m and w41 # 0. We define v/, w' € Z29 by

Vv = V; 1<i<k
" lviti—k—1 k+1<i<m
Wegp — 1 i=k+1

W= Wu+m—k i=m
w; otherwise

Theorem 1 (Theorem 3) There exists a closed embedding
®: Mo(v,w) = My, w) (1)

Furthermore, let T and T be the natural tori acting on Mg(v, W) and Mg(V', W),
see Sect. 2.3. Then, there is an inclusion v : T < T such that (1) is T-equivariant.

We construct (1) in Sects. 3 and 4. Recall that Mg (v, w) is the moduli space of 8-
semistable representations of the doubled framed quiver of Q with dimension vectors
v and w. In Sect. 3, we consider the data of a quiver representation corresponding
to the vertices {k + 1,k +2,...,m} C Qo and we define the map (1) explicitly in
terms of this data. We then check that it respects the stability condition, descends to
the quiver varieties, and is T-equivariant.

Applying Theorem 1 repeatedly, we can embed My (v, w) into a quiver variety
with all framings at the last vertex.

Corollary 1 Givenv,w € Zgg, there exists V', W' € Zgg where W, = 0 fori # m and
a T-equivariant closed embedding

Mo (v, w) = MgV, w) )

If w = (0,0,...,N), it is known that the corresponding Nakajima variety
Meg (v, w) is nonempty if and only if vi < v, < ... < v, < N, [2, section 7].
Furthermore, if 6 = (1, 1, ..., 1), then My(v, w) is the cotangent bundle of a par-
tial flag variety. It follows immediately from Corollary 1 that any type A quiver variety
arising from the stability conditions oF = +(1,1,...,1) can be embedded into the
cotangent bundle of a partial flag variety.
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1.2 Vertex functions

Our motivation for and construction of Theorem 1 was inspired by the work [17]. To
explain the connection, we must recall some aspects of the enumerative geometry of
Nakajima quiver varieties. As shown in the pioneering work of Maulik—Okounkov [5]
and later in [4], enumerative invariants of Nakajima varieties are deeply related to the
representation theory of certain quantum groups. In the K -theoretic setting, the relevant
enumerative theory of curves is the theory of quasimaps to a GIT quotient devel-
oped in [18]. In [4], Okounkov identifies g-difference equations constraining certain
K -theoretic quasimap counts with the quantum Knizhnik—Zamolodchikov equations
arising from the representation theory of quantum affine algebras [19].

One of the key curve counts studied in [4] are known as vertex functions. For
d € 790, let QMﬁS - denote the moduli space of degree d stable quasimaps from
P! to a Nakajima variety X nonsingular at oo € P'. The usual action of C* on P!
gives rise to the action of a torus, denoted C*, on quasimaps. Let KTx(:; (X)ioe =

KTXC; (X) ®g Frac(R) where R = KTXC; (pt). Leteveo : QM?. _ — X be the map

ns oo
. . . Ad . .
given by evaluating a quasimap at co. Let O, be the symmetrized virtual structure
sheaf on QM?,

d. 1. Then, the vertex function of X is defined to be:

V@) = oo (O%) 24 € K Oteellz]]
d

where d runs over all degrees such that QMY is nonempty and z¢ := []"", z?" .

The variables z; for 1 < i < m can be though of as formal parameters and are
conventionally referred to as “Kéhler parameters" (or Fayet—Iliopoulos parameters
in the physics literature). In section 7 of [4], Okounkov shows that V (z) satisfies a
system a scalar g-difference equations with regular singularities, from which it follows
that V (z) is in fact the Taylor series expansion of a meromorphic function of z. The
notation [[z]] above refers to a completion of the semigroup algebra of the cone of
effective curves in X. We review vertex functions in Sect. 5, but see also [4, 20-22]
for further explanations.

In [23], Aganagic and Okounkov show how the Bethe equations can be obtained
from quiver varieties. This was also explored in [22], where the Bethe equations for
the XXZ spin chain were identified with the criticality conditions for the saddle point
approximation of a contour integral computing the vertex functions for the cotangent
bundle of the Grassmannian. The work of Koroteev—Zeitlin in [17] studied 3d mirror
symmetry from the perspective of Bethe equations. There the authors show that the
Bethe equations associated with My (V/, w') recover those associated to Mg (v, w)
under a certain specialization of the parameters. Because the Bethe equations can be
recovered from the vertex functions, which depend on the geometry of the quiver
variety, it seemed desirable to us to obtain a direct geometric relationship between
My (v, w) and My (V', w’), hence Theorem 1. Furthermore, one hopes that Theorem 1

! The symmetrized virtual structure sheaf depends on a choice of polarization of the tangent space of X.
For simplicity, we suppress this aspect in the introduction.
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would relate vertex functions, thus giving a broader explanation for the coincidences
observed in [17].

In Sects. 5 and 6, we pursue this agenda. Let 8 = 6~ and consider the pullback on
equivariant K -theory

" Kp(Mp (v, W) — K1(Ma(v, W)

induced by ®.

Let V(z) € KTXQ; (Mg (v, W))oel[z]] and V'(z) € K IxC (Mo (v, W))ioel[2]]
be the vertex functions of My (v, w) and My (V', W), respectively. Then, our main
theorem is the following.

Theorem 2 (Theorem 6) The map ®* preserves vertex functions. More precisely,
P*(V'(z) =V({?)
where Z stands for a shift of the parameters 71, . . ., Zy by certain powers of q.

Skipping ahead to Theorem 5, the reader can see that in the K -theoretic fixed point
basis, vertex functions are certain g-hypergeometric series. In fact, vertex functions
generalize many of the most important g-hypergeometric series. For the quiver vari-
ety T*P", one recovers the so-called ;11 ¢, basic hypergeometric series. Concretely,
Theorem 2 gives a relationship between two different g-series under a parameter
specialization. From this perspective, Theorem 2 demonstrates how the geometry of
quiver varieties can be exploited to give a deeper understanding of certain special
functions. Special cases of vertex functions were studied in [11, 21, 24-28], which
considered summation formulas, symmetries under swaps of the parameters (i.e. 3d
mirror symmetry), and connections with Macdonald theory.

Theorem 2 is proven in Sect. 6 by a careful analysis of the localization formula
for the vertex. Although the proof involves complicated combinatorial expressions,
Theorem 2 is actually a “term-by-term" result. By this we mean the following. Each
term in the localization formula for V'(z) corresponds to a T' x C; fixed quasimap
to Mg (v, w’), and similarly for V (z). Applying ®* to V’(z), some of these terms
become zero, and the remaining terms can be matched in a one-to-one fashion with
the terms of V (2).

For this reason, one is tempted to say that V'(z) is a more complicated series
than V (z). However, in the special case where My (V/, w') is the cotangent bundle to a
complete flag variety, there is at least one aspect of V' (z) which is better understood: the
q-difference equations in the Kéhler parameters. In a future work, we will exploit this
fact to prove 3d mirror symmetry of the vertex functions for those cotangent bundles
of partial flag varieties whose 3d mirror duals are still Nakajima quiver varieties.

In closing, we mention the work [29] of Riményi and Botta. In the more general
setting of bow varieties, they independently arrived at the same construction as The-
orem 1, which they call the “D5 resolution". They prove an analog of Theorem 2 for
elliptic stable envelopes and use it, along with another construction known as the “NS5
resolution", to prove 3d mirror symmetry for elliptic stable envelopes.
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2 Review of quiver varieties

2.1 Definition

We review the construction of Nakajima quiver varieties from [2, 3], see also [1].
Since our interest is only in type A quiver varieties, we will specialize to that case.
Consider a quiver Q with vertices Qg = {1, 2, ..., n} and edges from i to i + 1 for
1<i<n-—1.Choosev,w e Zgg. Let 6 € Z90 be the stability parameter.

For eachi € Qy, let V; and W; be complex vector spaces of dimension v; and w;,
respectively. Let

n—1 n
Repy (v, w) = D Hom(V;, Vis1) & €D Hom(W;, V;)

i=1 i=I

and

Gy=[] 6L
i€Qo

Since Gy acts on Rep, (v, w) by change of basis, there is an induced Hamiltonian
action of Gy on T*RepQ(v, w), with associated moment map

tvw : T*Repy (v, w) — Lie(Gy)*

The associated Nakajima quiver variety is defined as the algebraic symplectic reduc-
tion:

Mo (v, w) := T*Rep (v, W) Jf6 Gy = 1ty 1y (0)/5Gy 3)

Here the notation /4 stands for the GIT quotient with stability parameter 6. The
stability parameter corresponds to the character of G given by

(8i)iegy P l_[ det(g) ™"
i€Qo

By the trace pairing, we have Hom(A, B)* = Hom(B, A), so that we can denote a
general element of

T*Repy (v, w) = Rep, (v, w) @ Repy (v, w)*

by a quadruple ({X;}i<i<n—1, {Yi}i<i<n—1. {li}icQ,» {Ji}icg,), Where X; €
Hom(V;, Vit1), ¥; € Hom(Viy1, V), I; € Hom(W;, V;) and J; € Hom(V;, W),
see Fig. 1. We abbreviate this by (X, Y, I, J).
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X Xo Xn—1

Vl VQ N
Yl YS Yn —1

=

I || J1 I | | J2 In||Jn

W1 W2 Wn

Fig. 1 A graphical depiction of the data (X, Y, I, J)

Under the identification Lie(Gy)* = Lie(Gy) given by the trace pairing, the
moment map is

pow (X, Y 10y = (Xi 1Yoy = YiXi + 1 Ji) o, € @D End(Vi) = Lie(Gy)
i€Qo

2.2 Criterion for semistability

We will also need the well-known criterion for GIT (semi)stability. To state it, we
define two conditions on (X, Y, I, J):

1. Let {S;};er be a collection of subspaces S; C V; preserved by X and Y such that
S; C ker J; for all i. Then,

Z 6; diimc S; <0
i€Qo

2. Let {T;} be a collection of subspaces 7; C V; preserved by X and Y such that
T; D Im [; for all i. Then,

Y 6idimeT; < Y 6 dime V
i€eQq i€Qo

Proposition 1 ([1], Proposition 5.1.5) A quadruple (X,Y,1,J) € M\Z}N(O) is 0-
semistable if and only if conditions 1 and 2 above hold.

2.3 Torus action

There is a natural action of the torus A := (C*)W! on T*Repg (v, w) coming from the
action of A on each W;. It descends to an action on My (v, w). In addition, there is an
action of C* on T*Rep (v, w) given by dilation of the cotangent fibers. We denote

this latter torus by C;. Let T = A x C[/
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3 The embedding: local case
Our goal is to define an embedding of one quiver variety inside another. Our embedding

will be constructed locally on the quiver. For the basic situation, let v e ZZ, be
arbitrary, but assume thatw; = 0if2 <i <n — 1.

3.1 Notations

Points in 7*Rep (v, w) are given by diagrams of the form:

X1 N X2 N Xn—1 N

V] y] 7 V2 y] L oo ¢ 7 Vn
gl Y3 Yn

Wi Wy

Choose a basis for each vector space V; and W; and write all linear maps in the
diagram above as matrices. In particular, we write

I = (A1 Ay ... Awl)
where each Ay is a column vector in CV1. Similarly, we write

B
B

Ji
By,
where each By is a row vector in CV1,
Let v/, w' € Z” , be defined by

Vi=vi+i—1
w; —1 i=1
w; =130 2<i<n-—1

W, +n i=n

Let V/ and W/ be complex vector spaces of dimension v; and w, respectively. We
identify V/ = V; @ C'~!for1 <i <nand W, = W, & C".

3.2 Construction of the map

To (X,Y,1,J) € T*Repy(v,w), we associate an element X, Y, I',J) of
T*Repg (v, w') as follows:
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e The framing maps at the first node are:

B>
/ / B3
I[=(A2A3... Ay)), Ji= :
By,
o X : Vi ®Ck ! — Viyy @ Chis given by
— X 0
Xk= B1Y1... Y Cy
0 —Ik—1
where
Ce=(c! & ... & € Mat; ;1 (C),

CjZBl (Yl...Yj_1Xj_1...X1)A1

and [ is the (k — 1) x (k — 1) identity matrix.
Notice that

Xk S MatVlH’l’Vk(C)
JYy... Y1 € Matl,vk((C)

so that X} isa (Vey1 + 14 (k — 1)) x (vx + (k — 1)) = v} x v | matrix.
o Y/ : Viy1 ®Cr — Vi @ CHis given by

Y 0 Xi—1... X141
0 Iy 0
Notice that

Yy € Maty, v, (C)
Xp—1...X1A1 € Matvk’l((C)

so that ¥y is a ((vk) + (k — 1)) x ((vk4+1) + (kK — 1) + 1) = v} x v} | matrix.
e The new framing maps at the final node are:

Jn 0
J =— BiY;...Y, Cy
0 _Hn—l
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X1 X3 Xn_1
VW, —— V,aC Vp,@oCrt
et Yy Y,
I;HJ; 1;HJ;L
Ccwit w, e C"

Fig.2 The new quiver representation

and

This construction defines a map ® : T*Repy (v, w) — T*Repy (v, w).

3.3 Induced map on quiver varieties

We next check that the map T*RepQ(v, w) — T*RepQ(v’ , W) constructed in the
previous section descends to a map on quiver varieties. In the proofs below, we will
freely use the notation A, Bj, and Cy defined in the previous section.

Proposition2 If(X,Y,1,J) € M\Z\l,\,(o), then ®(X,Y,1,J) € u\;lw,(O).

Proof We denote ®(X,Y,1,J) = (X',Y’, I’, J'). For the first vertex, we calculate

By
Iy I X 33
—Y X+ 1{J = (Y1 Ar)- B, + (A2 Az ... Aw)-
By,
wi
=—Y1X1+ZA]'BJ‘
j=1
=-"1X1+4LJ1=0
For the last vertex, we calculate
—Xn_1 0
Y,— 0 Xp—n...X1A
X, Yo =|BiY1...Ya2 Gy -("01 I "20 ! 1)
O _anz n—2
—Xn—1Yn-1 0 —Xp-1... X141
=|BiY1.. Y1 Ch1 BiY1...Y,02Xn0...X14A1
0 —I,—2 0
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and
Jn 0
Ir/l-]riz_(l(l; ]IO Xn_l.b.XlAl)' BiYy... Yy Cy
n—1 0 _Hn—l
I, J, 0 —Xn-1...X14Aq
=—|BiY1... Y1 Cho1 BiY1..Y,02Xno0...X1A
0 I, 0

which shows that
Xy Yy + 1,0, =0

Now suppose that n > 2 and fix k so that 1 < k < n. Then,

— X 0
Y, 0 Xi—1...X1A
X]/(Y,éz BiY... Y Cr <0k I k=1 0 ! 1)
—Xi Yy 0 —Xi... X141
=|BiY)...7% Cy B1Y).. Vi1 Xp—1... X114
0 —Ii—1 0
and
—Xk+1 0
Y 0 Xp...X1A
Vi1 Xjpy = ( k0+1 I g 0 ! 1)‘ BiYi...Yx Crsi
k 0 -1
k
—Yir1 Xk 0 Xk ... X144
=\ BiY1... Y Ck BiY1.. .Yk Xk—1... X1A
0 —Tr—y 0
So
X3 Yy — Y,£+]X,/<+] =0
which concludes the proof. O

Now fix a stability parameter 6 € Z".
Proposition3 If (X, Y, I, J) is O-semistable, then ®(X, Y, I, J) is O-semistable.

Proof We use Proposition 1. Suppose (X, Y, I, J) € T*RepQ(v, w) is f-semistable.
As above, write ®(X, Y, I,J)) = X", Y, I',J).

Let {S;} be a collection of subspaces S; C V/ preserved by the maps X; and
Y, such that S| C ker J{ and S, C ker J,. By definition of J;, this forces S, C
V, C V, @ C"~!. By definition of X/ _,,itis obvious thatif X| ,(S,—1) C V,, then
Sp—1 C V,—1. Continuing inductively, we see that S; C V; for all i. Furthermore,
X’I(Sl) C Vp and S; € ker Jl’ together imply that S§1 C ker J;. Since (X, Y, I, J) is
0-semistable, Proposition 1 implies that Z’;’:l 0; -dimc S; < 0.
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Let {T;} be a collection of subspaces 7; C V/ preserved by the maps X; and Y
such that 71 D Im I{ and T, D Im I;,. Let T/ = T; N V;. Since T; is preserved by X
and Y/, it is clear from the definition of X/ and Y/ that T/ is preserved by X; and Y;.

By definition of 1), it is clear that 7, D U, & C"~! for some subspace U, C V,
and U,, D Im I,,. Proceeding inductively, we also see that 7; D U; & Ci~! for some
subspace U; C V; for all i. In particular, 7> D U, & C. Since Yl/ = (Y1 Al), we see
that T} D Im A{. Thus 7y D Im I{. From 7} D Im [} and 7, D Im 1,/1, we see that
T/ > ImI; and T, D Im I,.

Thus, we have

n
> 0;dime Tj =) 6;(dime T} +i — 1)
j=1 i

n
<Y 0pdime Vi + Y 6,6 — 1)
j=1 i
n
= 6;dimc V]
j=1

We have verified both conditions of Proposition 1. Thus, (X', Y’, I’, J') is 0-
semistable. |

We denote Gy = []/_; GL(V; ® Ci—1). We consider the Nakajima quiver varieties
M = Mp(v, w) = 11y ,(0)/Gy
M = MV, W) = g\, (0) /Gy

There is a natural inclusion p from Gy to G/, defined by inclusion into the first
component. Write g € Gy as g = (g1, €2, ..., &)- Then,

_ con_ (& O
p=(P1,--., Pn)s pl(gl)_<0 Hi—l)

Proposition 4 The map @ is p-equivariant. In particular, ® descends to a map M —
M, which we also denote by ®.

Proof This follows from the block form of ®(X, Y, I, J). For example,

—Xk 0 —1
g+1 0 & 0
< 0 Hk) BiY1... Y Cy < 0 T,

Prt1 (k1) X ox (g1) ™!

0 —lr—1
— g1 Xegy ! 0
= BlYl...Yk_lglzl Cr
0 —Tk—1
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23 Page 120f 37 H. Dinkins

On the other hand, the component of ®(g - (X, Y, I, J)) inside Hom(V}, V;_,) is:

—gk1 Xigy ! 0
(BigiH(@iV1gs ) . (g-1Yi18c ) G
0 —Tk—1
— k1 Xkg ! 0
=|BiY1...iegr! Gk
0 —Ti—1

The Cy block is unchanged because of the formula

Bi(Y1...Y;1X;1...X1)A;
-1 —1 -1 -1 -1
= Bi1g, (e11g, -- .gj_le_1gj gJ'Xj—lgjfl ... 82X18) )g1Al
Similar computations for the rest of the data show that ®(g - (X,Y,I,J)) =
p(Q)P(X,Y,I,J). O
By the previous three propositions, ® descends to a map of quiver varieties.

Remark 1 From now on, we will use @ to denote the induced map

M- M 4

3.4 Injectivity

Proposition 5 The map (4) of quiver varieties is injective.

Proof We must show thatif ®(X, Y, I, J)and ®(X’,Y’, I’, J') are in the same G-
orbit, then (X, Y, I, J) and (X', Y’, I’, J) are in the same G-orbit. Note that in this
proof (X', Y’, I’, J') denotes a point in the domain of (4), in contrast to previous
usage.

So suppose that g - ®(X,Y,1,J) = (X', Y, I', J'). We write the components
gi of g, where g; € GL(V; ® C'™V)in (v; + (i — 1)) x (v; + (i — 1)) block form as

8,1 8i2
8i,3 8&i4
Consider the component of the equation g - ®(X,Y,I,J) = &X', Y, I', J)
lying in Hom(W,, V,):

(gn,l gn,z) ) <1n 0 Xu ---X1A1> _ (gn,lln gn2 &1 Xn-1 ---X1A1>
8n,3 &n4 0 I, 0 gn,3ln 8n.4 gn,3Xn—1 XA

0 XX
0 I, 0

This implies that g, » = 0 and g, 4 = I,—1.
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The inverse of g, is given as follows:

—1 —
“1_ (&1 O _ 8,,,11 0
& = I —\_ -1 I
8n3  ln-1 8n38,1 ln—1
We write this as a (v, + (n — 1)) x (v, + (n — 2) 4+ 1) block matrix as
g 0 0
—gn,sgn_,% Li-tn—2 D

where I,_1 ,—2 is the (n — 1) x (n — 2) matrix with 1’s on the main diagonal and D
is the (n — 1) x 1 matrix with 1 in the last entry and O elsewhere.

Write the inverse of g, as
g huwap 0
n hn,3 ]In—l

and consider the component of the equation g - ®(X, Y, I, J) = &X', Y, I’,J') in
Hom(V,, W)):

Jn 0
— | BiY1...Y,, Cy .(hn,l 0 >

0 _anl hn,3 ]Il’l—l
Juh" 0
= — BIYI--~Yn—1hn,1 +Cnhn,3 Can—l
_hn,3 =T
Iy Jr/l / 0/
=|BY..Y_, C,
0 —I1

So hy 3 = 0, which implies that g, 3 = 0.
Continuing inductively, we can show that

(&1 O
g,_(o HH)

which means that g = p((gi.1)1<i<n). Letting ¢ = (gi.1)1<i<n, We see that g -
X,y,1,)=X"Y, I J). O

3.5 Torus equivariance

The varieties M and M’ are acted on by tori T and T’, respectively.

Denote the coordinates on torus T by (ai1,...,a1,w;sdn,1, .-, anw,, 1) and
the coordinates on torus T' by (61,1, ..., b1wi—1.bn,1s -« - Buow,s Cls - -, Cny B). We
define the map
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23 Page 14 of 37 H. Dinkins

:T—>T
which is given on coordinates by
bl,j_1|—>a1,j, for jE{Z,...,W]} (5)
bu,j > an,j, for je{l,...,w,}
cj > hj*”al,l, for jefl,...,n}

K h

We will abuse notation and just write £ instead of /. We will abbreviate elements of
T as (a, h) and elements of T as (b, ¢, h).

Proposition 6 The map ® is equivariant with respect to

Proof We must show that t(a, h) - ®(p) = ®((a, h) - p). Let (X, Y, I, J) be a repre-
sentative of p. Then, we must show that

®((a,h)- (X,Y,1,J))=g(ua,h) - (X,Y,I1,J)) (6)

for some g € G/ (we have abused notation here, using ¢ for the map on the prequo-
tient). We will inductively define the appropriate g. Write each g; € End(V;) in block

form as
. (8.1 &2
8i (&',3 gi,4)

Set gn1 =1y, v, and g, 4 = diag(hl_”alyl, e h_lalyl). Then, the component of
g-((a,h) -®(X,Y,I,J)) in Hom(W,, V,) is:

diag(an,1. - - » dnw,)Jngy | 0
rl. hl*”al’lBlYl ...Yn_lgn_j hlinal,lcngn_,élt
0 —diag(B>"ar 1. ..., a1,1)g; )
h~diag(an.1, . - ., Gn.w, ) JIn 0
= hfnal’lBlyl Y hinal,lcng;}t
0 _Hn—l

We calculate

h"ayiCagyy = (R B1AL B2BIYIX1AL o R"TIBI(Y . Yo X2 XDA))

so that (6) holds for this component.
Similarly, the component of g - (¢«(a, i) - ®(X, Y, I, J)) in Hom(W,, V,)) is:
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gn,llndiag(an.la ~~~7an,w,l)71 0 gn,Ianl ~~~X1Alai}
0 gnadiag(A™"ay y, ..., la ! 0
— Indiag(an,la ---7an,w”)7| 0 anl ...X]A]Llfll
0 I,—1 0

which equals the component of ®((a, h) - (X, Y, I, J)) in Hom(W,, V,).

Next, set gu—1,1 = Ly, | v,_1» 81,4 = diag(h*"ay 1, ..., i ta1 1), gn—12 =0,
and g,—1,3 = 0. The torus ¢(T) acts trivially on the component of ®(X, Y, I, J) in
Hom(V,,_1, V,;), so we must show that this component is preserved by the action of
g. We compute

—Xn1 0
an,;_lgn__ll = hl_nal,lBIYI D o) hl_nal,lcnflg;ll’z;
0 diag(hz_"al,l, ...,h_lal,l)gn__ll’4
—X—1 0
= | A'™"a1 1 BiY) ... Yy hl_nal,lcn—lgn__llA
0 T2
Note that
hl—n C —1
a1,1tn—-18,_1.4
= (h"'BiAT ATIBIVIX1A1 ... ROTDBI(Y...Yuo3Xno3... XDA))

so that (6) holds for the component in Hom(V,_1, V,). For the component in
Hom(V,, V,,_1), we have

—1(Yn-1 0 Xno0...X1A4 _
gn—lh < 0 I[n—2 0 gn
:h_l Y1 0 Xn2...X14A -1
0  diag(h®"ay . ..., h lar) 0 &n
_(hYYar 0 Xuoa...Xi1Aja,
N 0 L,—2 0
Continuing inductively, we see that (6) holds. O

Proposition 7 The largest subtorus of T' that preserves ® (M) is t(T).

Proof The fact that ¢(T) preserves M follows by Proposition 6. So we only need to
show that there is no larger subtorus that does.

Let (b, ¢, k) € T' and suppose that & (M) is fixed by (b, ¢, h). Let (X, Y, I, J) €
T*Rep(v, W) be a representative of a point p € M. If (b, c, h) - P(p) = P(p’) €
® (M), then there exists a representative (X', Y', I’, J') of p’ so that
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(b,c,h) - X, Y, I,])=g- X, Y. I J)
for some g € Hier GL(V/). Writing g = (gi)ieg, and
. _ (8.1 &2
8 (&',3 gi,4)

it follows by the same reasoning as in the proof of Proposition 5 that g; » = 0 and
gi.3 = 0. And we have

L diag(bp.1, ..., byw,)”! 0 Xuo1... X141, !
0 diag(cy, ..., cp1) ! 0
_ (gn,llr/l 0 g"vIX;—l"'XiA/l>
0 gn,4]1n—l 0
Also,
diag(bp,1, - buw,) In 0
Rl ciB1Y... Y, c1Cy
0 —diag(ca, ..., cn)

T (gn1) ! 1 0 1

= B{Y{...Yr/l_lgn_’1 CIC'/’g'f_A

0 —8n.4

These two equations imply that

diag(cy, ..., cn1)"' = gn4 = h-diag(ca, ..., )"

Hence,
cj=hlejy1 = ¢j =W "¢,
which implies that (b, c, ) is in ¢(T). O
We also have

Corollary 2 The embedding ® maps the T-fixed locus to the ((T)-fixed locus.

4 The embedding: general case

4.1 One step

Now we apply the local construction from the previous section to the case of a general
type A quiver variety. So choose a natural number m > 2 and consider the A,,

quiver, i.e. the quiver with vertices Qo = {1,2,...,m} and edges i — i + 1 for

@ Springer



On the vertex functions of type A quiver varieties Page 170f37 23

21 Vo VE+1 VE42 Vm—1 Vi
Wik+41 Wi

Fig. 3 The framed quiver data for a type A quiver variety. We omit drawing the framed vertices if the
corresponding framing dimension is O

Il <i<m-—1.Letv,we Z . Fix a stability parameter 6 € Z2°. We will suppress
6 from the notation. C0n51der the corresponding quiver variety M (v, w). Let k be the
maximal integer such that k + 1 < m and wi41 # 0. We assume that such a k exists.
Letn = m — k. See Fig. 3.
We apply (4) to the data arising from the full subquiver with vertices {k + 1, k +
., k + n} to deduce the following.

Theorem 3 There is a torus equivariant closed embedding

M(v, w) — MV, w) @)
where
v — Vi 1<i<k
P lviti—k—1 k+l1<i<m
Wig1 — 1 i=k+1
Wi=_Wu+m—k i=m
w; otherwise

We view this as trading a framing at vertex k + 1 for many framings at the last
vertex.

4.2 Repeated embeddings
Repeating the procedure of the previous section wj times, we obtain an embedding
M, w) — M’

where M’ is a quiver variety with w4 = 0. Continuing inductively, we obtain an
embedding of M (v, w) into a type A quiver variety with w; = 0 for i # m.

Theorem 4 Any type A,, Nakajima quiver variety can be equivariantly embedded into
an Ay, quiver variety with all framings at the rightmost vertex.

Let 6 = 4(1, 1, ..., 1). In the special case where 6§ = 6%, we obtain the follow-
ing.
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Corollary 3 Any type A,, Nakajima quiver variety with stability condition 0% or 6~
can be equivariantly embedded into the cotangent bundle of an m-step partial flag
variety.

4.3 Combinatorics of torus fixed points

Now we specialize to the case & = 6~ . Fixed points on the Nakajima variety M (v, w)
are indexed by certain |w/|-tuples of partitions, see for example Proposition 4 in [30].

Let A = (A1 = Ay > ...) be a partition. The length of A is denoted by /(1), and we
use the convention that A; = 0 fori > [(A). The Young diagram of A is the collection
of points in the plane given by {(i, j) | 1 <i <I(A),1 < j < A;}. We will refer
to these points as “boxes" in the Young diagram. If J = (i, j) is such a box, we
write [ € A. Given J = (i, j) € A, the content and height of [J are defined by:
conty() =i —jand hty () =i + j — 2.

Definition 1 A (v, w)-tuple of partitions is a (W| + ... + W, )-tuple of partitions

). = ()Ll’]) l<i<m

1<j=<w;
such that the set

S = U (O e | contyi,(O) +i =1}
1<i<m
I<j<w;

hassizev; for!/ =1, ...m.

Given a (v, w)-tuple of partitions A, we will write [J € A to mean that J € A’/ for
some i and j.

Definition2 Let [J € A; in particular, [J € AlJ for some i and J. We associate an
equivariant parameter of the torus T from Sect. 2.3 to [J by

arn = a,‘,j

Proposition 8 ([30], Proposition 4) T fixed points on M (v, w) are in natural bijection
with (v, w)-tuples of partitions.

Definition 3 Let A be a (v, w)-tuple of partitions. Let L] € A, and in particular, suppose
that (0 € A"/, Then, we define

y () :=conty,; () +i
We also define

8 = ht,.; (O)
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The function y is just a shifted version of the content. The number 8& is just
the height; however, we introduce this notation because in Sect. 6 we will consider
subpartitions A C p and will need to distinguish between 8’& and 85.

The vector spaces V; in the definition of M (v, w) give rise to tautological vector
bundles V; over M (v, w). It is known that the T character of the fiber of these vector
bundles over a fixed point A is given by:

Vih= Y. aph's @®)
Oex
y (=i

See Fig.4 for an example of a torus fixed point.

4.4 Correspondence between torus fixed points

Let us consider the embedding (7).

Let A = (A7) 1<i=m bea (v, w)-tuple of partitions.
I<j=<w;

Deﬁnitiqn 4 Let A be a (v, w)-tuple of partitions. We define another tuple of partitions
= (u"') 1<i<m by

I<j<w;

o i =AM ifl <i<k.

o pktld = )MHLIFHif ] < j <wi | =wip — L
o U =gifk+1<i<m.

o M =)\ forl < j < wy.

o wmnts = S g — jyfor1 < j <.

Concretely, p is obtained from A by removing the partition corresponding to the
first framing at vertex k + 1 and by adding certain length 1 partitions at the last vertex
depending on the partition that was removed.

Proposition 9 With the notation above, w is a (V', W')-tuple of partitions.
Proof This follows by direct computation from the definitions of v/, w/, and p. O

Proposition 10 Let Fy, be the 1(T) fixed component of M(V', W) containing A. Then,
peFRNMY,w)HT.

Proof This follows from the construction of ® in Sect. 3.2. O
Consider the diagram

K (Mg(V', W) — K1 ()

Lo I

Kr(Mg(v,w)) —— K71 ()

where the horizontal maps are restrictions to torus fixed points.
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Fig.4 An example of the torus

fixed point

A=1(3,3,1),2,2),4 1,1)

on the quiver variety
M((2,3,4,4,3,1),(0,0,1,2,0,0)).
We hzive filled each box with

an 1’0 The T character of the
tautological bundle ¥3 is

asz 1+ a371h + a471ﬁ + a4’2h

Lemma 1 The previous diagram commutes.

Proof Let V] be a tautological bundle on M(v', w'). Formula (8) and the definition
of (7) show that *(V!|,) = ®*(V))x. By [31], the K -theory of Nakajima varieties is
generated by tautological classes. The lemma follows. O

4.5 Examples

To help the read parse the constructions and notation above, we provide a few examples.
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Example 1 Letv = (1,1) and w = (1, 1). Then M’ = M((1, 2), (0, 3)). The map
on fixed points from Definition 4 is as follows:

(D), (D) = (1), (2), (0)
(1, 1), (0)) = ((0), (2), (1))
((0), (2)) = (@), (D), O)

AsinSect. 3.5, thetoriare T = Cj | x C5, | x Cpand T =Cy  x C x C x Cf
and the map (5) is given by

—1
(a1,1,a2,1, h) — (a1, A~ ai1,a1,1, h)

Let us next consider an example where we apply the construction (7) several times,
as in Theorem 4.

Example2 letv = (2,3,4,4,3,1)andw = (0,0, 1, 2, 0, 0). The map in Theorem 4
is:

M(v,w) — M((2,3,4,4,4,3),(0,0,1,1,0,3))
Cﬁ M((27 31 47 4’ 59 5))7 (07 O? 17 O? O’ 6)))
— M((2,3,4,5,7,8),(0,0,0,0,0,10)) )

Consider the (v, w)-tuple of partitions
A=1((3,3,2),2,2),4,1,1)

Under the first step of the embedding, Definition 4 sends A to the fixed point
((3,3,1),(2,2),(6), (2), (1)) of M((2,3,4,4,4,3),(0,0,1,1,0,3)). This is
depicted in Fig. 5.

The reader can check that under the composition of all the maps in (9), Def-
inition 4 maps A to the fixed point ((6), (2), (1), 4), (3), 9, (6), (5), (2), @) of
M((2,3,4,5,7,8),(0,0,0,0,0, 10)).

As the picture shows, essentially what happens is that each column lengthens down
and to the right as much as it needs to in order to be a partition with corner box above
the last vertex.

The tori acting on the varieties in the first and last steps of (9) are T = C;, | x

Cr < Ch,y X CpandT = (C*H10 % Cy,, respectively. The map on tori (5) is

(a3,1,a4,1,a42, h)
i 2ag0, h! i 2agq, h! i 3asq, h2asg, B! ki
= (W ag2, R asp, a4, N "as 1, W aq 1, a4,1, W "as 1, k" "az 1, h™ a3, a3, h)
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Fig.5 The fixed point on the left maps to the fixed point on the right

5 Quasimaps

We give a brief review of vertex function for Nakajima varieties. The foundational
treatment of quasimap counting was given in [18], and the case of quasimaps to
Nakajima quiver varieties is treated in [4]. It is also reviewed in [20, section 2.2] and
[21, section 2.3].

5.1 Localization formula
Let M = My-(v,w) be a type A,, Nakajima quiver variety. The vertex function

of M is an equivariant count of quasimaps from P! to M nonsingular at oo, see [4,
section 7.2] for precise definitions. See also [20, section 2], [21, section 2], and [22,
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section 2]. For explicit computations of vertex functions, see [20, section 5.1.3] and
[22, section 2].
A stable quasimap from P! to M provides the data of
e Vector bundles ¥ over P! fori € Q.
e Topologically trivial vector bundles #; over P! fori € Q.
e A global section s € H° (IP’I, M D h_l///v), where

M = @Hom(”f/i, ) @ @ Hom(%;, ¥;)

i—J i€Qo

such that s(p) satisfies the moment map equations for all p € P! and s(p) is a 6-
semistable point for all but finitely many p € P'. Points p where s(p) is 6-semistable
are called nonsingular points of the quasimap.

The vector d = (d;)icg, = (deg ¥)ico, € 720 is called the degree of a quasimap.
Let QM be the moduli space of stable quasimaps from P! to M. For d € Z20, let
QM? c QM be the moduli space of degree d quasimaps. It is known that QM? admits a
canonical deformation-obstruction theory, which gives rise to a virtual structure sheaf
(’)f,lir [18]. Let T'/> M e K1(M) be the polarization of the tangent bundle of M given

by

T'2M =Y Hom(V;,V)) + Y _ Hom(W,, Vi) = Y Hom(V;, V)

i—j ieQo i€Qo

This induces a virtual bundle .7 /2 on P! x QM. As discussed in [4] and [32], it is
better to study the symmetrized virtual structure sheaf, which is defined by

vir vir

det 71729\ '/?
det 7125

oL — 0l <%®

where iy = (det TvirQMd)’l.
Let C; acton P! by

q - [x0 : x1] = [x0 : gx1]

This induces an action of (C; on QM. The action of the torus T on M also induces
an action on QM. We will work equivariantly with respect to T, = T x (C;. Denote
0=[0:1]and co =[1:0].
Consider the open locus QMffS 0o C QMm? of quasimaps that are nonsingular at
0o € P!, Thus there is a well-defined evaluation map eve : QMY — M.
Upto normalization,? the vertex function of M is the formal series with coefficients

in the localized K -theory of M defined by:

> Voo (O%) 2 € Krecr (Ml l2]]
d

2 See the a(—Tp M) factor in (10).
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Localization is necessary to define the vertex function since ev, is not a proper
map. The set of degrees of all quasimaps forms a cone in Z2°. Given d € Z20, we
understand z? to be an element of the semigroup algebra of this cone. The notation [[z]]
above stands for formal series in z? as d ranges over all possible quasimap degrees.

The vertex function of M can be computed by equivariant localization with respect
to T,, in the following way. Define the function @ on weights of T, by a(x) = w,
and extend it by multiplicativity to sums and differences of weights. This should be
thought of as a symmetrized version of the function x — # that appears in the
usual K -theoretic equivariant localization formula, see Remark 2.

By localization, the restriction of the vertex function to p € M can be calculated

as:

VOly= > 2%8a (T, jQM — T, M) g 712 (10)

FE(QMis 50) T
f(o0)=p

In this formula, 7, M and the virtual tangent space Tvir, QM are identified with their
T, characters and hence lie in the domain of 4.

Remark 2 Tangent weights contribute to the vertex function via a rather than the usual
K -theoretic Euler class because the vertex function is defined using the symmetrized
virtual structure sheaf, see [4, section 6.1]. This is also the reason for the appearance
qudeg .71/2/2.

Remark 3 The subtraction of T, M is simply a normalization condition and has the
effect of making the vertex function start with 1.

5.2 Explicit formula for vertex functions

By definition, a stable quasimap f to M provides vector bundles #; and %; over P!.
Let

m—1 m m
T2 =) Hom(%, %i41) + ) Hom(¥#;, %) — ) Hom(%, #)

i=1 i=1 i=1

The virtual tangent space at f of the moduli space of quasimaps is
Vv
Tir, QM = H* (PRTI/Q +17 (') ) , (11)

see [4]. This is an equality of representations of T,. We compute the character of this
representation.
As ¥ is a vector bundle over P!, there is a decomposition

Vi
% = @xi (PO ;)
Jj=1
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whered; ; € Zand {x; j(p)}1<j<v, is the set of T-weights of the tautological bundle V;
on M. The lines bundles O(d) are linearized so that the C ; character of HO(P!, O(d))

is Z?:o g’ when d > 0. The integers d;,;j that appear must satisfy certain linear
inequalities to arise from a quasimap, see [27, section 3]. We denote this set by C), C
7M. In fact, one can show that for each {d;,j} € Cp, there exists a unique T x (qu
fixed quasimap in QM o, see [20, section 5.1.3].

Lemma2 ([22] Lemma 1) For any weight w of T4, we have

H* <U)O(d) + LO(-d)) —w— i
hw

hw
wg(l+g+...¢ ) —2(l+g ' +...+¢7@ D) da=0
_{;f—w(l+4+~-- A= w1+ g7+ gt d<0
B {qu o d - g d=0
- iiq_wZizo q' —WZ?=d+1qi d<0

Proof The equivariant dualizing sheaf on P! is ¢(O(—2), where the ¢ means to twist
O(-2) by the trivial line bundle with equivariant weight g. The result follows by Serre
duality. O

Lemma 3

A 1 1\ () [ g2\
(oo o) ) (47)

where (x)g := (X(Z+O)C and (x)oo = []52o(1 — xqh).

Proof This follows by applying the function a to the previous lemma. O

Along with the factor of gd¢¢ T2 2 the contribution of wO(d) + % O (—d) to the
vertex function is thus:

e (4

Denote

_ (hx)a q \4
b = (=77)

Combining Lemma 3, (10), and (11), we deduce the following.

Theorem 5 The restriction of the vertex function to p is
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m—1 Vi Vit1
V(Z)|p— Z 1—[ nn{szrlk(P)} )
dit1k—di,j

X,
{d; j}eCp  i=1 j=1k=1 i.j(p)

nnn{xl o) T{=s),

i=1j=1k=1 dik i=1 j=1k=1

wherez l_[z 11_[] 1%i

Remark 4 As already mentioned, the set of degrees {d; ;} must satisfy certain condi-
tions to arise from a quasimap. However, the formula in Theorem 5 turns out to be
quite miraculous: it suffices to take d; ; > 0 for all i and j and all terms not arising
from quasimaps are automatically zero, see [25, Proposition 7].

Remark5 When M = T*P", Theorem 5 shows that the vertex function is equal to
the usual basic g-hypergeometric function ,1¢, for certain values of the parameters,
see [33].

LetA € M(v, w)". Recall the weights of the tautological bundle V; from (8). Thus,
we can write the vertex function as

VOl = Z 2 1—[ {@h‘sk"%}

a
{do)eCy O.0ex U
Y (@)=y O)+1

s,

Oexr j=1

dry—dpy

-1
ary A A
[1 {Eh‘sm’ —%5 }
0.0 ag dry—dn
y([M=y "

Proposition 11 ([25], Proposition 7) A collection {d}qey lies in Cy, if and only if the
following two conditions hold:

1. do>0foralll] € A
2. If0,0 € Al satisfy y(O') = y(@0) £ 1 and &, = SE + 1, then d < dry.

Definition 5 We call C), the set of admissible degrees for A.
5.3 Preservation of vertex functions
Recall the notation of Sect. 4.1. We have ® : M(v,w) — M'(V,w’) as in (7).
These are quiver varieties from a type A quiver with m vertices. Recall the definitions
of k and n used there. There are tori T and T’ that act on these two varieties and an
embedding ¢ : T — T’. The map ® is equivariant with respect to ¢ and hence induces
a pullback

o~ KT/X(C(; (M/)luc - KTXC; (M)loc

Our main theorem is the following.
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Theorem 6 Up to shifts of z, ®* preserves vertex functions. More specifically,

" (V'(z)) = V()
n—1

where Z stands for the shift z j qu_lfor k+1<j<mandzy, > zmq

Let
T KT/Xqu (pt) — KTXC; (pt)

be the induced map. Let A € MT. Let u € M’ 7 be the fixed point constructed from
A in Definition 4.
In view of Lemma 1, Theorem 6 is equivalent to the following.

Theorem 7 Let A € M" and let p € M'™ be the fixed point constructed in Sect. 4.4.
Then

(V@I = VI
Repeating the embedding procedure as described in 4.2, we obtain the following.

Corollary 4 Up to shifts of z1, ..., zm by powers of q, the vertex function of any
type A quiver variety can be obtained by a certain specialization of the equivariant
parameters of the vertex function of the cotangent bundle of a partial flag variety.

We will prove Theorem 6 in Sect. 6 by a careful analysis of the localization formula
in Theorem 5.

6 Proof of Theorem 7
6.1 Setup

We review the setup of Sect. 7. Let v, w € Z’;O and let k£ be the maximal index such
that k + 1 < m and wi41 # 0. Define n by k + n = m. Then

W= (Wi, W2, ..., Wg, Wit1,0,...,0, Weys)

/

V=LV, oo Vg, Ve H 1L oo Vg F0 = 1)
W/Z(WI,WZ,...,WkJ,_]—1,0,...,0,Wk+n+}’l)

Let M := My-(v,w) and M’ := My- (v, w’) and consider the embedding & :
M < M’ and the embedding ¢ : T — T'. Let «* be the induced pullback on torus
weights.

Denote the equivariant parameters of Tby a; j where 1 <i <mand1 < j <w;
and the equivariant parameters of T by b; ; where | <i <mand 1 < j < w;,. We
will also denote ¢; := by w,,+; for 1 < j < n.By (5), the map * is defined by
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a;,j 1<i<k
* Ak 1, j+1 i=k+land1 <j<wpy —1
U (bij) = . .

Qm, j i=mandl <j <w,

R=Wm g1y i=mandwy, +1<j<wy,+n

We abbreviate a := ay.y1,1 so that the last line reads * (c;) = R "aforl < j <n.
Let A be a (v, w)-tuple of partitions and let p be as in Definition 4. To simplify
notations below, we will denote A := 2K +LT and

2

vi= @ vE ) = (et

., Mm,wm+n)

Since u™Wnti = (A j+n—j),wecanand will canonically identify the Young diagram
of A with a subset of the disjoint union of the Young diagrams of each p"n+J for
1 < j <n. BySect. 44, uJ =x\Jifi #morifi =m and j < w,,. We identify
such boxes [J € A with their counterparts in . So, we have defined an inclusion
A C u; for example, see Fig. 6.

6.2 Comparison of degrees

We denote by V//L the restriction of the vertex function of M’ to u. We similarly write
V. for the restriction of the vertex function of M to A. We will denote the coefficients
of the vertex function V,, by Cﬁ}m}(b, 1), so that

r_ d 1
Vo= Y 2l b
{do}eCy

and similarly for C{"d[]}(a, h)
Let {dg}gey be an admissible collection of degrees appearing in the vertex function
V;i- By forgetting the degrees corresponding to boxes [J € p\A, we obtain a set

{dolgex-

Lemma4 If/* (C{’ZD}(b, ﬁ)) # 0, then {dO}Oey is a collection of admissible degrees
for X and {do}pep \{dotoer = {0}

Proof Suppose {d}ey is a collection of admissible degrees for w and satisfies
(e ftim} (b, ) # 0. We use the characterization of Proposition 11. We know a-priori

that do > 0. The rational function Cﬁlm}(b, h) is a product of g-Pochhammer terms.
For each 1 <i, j < n and each box [Jin v/ with height /, there is a term
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Fig.6 The identification of boxes of A (left) with a subset of the boxes of u (right)

Then,

(hj7i+l+1)d
]

C(Aija) = W
D

If j =i — pfor p > 1and O € v/ has height p — 1, then the numerator is (1), . For
O

1* (Aj,;.1) to be nonzero, we must have d; = 0 for any such box.

This shows that dg = 0 whenever [is a box of height less than orequal ton+j — 1
in v/. In other words, {do}ney \{do}oer = {0}

Now suppose that [J € A; and 00’ € Xy satisfy 8’@ = (SE,, or equivalently,
8, = 8f, + 1. We must show that * (Cmy (b, h)) #0 = dry —dp > 0. A term
in Cyg)(b, h) is
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And

(M ay —a
S v
O —ag

which is nonzero if and only if d — dg > 0.
A similar argument applies for 0, 0’ € A such that sk, = 8’@ + 1. Thus, {do}gex
is a collection of admissible degrees for A. O

Lemma5 If(J € Aj, then 8% = 8 + j —n. If0 € XA\ A, then 8} = 8.

Proof This follows straightforwardly from the definitions. O
6.3 Comparison of localization terms

Next we start comparing ¢* ( 1o }(b h)) with C{)‘d }(a, h). We define X*, Y*, and
Z* by the following:

ct .= ] by poty oty
{doh™> b
D,D/E[L a’D/—dD
y(@)=y@+1
Xr
Wy (@)
by
I {72t} 1 {2t
Oep j=I1 V( ). J do O,0en dry—dn
y @)=y
Ym
YA
Lemma 6
(XH)
XA
n
l—[ {aDr h‘w —ot - j+n] l—[ {iha"u,—a‘éﬂ—n}
. a dry an —d
j=1 DOe(\n); =1 Ogv O
O'¢v Le\r)
y(@)=y@)+1 y(@)=y[@D)+1
" " . " " .
h& 7_8 +l—]] [h5 ,—(SD-H—]] ]2
I I " H [ N
JI=1 Oe@\n); Ji.I=1 Oea;
Oex ey
V(D’)=V(D)+1 y(@)=yO)+1

Proof We split the term as

bD/ 12
13 13 8 —
[l Xto Xto= {bm n }
D,D’eu dD/—dD
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and consider (*(X*). Assuming that y ((0') = y(0J) + 1, we break the possibilities
into four cases:

1. Suppose (1, 0" ¢ v. By Lemma 5, we have

ay sk, st A
* [ — / —
“XD’D’)‘{E“ } =~ oo

dpy —do

2. Suppose [ ¢ vand 0 € v/. If 0 € A; C v/, then

ary s I Y 2
FXE o) = {—D it ‘SD}
’ a dD/—a'D

A A
= { @ﬁ‘sg/“sl:l }
a dry—dn

A
= X0 o
where the second equality follows from Lemma 5. If [J € (v \ 1), then we get

ary sk sk
ot ) = {ERE R
D/

since do = 0.
3. Similarly, if O ¢ v and O’ € v , we obtain either X )Ifl 0y or the extra terms
a _ B ol
(X o) = {—h’ "o BD}
, an s

which arise fron_l the case when [I' € W\
4. Suppose D e v/ and [ e v. If D e A; C v/ and ' € A; C V', then

L*(Xé o) = [hZ—j+sé/—ag}

- [ K=ot }

_ vA
=Xoo

dry —do

dry—dp

If0e (v\A); and O’ € A; C vy, then

ok oM
FXfg) = {h’ j+oty 5m}d
D/

If 0 € (v\A); and O € A}, then
cxt o) = {ﬁ—jﬂé,-gé}

_dD

If 0 € (v\A); and O € (v\1);, then dy = dg = 0. So t*(Xé o) =1
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Lemma 7
> (YH z a : z ~
= it PR ) (8 Ll PR
j=1 O¢v Djsl=1 Oex -
y(@)=m y(@D=m
Proof We split Y* as
Wy (@O b u
"o 12 no_ )
v =TT 1 ¥4, YD’j_{—b _im}
Oep j=1 y@.J dn

Assuming that L] € pand 1 < j < w,, ([, we have five possibilities:

1. Suppose [J ¢ v. Suppose also that either y(J) #mory(J) =mand 1 < j <
w,,,. Then,

a
gk ) = {—Dh‘%} =7},
h Ay, '

2. Suppose [ ¢ v. Suppose also that y (J) = mand w,, + 1 < j < w,, +n, and let
i = j — wy,. We necessarily have SE = S)Ij = 0. Then

cort =g (14)

3. Suppose [ € A; C v!. Suppose also that y () #mory(() =mand 1 < j <
W,,,. Then,

* y ;R _ a I—n+8%
L(YDJ. —{—'h D}

where the second equality follows by Lemma 5.
4. Suppose (1 € A; v and y(0J) = m. Such a box must satisfy % = SXD = 0.
Suppose also that j satisfiesw,,, + 1 < j <w,, +n.Leti = j — wy,. Then,

rrk ) = {h"i}dm (15)

5. The terms from [J € (v \ 1); are all 1, since d = 0 for such a box.
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Lemma 8
n
L (Z“) 1—[ 1—[ {GD'hs" st j+n} 1—[ { By~ + n}
1 a doy 5 , afd —dp
J=1 Oe®\1); Jj=1 DGD(V\)»)I
mg ¢v
M ghaa) y@Zy @)
l—[ {hl —j+ot, —5“} 1—[ l—[ {hl /+a“,—5"} 1
dy —d
=1 Oew\n; D ji=1 Qe .
O'en O'e\ry
y @)=y (@) y @)=y
(16)
Proof We write
-1
zt= ] 2 gb |t —ety
0,0 0,0 bD B
O,0ep dry—dp
y([@H=y(@)

Assuming that y (OJ) = y(O0'), we break the possibilities into four cases:
1. Suppose that O, 0’ ¢ v. Then L*(Zé o) = Z)Ij 0
2. Suppose 0 € v/ and [0’ ¢ v. Then
agy st —st+n—j] !
Kz ) = { RO D ]}
( D’D) dD/—dD
IfJ e A; C vy, then
ay ,sh _gr )1
K2l ) = {771%/ am}

=z*
dey —dos L.y

IfJe (v\A)j, then

-1
L*(Z,L ) _ @haé/fﬂlﬁ“rn*j
0o =7, i

since d = 0.
3. Similarly, if (' € (v \ A); and (J ¢ v then

-1
* a st st ti—n
7z ;) = —hD/ m}
czt o=

—d
4. Suppose O € v/ and ' € v'. Then

(2l o) = [t
0,00
) dry—dnp
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If 0 € Ajand O € Ay, then L*(Zé":l/) = Z)E,D/’ and similarly if we switch the
roles of O and ['.
If 0 e (W\A); and ' € Ay, then

Y Y —1
*H(ZE ) = [hl J+sty 5u}

dD/
With the roles of (I and [’ reversed, we get
. -1
sz )= {hl—1+8|’3,—8|’5}
" ( D,I:l) s
If O0e (v\1); and 0" € (v\A);, then we get 1.
O
Theorem 8
n
A —1)d —d
e (C{'Zm(b’ h)) =Clgy@.hy [T «" P[] ] «*
Oep =1 Oepn
yD)=m y (O)=k+1

Proof What we have shown so far is that (* (C {’ZZ’ }(b, h)) /C {)‘du}(a, h) is a product
|

of terms appearing in the previous three lemmas. In what follows, we will often
use the identity {x}_¢ = {Ai'x"1}4¢~¢ for d > 0, which follows easily by direct
computation.

First, we locate the terms in C{)‘dm}(a, k) corresponding to the framing at vertex

k+1.Let D € (v\A); be the box such that y (') = k 4+ 2 and 8%, = n — 2. Then
inside the product in (12), there are terms

1—[ {ihla,‘g} ﬁ 1—[ {hn—Z—(n—l)—H—j}

—d
Do ag —do 1 ey, w
y(O)=k+1 y(@)=k+1
n
a A
= I {etf T I )
. ag Ty —dg
y(@)=k+1 y(@)=k+1
n
a L g+ —d, ji—1 —d
oY B S Rl O 1 O L P
Ogv o j=1 Dei; o
y(@)=k+1 y(@)=k+1
= 1_[ {a_thl} —dn
Oep a dn
y(M=k+1

which, up to the powers of ¢, are exactly the missing framing terms in V.
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Next, let [J ¢ v and suppose that y ((J) = k + 2. All the contributions of this box to
* (C

ffi/ }(b, h)) /C {de} (a, h) come from interactions of [] with itself, and then from
O

the two boxes of v \ X that are one place to the right of [J. These terms are

{a_Dhaéf(nﬂ)an}_l {ih(n3)85+ln}
a dn —dg

ag
-1
{ih(n—Z)—Bé—H—n {ih(n—S)—85+2—n}
al:‘ _dD aD _dD

-1
_ {a_DhagH}_l ih—z—aé} {ih—l—éé} {ih—l—sé}
a do lag —dn L a0 —dn L 40 —dp

_ la_Dﬁaéﬂ}_l ih—2—55}
a do L ag —dg

a —lra
_ {_Dhagﬂ} {_Dh1+sg} g~
a dn a dn
—d
= q ]

Next suppose that [J ¢ v satisfies y(.J) = k 4 j for 2 < j < m. Then, the terms
involving [ in (12), (13), and (16) are:

n

-1
n( l—[ {G_Dhaéfaé,fprn}—l 1—[ {ihaé,Séﬂn}
a dn

a
I=1 > Oe\i) ey, 4O —do
y(@)=k+j y(@)=k+j
I { ag hag_ag,_m} I { a hag,_ag+z_n} )
, a dn , ang —dn
O'ew\A) O'e(w\A)
y(@)=k+j—1 y(@)=k+j+1
-t s -1
_ 1—[ {—Dh‘%”’l} 1—[ A p-1-jH-sh
1 a dn P arn

_dD

—_ |

J

~
~

J
a : a :
[_Dhsl’é,—i-j—l} l_[ {—h‘”l_-’_‘sé}
a d[] -1 a\j 7dl:|

S

{_Dhagﬂ‘—l}_l

a dn

2
dn

4 p-j-eh
an _
q

dn
Next, suppose that [] ¢ v satisfies y (LJ) = m. The terms in (12), (13), and (16)
involving [ are:
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i (Dpo-t) 1—[ {1h_1_n+z}]
=1 ¢ 90, (90 —dn
(i (T

=2

= quD
=2

— 4(=Ddo

This accounts for all the terms in (12), (13), and (16) involving [J ¢ v. The com-
putation for the remaining terms (i.e. the terms involving only £ and ¢g) is similar, and
we omit it. O
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