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Abstract

Structured systems appear ubiquitously in nature. Indubitably, the structure of a
system determines its characteristic behavior. However, predicting the behavior of a
system given its structure, or vice versa, is not straightforward. We here demonstrate
that the mapping from structure to behavior can be tackled using a systematic fluc-
tuation expansion, and develop a new method to infer structure given observations
of the system. Often, structure can be represented as a network of nodes, where the
nodes represent the agents, the elementary degrees of freedom of the system, and the
connections define their interactions. One common feature of structured systems are
hubs: nodes with significantly more connections than average, which are expected to
be key to the observed overall system behavior. To understand the influence of hubs,
we investigate to which extent the hubs of a scale-free network can drive a system of
binary agents into an ordered or disordered state. We find that a typical mean-field
approach to these systems introduces a nonphysical process: the signal sent by a
node to its neighbors may travel back and influence the same node, leading to a self-
feedback loop. The phenomenon is most prominent in the presence of hubs; their
accumulated self-feedback grows with the number of connections. We show that a
second-order fluctuation correction eliminates this spurious self-feedback. These in-
sights are then translated to a model of disease spreading: We investigate the SIR
model, where each agent can be in one of three states (susceptible, infected, or re-
covered), and transitions between these states follow a stochastic process. A typical
approach in literature to predict average infection curves is to assume that all agents
are statistically independent, introducing self-feedback artificially into the system,
which yields inflated infection curves. We use a dynamical Plefka expansion to cal-
culate a fluctuation correction, which eliminates the self-feedback effect, leading to
more accurate predictions on the spread of disease. We then approach the reverse di-
rection: inferring pairwise and higher-order interactions from data, these interactions
constitute the structure of the underlying system. In principle, inference problems
require an optimization over the space of all possible interactions, whose number
increases exponentially with the system size. Nevertheless, machine learning models
can infer structures efficiently from data. Typically, however, the inferred structure
is hidden in the parameters of the trained mdoel. We here show how to extract the
learned structure, formulated in terms of interactions up to the fourth order. This
process uncovers how the model hierarchically constructs interactions via nonlinear
transformations of pairwise relations. This yields a fully understandable AI-powered
tool for inference. Thus, we close the loop, demonstrating how collective behavior
can emerge from structure and vice versa.
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Zusammenfassung

Strukturierte Systeme sind in der Natur allgegenwärtig. Zweifelsohne bestimmt die
Struktur eines Systems sein charakteristisches Verhalten, aber das Verhältnis zwi-
schen Struktur und Verhalten eines Systems ist komplex. In dieser Arbeit nutzen
wir eine systematische Entwicklung in den Fluktuationen des Systems um das Ver-
halten bei gegebener Strukur zu bestimmen und entwickeln eine neue Methode, um
aus Beobachtungen des Systems auf die Struktur zu schließen. Häufig kann solch
eine Struktur als ein Netzwerk von Knoten dargestellt werden, wobei die Knoten die
elementaren Freiheitsgrade des Systems, hier Agenten genannt, darstellen und die
Verbindungen die Wechselwirkungen derselben. Ein gemeinsames Merkmal struk-
turierter Systeme sind „hubs”: Knoten mit überdurschnittlich vielen Verbindungen,
die als entscheidend für das beobachtete Gesamtsystemverhalten gelten. Um den
Einfluss derselben zu verstehen, untersuchen wir, inwiefern die Anwesenheit von
hubs ein System aus binär interagierenden Agenten in einen geordneten oder unge-
ordneten Zustand treiben kann. Dabei stellt sich heraus, dass ein typischer Mean-
Field-Ansatz für diese Systeme einen nicht-physikalischen Prozess einführt: Das von
einem Agenten an seine Nachbarn gesendete Signal kann zurückkehren und den-
selben Agenten beeinflussen, was zu einer Rückkopplungsschleife führt. Das Phä-
nomen ist besonders ausgeprägt, wenn hubs vorhanden sind; denn die kumulierte
Rückkopplung wächst mit der Anzahl der Verbindungen. Wir zeigen, dass eine Fluk-
tuationskorrektur zweiter Ordnung diese ungewollte Rückkopplung eliminiert und
somit zu besseren Vorhersagen für das Verhalten führt, in denen der Einfluss von
hubs nicht mehr überschätzt wird. Wir übertragen diese Erkenntnisse auf ein Mo-
dell der Krankheitsausbreitung: Wir untersuchen das SIR-Modell, bei dem sich jeder
Agent in einem von drei Zuständen befinden kann (anfällig, infiziert oder genesen),
und die Übergänge zwischen diesen Zuständen einem stochastischen Prozess fol-
gen. Ein typischer Ansatz zur Vorhersage durchschnittlicher Infektionskurven ist die
Annahme, dass alle Agenten statistisch unabhängig sind, wodurch wiederum eine
künstliche Rückkopplung in das System eingeführt wird, die zu überhöhten Infekti-
onskurven führt. Mithilfe einer dynamischen Plefka-Entwicklung berechnen wir eine
Fluktuationskorrektur, die die Korrelationen von Agenten berücksichtigt. Diese Kor-
rektur eliminiert den Effekt der Rückkopplung, und führt zu genaueren Vorhersagen
über die Verbreitung von Krankheiten. Anschließend gehen wir den umgekehrten
Weg: Wir schließen von den Daten auf paarweise Wechselwirkungen und Wechsel-
wirkungen höherer Ordnung zwischen den Freiheitsgraden. Im Prinzip erfordert die
Lösung solcher Inferenzprobleme eine Optimierung über den Raum aller möglichen
Interaktionen, deren Anzahl exponentiell mit der Systemgröße zunimmt. Dennoch
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können maschinelle Lernmodelle effizient Strukturen aus Daten ableiten, typischer-
weise ist die abgeleitete Struktur jedoch in den Parametern der trainierten Modelle
versteckt. Wir zeigen hier, wie man die gelernte Struktur, die in Form von Wechsel-
wirkungen bis zur vierten Ordnung formuliert ist, mit Hilfe von neuronalen Netzen
extrahieren kann. Durch diesen Prozess wird klar, wie das Netz die Wechselwir-
kungen durch nichtlineare Transformationen paarweiser Beziehungen hierarchisch
aufbaut. Das Ergebnis ist ein vollständig verständliches KI-gestütztes Werkzeug für
Inferenzprobleme. Auf diese Weise schließen wir den Kreis und zeigen, wie kollek-
tives Verhalten aus der Struktur hervorgehen kann und umgekehrt.



Chapter 1

Introduction

Consider an interaction network originating form a) the world wide web, with web
pages as the nodes and hyperlinks between them as the links [1], b) the members of
a Karate club, whose interactions outside the karate club constitute the edges [2], c)
proteins in yeast, whose physical interactions constitute the edges [3]. In all three
cases, the structure of the network is believed to be key to the system behavior, for
example, it can be used to predict which faction the members of the karate club be-
long to after the club split into two due to a conflict [2]. We can rank the agents in
these three systems by their degree k; the number of edges connecting them to other
agents. It is remarkable that all three systems show a strongly hierarchical interac-
tion structure: all three networks in the examples a)-c) feature a fat-tailed degree
distribution p(k), meaning that some agents have far more connections then average,
a property they share with a plethora of other systems [4, 5]. This then characterizes
hierarchy of the agents, with the hubs of the system (agents with far more connec-
tions than average) as the key system constituents. Structured systems hence appear
ubiquitously across scientific disciplines. In this work, we study structured systems
using interacting theories: a type of models central to physics.

In general, we consider a structured system to be constituted of degrees of freedom,
or agents, whose interactions give rise to the properties of the system. Further exam-
ples of such degrees of freedom include Ising spins, firing rates of neurons, social
agents, field points, or pixels of an image. Their interactions can be formulated in
terms of a network, with the nodes symbolizing the degrees of freedom, and the
edges their interactions. A structured system therefore, is one where the nature and
organization of the interactions is non-trivial and characteristic of the system. In
general, predicting a system’s global behavior from the known interacting structure
is a hard computational problem; the size of the system typically prohibits an exact
treatment. However, statistical physics provides a range of tools with which pow-
erful effective models as approximations of the system can be derived. We will use
a subset of these tools to investigate quantitatively how a heterogeneous network
structure can give rise to collective behavior.

In the context of our initial set of examples, it is a priori not clear, to which extent
the hubs of these systems drive the behavior. To understand the role of the network
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topology, including hubs, better, we begin by investigating ordering and spreading
processes on structured networks of agents which interact in a pairwise fashion in
Chap. 2. We characterize the behavior of a system via its statistics, and aim to com-
pute moments of the systems observables, averaged over all possible states. Since
the number of possible states typically increases exponentially with the size of the
system, and these systems are typically large, such averages cannot be computed
exactly. However, they can be approximated to high accuracy using systematic ex-
pansion techniques. In Chap. 2, we will hence use such a systematic fluctuation
expansion to second order. Although the two systems under study originate from
completely different fields, one being a system of Ising spins, the other a model for
disease propagation, we find that they can be treated with the same type of expan-
sion method, where the fluctuation corrections of both systems remove a spurious
self-feedback effect which dominates the behavior otherwise.

Rather than solving the forward problem, namely which specific behavior follows
from a specific problem, we can then ask the reverse question: can we infer the
structure of a system from observations of the same system? This is known as an
inference or inverse problem, the known quantities being observations of the system
from which (empirical) averages can be computed directly. The inferred quantities
are then the interactions of the agents. However, inference problems are typically
hard for two reasons: First, the space of candidate solutions is typically prohibitively
large. Consider, for example, a network of N agents. In this network, there can be at
most N(N − 1) edges, each of which can be present or not. Hence there are 2N(N−1)

possible networks, counting pairwise interactions alone. Furthermore, for each edge,
the strength of the interaction may be different and must therefore be determined as
well. The second reason is that direct optimization, (e.g. via gradient descent) of the
likelihood of observing the data given the proposed structure requires computing
averages over the prohibitively large state space at every optimization step, thus the
forward problem must be solved at every optimization step. Despite this difficulty,
significant progress has been made on pairwise phenomena, including the inverse
problem to the Ising model we study in Chap. 2.

Recently, however, a series of works has uncovered that higher-order interacting sys-
tems [6] can produce wealth of complex phenomena [7, 8], for example explosive
synchronization [9, 10]. Higher-order interactions are also used to characterize brain
activity [11] or for dimensionality reduction [12]. A typical definition of a higher-
order interaction is that it induces a type of coordination between degrees of freedom
which cannot be reproduced by pairwise interactions between the same degrees of
freedom. In a higher-order network, these interactions constitute hyper-edges, for
example a three-point interaction is represented by a filled triangle between three
nodes, a four-point interaction by a tetrahedron and so on [6, 7]. At a first glance,
inference beyond pairwise interactions seems prohibitively hard as allowing third-
order interactions (hyper-edges between triplets of agents) and higher-order interac-
tions increases the size of the already very large space of possible solutions.
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We here present a solution to the inference problem which uses generative neural net-
works. Generative neural networks such as Normalizing Flows [13–15], transformers
[16], or diffusion models [17] are able to mimic the typical behavior of structured
systems. In practice, they are used to generate new samples similar to the data they
were trained on, such as text or images. In training these models, the essential prop-
erties of the underlying system must be inferred. Furthermore, many real-world
systems, and in particular machine learning data sets, are believed to posses an un-
derlying structure which neural networks are able to reproduce [18, 19], which is
organized into different orders of complexity. The authors of [18, 19] showed that
neural networks can pick up on higher-order statistics of data sets, beyond pairwise
interactions. However, these higher-order statistics are stored implicitly in the pa-
rameters of the trained networks, the interpretation of which is typically difficult.
For this reason, the neural networks are often referred to as "black boxes". Therefore,
an important step towards understanding generative neural networks is to find an
language in which the learned structure can be expressed.

We here demonstrate that it is possible to extract the learned structure in the form
of pairwise and higher-order interactions between the system constituents. In doing
so, we translate the learned structure from an implicit form in terms of the network
parameters into an explicit form, which is central to physics. This process can hence
not only inform us about the functional organization of the systems underlying the
data, but also help us understand how it is learned in neural networks.

We here focus on a special type of generative neural network, namely Normalizing
Flows [13–15]. Normalizing Flows are likelihood-based generative neural networks,
meaning that they are optimized to approximate the probability distribution of the
observed data. This is achieved via an implicit, rather than an explicit parameteriza-
tion of the probability density: these models constitute a mapping from data space
to a completely unstructured latent space, which is optimized such that the latent
variables follow a normal distribution. Hence the name Normalizing Flow: the highly
structured distribution in input space is transformed by the mapping to assimilate
a Gaussian distribution in latent space. The mapping is invertible, hence its inverse
generates the structure; it transforms the unstructured latent distribution back into
the structured data distribution. In Chap. 3, we show how to extract this structure, in
the form of interactions between the systems constituents, from trained Normalizing
Flows. Extracting the learned structure from the trained models then allows us both
to characterize how these models perform inference, and obtain the structure of the
underlying system in a computationally feasible way.

The overarching structure of the thesis is this: in Chap. 2, we solve the forward prob-
lem, predicting a systems behavior from a given interaction structure. In Chap. 3,
we then tackle the reverse problem. Finally in Chap. 4, we discuss our contributions
towards a theory of interacting system and provide an outlook to possible future
research directions.
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Chapter 2

Order and spreading processes on
structured networks: accounting for
self-feedback

2.1 The emergence of the self-feedback effect

The emergence of long-range order and the speed at which signals travel are im-
portant global properties of any system. The former property tells us when we can
expect a system to be in a globally homogeneous state. The latter informs us about
the speed at which of perturbations of the system travel in space, and at which they
can be expected to affect the system at large.

FIG. 2.1: Illustration of self-feedback of a
hub (central large node) on a tree network.
The self-feedback loops of the hub via its di-
rect neighbors is illustrated as blue arrows.

We will first study the transition to an
ordered state in a system at thermody-
namic equilibrium in Sec. 2.2. If the
system is ergodic, then the equilibrium
distribution will tell us about a systems
properties at infinitely large time scales.
This approach is therefore suitable for
systems in which the dynamics play a
minor role and we rather want to char-
acterize typical states in which we can
find the system. Concretely, we inves-
tigate when a set of binary variables,
namely Ising spins, whose interactions
are given by a Barabási-Albert network
[20], undergo a transition to a globally
ordered state. Both the network topol-
ogy and the interactions of the agents
are archetypal: the Ising model [21] acts as a minimal model to study ordering

9



10 Order and spreading processes on structured networks: accounting for self-feedback

processes. In the ferromagnetic Ising model, an alignment of all spins (perfect or-
dering) is energetically favored, while there are far more disordered than ordered
states, thus there is an entropic drive towards disorder. The temperature T weights
these two effects against each other, such that it is possible to find an intermediate
regime, where the system transitions from disorder to order. The network topology
is chosen such that there are few, highly connected agents while the average agent
has a relatively small number of connections: Barabási-Albert networks have a scale-
free degree distribution [20]. The degree is the number of connections of a node of
a network. The scale-free property of the network implies that the probability that a
node of the network has k connections, follows a power-law p(k) ∝ k−γ. At γ ≤ 3, the
variance of the degree distribution ⟨k2⟩ − ⟨k⟩2 diverges with the system size, mean-
ing there is no typical scale of the degree. While the full universality of scale-free
or power-law behavior in the underlying connectivity structure is still under debate
[4, 5], many real-world networks have hubs, whose role we will characterize in this
study: we will find that hubs play a role in driving local order, but long range order
is not driven by a single hub explicitly, rather, it emerges as a global phenomenon on
the whole network.

We then move to a non-equilibrium system, namely the susceptible-infected-recovered
(SIR) model [22], which is used to predict the spread of disease. In this model, each
agent can be in one of three states: susceptible, infected, or recovered. Agents on
adjacent sites of the interaction network can infect each other with probability β at
each time step. Once an agent is infected, in each time step he may recover with
probability µ. Hence, at each time point, an agent can move from the susceptible to
the infected, or from the infected to the recovered state, but never backwards. The
allowed transitions are hence S → I → R. Once all infected agents have recovered,
the dynamics stop. Starting from a few infected agents, the dynamic evolution hence
depends on β, µ and the network topology. In the SIR model, in contrast to the Ising
system, the non-equilibrium dynamics are hence the quantities of interest: how fast
does the number of infected agents grow, how high is the peak of the infection curve,
and how many agents are in the recovered state once the dynamics have converged,
i.e. an endemic state has been reached.

It turns out that in both systems under study, a phenomenon we call self-feedback
plays an important role. We call a signal, which travels from one node to its nearest
neighbors and then travels back to the original node, a self-feedback signal. This
process is illustrated in Fig. 2.1: a central node receives a self-feedback signal from
all of its nearest neighbors. In both systems we study, self-feedback is not allowed by
construction:

• In the thermodynamic limit and at thermodynamic equilibrium, the global be-
havior of a system does not depend on a single Ising spin. This is the idea
underlying cavity theory [23].

• In the SIR model, an infected agent cannot be re-infected, it can only recover.
Hence an agent can never experience a self-infection via a self-feedback loop.
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How then, does self-feedback appear in these systems? The answer is that in both
systems, typical first order approximations introduce self-feedback into the system
artificially. This is so because self-feedback is a second order effect, quadratic in the
interaction strength: for a self-feedback loop to take place, a signal must traverse
an edge in the system twice, hence the relevant term must contain the interaction
strength to the power of two. Typical first order approximations only account for
terms up to the first order in the interaction strength, hence they introduce this
spurious self-feedback. In both cases, we will show that the presence of self-feedback
leads to inaccurate predictions, and that it is corrected by a second order fluctuation
expansion.

In the following, we will work out the fluctuation corrections to both systems and
demonstrate their effect. These fluctuation corrections, in principle, are derived from
the systems definitions, and do not include any prior knowledge on whether self-
feedback is present or not. Rather, the cancellation of self-feedback here emerges as
a second order correction in a systematic series, such that, in principle, higher-order
corrections can be computed. However, we find that the second order approximation
typically agrees well with simulations of the system, such that we expect the effect of
higher-order terms to be less relevant in this case. The cancellation of self-feedback
then acts as an intuitive interpretation of the result of the fluctuation expansion.

2.2 Spurious self-feedback and the emergence of order

This section, parts of Chap. 4 and appendices A, B, C and D are are based on the
following publication:

Merger, C., Reinartz, T., Wessel, S., Honerkamp, C., Schuppert, A., Helias, M., 2021.
Global hierarchy vs local structure: Spurious self-feedback in scale-free networks.
Phys. Rev. Res. 3, 033272. https://doi.org/10.1103/PhysRevResearch.3.033272

Author contributions
Under the supervision of Moritz Helias and Carsten Honerkamp, the author worked
on all parts of the above publication presented, except the Monte-Carlo simulations
of the Ising system, which were performed by Timo Reinartz under the supervision
of Stefan Wessel. The author contributed to the general formalism, performed the
corresponding numerical experiments on TAP-and mean-field theory and wrote the
original draft of the manuscript. All authors jointly developed the ideas of the publi-
cation and contributed to finalizing the manuscript. The idea of employing the TAP
theory to compute corrections to the mean-field result is also present in the author’s
master thesis, however, the link between degree-based mean-field-theory and the
TAP correction via self-feedback was developed during the PhD thesis.
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2.2.1 Introduction to the Barabási-Albert Ising model

In this section, we set the stage for our investigation into ordering processes in the
presence of hubs by introducing the Barabási-Albert (BA) network model and the
Ising model. We then give a brief overview to the most important results gained on
the Barabási-Albert Ising (BAI) model in the literature.

BA networks [20] are defined via a construction algorithm, based on growth and
preferential attachment. Starting with a fully connected network of m0 nodes, one
iteratively adds nodes, until the desired system size N is reached. Once a node is
added, it is connected to randomly chosen existing nodes, where the probability to
connect to a node i is proportional to the degree ki of the same node.

The construction algorithm invokes a hierarchy on the nodes of the systems: early
nodes have the highest chance of accumulating many connections, they will later
constitute the hubs of the system. This is characterized by the degree distribution,
which is derived in [20] using an averaged version of the dynamical attachment
algorithm. It states that the probability that a randomly chosen node has a specific
degree k is given by

p(k) =
2m2

0

k3 . (2.1)

For a finite system, the largest degree of the system is typically

kmax = m0
√

N , (2.2)

while the average degree is just ⟨k⟩ = 2m0, by construction: for each node added to
the system, we obtain m0 further links. The factor two in ⟨k⟩ arises since each edge
increases the degrees of the nodes it connects by one.

The final network of size N is then specified by its N ×N adjacency matrix A, where
for nodes i, j ∈ {1, ...N}

Aij = Aji =
⎧⎪⎪⎨⎪⎪⎩

1 if i ≠ j and i, j are connected

0 else.
(2.3)

As a simple model of how agents interact on such a network structure, we consider
an Ising model [21]. We assign a local binary degree of freedom (spin) xi ∈ {−1, 1} to
each node i ∈ {1, . . . , N}. The probability for a given configuration x = (x1, ..., xN) is
determined by the Boltzmann-factor p(x) ∝ exp (−βH(x)), where H(x) = − J

2 x ⋅ A x
is the energy of each configuration. The coupling constant J > 0 in H favors the
alignment of connected spins into either direction, hence we have a ferromagnetic
coupling. Since the factor β = T−1, which constitutes the inverse temperature of the
system (we set kB = 1), is always measured in relation to the elementary energy scale
J, we are free to fix J = 1 and to vary only β in the following. In addition, an external
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magnetic field h is included in the Hamiltonian H, which will be set to zero for
our further analysis. However, the inclusion of such a term is convenient for the
derivation of the fluctuation correction, which we detail in App. (B). There, h plays
the role of an infinitesimal bias. The response of the system to the inclusion of such
a source term will be treated in Sec. 2.2.4 and Sec. 2.2.5. The full Hamiltonian of the
system hence reads

H(x, h) = −1
2

x ⋅A x − h ⋅ x . (2.4)

The quantities of interest here are then defined as statistical averages over over all
possible spin configurations, ⟨O⟩ = ∑x O(x) p(x), of appropriate observables O, spec-
ified further below. The inherent difficulty in computing these averages lies in the
fact that the number of possible configurations increases as 2N with the system size
N. For large systems, performing such an average exactly is hence computationally
infeasible, and we must rely on approximations. We use parallel-tempering Monte
Carlo simulations to calculate these statistical averages (see. App. (A) for details re-
garding the employed simulation scheme). The Monte-Carlo simulation here serves
as a ground truth to which we will compare several field-theoretic approximation
schemes further specified in Sec. 2.2.2 and Sec. 2.2.3.

The degree resolved view on BA networks. BA networks exhibit linear degree-
degree correlations [24], where the probability that two nodes with degrees ki and k j
are connected is given by

pc(ki, k j) =
kik j

2m0N
. (2.5)

A number of works have hence used equations (2.1) and (2.5) to define a degree-
resolved statistic of the system, where all nodes of equal degree are expected to be
statistically equivalent. They then analyze the emergence of order using mean-field
theory [24], recursion methods for tree-like networks [25] or the replica trick [26].
These studies demonstrate that, for finite network sizes, a strong alignment of the
Ising spins emerges below a specific temperature TT. This transition to a globally
ordered state resembles the onset of ferromagnetic order in conventional lattice Ising
models. There, the ordered phase emerges below a finite transition temperature out
of the paramagnetic high-temperature phase in the thermodynamic (large-N) limit.
For the BAI model, however, Monte Carlo simulations [27, 28] as well as the degree-
resolved theories [24–26] indicate that the effective transition temperature TT instead
grows logarithmically with the network size, TT ∝ log(N). They further found that
close to TT in the ordered phase, the average magnetization mi of a given node i
increases proportional to its degree

mi ∝ ki . (2.6)
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This implies a rather simple structure, in which the magnetization of a node is de-
termined solely by its degree and not by its local environment. However, we will
demonstrate using Monte-Carlo simulations that the average behavior of a node is
far from being determined by its degree alone. Rather, it depends strongly on the
local environment of the node: Two nodes of the same degree will have different
statistics depending on whether they are connected to a hub or not.

This calls for an investigation which retains full information on the network con-
nectivity, namely the adjacency matrix defined in Eq. (2.3). We will consider both a
variant of the mean-field theory in [24], which is informed about the full connectivity
structure, and a self-consistent Thouless-Anderson-Palmer (TAP) approach [29–31],
which takes second order interaction effects into account.

We find that a mean-field calculation on the level of individual Ising variables, rather
than their degree, yields vastly different results than those reported in [24]. To dis-
tinguish the two mean-field theories henceforth, we will use terminology established
in studies for the spread of disease [32]. We will call the approach of Ref. [24]
degree-based mean-field theory and the approach using the full connectivity matrix
individual-based mean-field theory. We find that individual-based mean-field theory
severely overestimates the role of hubs. This overestimation arises due to a spurious
self-feedback effect: A node’s local alignment field hu induces a strong magnetization
on its nearest neighbor nodes. The magnetization of the nearest neighbor nodes in
turn raises the magnetization of the original node itself. The node thus effectively
feels its own field. The more nearest neighbors a node has, the stronger this self-
feedback effect becomes, making it most severe in hubs of the system. Due to this
self-feedback, the individual-based mean-field approach predicts a much higher tran-
sition temperature than actually observed, scaling proportionally to N

1
4 ≫ log(N),

as we will find in Sec. 2.2.2. Moreover, these ordered states are strongly localized
around the hubs, in contradiction to the simple proportionality relation (2.6). The or-
dered states are therefore also highly sensitive to the presence of individual hubs in
the network. This makes them fragile in terms of the stability to small perturbations
in the network topology, such as the random removal of nodes. This sensitivity also
appears to be in conflict with the collective nature of the onset of global order.

We hence face a conundrum, in which a theory of microscopic interactions performs
worse upon inclusion of full information of the same interactions into the system.
The contrast between the individual-based and the degree-based mean-field theory
ultimately exposes an inherent inconsistency of the degree-resolved approach to het-
erogeneous systems.

To reconcile this inconsistency, we will show that the self-feedback effect outlined
above is non-physical, as one can also anticipate from the cavity argument [23],
which states that the local alignment field hi at a given node of the network must
be calculated in the absence of this node, hence the self-feedback must be eliminated.
In the degree-based mean-field theory, this is achieved through the elimination of
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local information, since all nodes are coupled via Eq. (2.5), but this approach cannot
describe the local magnetisation adequately. As we report below, the cancellation of
self-feedback is obtained in an individual-based approach upon expanding beyond
mean-field theory and analyzing the BAI using a the TAP approach, which takes
second order interaction effects into account.

The remainder of this section is organized as follows: in Sec. 2.2.2 we expose the
inherent inconsistency of the mean-field theory. We introduce the second order fluc-
tuation correction in Sec. 2.2.3 and show that the self-feedback effect is canceled by
fluctuations. We then demonstrate how an effective coupling to a global ordering
field approximates the network state. Finite size effects and the appropriate observ-
ables of Monte-Carlo simulations are treated in Sec. 2.2.4. We then discuss our results
for the transition temperature in Sec. 2.2.5.

2.2.2 The conundrum: mean-field theory

For a set of Ising spins coupled according to a network topology with adjacency
matrix A, the exact equation for the magnetization mi = ⟨xi⟩ of a node i reads

mi = ⟨ tanh(β∑
j

Aijxj)⟩ . (2.7)

To evaluate this average, we must however have access to the full statistics of the
system, which is computationally infeasible. Hence we must resort to approxima-
tions, one typical approximation being a mean-field theory, which approximates the
interactions between spins to first order in β. We will outline the derivation of this
mean-field theory in the context of a systematic expansion Sec. 2.2.3. It yields a self-
consistency equation for the magnetizations, hence in mean-field theory Eq. (2.7) is
replaced by

mi = tanh(β∑
j

Aij mj) . (2.8)

The trivial solution to this equation, mi = 0∀i, exists for all inverse temperatures β.
We are interested in the emergence of order, characterized by mi ≠ 0. Since in the
absence of an external field, Eq. (2.4) is symmetric under a global sign change of x,
solutions always emerge in pairs which differ only by the signs of all mi. We hence
restrict ourselves to the case mi > 0∀i without loss of generality.

We will now consider the smallest value of β, or equivalently the highest temper-
ature T, at which a non-trivial solution exists. We call this temperature transition
temperature1. Since we expect these solutions to emerge continuously from zero at

1We discuss the growth of this quantity with the system size in Sec. 2.2.4.
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the transition temperature βT = T−1
T , we expand Eq. (2.8) up to linear order in the

mi, i = 1, . . . , N:
mi = βT ∑

j
Aij mj . (2.9)

Degree-based and individual-based mean-field theory now solve this equation in two
different ways. We will first follow Ref. [24] to derive the degree-based mean-field
theory result for TT.

2.2.2.1 Degree-based mean-field theory

We first assume that all nodes of equal degree are statistically equivalent, replacing
mi by m(ki) in Eq. (2.9). Next, we substitute ∑j Aijm(k j) by N∑k p(k)pc(ki, k)m(k).
This yields the following degree-resolved linear equation, where the local structure
of the coupling has been eliminated

m(ki) =
kiβT

2m0
∑

k
p(k) k m(k) . (2.10)

Observe that the ki dependence of m(ki) here enters only through the linear prefactor
to a global order parameter

S ∶= 1
2m0
∑

k
p(k) k m(k) , (2.11)

such that we find a linear scaling m(k) = βTkS. Inserting this into the definition of the
order parameter (2.11), this global order parameter obeys S = ⟨k

2⟩
⟨k⟩ βT S, from which

the transition temperature of the degree-based mean-field theory approach follows
as

TDB
MF =

⟨k2⟩
⟨k⟩
≈ m0

2
log(N) . (2.12)

This prediction indeed matches the transition temperature found in Monte-Carlo
simulations here and in [28, 33]. However, in the steps leading to Eq. (2.10), we
have discarded all local structure except the degree hierarchy of nodes. We will now
demonstrate that a different result is obtained for TT if one retains local structure.

2.2.2.2 Individual-based mean-field theory

Observe that Eq. (2.9) has the shape of an eigenvalue equation. In individual-based
mean-field theory, we hence find the transition temperature as the smallest value
of β for which the eigenvalue equation admits a solution, TIB

MF = λA,max. In other
words, the transition temperature is the largest eigenvalue of A. The authors of [34]
found that for BA networks the leading eigenvalue of the adjacency matrix scales
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as λA,max ∝
√

m0 N1/4, with the corresponding eigenvector strongly localized at the
node of highest degree, i.e. the largest hub.

We illustrate this result by considering how a vector localized at the largest hub u
of the system transforms upon multiplication by the adjacency matrix. We define
a vector v of unit length that takes on the value vu = 1/

√
2 at the hub and vi =

Aiu/
√

2ku for all other nodes, i ≠ u. Thus v is only nonzero for nearest neighbors of
u. Multiplication with the adjacency matrix yields

∑
i

Auivi =
√

ku

2
,

for the entry corresponding to the hub u. Since A is real and symmetric, we find

λA,max = ∣∣A∣∣ ≥∣∣A v∣∣ ≥
√

ku

2
,

where ∣∣A∣∣ is the matrix norm. Finally, using Eq. (2.2), we find that the largest
eigenvalue scales at least as λA,max ∝ N1/4. In conclusion, we find that individual-
based mean-field theory predicts a different transition temperature than degree-
based mean-field theory,

TIB
MF ∝ N1/4 ≫ log(N) (2.13)

which is larger than TDB
MF for sufficiently large N, at variance with Monte-Carlo sim-

ulations. This result is remarkable, since the inclusion of full information on the
network structure should improve the prediction, not vice versa. We will explain
why degree-based theory performs better in Sec. 2.2.3 and present our results on the
transition temperature in Sec. 2.2.5.

We now compare further predictions of degree-based mean-field theory to simula-
tions. Degree-based mean-field theory predicts a linear scaling of the magnetiza-
tion with k, at the transition temperature. We verify this by computing the average
degree-wise magnetization

m(k) = 1
∑i δki ,k

∑
i

δki ,k mi , (2.14)

at the transition temperature in panel a) of Fig. 2.2. We find that the prediction mi ∝ ki
averaged over all vertices of the same degree holds for small degrees (see Fig. 2.2(a)),
albeit at a slightly downward shifted effective transition temperature (cf. Sec. 2.2.4 for
a discussion on the exact position of this crossover). For large degrees, however, the
average behavior in the Monte-Carlo data seems to deviate from this rule. This here
results from the finite size of the simulated system: by virtue of having a high degree,
these nodes tend to be few. For finite systems, the modulus of the magnetization is
never exactly zero, even in the disordered case, but rather converges to a finite value
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(we will revisit this point in Sec. 2.2.4). One can then understand the deviation from
the mi ∝ ki scaling for large ki by this finite magnetization converging to a plateau as
the magnetization eventually has to saturate to unity.

FIG. 2.2: (a) Degree-wise magnetization
m(k) as a function of the degree k obtained
by Monte Carlo simulation for N = 104 and
m0 = 4 at the effective transition temperature
TMC

T = 16.12± 0.05. The dashed line is parallel
to the identity, to show the approximate lin-
ear relationship. (b) Local structure. Green
curves: m(k), for k ∈ {4, 20} as a function of
temperature. Blue dashed curves: Degree-
wise averages over the nearest neighbors of
the hub u Eq. (2.15).

From the linear scaling of the magne-
tization with the degree and the posi-
tion of the transition temperature, one
might conclude that the degree-based de-
scription more adequately models the
underlying stochastic process. However,
the Monte-Carlo simulation, performed
on the full connectivity matrix, also re-
veals that local information is not lost.
In Fig. 2.2(b) we compare the average
degree-wise magnetization (2.14) of all
nodes which have a given degree k to
the average magnetization of the nearest
neighbors of a hub u, given by

mNNu(k) =
1

∑i Aiuδki ,k
∑

i
Aiu δki ,k mi .

(2.15)
This shows that hubs elicit a stronger
alignment of their nearest neighbors i
than predicted by their degree alone,
mNNu(ki) > m(ki).

All in all, we conclude that neither individual-based nor degree-based mean-field
theory can adequately describe the model, as they either overestimate the role of
hubs or fail to account for local structure. We will resolve this contradiction in the
following by showing that the transition temperature Eq. (2.12) emerges naturally
from the microscopic TAP equations, which simultaneously also predict the local
structure of magnetization, thus solving the conundrum.

2.2.3 Self-feedback and TAP equations

The TAP approach [29, 31, 35] accounts for second order interaction effects. It can
be derived from a second order Plefka expansion [36]. To obtain the correction, one
usually starts with the free F energy of the system, obtained from the sum over all
spin configurations as

e−βF(h,β) = ∑
x

e−βH(x;h) . (2.16)

One can immediately observe, that F has the form of a generating function: to obtain
the local magnetizations for example, we must simply take the derivative mi = −∂hi F.
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We now define the Legendre-Fenchel transform G(m, β) of the free energy

G(m, β) = sup
h

F(h, β) + h ⋅m , (2.17)

which depends on the mean local magnetizations mi rather than the external fields
hi. It fulfills the equation of state

dG
dmi
= hi = 0 . (2.18)

To systematically include fluctuations in the model, G is then expanded around the
non-interacting case J = 0:

G ≈ G∣
J=0
+ J∂J G∣

J=0
+ J2

2
∂2

J G∣
J=0

(2.19)

where we again set J = 1 later. The detailed calculation can be found in Ref. [36]
or App. (B). In essence, the expansion around the non-interacting case allows the
evaluation of the averages in a simple fashion, as the non-interacting model can be
solved exactly. The expansion yields the following expression for G:

βG(m, β) =1
2
∑

i
(1+mi) ln

1+mi

2
+ (1−mi) ln

1−mi

2

−
β

2
∑
i≠j

Aijmimj

−
β2

4
∑
i≠j

Aij(1−m2
i )(1−m2

j ) +O (β
3) , (2.20)

This sum is organized as follows: the first line is the Shannon entropy of a set of
independent binary variables. The second line takes the form of the inner energy
in mean-field approximation multiplied by β. The third line, proportional to β2, is
known as the TAP or Onsager correction term [31]. To obtain the TAP self-consistency
equations, we insert Eq. (2.20) into the equation of state, which yields

mi = tanh [ β∑
j

Aijmj

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
mean-field

− β2mi∑
j

A2
ij (1−m2

j )

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
TAP

] , (2.21)

In comparison to Eq. (2.8), we obtain a correction to second order in β, which we
must anticipate from the fact that we expanded to second order in the interaction
strength, which always appears together with a factor of β. We hence view Eq. (2.19)
as a high-temperature expansion, as we must expect it to be increasingly accurate
at small β, or equivalently high T. Since we know that the transition temperature
diverges with the system size, and we are interested in the behavior at the transition,
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it is reasonable to expect β≪ 1. In practice, however, we find that TAP and mean-field
theory lead to similar results in the low temperature regime, while they differ close to
the transition temperature. The similarity at low temperature stems from the factor
1−m2

j in Eq. (2.21): for a binary variable xj, the expression 1−m2
j is just its variance,

hence the second term in Eq. (2.21) arises due to the fluctuations of the variables x
around their mean value. As the temperature decreases, the magnetization of each
node approaches one and the fluctuations 1−m2

j approach zero.

FIG. 2.3: Energy E (a) and magnetization M (b) as func-
tions of temperature for a BAI network with N = 104

and m0 = 4. Results from individual-based mean-field
theory (MF) and TAP are compared to Monte Carlo sim-
ulations (MC). All data are obtained for the same adja-
cency matrix A. The insets in both panels show the
differences of MF and TAP results to MC.

We now solve Eqs. (2.8) and
(2.21) numerically and com-
pare the resulting averages to
the Monte-Carlo simulation in
Fig. 2.3. Given the expectation
values mi, we can find the ex-
pectation value of the energy
via

E = ⟨H⟩ = −N−1 ∂β βG(m, β) ,
(2.22)

where we omit the term pro-
portional to β2 to compute the
mean-field result. We find that
the predictions for the aver-
age magnetization M and en-
ergy E, while showing a similar
overall behavior at low temper-
atures, exhibit different high-
temperature behavior. In partic-

ular, Fig. 2.3(b) demonstrates that non-zero solutions of Eq. (2.8) indeed emerge at
higher temperatures than Eq. (2.12), at odds with Monte-Carlo simulations. The TAP
approach is able to describe the high temperature behavior better than individual-
based mean-field theory. Indeed, the onset of non-zero solutions for Eq. (2.21) ap-
proximately coincides with the transition temperature predicted by degree-based
mean-field theory. In the next section, we confirm that the transition temperatures
predicted by TAP and degree-based mean-field theory coincide.

2.2.3.1 TAP transition temperature

We will proceed analogously to Sec. 2.2.2.2 and solve the linearized Eq. (2.21) to
find the transition temperature from TAP theory. The linearization yields another
eigenvalue problem:

mi = β∑
j
(Aij − βδijki) mj , (2.23)
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where ki = ∑j Aij is the degree of node i. We will hence define a β-dependent matrix

Bij = Aij − βδijki ,

and seek its largest eigenvalue. In analogy to the arguments presented in Sec. 2.2.2.2,
the transition temperature is the largest value of β for which such a solution to
λB(β),max β = 1 exists. To do so, we compute the spectrum of B for different values of
β and then look for the intersection point where

TTAP = λB(β),max . (2.24)

We show the comparison between λB(β),max and T for different network sizes in
Fig. 2.4(a). We find that this procedure reproduces the degree-based mean-field tran-
sition temperature Eq. (2.12). We also check whether the linearization (2.23) is con-
sistent with the solution of the full TAP equations (2.21). To do so, we compute the
projection of the magnetization m onto the leading eigenvector vB(β),max of B(β),

pB(β) =
vB(β),max ⋅m
∣m∣

Θ(∣m∣) (2.25)

Indeed, as we show in Fig. 2.4(b), the projection approaches unity as T → TTAP from
below, so the linearized equation yields the same result as Eq. (2.21) there.

2.2.3.2 Cancellation of self-feedback

We have seen that the TAP approach can accurately predict the transition temperature
while retaining the full local connectivity structure. We will now argue that this is
so, because the TAP correction term eliminates the self-feedback effect which leads
to the localization of states around the hubs.

For given values of mi, the presence of node i affects the network like a heterogeneous
external field. This field enters into the self-consistency equations of the nearest
neighbors j of i. We illustrate this in the linearized equation Eq. (2.21), valid at the
transition. We expand mj for j ≠ i around mi = 0:

mj = mj∣mi=0 + βAjimi +O(β2) (2.26)

keeping only terms up to linear order in mi, mj, and β. We then insert this expression
into (2.23) to obtain

mi = β∑
j
[Aij(mj∣mi=0 + βAjimi)− βδijkimi] , (2.27)

up to quadratic order in β, consistent with the high-temperature expansion employed
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here. Using ∑j Aji = ki, Eq. (2.27) simplifies to

mi = β ∑
j

Aijmj∣mi=0

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
field in the absence of i

, (2.28)

which is similar to the linearized mean-field equation Eq. (2.9), but consistent with
the notion of global order: the field at a node i has no local contribution from the
value of mi, as it is calculated in the absence of i. This is the mechanism which
prevents the localization of states around hubs. It shows that order emerges as a
global effect, on the whole network simultaneously, and cannot be driven by a single
node.

FIG. 2.4: (a) Leading eigenvalue λB(β),max of B(β) as
a function of temperature T for different system sizes
N and m0 = 4. The black solid line shows the iden-
tity and the vertical dashed lines mark temperatures
T = m0

2 log N (b) Projection pB(β) (2.25) of the magnetiza-
tion obtained from solving the TAP equations onto the
leading eigenvector of B(β) for different system sizes
N.

The cancellation of the self-
feedback, Eq. (2.28), also ex-
tends to lower temperatures be-
yond the regime of validity of
the linearized Eq. (2.21). Using
the same expansion method,
one finds that up to quadratic
terms in the inverse temper-
ature β, the self-consistency
equation reads

mi ≈ tanh (β∑
j

Aijmj∣mi=0) .

(2.29)
Thus, the inconsistency be-
tween degree-based mean-field
theory and individual-based
mean-field theory is resolved:
it is not necessary to elimi-
nate local structure, and thus
self-feedback, by looking only
at a degree-resolved statistic.

Rather, we must account for the spurious self-feedback introduced by the mean-field
approximation.

2.2.3.3 Local order

Almost immediately below TTAP, we observe that hubs of the system are "frozen",
meaning that their mean value approaches one very fast, mu ≈ 1 for ku ≫ ⟨k⟩. Due
to their large degree, they connect to a representative collection of nodes on the
network and therefore do not deviate much from the expectation value m(k), as
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FIG. 2.5: (a) Hub u, the node with the largest degree, shown as central dark dot. Subset of the
first 25 nodes i of the network, colored according to the minimal number di,u of edges between
i and hub u. (b) Average magnetization M (2.32), magnetization mNN,u (2.34) averaged over
the nearest neighbors of u, and magnetization m(ku) (2.30) of the hub as functions of the
temperature T within the TAP approach for a BAI model. Symbols denote the corresponding
Monte Carlo data. (c) Eigenvector of the largest eigenvalue of B(β) at T = m0

2 log(N). Dots:
entries of the eigenvector, sorted by their degree ki, and colored according to the distance di,u
to the central hub u. Red curve: Average of the entries with nodes of equal degree. Dotted
orange curve: linear fit of the averaged entry per degree. Dashed yellow curve: Scaling (2.33)
of entry of a nearest neighbor of the central hub u. The common prefactor is calculated as
βTAPS = k−1

u vB(βTAP),u. All three panels show data from the same BAI model with N = 104,
m0 = 4.
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seen in Fig. 2.5(c). We will hence refine the degree-based picture by computing the
influence a hub has on its nearest neighbors. Our starting point for the analysis
is the approximate result for the degree-resolved average magnetization from the
degree-based mean-field theory [24],

m(k) ≈ tanh (β k S) . (2.30)

For nodes with small degrees ki, this is not a good approximation, since their magne-
tization depends on their local environment, as we demonstrated in Fig. 2.2. Nodes
of larger degree however contribute more strongly to the global order parameter S,
for which mi ≈ m(ki) holds quite precisely, since their input fields are averaged over
a larger local environment. The resulting equation for S is

S = 1
⟨k⟩ ∑k

p(k) k tanh (β k S) . (2.31)

This self-consistency equation can be solved numerically for arbitrary network sizes.
From this, we compute the total magnetization via

M = ∑
k

p(k) tanh (β k S) , (2.32)

which can predict the magnetization measured in Monte-Carlo simulations accu-
rately (Fig. 2.5(b)). We now make use of these results, obtained in the degree-resolved
picture, to account for local structure. To this end we calculate the average magneti-
zation of nearest neighbors of a hub u. Suppose we choose a node of degree k which
is adjacent to u. Its effective field is composed of one contribution from m(ku) and
k − 1 connections coupling to the global order parameter S

hNN,u(k) = β (k − 1)S + β m(ku) . (2.33)

In the linear regime, where m(ku) = βTAPkuS and mNN,u(k) = hNN,u(k) we find that
this approximates the entries for the nearest neighbors of the hub u in the leading
eigenvector of B(βTAP) in Fig. 2.5(c). Making use of pc and averaging over all ku

neighbors of u yields

mNN,u =
1
⟨k⟩ ∑k

p(k) k tanh [β (k − 1)S + β m(ku)], (2.34)

which predicts an elevated magnetization for the neighbors of u, compared to the
average value (Fig. 2.4(b)). We thus find that the degree-based view can be extended
to account for the local differences in the ordered state of the system in a consis-
tent manner. Equation (2.34) shows that hubs have a local effect: they elevate the
magnetization of their nearest neighbors above the network average, Eq. (2.32).
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2.2.4 Effective magnetic transition on finite networks and Monte-Carlo ob-
servables

Typically, one studies the onset of ferromagnetic order in the thermodynamic limit,
i.e. for infinite system sizes. Only in this limit the spontaneous symmetry breaking
associated with the onset of global order can emerge (see, e.g, the discussion in [37],
Sec. 2). However, here the transition temperature diverges with the system size, such
that the transition we want to study is never observed in the thermodynamic limit,
as the system is always in the ordered state. Instead, we take a more pragmatic view
and describe the properties of large but finite systems. Hence, we wish to determine
the temperature below which we will typically find the system in an aligned state,
which approaches the true ordering transition temperature in the thermodynamic
limit. We here define the transition temperature as the peak position of the magnetic
susceptibility (a detailed discussion of this approach for the Ising model on a regular
lattice geometry can be found, e.g., in Ref. [38]). Since criticality is defined only in the
thermodynamic limit, we choose to call this temperature the transition temperature
rather than critical temperature.

At finite size, a global sign flip of all spins becomes feasible, as the energy difference
is finite. This means that the average ⟨xi⟩ vanishes exactly for a sufficiently long run,
due to the Z2-symmetry of the Ising model Hamiltonian. For finite systems, this
means that the magnetization in the absence of an external field must vanish

M0 =
1
N
⟨∑

i
xi⟩ . (2.35)

This quantity also enters in the explicit form of the zero-field susceptibility

χ0 =
dM(h)

dh
∣
h=0
= β( 1

N
∑
i,j
⟨xixj⟩ −N (M0)2) . (2.36)

For Ising models with a finite critical temperature, such as the Ising model on regular
lattices, this quantity converges to the zero-field susceptibility in the thermodynamic
limit only for temperatures T > TT [38], hence, in the paramagnetic regime. In the
ferromagnetic regime, i.e. for temperatures below the transition temperature, the
mean value of the absolute magnetization, which we denote by

MMC =
1
N
⟨∣∑

i
xi∣⟩ , (2.37)

can instead be used to probe a unimodal symmetry broken state. We compare this
quantity to the magnetic solutions of mean-field and TAP theory. Within the sym-
metry broken regime, we measure the susceptibility using MMC, explicitly

χMC = β( 1
N
∑
i,j
⟨xixj⟩ −N (MMC)2) , (2.38)
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FIG. 2.6: Specific heat C (a) and susceptibility χ (b) as functions of temperature T for a
BAI with N = 104 and m0 = 4. χMC Eq. (2.38) is shown as a full line below (overlaid by TAP)
and as a dotted line above the Monte Carlo transition temperature. Monte Carlo data for χ0

Eq. (2.36) above the effective transition temperature, which is the appropriate estimator for
the susceptibility in the paramagnetic regime. All data obtained for the same realization of
the adjacency matrix A of the network, where N = 104 and m0 = 4.

which is the appropriate estimator here [38].

On the single spin level, we use a similar estimator to compute the magnetization,
namely

mi,MC = ⟨xi sign
⎛
⎝∑j

xj
⎞
⎠
⟩ , (2.39)

which quantifies the alignment of individual spins with the system.

With the prescription for the measurement of the susceptibility and the specific heat
in the Monte-Carlo simulations in hand, we can now proceed to compare these quan-
tities to their counterparts originating from individual-based mean-field and TAP
theory.

2.2.5 Transition temperature

In this section we compare the susceptibility and specific heat obtained from all three
methods. We then estimate the transition temperature from the peak of the suscep-
tibility. We use numerical differentiation to compute the specific heat C = ∂TE from
E. For mean-field theory and TAP, we make use of the fact that the susceptibility,
namely the response of spin i to an external field at site j is

χij = ∂hj mi = −∂hj ∂hi F(h, β) , (2.40)
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meaning that we can compute it from the Hessian of F. We now use that the Hes-
sian G(2) is the negative inverse of the Hessian of the free energy, F(2), provided that
Eq. (2.18) holds. We then compute the average response to a globally homogeneous
field hi = h, χ = 1

N ∑ij χij. Figure 2.6 shows a comparison of the different predic-
tions. The three methods yield only marginally different results for the specific heat,
with the agreement between TAP and the Monte-Carlo simulations slightly higher,
consistent with their better agreement for E in Fig. 2.3.

FIG. 2.7: Effective transition temperature as
extracted from the maximum of the suscepti-
bility as a function of system size N for m0 = 4.
Red dots: Estimated from Monte Carlo sim-
ulations using Eq. (2.38). Yellow dots: Solu-
tions of the local mean-field equation Eq. (2.8).
Violet dots: Solutions of the TAP equation
Eq. (2.21). Violet curve: Global mean-field
(2.12) or, equivalently, TAP prediction. Black
triangles: Leading eigenvalue of the adjacency
matrix λA,max. Orange curve: Fit of λA,max to
a N1/4 + b to illustrate the N1/4 scaling.

For all three methods, we now de-
termine the position of the peak of
χ, which defines the transition tem-
perature. For low temperatures, both
individual-based mean-field theory and
TAP agree well with the Monte-Carlo
simulations. However, as we approach
the transition temperature, both theories
show a pronounced peak in susceptibil-
ity, which is absent in the Monte-Carlo
simulations. This pronounced peak is
a result of the approximations made to
derive these theories: For a finite sys-
tem, the susceptibility must necessarily
always remain finite, and may never di-
verge. In the high temperature regime,
we again find a good agreement be-
tween TAP prediction and the estimator
χ0 in the paramagnetic regime. Finally,
we find that both TAP and individual-
based mean-field theory overestimate
the transition temperature, but the TAP
peak is considerably closer to the peak
in the Monte-Carlo susceptibility. As we
argued in the previous section, this is so because TAP theory eliminates non-physical
self-feedback in the self-consistency equations for mi.

A comparison for the transition temperatures obtained from all three methods, shown
in Fig. 2.7, reveals that the scaling of the TAP transition temperature with the system
size, identical to the prediction from degree-based mean-field theory, indeed matches
the scaling obtained from simulations up to a constant shift. This is consistent with
previous work on the BAI model [27, 28]. Further, we also find that individual-based
mean-field theory, while approximately equal to TAP and degree-based mean-field
theory for small systems, eventually scales with N

1
4 , as we anticipated for the largest

eigenvalue of the adjacency matrix, Eq. (2.13).

In conclusion, we find that the degree-based theory yields accurate results for the
transition temperature only due to its ignorance of local structure, which would
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otherwise cause a spurious self-feedback effect in individual-based mean-field the-
ory. Nevertheless, accurate predictions of both local magnetization and degree-based
global averages can be obtained via TAP theory.
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2.3 Spurious self-feedback in the spread of disease

This section, parts of Chap. 4 and Appendices E, F and G are based on the following
publication:

Merger, C., Albers, J., Honerkamp, C., Helias, M., 2023. Spurious self-feedback of
mean-field predictions inflates infection curves, in preparation

Author contributions
Under the supervision of Moritz Helias and Carsten Honerkamp, the author worked
on all parts of the above publication. The author contributed to the general for-
malism and wrote the original draft of the manuscript. The numerical experiments
and implementation of the SIR, SIRS and SIS dynamics were completed jointly with
Jasper Albers. All authors contributed to finalizing the manuscript.

In the previous section, we considered a system at equilibrium. Provided that the
system is ergodic, this is equivalent to computing long time averages of the system.
Now, we will deal with a dynamic process, namely the spread of disease, where we
are particularly interested in the dynamics.

2.3.1 Models for the spread of disease

S I R

FIG. 2.8: Models of disease spreading. Susceptible
agents with n infected neighbors transition to the in-
fected state with probability βn. Infected agents return
to the susceptible state with probability µ̄ or recover
with probability µ and move to the R state, in which
they are immune. Finally, agents in the R state lose
their immunity and move back to the susceptible state
with probability η.

In modeling the spread of dis-
ease, we are interested in pre-
dicting the rate at which it
spreads, the temporal position
and height of the peak of the in-
fection curve, and whether we
can expect the wave of infection
to die out, or if there exists a
state in which a significant pro-
portion of the population is in-
fected in the so-called endemic
phase.

These phenomena are modeled
by the SIR model [22] and its
variants. In these models, each
agent can be in one of three states (susceptible (S), infected (I), or recovered (R)). Tran-
sitions between the states occur stochastically: at each time step, an infection travels
from an agent j to its nearest neighbor i with probability β. The agents interact via
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a network with adjacency matrix A, which is constant in time2. The probability that
agent i is infected at time t + 1 is θi(t) with θi(t) defined by

θi(t) = hi(t) + β∑
j

Aij Ij(t) (2.41)

with an external field hi(t) (corresponding to influx of infections from outside the
network) and A the adjacency matrix of a network. We will later set hi = 0 to inves-
tigate the endogenous dynamics. At each time step, an infected agent recovers with
probability µ, in the recovered state, the agent is immune to infection. Hence, in the
SIR model, the number of infected agents must eventually decline to zero, when all
infected agents are recovered.

One variant of the SIR model is the SIS model: Here, infected nodes transition back to
the susceptible state with probability µ̄ meaning that they recover without attaining
immunity, and may thus be infected again. Hence in the SIS model, it is possible to
reach an endemic state where a finite fraction of agents is infected at all times. The
minimal fraction λ̄c = βc

µ̄ , where this occurs, is called the epidemic threshold.

The SIRS model is a variant of the SIR model with waning immunity; here, recovered
agents lose their immunity with probability η in each time step, but the transition
from I → S is not allowed. Like the SIS model, the SIRS model may have an endemic
state in which the finite fraction of agents is infected.

An overview of the transition probabilities in the different models is shown in Fig. 2.8.

We will model N agents i via a set of two binary variables, Si, Ii ∈ {0, 1} each. The
susceptible state hence corresponds to Si = 1 and Ii = 0, and the infected one to Si = 0
and Ii = 1. Once the individual recovers, we set Si = Ii = 0. We are now interested
in the evolution of the probabilities ρα

i that individual i belongs to compartment
α ∈ {S, I, R}. Here, we will compute only the change in ρI

i and ρS
i , since ρR

i follows
from ρR

i = 1− ρS
i − ρI

i . We will treat the most general case, where in principle β, η, µ, µ̄

are all finite. We will then set some of these probabilities to zero to treat the SIR
(µ̄ = η = 0), SIS (µ = η = 0), or SIRS (µ̄ = 0) case. Using Eq. (2.41), the difference
between two time steps ∆ρα

i (t + 1) = ρα
i (t + 1) − ρα

i (t) is

∆ρS
i (t + 1) = ηρR

i (t) + µ̄ρI
i (t) − β ⟨Si(t)θi(t)⟩

∆ρI
i (t + 1) = −(µ + µ̄) ρI

i (t) + β ⟨Si(t)θi(t)⟩ .
(2.42)

The terms in the first line of Eq. (2.42) are organised as follows: ηρR
i (t) + µ̄ρI

i (t) is the
influx from the R, I state to the S state, respectively. The term β ⟨Si(t)θi(t)⟩ constitutes
the probability of infection, provided that the agent is currently in the S state (Si(t) =
1). The same term appears with the opposite sign in the second line of Eq. (2.42), as
it must increase the probability of infection. Finally, the term −(µ + µ̄) ρI

i (t) denotes

2Time dependent connectivities A(t) may however be treated within the same formalism.
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the out-flux from the infected state to the S state with probability µ̄ and to the R state
with probability µ, respectively.

Evaluating Eq. (2.42) exactly is infeasible for large system sizes because of the aver-
age β ⟨Si(t)θi(t)⟩, which couples the evolution equations for different agents to each
other. To evaluate the average exactly, we must sum over all possible trajectories of
all variables up to the time point t, weighted by their respective probabilities. How-
ever, the sum of these possible trajectories grows exponentially in time and with the
number of agents, rendering an exact computation infeasible.

A typical approximation stipulates that agents are statistically independent, mean-
ing that averages of the type ⟨Si(t)θi(t)⟩ factorize into ⟨Si(t)⟩ ⟨θi(t)⟩, since θi neither
depends on Si nor Ii. This yields the following dynamics

∆ρS
i (t + 1) = ηρR

i (t) + µ̄ρI
i (t) − βρS

i (t)∑
j

Aijρ
I
j (t)

∆ρI
i (t + 1) = −(µ + µ̄) ρI

i (t) + βρS
i (t)∑

j
Aijρ

I
j (t) ,

(2.43)

which is a closed recursion in ρα
i , and can hence be solved efficiently even for large

systems. We will call this approximation (quenched) mean-field approximation3. The
assumption of statistical independence however, is typically not well-justified. In
particular, this formulation introduces a spurious self-feedback effect as we outlined
in Sec. 2.1. We here improve upon mean-field theory by deriving a correction to
Eq. (2.43) which takes fluctuations into account.

Previous approaches to the SIR model and its variants also take the co-dependence of
different agents’ activities into account, either by tracing the evolution of correlations
(the pair approximation) [39] in addition to the mean, or via dynamic message pass-
ing [40–42]. These approaches introduce new dynamic variables which describe the
correlations between pairs of agents. We discuss our results in the context of the pair
approximation, individual-based mean-field approximation and the dynamic mes-
sage passing approach in Sec. 2.3.3. In the next section, we introduce the dynamic
fluctuation correction to Eq. (2.43), derived here via a systematic expansion in β.

2.3.2 Fluctuation correction

Formally, one can write the average over all possible realizations of the stochastic
processes as a path integral. In the case of β = 0, all trajectories of all agents decou-
ple, and the system can be solved exactly. We make use of this fact to compute a
fluctuation correction up to second order in β, starting from the non-interacting case
β = 0. The procedure is the same as in Sec. 2.2.3 (the explicit derivation is given in

3"quenched" here refers to the quenched connectivity of the graph, as opposed to an ensemble over
realizations of the connectivity matrix
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App. (B)), with the important distinction that we are now interested in an evolution
of averages over time. The authors of [43] demonstrate how to calculate a dynami-
cal fluctuation correction for the Ising model outside of equilibrium. The resulting
update equations are of the type of the dynamical TAP equations for spin systems, a
non-equilibrium version of the TAP correction term [31, 35], which we already used
in Sec. 2.2.3. We here adapt this approach to the SIR model and its variants. Our
derivation, detailed in App. (F) for the SIR model, and extended to the SIRS and SIS
model in App. (G), follows the same steps as [43], with two important distinctions:
first, we must track two binary variables per agent. Second, the update probabilities
for each agent i depend on the state of the same agent in addition to their dependence
on θi.

To first order in β, one obtains Eq. (2.43), meaning that the systematic expansion
reproduces mean-field theory. To second order, each update equation acquires a
correction term of order β2, which reads

∆ρS
i (t + 1) = ηρR

i (t) + µ̄ρI
i (t) − ρS

i (t)β∑
j

Aij (ρI
j (t) − ρI

j← i(t))

∆ρI
i (t + 1) = −(µ + µ̄) ρI

i (t) + ρS
i (t)β∑

j
Aij (ρI

j (t) − ρI
j← i(t)) ,

(2.44)

where ρI
j← i(t), to first order in β, is just the probability that agent j was infected by

agent i at an earlier point in time

ρI
j← i(t) ∶= βAji ∑

t′≤t−1
ρS

j (t
′)ρI

i (t
′)(1− µ)t−t′−1 (2.45)

Here, βAji ρI
i (t
′)ρS

j (t
′) describes the probability that agent j becomes infected at t′ + 1

due to agent i, and (1−µ)t−t′−1 is the probability that node j does not recover between
t′ + 1 and t.

Thus, in the context of the SIR model, the second order correction exactly cancels the
self-feedback loop of the node i via its nearest neighbors. In the following sections,
we will illustrate the impact of this correction for the SIR and SIRS model.

We compare the predictions of Eq. (2.43) and Eq. (2.44) to simulations implemented in
NEST [44]. NEST is a simulator for spiking neurons, we describe the implementation
of the SIR dynamics in NEST in App. (E). Just as the Monte-Carlo simulations in the
BAI model, the simulations here serve as a ground truth, by means of a comparison
to them, we assess the validity of our theoretical predictions.

2.3.2.1 SIR model

We here study the effect which the average connectivity has on the spread of the
infection. To do so, we generate Erdős-Rényi graphs [45] of different average degrees
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FIG. 2.9: Sparsity suppresses spread of infection. (a)-(c) Full lines are results of simulation
for fixed µ = 10−2, λ = 0.6 and theory, shaded areas show one standard deviation, averaged
over 10 different realizations of the stochastic process on the same network realization with
the same initial infected agents. Dashed lines show mean-field result; dotted lines the second
order correction. (d) Fraction of agents in the susceptible state after the dynamics have
stopped. Dots are simulation results, curves show mean-field and second order corrections,
shaded areas indicate one standard deviation around average result. All data are averaged
over ten realizations of the adjacency matrix. (e) Same as (d), but for the peak of the infection
curve. Stars along the axis mark the value of λ used in (a)-(c). (f) Fraction of agents in the
recovered state after the dynamics have stopped vs average degree of the network. All results
were obtained on networks with average size N = 103
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⟨k⟩, infect a small fraction of randomly chosen agents, and then let the dynamics
evolve. Erdős-Rényi graphs possess no hierarchical structure; on an Erdős-Rényi
graph of size N, each of the N(N −1) possible edges exists with probability ⟨k⟩N . Being
completely random, they are suited to study the effect which the average connectivity
of the graph has on the spread of the infection. After construction, we ensure that
the graph is connected, i.e. there exists a path from any agent to any other agent
on the graph, such that the infection can in principle reach any agent. This may
reduce the size of the graph, we accept graphs which are in an interval of ±20% of
the target system size. If the effective size of the graph is outside this range, the
graph is redrawn with an adjusted initial size, and the procedure is repeated, until
the connected component of the graph is in the desired size range.

We compare the predictions of the mean-field and second-order predictions to sim-
ulations of the stochastic process. In Fig. 2.9 (a)-(c) we show the infection curves,
averaged over the whole population. For densely connected networks, the predic-
tions of mean-field theory, the second order correction and the simulation all agree.
As the networks become more sparse, however, the number of infections decreases
much faster than mean-field theory predicts, but is still well approximated by the
second order corrected theory. This shows that self-feedback is highly relevant for
sparse networks.

The latter observation holds true over a broad range of fractions λ = β
µ . After the

infection wave has died down, all agents must be either susceptible or recovered.
The number of susceptible agents in the final state, ρS

∞, decreases with increasing λ -
but much slower than predicted by mean-field theory. We find that, on sparse graphs
in particular, the difference between the mean-field prediction and the simulation is
large, while 2.44 captures the dynamics well.

Finally, we compare the height of the peak for different network topologies and dif-
ferent values of λ in Fig. 2.9(e). We find that below a certain value of λ, which
depends on the average degree ⟨k⟩, the number of agents individuals does not grow
beyond the number of initially infected agents, thus the infection dies out immedi-
ately. Beyond this point, the height of the infection peak increases with λ, and again
the mean-field theory predicts a higher value than observed in simulations. We find
that the number of infected agents overall decreases rapidly with the average degree.
After the dynamics have stopped, the number of recovered agents is equivalent to
the overall number of agents that experienced an infection, it is the area under the
"infection wave". In Fig. 2.9(f), we compare the fraction ρR

∞ of recovered agents af-
ter the infection has died out to predictions from both theories, finding again that
as the graph becomes sparser, far fewer agents become infected than predicted by
mean-field theory.

Despite the good agreement between simulations and the second-order correction
Eq. (2.44), we find that the corrected theory consistently overestimates the fraction
of infected agents slightly, both at the height of the wave, as shown in Fig. 2.9(e),
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and in the average over the time trajectory, the pandemic, see Fig. 2.9(d). This is so,
because the correction Eq. (2.44), does not correct for higher-order feedback loops:
the correction eliminates self-feedback via direct nearest neighbors, but self-feedback
can also occur via over-next nearest neighbors or loops of three or more distinct nodes
in the graph. As the connectivity increases, the networks become more clustered, and
more potential self-feedback loops appear. These higher-order self-feedback effects
are necessarily O(β3) and hence not treated here. Nevertheless, in comparison to the
difference between mean-field theory and the second order correction, these higher-
order terms appear to play a minor role.

2.3.2.2 SIRS model

In the SIRS model, an infected agent can reach the susceptible stage again, hence,
in principle, a self-infection loop is allowed, provided that the transition back to
the susceptible state has taken place in the mean-time. Given this, the correction
Eq. (2.44) is counter-intuitive: clearly, self-feedback may exist here. However, if η ≪
µ, β, then the loss of immunity is a slow process compared to infection and recovery.
In this case, the positive self-feedback effect may be very small, as such a correction
comes with a factor of ηβ2. We apply Eq. (2.44) with µ = 10−2, η = 10−3 and vary β

between 10−3 and 2µ. We show the results of this procedure in Fig. 2.10.

We find that both for very sparse graphs, e.g. ⟨k⟩ = 2 and highly connected graphs,
e.g. ⟨k⟩ = 16, the fluctuation correction reproduces the average dynamics well (see
Fig. 2.10 (a), (c). Furthermore, both for small and large connectivity, the final fraction
of susceptible and infected agents is also captured quite accurately Fig. 2.10 (d), (f). In
particular, in the sparse connectivity model, the infection wave dies out completely,
which is accurately predicted by the fluctuation correction, whereas mean-field the-
ory predicts ρS

∞ < 1 for almost all values of λ. For large connectivity, the difference
between mean-field and the fluctuation correction is also small, both underestimate
ρS
∞ (and overestimate ρI

∞ ), slightly. The height of the infection peak is´ predicted
with high accuracy by the fluctuation correction, at all levels of connectivity, while it
is overestimated by the mean-field result, especially for sparse graphs. For interme-
diate connectivity, here ⟨k⟩ = 8 however, the fluctuation correction overestimates the
activity in the endemic state: It underestimates the final fraction of susceptible indi-
viduals, while it overestimates the number of infected agents in the final epidemic
state, see Fig. 2.10 (d), (f).

If the mechanism which leads to the deviation between the fluctuation correction
and the simulation were the omission of the positive self-feedback loop which we
described at the outset of this section, then the fraction of infected agents in the
endemic state should be underestimated by the fluctuation correction. Contrary to
this, we rather find that it is overestimated by the fluctuation correction. Examining
the trajectory of a single realization of a graph at intermediate connectivity Fig. 2.10
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FIG. 2.10: Fluctuation correction for SIRS model with slowly waning immunity, η = 10−3.
(a)-(c) Full lines are results of simulation for fixed µ = 10−2, λ = 1.0 and theory, shaded
areas show one standard deviation, averaged over 10 different realizations of the stochastic
process on the same network realization with the same initial infected agents. Dashed lines
show mean-field result; dotted lines the second order correction. (d) Fraction of agents in
the susceptible state after the dynamics have stopped. Dots are simulation results, curves
show mean-field and second order corrections, shaded areas indicate one standard deviation
around average result. All data are averaged over ten realizations of the adjacency matrix.
(e) Same as (d), but for the peak of the infection curve. Stars along the axis mark the value of
λ used in (a)-(c). (f) Fraction of agents in the infected state after the dynamics have stopped
vs average degree of the network. All results were obtained on networks with average size
N = 103
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(b), we find that even when the same set of agents is infected at the outset of the
simulation, the final number of recovered and susceptible agents shows large varia-
tions. Both the fluctuation correction and the mean-field prediction initially predict
the average activities well - before they deviate from them, the latter at an earlier time
point than the former. On the level of single realizations of the stochastic process, we
observe oscillations in ρα, which are not present neither in the first nor the second
order dynamical evolution.

2.3.3 Further fluctuation corrections to infection models

Apart from the mean-field method, there exist further methods to approximate the
dynamics Eq. (2.42). They are dynamical message-passing (DMP) [40, 41] and the so-
called pair approximation [39]. Both of these approaches yield a larger set of coupled
differential equations.

Within the pair-approximation, one performs a so-called moment closure. Here, in
addition to the first moments ⟨Si⟩, ⟨Ii⟩, one also tracks higher second moments such
as ⟨IiSj⟩ for different agents i, j, thus taking correlations between these variables into
account. However, the evolution of first and second moments of the distribution is
not closed, to compute the time evolution of ⟨IiSj⟩, one needs third moments such
as ⟨IiSj Il⟩, which are then approximated using second and first moments. While the
pair approximation certainly improves upon the mean-field equations, it is less com-
putationally efficient, requiring the tracking of O(N2) coupled differential equations.

Within DMP, one tracks so-called messages, namely the probabilities that an infection
is passed along a given edge of the graph. The DMP equations follow from a strict
prohibition of all self-feedback. For the SIR model, DMP is exact on trees. DMP
has also been used for recurrent infection models such as the SIRS model [42], even
though self-feedback is known to be present in these systems. Despite this, the
authors of [42] note that their recurrent DMP method yields an improvement of the
results.

This observation is in line with our result Eq. (2.44), which shows that indeed fluc-
tuations cancel self-feedback up to the second order in the interaction. However,
while the DMP approach imposes the non-existence of self-feedback explicitly, here
its cancellation emerges from a systematic expansion. Furthermore, while the DMP
equations of [42] eliminate all self-feeback, our update equations in principle allow
for self-feedback of higher orders.

Within recurrent infection models, the allowed self-feedback loop, in which an ini-
tially infected node recovers and becomes susceptible again between the original
infection and the receival of the self-feedback signal, comes with a factor β2µη ≪ β2

for the SIRS model, or a factor β2µ̄ ≪ β2 for the SIS model. In the case in which
the loss of immunity is a significantly slower effect than the spread of the infection



38 Order and spreading processes on structured networks: accounting for self-feedback

therefore, one could argue attempt to argue that this effect becomes negligible, thus
justifying the use of DMP theory. However, depending on the network topology, the
positive self-feedback effect exists, and can considerably change the predictions [46].
A systematic comparison between the pair approximation and the DMP approach to
the SIRS model on scale-free graphs has been provided in [47]. The authors of the
latter study find that neither theory predicts the endemic activity or the localization
of the activity above it accurately.

For the SIR model therefore, our result eliminates the strongest self-feedback effect,
while it does not eliminate self-feedback altogether. For recurrent infection models
such as the SIRS model, this partial elimination has a different interpretation: there,
it is only a correction on the level of fluctuations. From the form of this correction
term, we can not conclude that self-feedback in all forms is absent in SIRS models.
Nevertheless, it can explain the partial success of DMP theory also in recurrent infec-
tion models, since it illustrates that fluctuations can lead cancellation of self-feedback
to a certain extent. We expect that higher than second order corrections to the dy-
namics will differ in their nature depending on which variant of the three models
one chooses.

2.3.4 The epidemic threshold

In this section, we present our results on the endemic activity in the SIRS model.

In infection models, the epidemic threshold is defined as the configuration of pa-
rameters below which there exists an absorbing phase: a state where almost all in-
dividuals remain healthy [32]. In the SIR model, this means that an infected agent
transmits the infection to no more than one other agent on average (corresponding
to a reproduction number ≤ 1). In the SIRS or SIS model, this means that the wave
of infection eventually dies out, such that the dynamics stop in the end. Figure 2.10
shows an example of this: in Fig. 2.10 a), we see that the dynamics eventually die
out, ρS → 1 = ρS

∞ as time progresses. The system in Fig. 2.10 a) is therefore below
the epidemic threshold. Indeed, note that for ⟨k⟩ = 2, we here find ρS

∞ = 1 for all
configurations of λ in Fig. 2.10 d), such that we do not observe any transition. For
larger values of ⟨k⟩, seen in Fig. 2.10 b) and c), we find a finite fraction of perpetually
infected individuals above a certain value of λ, the number of infected individuals in
the endemic state, ρS

∞, drops below one there, see in Fig. 2.10 d).

We will now compute how the endemic state depends on the network topology and
the rates of infection and recovery. The epidemic threshold bears a resemblance to
a phase transition: at a certain parameter λ, the system properties fundamentally
change: the absorbing state, where the number of infected agents is zero, becomes
unstable. Rather, the number of infected agents increases. Before we derive the
epidemic threshold from Eq. (2.44), we state two known estimates for the epidemic
threshold originating from mean-field theory. We find that all three estimates are the
same independent of whether one chooses the SIS or SIRS model.
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Indiviual-based mean-field theory, also referred to as quenched mean-field theory,
corresponds to the evolution equations (2.43) [32]. Linearizing these equations for
small initial infection levels yields the condition

λIBMF
c = λ−1

A,max (2.46)

with λA,max the largest eigenvalue of the adjacency matrix. If λ is larger than this
value, the number of infected agents will grow according to Eq. (2.43).

Degree-based mean-field theory, which stipulates that all agents of equal degree
are statistically equivalent, yields the following result [48]

λDBMF
c = ⟨k⟩

⟨k2⟩
(2.47)

provided that the network has an uncorrelated degree distribution: the probability
p(k′∣k) that a node of degree k is connected to a node of degree k′ is p(k′)k′/⟨k⟩.
This degree-based approach to infection models is equivalent to the degree-based
approach to Ising spins on a scale-free lattice which we introduced in Sec. 2.2.2.1.

For γ ≤ 5
2 , degree-based mean-field theory and indiviual-based mean-field theory are

expected to yield equivalent results for large N [32]. For γ > 5
2 , individual-based

mean-field theory is known to overestimate the epidemic threshold. This coincides
with the point where the largest eigenvalue of the adjacency matrix localizes due to
the self-feedback effect, see [49]. The authors of Ref. [49] suggest that to assess the
relative importance of a node in a graph, the leading eigenvector of the following
matrix 2N × 2B should be considered

M = (A 1−K
1 0

) , (2.48)

where Ki j = δijki is a diagonal matrix of with the degree ki of the node i on the
diagonal. The underlying idea is that the self-feedback effect makes hubs appear
more relevant than they are. This suggestion is remarkable, because it coincides
with the estimator of the epidemic threshold for DMP. The estimator for the DMP
epidemic threshold is then the inverse leading eigenvalue of M [42, 46]. We will
see in the following, that the TAP estimation follows from a similar 2N × 2N matrix,
whose off-diagonal blocks however differ from those in M.

TAP prediction. We now compute an estimate for λc from Eq. (2.44). To simplify
the analysis, we define another dynamical variable τi(t) which has the following
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properties

τi(0) = 0

∆τi(t + 1) = −(µ + µ̄)τi(t) + ρI
i (t)β∑

j
aijajiρ

S
j (t) .

Using τ, we may write Eq. (2.44) as

∆ρI
i (t + 1) = − (µ − µ̄)ρI

i (t) + ρS
i (t)β

⎛
⎝∑j

Aijρ
I
j (t) − τi(t)

⎞
⎠

∆ρR
i (t + 1) =µρI

i (t) − ηρR
i (t) ,

and we further require that ρS
i (t) = 1 − ρI

i (t) for the SIS and ρS
i (t) = 1 − ρR

i (t) − ρI
i (t)

for the SIRS model. We now examine the regime in which ρI is infinitesimally small,
hence we keep only terms up to linear order in ρI . This can be seen as a small
perturbation from the state of zero activity. If this state is unstable, the number of
infected agents grows, ∆ρI > 0, and we are above the epidemic threshold. Linearizing
the update equations in ρI , we find that

(∆ρI(t + 1)
∆τ(t + 1) ) = [−(µ + µ̄)(1 0

0 1
)+ β(A −1

K 0
)](ρI(t)

τ(t) ) , (2.49)

with Kij = δijki a diagonal matrix with the degrees of the nodes along the diagonal.
We now ask that the right hand side of this equation must be equal to zero: This is
exactly the point where the activity neither decays nor increases and therefore marks
the transition point This gives us an estimate of the epidemic threshold:

λ−1 (ρI(t)
τ(t) ) = (

A −1
K 0

)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
=∶D

(ρI(t)
τ(t) ) , (2.50)

where we use λ = β
µ in case of the SIS and λ = β

µ̄ for the SIRS model. This is an
eigenvalue equation, the inverse largest eigenvalue of the matrix on the right hand
side yields the epidemic threshold. Since the matrix D is not symmetric, we can
obtain complex eigenvalues, corresponding to oscillatory solutions to Eq. (2.49). To
find the point where the activity decreases or increases, it is however sufficient to
look at the real part of the eigenvalues. However, it may be fruitful to test whether
the frequencies of the oscillations in the SIRS model at intermediate connectivities
can be predicted by the linearized Ansatz.

We now compare these different approaches to each other on scale-free networks. We
generate networks with scale-free distributions p(k) ∼ k−γ, k ≥ k0 using the configura-
tion model [50]. To ensure that the networks are connected with high probability, we
choose a minimal degree k0 = 3. We then perform simulations of the SIRS model for
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various values of λ. The epidemic threshold is determined by finding the maximum
of the susceptibility

χ = N
⟨ (ρI)2 ⟩ − ⟨ρI⟩2

⟨ρI⟩
, (2.51)

where the average is computed in the endemic state, see e.g. [32].

Figure 2.11 shows a comparison of the three different predictions to simulations. For
small system sizes, all theories underestimate the epidemic threshold. As the system
size increases, degree-based mean-field theory and the TAP prediction yield more
and more similar predictions. For γ = 2.4, all three theories eventually agree with the
simulation, see Fig. 2.11 c). For γ = 2.9, individual-based and degree-based mean-
field theory do not agree, as we expect. However, both the TAP estimator and the
degree-based mean-field result show a good agreement with the simulation.

This analysis also shows that the TAP prediction and dynamical message passing are
not equivalent: dynamical message passing overestimates the epidemic threshold in
the same parameter regime [46]. We hence see that although our theory eliminates
self-feedback effects up to second order in β, it is not equivalent to DMP.

We note that the scaling of the different theories and the simulation should be tested
also for larger system sizes, as the differences in scaling between theory and simu-
lation are sometimes only resolved at N ∼ 106 [32]. Investigating whether the good
agreement between TAP and simulations also extends to different architectures and
larger system sizes is an interesting direction of future research. Finally, understand-
ing the working mechanism behind the similarity of the TAP and the degree-based
mean-field result (see e.g. Fig. 2.11 d)) better may shed light on the nature of the
degree-based approach to heterogeneous systems, in full analogy to our result on
the Ising system.
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FIG. 2.11: Epidemic threshold for the SIRS model on scale free networks with γ = 0.05
a) shows the susceptibility, Eq. (2.51), for scale free networks of size 103, Lines indicate
the predictions for λc. b) Same as a) but for larger system sizes N = 104. c) Black dots
show λc from simulations over system size for γ = 2.4. Blue triangles, purple squares and
pink diamondes show the predictions from individual-based mean-field theory, degree-based
mean-field theory, and TAP respectively. d) Same as c) but for γ = 2.9. All data in panels
a)-b) are averaged over ten different realizations of the network architecture and ten runs of
the stochastic process per realization.



Chapter 3

Inference of higher-order
interactions

This chapter, parts of Chap. 4 and appendices H, I, J, K, and L are based on the
following publication:
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René, Peter Bouss and Sandra Nestler.

3.1 Introduction to inference problems

In the previous chapter, we studied the effect a specific, given structure has on a
system. Now, we ask the reverse question: Given (sufficiently many) observations of
a system, can we infer the underlying structure?

Inference problems are typically difficult to study. To understand why the diffi-
culty in inference problems arises, we will suppose that we are given a set D of
observations of random variables x ∈ Rd, drawn i.i.d. from an unknown probability

43
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distribution px, which defines our system. Here, the xi are the degrees of freedom
of the system which we want to describe. They could stem from any system, for ex-
ample, they could encode neuron activity, local magnetizations, amplitudes of sound
recordings, particles, or pixels of an image. We would now like to approximate px

by a density pθ , which depends on a (potentially very high-dimensional) parameter
vector θ. Typically, we will use a density of the form

pθ(x) = exp (Sθ(x) − ln Zθ) . (3.1)

with the partition function

Zθ = ∫ dx exp(Sθ(x)) . (3.2)

If x is discrete, we must replace the integral in Eq. (3.2) by a sum. We will call Sθ the
action of the system, in the canonical ensemble it is related to the Hamiltonian via
−βH = Sθ . The terms in Sθ will constitute the interactions of the degrees of freedom of
our system. Inferring these terms gives us insights on how the systems constituents
interact with each other.

We would now like to find the parameter θ∗ which maximizes the log-likelihood of
observing the data. We can equivalently minimize the negative log-likelihood

L(θ) = − ∑
x∈D

ln pθ(x) . (3.3)

We formulate the problem as a minimization of a cost function as it is usual practice
in machine-learning literature. Supposing that θ is continuous and pθ differentiable,
we could try to perform gradient descent on the log-likelihood. In gradient descent
(GD), one iteratively minimizes a function by computing the direction of steepest de-
scent −∇θL(θ) locally, and then moving into this direction, changing the parameters
by a small amount ∆θ ∼ −∇θL(θ). However, the gradient of L, which is

∇θL(θ) = ∑
x∈D
∇θ ln Zθ −∇θSθ(x) , (3.4)

contains the term ∇θ ln Zθ . This term is typically very hard to compute, as it involves
an integral or sum over the space of all possible states, see Eq. (3.2). In the next
section, we will explicitly treat the special case of pairwise interactions as an example.
We then formulate the general setting of our inference problem in Sec. 3.1.2, and
show how it can be solved using invertible neural networks in Sec. 3.2.

3.1.1 Example: Pairwise interactions

We will now suppose that our density is a second order polynomial in x, parametrized
by

ln pθ = (A(1))
T

x + xT A(2)x − ln Zθ (3.5)
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This is a model of pairwise interactions because the degrees of freedom are only
coupled to each other in a pairwise fashion via A(2), plus a coupling to a constant
field A(1).

Minimizing the negative log-likelihood using gradient descent requires the compu-
tation of

∇
A(1)i
L(A(1), A(2)) ∝ ⟨xi⟩A(1),A(2) − ⟨xi⟩D ,

∇
A(2)ij
L(A(1), A(2)) ∝ ⟨xixj⟩A(1),A(2) − ⟨xixj⟩D ,

(3.6)

where ⟨⋅⟩D is the empirical average with respect to D, and ⟨⋅⟩A(1),A(2) is the average
with respect to pθ .

For continuous variables xi ∈ R, Eq. (3.5) is simply a Gaussian theory, with covariance

Σ = −1
2 (A

(2))−1
and mean µ = 1

2 (A
(2))−1

A(1). Hence in this case, we know how to
express the averages ⟨x⟩A(1),A(2) , ⟨x2⟩A(1),A(2) exactly. Setting ∇θL to zero and solving
for the parameters is therefore possible.

For binary variables xi ∈ {−1, 1}d, on the other hand, we have the same setting as
in Sec. 2.2.1, with the notable difference that now the adjacency matrix A and the
external field h are unknown. In this case, the inference problem is called the inverse
Ising model. For the Ising model, however, averages of the type ⟨⋅⟩A(1),A(2) are typ-
ically hard to calculate (see Sec. 2.2.1) and many evaluations of these averages are
required by gradient descent. Nevertheless, a multitude of techniques to solve the
inverse Ising model have emerged, an overview of which is provided in Sec. 3.4.

In this work, however, we will not treat the inverse Ising model. Rather, we will
focus on continuous random variables, but go beyond pairwise interactions. We
specify our inference problem in the following section.

3.1.2 Polynomial actions for continuous variables

From here on, our degrees of freedom will be continuous random variables x ∈ Rd,
and we will infer a polynomial action Sθ . To express this action Sθ , we will first define
a shorthand notation to express multivariate polynomials of arbitrary degrees.

Notation. In the following, we use the notation u⊗k for the outer product of k in-
stances of a tensor u

u⊗k = u⊗ u⊗⋯⊗ u
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

k times

, (3.7)
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and A(k) ⋅ (u)⊗l for l ≤ k to denote the contraction of the first l indices of a rank k
tensor A(k) with the first index of each tensor u:

(A(k) ⋅ (u)⊗l)
β1,...βl ,il+1,...,ik

= ∑
i1,...,il

A(k)i1,...,ik
ui1β1⋯uil βl , (3.8)

where β1, . . . , βl are multi-indices whose rank depends on the rank of u. In the
special case that u is a vector, the indices β1, . . . , βl vanish from the expression. If
additionally k = l, the result is a scalar. We symmetrize a tensor by averaging over
the set P(α) of all permutations of the multiindex α:

(sym A(k))
α
= ∣P(α)∣−1 ∑

π∈P(α)
A(k)π ; (3.9)

this operation does not change the result of polynomial contractions: A(k) ⋅ (xl)⊗k ≡
(sym A(k)) ⋅ (xl)⊗k.

Interaction coefficients. We now wish to infer an action of the type

Sθ(x) =A(0) + A(1) ⋅ x

+ A(2) ⋅ (x)⊗2 + A(3) ⋅ (x)⊗3 + . . . , (3.10)

with − ln Zθ = A(0). The action Sθ is fully defined via its coefficients, which are
hence the central objects of the theory we want to learn. We will say that polynomial
terms of type A(k)i1,...,ik

xi1⋯xik for i1, . . . , ik all unequal constitute k-point interactions be-
tween degrees of freedom, because they encode a coordination between the variables
xi1 , . . . , xik which cannot be assimilated through interactions of lower order.

For actions of type Eq. (3.10), in general, no exact mapping between the coefficients
{A(k)}k and the averages {⟨x⊗k⟩}k exists. Thus a direct optimization of Eq. (3.3) via
gradient descent is infeasible. However, generative neural networks can be optimized
to infer such actions. The underlying trick is to parametrize the action implicitly, not
explicitly via the coefficients. In the next section, we explain both how the networks
are optimized, and the mechanism by which the interaction coefficients A(k) can be
extracted from the implicit parametrization.

3.2 Learning polynomial actions with invertible neural net-
works

3.2.1 Training

Invertible neural networks [13–15] parametrize an invertible function fθ ∶ Rd → Rd.
They are trained to map from a set of data points x to a latent space fθ(x) = z such
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that the variables z follow a Gaussian distribution, z ∼ N(0,1), hence their density is

pZ(z) =
e−

zTz
2

√
2π

d . (3.11)

The learned distribution in data space and pZ are then related via the change of
variables formula

pθ(x) = pZ ( fθ(x)) ∣det J fθ
(x)∣ , (3.12)

with J fθ
the Jacobian of fθ . In this way, the distribution on data space is parametrized

implicitly via the mapping fθ . The network is trained to match the pθ to the unknown
distribution px of the data as closely as possible. Hence, the training objective is to
minimize the negative log-likelihood

L =− ∑
x∈D

ln pθ(x)

= − ∑
x∈D
(ln pZ ( fθ(x)) + ln ∣det J fθ

(x)∣) . (3.13)

The gradients of this function can now be computed, provided that fθ and Jθ are
differentiable with respect to θ. The differentiation of these functions can be done by
most machine learning libraries via back-propagation, i.e. an efficient implementa-
tion of the chain rule. Thus we avoid having to compute averages as in Eq. (3.6), at
the cost of specifying the action implicitly, via fθ . In practice, we do not use gradient
descent, but a variant of gradient descent called stochastic gradient descent (SGD).
Within stochastic gradient descent, for each update on θ, we do not perform pure
gradient descent ∆θ = −η∇θL, rather we randomly choose a subset Dt ⊂ D, on which
the update is performed:

∆θ = −η∇θ ∑
x∈Dt

Sθ(x) , (3.14)

where we used ln pθ(x) = Sθ(x). Here η ∈ R, η > 0 is called the learning rate, and is
typically in the range 10−3 to 10−6, depending on the dimensionality of the problem.
We will discuss the consequences of training with SGD for the learning of coefficients
in Sec. 3.2.5.

Conventionally, invertible neural networks are used to generate new samples resem-
bling those in the data set [13–15], such as images. This is done by sampling from
the simple distribution in latent space, pZ, and then performing the inverse mapping
f −1
θ on these samples. The network thus transforms a vector of uncorrelated random

variables, z, into a vector x whose entries are no longer statistically independent. The
nature of the co-dependence of the entries in x is then encoded in f −1

θ in a non-trivial
way.

Here, we cast these co-dependencies of the degrees of freedom xi into an inter-
pretable form, using the language of interactions, which is central to physics. Specif-
ically, we extract the action coefficients in Eq. (3.10) from the parameters θ of the
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FIG. 3.1: Architecture of invertible neural networks, composed out of alternating affine linear
and nonlinear transforms. The bottom row specifies the order by which the action coefficients
are computed.

trained networks via an iteration over the network layers. Consequently, we obtain
not only a method to generate new samples, but also cast the distribution pθ of these
samples into an interpretable form. In the following, we will define the network
architecture in conjunction with the corresponding coefficient transforms.

3.2.2 Architecture & layer transforms

Invertible neural networks are more constrained than general feed-forward neural
networks: first, they must be invertible, and this inverse must be computed in a
numerically efficient way. Second, the determinant of their Jacobian J fθ

must also
be computed efficiently, since it must be evaluated many times during training. The
authors of [13–15] hence devise an architecture composed out of alternating affine
linear Ll and nonlinear mappings ϕl ,

fl = ϕl ○ Ll

which each fulfill these requirements. For a network of depth L we stack L of these
layers, plus one additional affine linear transform on top of each other

fθ = LL+1 ○ ϕL ○ LL⋯ϕ1 ○ L1

thus, the composition of all linear and nonlinear mappings defines fθ (see Fig. 3.1 for
a visualization). Besides fθ , ln J fθ

also appears in the loss Eq. (3.13). It is sufficient to
ensure that ln Jϕl and ln JLl can be computed efficiently for all l; these terms are then
summed up to compute ln J fθ

.

Our strategy to compute the action Sθ = ln pθ is an iteration over layers from the
output to the input space, thus backwards through the network. We define pθ,l to be
the probability density of the layer activations xl . Starting from the known density
in latent space, we iterate over the layers and compute the action SX,l = ln pθ,l(xl) of
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the previous layer from the action of the later layer

SX,l(xl) = SX,l+1 ( fl(xl)) + ln ∣det J fl(xl)∣ . (3.15)

We will design ϕl , Ll such that SX,l is always a polynomial, and can hence be written
via a set of action coefficients {A(k)l }k

. Thus, the transform on the level of the actions

SX,l
fl←ÐÐ SX,l+1

can be equivalently expressed as a transform on a set of coefficients,

{A(k)l }k

fl←ÐÐ {A(k)l+1}k
. (3.16)

We will later choose fl to be a polynomial with a Jacobian determinant constant in
x, ln J fl(x) = Cθ ∀x for all l. Thus, up to an additive constant, Eq. (3.15) corresponds
to the composition of two polynomials, namely SX,l+1 and fl . To find the action co-
efficients {A(k)l }k

of the pre-activations to layer l form {A(k)l+1}k
, all we must do is to

multiply out these polynomials, which amounts to tensor contractions on the level
of the coefficients of the polynomials. However, since xl , xl+1 ∈ Rd, the action coeffi-
cients A(k) are tensors, we must take care to contract along the correct indices. We
find that this procedure can be simplified without any loss in expressivity by using
only symmetric action coefficients A(k). Furthermore, we will use a diagrammatic
language to express the contractions, which facilitates the computation of multiplic-
ity factors, and acts as a visual guide in how higher-order interactions may arise out
of lower order interactions, see Fig. 3.2.

The transform of the coefficients, Eq. (3.16) further decomposes into two steps, cor-
responding to the linear and nonlinear mappings in the layer

{A(k)l }k

Ll←ÐÐ {B(k)l }k

ϕl←ÐÐ {A(k)l+1}k
. (3.17)

An overview of the order in which the coefficients are computed is shown in Fig. 3.1.
We will now define ϕl , Ll and compute the corresponding transforms on the action
coefficients.

3.2.2.1 Affine linear mapping

We define the affine linear mapping

hl = Ll(xl) =Wlxl + bl

with Wl , bl ∈ θ. On the level of the distribution, we hence find that Ll encodes a stretch
and rotation of the space, plus a shift via bl . Suppose now that we have computed
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FIG. 3.2: Learning actions from data. We observe a physical system of interacting degrees
of freedom (gray dots), whose precise interactions are unknown (shaded areas). We train a
neural network on measurements of the system. The network learns in unsupervised fashion
an estimate of the distribution of training data. We extract the action from the network
parameters layer by layer, using a diagrammatic language. The final action coefficients A(k)

represent the learned interactions (pink nodes).
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the action coefficients {B(k)l }k
of hl , thus we have

SH,l(hl) =B(0)l + B(1)l ⋅ hl

+ B(2)l ⋅ (hl)⊗2 + B(3)l ⋅ (hl)⊗3 + . . . .

The action of the preactivations xl then follows as

SX,l(xl) =SH,l (Ll(xl)) + ln ∣det Wl ∣

=B(0)l + ln ∣det Wl ∣ + B(1)l ⋅ (Wlxl + bl)

+ B(2)l ⋅ (Wlxl + bl)⊗2 + B(3)l ⋅ (Wlxl + bl)⊗3 + . . . , (3.18)

which we multiply out to obtain the new coefficients. Note that the degree Kl of
SX,l is equal to the degree of SX,l . We get the new normalization A(0)l by adding the

ln ∣det Wl ∣ to B(0)l , plus the contraction of all coefficients with the bias bl along all
legs,

A(0)l = B(0)l + ln ∣det Wl ∣ +
Kl

∑
k=1

B(k)l ⋅ (bl)⊗k

The coefficients A(k)l for k ≥ 1 are then computed from all coefficients B(k
′)

l of equal
or higher order k′ ≥ k by contracting with k′ − k factors of bl , and subsequently con-
tracting all remaining indices with the first index of Wl . Since the coefficients {B(k)l }k
are symmetric tensors, it does not matter which indices we contract the biases bl and
matrices Wl with, but we must sum over the ( k′

k′−k) possibilities of doing so. This
yields the coefficient transforms for 1 ≤ k ≤ Kl

A(k)l =
⎛
⎝∑k′≥k

( k′

k′ − k
)B(k

′)
l ⋅ (bl)⊗(k

′−k)⎞
⎠
⋅ (Wl)⊗k . (3.19)

We will now introduce the diagrammatic notation which allows us to do these cal-
culations graphically. Each coefficient of order k will be represented by a vertex with
k legs; the legs represent the indices over which the tensor contractions take place.
A contraction with a vector bl reduces the order of the coefficient by one, we will
hence represent it by contracting the vertex with an empty circle. A contraction with
a matrix Wl along one index yields a coefficient of the same order, thus we symbolize
it by an elongation of the corresponding vertex leg, which we decorate with Wl to
symbolize that the contraction has taken place.

The diagrammatic rule which encodes Eq. (3.19) is: attach empty circles to the legs
of all vertices in all possible ways, then elongate the remaining legs with Wl . Then
sum over all diagrams with k legs to get the coefficient of order k. A vertex with k
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legs therefore produces the following diagrams:

. .
. →

. .
.

W
l

W
l

Wl

, (k
1
)

. .
.

W
l

W
l

bl

,

. . . , (k
k
)

. .
.

bl

bl

bl

The binomial factors are the same as in Eq. (3.19), diagrammatically they arise from
the different ways in which the empty circles can be attached to the legs of the vertex.
We show an example of this procedure in Sec. 3.2.3.

3.2.2.2 Nonlinear mapping

We now perform the same steps as in Sec. 3.2.2.1, but for the nonlinear mapping.
We first state the method by which the authors of [13] introduce flexible nonlinear
mappings which are nevertheless trivial to invert. We split the activation vectors and
activation functions into two halves1 denoting them by

hl = (
h1

l
h2

l
) and ϕl = (

ϕ1
l

ϕ2
l
)

We then perform a general nonlinear transform ϕ̃l ∶ R⌈
d
2 ⌉ → R⌊

d
2 ⌋ only on the first half

h1
l and add this onto the second half

xl+1 = ϕl (hl) = (
h1

l
h2

l + ϕ̃l (h1
l ) .
) (3.20)

This function is trivially invertible,

ϕ−1
l (xl+1) = (

x1
l+1

x2
l+1 − ϕ̃l (x1

l+1) ,
)

no matter, what ϕ̃l is. In particular, ϕ̃l could be parameterized by another neural
network. Furthermore, observe that det Jϕl(hl) = 1∀hl . The latter property follows
directly from the fact that Jϕl is a triangular matrix with ones on the diagonal.

Equation (3.20), inserted into the change of variables formula, then gives us the fol-
lowing action transform

SH,l(hl) = SX,l+1 (ϕl(xl)) (3.21)

1If the dimension d is uneven, we take the first ⌈ d
2 ⌉ entries of hl to be in h1

l .
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Thus it becomes clear that SH,l is a polynomial if both SX,l+1 and ϕ̃l are polynomi-
als. Since our objective is to obtain a polynomial action Sθ , we choose ϕ̃l to be a
polynomial. Specifically, ϕ̃l here is a quadratic nonlinearity

ϕ̃l(h1
l ) = χ̃l ⋅ (h1

l )
⊗2 ,

where χ̃l ∈ R⌊
d
2 ⌋×⌈

d
2 ⌉×⌈

d
2 ⌉ is a third-order tensor whose coefficients are trained, χ̃l ∈ θ.

This choice of ϕ̃l is the most elementary non-linearity, which, through the compo-
sition of multiple layers, gives rise to higher-order polynomial functions. Conse-
quently, the network mapping fθ is a polynomial.

To simplify the calculations, we now define a third order tensor χl , such that

ϕl(hl) = hl + χl ⋅ (hl)⊗2 .

The coefficient transforms then follow from multiplying out Eq. (3.21),

SH,l(hl) =A(0)l+1 + A(1)l+1 ⋅ (hl + χl ⋅ (hl)⊗2) + A(2) ⋅ (hl + χl ⋅ (hl)⊗2)
⊗2

+ A(3) ⋅ (hl + χl ⋅ (hl)⊗2)
⊗3
+ . . . .

(3.22)

In this case, the degree of the polynomial increases, Kl = 2Kl+1. We now find that
lower order coefficients, through the contraction with χl , contribute to higher-order
coefficients. Explicitly, we have

B(k)l
k≤1= A(k)l+1

B(k)l
k>1= sym

k
∑
k′=0
(k − k′

k′
)A(k−k′)

l+1 ⋅ (χl)⊗k′
(3.23)

with the binomial factor arising due to the (k−k′
k′ )ways of contracting the tensor A(k−k′)

l+1
with k′ factors of χl . After the contraction, the tensors are not necessarily symmetric,
since indices orginating from χl are not equivalent to remaining indices originating
from A(k−k′)

l+1 . We perform a symmetrization operation in Eq. (3.23) to obtain symmet-

ric coefficients B(k)l .

The contraction with χl increases the rank of a tensor. Therefore, the corresponding
diagram must have more legs than the original diagram. This is why contractions
with χl are here represented by a splitting of legs. To keep track of which legs
originate from χl , and which from the original coefficients, we use wavy lines for the
split legs. The number of legs of each tensor increases by one for each contraction
with χl , in the same way as the number of indices of the underlying tensor increases
by one. The diagrammatic rule to compute the coefficient transforms is thus: split
the legs of all vertices in all possible ways, then sum over all diagrams with k legs to
get the k-th action coefficient. A vertex with k legs therefore produces the following
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diagrams:

. .
. →

. .
. , (k

1
)

. .
.

. . . , (k
k
)

. .
.

Again, the combinatorical factors are the same as those in Eq. (3.23), they here arise
as the number of possible choices of which legs to spilt. We will now exemplify these
diagrammatic rules by computing the combined transform of the coefficients via a
linear and a non-linear mapping. This calculation also demonstrates how higher-
order interactions emerge, as here a Gaussian theory is transformed into a fourth-
order interacting one.

3.2.3 Example: From Gaussian to fourth order action

Our starting point is the latent density pZ, whose non-zero action coefficients are

B(0)L+1 =
d
2

ln (2π)

B(2)L+1 = −
1

2
.

(3.24)

We now use that z = WL+1xL + bL+1 and Eq. (3.19), (see 3.1 for the order of the layer
mappings and coefficient transforms) to compute the coefficients of the activations
xL. We get

A(0)L+1 = B(0)L+1 −
bT

Lbl

2
+ ln ∣det WL∣

A(1)L+1 = −WT
L+1bL+1

A(2)L+1 = −
WT

L+1WL+1

2

(3.25)

This is just another Gaussian theory, albeit with a different covariance and mean.
Diagramatically, the same equations read:

A(0)L+1 = + bL+1 bL+1 + ln ∣det WL+1∣

A(1)L+1 = 2 bL+1
WL+1

A(2)L+1 = WL+1 WL+1



§3.2 Learning polynomial actions with invertible neural networks 55

Here, the two-point vertex is B(2)L+1, whose legs are either elongated by factors WL+1

or truncate on bl+1. If our network was purely linear, L = 0, then the affine linear
mapping which minimizes 3.13 is just the PCA where all components are retained,
hence we would get a purely Gaussian approximation of the data distribution.

We now add a nonlinear mapping ϕL and compute the distribution of the activations
hL prior to this mapping. Inserting our result Eq. (3.25) into 3.23, we find that the
change in the first two coefficients is

B(k)L
k≤1= A(k)L+1

B(2)L =A(2)L+1 + A(1)L+1 ⋅ χl

=B(2)L+1 ⋅ (WL+1)⊗2 + 2 sym ([B(2)L+1 ⋅ bL+1] ⋅WL+1) ⋅ χL

(3.26)

the zeroth and first coefficients remain unchanged, while the second order coefficient
obtains a contribution from the first order coefficient via the contraction with χL.
Diagrammatically, the transform for B(2)L is

B(2)L = WL+1 WL+1 + 2
WL+1

bL+1
WL+1

,

where the contraction of A(1)L+1 with χL is symbolized in a leg split. Besides the
change in the second coefficient, a third-order and fourth-order interaction coefficient
appears from contractions of A(2)L+1 with χL

B(3)L =(2
1
) sym [B(3)L+1 ⋅ (WL+1)⊗2] ⋅ χL ,

B(4)L = sym [B(3)L+1 ⋅ (WL+1)⊗2] ⋅ (χL)⊗2 .
(3.27)

Diagrammatically, the same equations for B(3)L and B(4)L read

B(3)L =(2
1
)

WL+1 WL+1
,

B(4)L =
WL+1 WL+1

.

In this way, we have obtained a fourth order interacting theory from a pairwise the-
ory. This corresponds to a network with one linear and one nonlinear mapping.
For deeper networks, we must iterate the procedure; the next linear mapping cor-
responds to attaching empty circles to the existing diagrams in all possible ways,
then elongating all remaining legs and summing up the result. Another nonlinear
mapping then may split all the legs of the vertices in all possible ways. Thus, it can
happen, that a diagram with three legs contributes to the second order coefficient
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after attaching another empty circle to one of its legs, but a splitting of one of the two
remaining legs transforms it into a contribution to the third-order coefficient again.
Thus through the combination of multiple layer transforms, the network can move
contributions of higher-order coefficients to lower order coefficients and vice versa,
always building on the existing coefficients. Hence we obtain a hierarchical mixing of
contributions across layers. We illustrate this procedure of building up an interacting
theory hierarchically in Fig. 3.2.

3.2.4 Truncation in the interaction order

Through the composition of the action with a quadratic polynomial, Eq. (3.22), the
degree of the resulting action is increased. Explictly, we have found that Kl = 2Kl+1,
i.e. that the order of the interactions doubles at each layer. However, in practice,
we will find that the entries in the tensors χl , which build up the interactions, are
typically small. Thus the entries coeffcients of order k ≥ 2, which must necessarily
contain coefficients k − 2 factors of χl (potentially stemming from different layers),
are expected to decrease in magnitude.

We therefore truncate the computation of the coefficients at order k = 4, which is
equivalent to a truncation at order O(χl χl′) (the factors of potentially stemming
from different layers l, l′).

Diagrammatically, we can identify the order of a contribution by the number of leg
splits; since every such split comes with a factor χl , a truncation to second order thus
implies that we must only compute diagrams with at most two leg splits.

We further write the χl tensors in a decomposed form, namely as outer products be-
tween vectors. This format is particularily efficient for computations. Furthermore,
since higher-order coefficients, namely A(3)l and A(4)l ,emerge only via contractions of
χl tensors with lower-order tensors, this decomposition translates to the higher-order
tensors as well, which allows for an efficient implementation of the coefficient trans-
forms. We detail the decomposition of χl and its consequences for the computation
of coefficient transforms in App. (H).

3.2.5 Learning rules in coefficient space

Before we move to a demonstration of the method, we examine the training proce-
dure in coefficient space. In Sec. 3.1, we saw that learning the coefficients {A(k)}k
directly would require computing the moments of the distribution depending on the
coefficients at every step. In contrast, the update step on the network parameters
Eq. (3.14) does not require the expensive computation of these moments. On the
other hand, since the action Sθ is fully parametrized by the coefficients, we are free
to rewrite the derivative in Eq. (3.14)
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∆θ = −η∑
k≥1
∑
αk

d ⟨Sθ(x)⟩Dt

dA(k)αk

∇θ A(k)αk

= −η∑
k≥1
∑
αk

(⟨(x⊗k)
αk
⟩
Dt

− ⟨(x⊗k)
αk
⟩

A
)∇θ A(k)αk

where ⟨⋅⟩Dt
is the empirical average over all samples in the batch Dt. Each update in

the network parameters θ also changes the coefficients. We now compute the change
in the coefficients to first order in ∆θ,

∆A(k)α = −η (⟨(x⊗k)
α
⟩
Dt
− ⟨(x⊗k)

α
⟩

A
)(∇θ A(k)α )

T
∇θ A(k)α

−η∑
l≥1
∑

αl≠α

(⟨(x⊗l)
αl
⟩
Dt

− ⟨(x⊗l)
αl
⟩

A
)(∇θ A(k)α )

T
∇θ A(l)αl +O (∆θ2) . (3.28)

The first term is directly proportional to the gradient ∇
A(k)α
L. The second term cou-

ples the coefficients through their mutual dependence on the network parameters.
Apart from the factors ∇θ A(k), this equation resembles the direct optimization of the
coefficients, see e.g. Eq. (3.6). We can hence understand the optimization procedure
to perform an inference of the action coefficients, while constrained to a subspace
which is allowed by the implicit parametrization. This implicit parametrization also
ensures that the action stays normalized at each training stage.

To make the noise which stochastic gradient descent introduces in the training pro-
cess visible, we further split the averages ⟨(x⊗k)⟩Dt

into a deterministic part and a

noise term ξ(k). The latter comes from the subsampling of training batches Dt ⊂ D

⟨(x⊗k)⟩
Dt
= ξ(k) + ⟨(x⊗k)⟩

D
(3.29)

This then yields a stochastic update equation for a coefficients.

Fixpoints. In the average over all training batches, the noise vanishes ⟨ξ(k)⟩ = 0.
If the right hand side of Eq. (3.28) vanishes in the same average, then the average
update on the coefficients is zero, thus training has converged. This condition is met
if either the moments of the learned distribution match the moments computed on
the training set, or alternatively when the sums vanish due to the limited flexibilty of
the network, in which case the terms ∇θ A(l)αl either vanish or cancel each other with
their respective prefactors.

In either case, the learning of the coefficients is biased if the averages over the training
set deviate from the average over the true distribution

⟨(x⊗k)⟩
D
≠ ⟨(x⊗k)⟩

T
,
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where ⟨⋅⟩T is the average over the (unknown) true distribution of the data.

Sensitivity to noise. The variance of the noise term ξ(k) is

⟨(ξ(k))
⊗2
⟩ − ⟨ξ(k)⟩

⊗2
= ∣Dt∣−1 (⟨x⊗2k⟩

D
− ⟨x⊗k⟩

⊗2

D
) .

For many distributions, the estimation of moments in the empirical averages on finite
data sets grows more noisy with increasing k (see [51, 52]). Thus, not only do we
expect the terms corresponding to higher coefficients in 3.28 to be more noisy, but
also their estimation on the whole training set may be more biased.

In the next section, we will illustrate the efficacy of the method outlined here to
learn coefficients from data. We will also find qualitatively the consequences of the
learning rule which we have discussed here, namely both the bias in learning of
higher-order coefficients due to limited data (Sec. 3.3.1) and limited network flexibil-
ity (Sec. 3.3.2).

3.3 Experiments

With the diagrammatic rules for the coefficient transforms in hand, we now proceed
to test the efficacy of our inference method in four different settings. In all experi-
ments, the models we train must reconstruct the data statistics from samples alone.

We start by a teacher-student setup, where both teacher and student are networks
with the architecture outlined in Sec. 3.2.2. The student must learn to mimic the
teacher statistic. We then test the procedure on a distribution which is outside the
class which can be modeled by the architecture. Thirdly, we learn a fourth order
theory of degrees of freedom sitting on lattice sites, which is inspired by a physical
model, namely the Ising model. Finally, we infer pixel interactions in the MNIST
data set of handwritten digits.

3.3.1 Teacher Student scenario

We construct a teacher network through random initialization of the parameters
θ, from which we compute the teacher coefficients {T(k)}k in the way outlined in
Sec. 3.2.2. We then draw samples from the teacher model by generating i.i.d samples
∼ N(0, 1) and transforming them with the inverse teacher network. We use these
samples to train a student network initialized at identity (Wl = 1 and bl = χl = 0 for
all l). Subsequently, we compute the student coefficients {A(k)}k and compare them
to the teacher coefficients in Fig. 3.3. This procedure tests whether the coefficients can
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FIG. 3.3: Teacher-student coefficient comparison for varying training set sizes D = ∣D∣. Both
teacher and student have depth L = 1. (a–d) Student coefficients A(k) over teacher coefficients
T(k) up to fourth order for D = 103 in green and D = 105 in pink. (e) Training loss (full
lines) and test loss (dashed lines) over training steps. (f) Cosine similarity of coefficients over
number of training samples.

be reconstructed from samples alone by the student. Sampling from the teacher net-
work ensures that the samples follow exactly the distribution defined by the teacher
{T(k)}k. Thus, if the successful statistics are accurately learned by the student net-
work, we find that T(k) = A(k)∀k. We repeat the experiment, training several student
models on data sets of different sizes D and compute the entries in their coefficients
side by side in Fig. 3.3 (a) - (d). Indeed we find that given sufficient samples (D = 104

or more samples), the student recovers the teacher coefficients accurately. However,
if the training data set is too small, the student overfits the the training set. We show
that this is the case by computing the loss on a new set of data drawn from the same
distribution, we call this quantity the test error. The test error is larger than the train-
ing error in Fig. 3.3 (e) for training a data set of size D = 103. This means that the
network has adapted to the specific samples in the training set. Consequently, several
entries in the student coefficients deviate from the teacher coefficients in Fig. 3.3 (a) -
(d). Upon increasing the size of the training set, the student no longer overfits, where
test and training error are approximately equal (see Fig. 3.3 (e)), and the teacher and
student coefficients also match.

We quantify the agreement between the coefficients by computing the cosine similar-
ity between the tensors

cos∠(T(k), S(k)) =
∣∑α T(k)α S(k)α ∣

√
∑α (S

(k)
α )

2
∑α (T

(k)
α )

2
(3.30)

where the sum runs over all independent indices α, excluding duplicate tensors en-
tries which are equal due to the symmetry of the coefficients. We find that the
higher-order coefficients in particular show larger deviations when the student net-
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work overfits the training data set. This corresponds to the case in which the training
set is too small, introducing a bias in the moments, Eq. (3.29), which leads to a bi-
ased drift term in the coefficient updates Eq. (3.28). This bias is more severe for the
higher-order coefficients, the cosine similarity between T(k), A(k) decreases with k in
Fig. 3.3 (f). Learning higher-order coefficients hence requires more data.
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FIG. 3.4: Dissimilarity of parameters. Stars show the
cosine similarities of the teacher and student network
parameters trained on varying data set sizes D. The av-
erage cosine similarity between the teacher and 102 ran-
domly generated random networks is marked by the
grey line, the shaded area encompasses one standard
deviation. The remaining markers display the cosine
similarity between the teacher coefficients T(k) and stu-
dent coefficients S(k).

Note that T(k) = A(k)∀k does
not imply that the parameters θ

of the teacher and student net-
work are equal. Indeed, we find
that the parameters θ of teacher
and student do not align in
Fig. 3.4. To show that the pa-
rameters do not align, we com-
pute the cosine similarity of the
flattened parameter vectors θ of
teacher and student networks,
as well as the teacher and a
randomly initialized network of
the same architecture. To un-
derstand this, consider adding
a linear mapping to the last
layer, which rotates the latent
space. Since the latent space
is rotationally invariant, the in-
teraction coefficients of the new

network will be equal to the ones originating from the network without the addi-
tional rotation, but the parameters θ will change significantly. In conclusion, we find
that the similarity of the interaction coefficients rather than the network parameters is
the appropriate measure to determine whether two networks have learned the same
statistics.

In this section, the target distribution was (by construction) inside the class of distri-
butions which the network archtitecture can parametrize exactly. In the next section,
we will test the method on a distribution outside this class.

3.3.2 Out of class distributions

The architecture outlined in Sec. 3.2.2 belongs to the class of volume preserving flows
[13, 14]; since its Jacobian determinant is a constant in x. This means that the network
mapping can bend and rotate the space, but it can only homogeneously (and not
locally) stretch the space. Consequently, the number of maxima and minima in the
learned and latent distribution will be equal

∇x pθ(x) = 0
∣det J fθ

(x)∣=const.>0
⇐⇒ ∇ fθ

pZ ( fθ(x)) = 0 . (3.31)
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FIG. 3.5: Learning an effective monomodal theory. (a) Two-dimensional example of random
density with multiple maxima. White lines are level lines of learned distribution for a five
layer network. All other panels show results from a d = 10-dimensional data set. (b–d)
Learned over true coefficients for a three layer network on a d = 10. We distinguish diagonal
tensor entries from off-diagonal ones, where at least two indices differ. (e–g) Learned over
true cumulants, computed from samples. Error bars are typically smaller than marker size.
(h) Dissimilarity of true and learned cumulants: 1 − cos∠(⟨⟨x⊗k⟩⟩A, ⟨⟨x⊗k⟩⟩R) over training
steps. We record the cumulants at logarithmically spaced intervals during training. The
curves are then smoothed by averaging over ten adjacent recording steps. Shaded areas show
the variation due to the estimation of the cumulants from samples. Dots indicate training
stage of cumulants shown in (e–g).

This property arises through the additive nature of the non-linearity Eq. (3.20), and is
not unique to polynomial activation functions. We now generate a target action SR,
by sampling coefficients R(k) for 1 ≤ k ≤ 4, randomly (details on the sampling scheme
can be found in App. (I)), and ensure that it has at least two maxima. We then train
a volume preserving network with the unimodal latent distribution Eq. (3.11).

Although the action SR is an unnormalized log-probability2, we can then sample a
training set D using Markov chain Monte Carlo (MCMC); for this work we used a
Hamiltonian Monte Carlo [53–55] sampler implemented in PyMC3 [56]. (For details
see App. (J).)

Figure 3.5 (a) illustrates the learned density versus the data distribution in a two-
dimensional example; the learned density approximates the triangular shape of the
data distribution, but has only a single maximum, while the data distribution has
two. We then repeat the experiment on a ten-dimensional random action and com-
pare learned coefficients A(k) with the true coefficients R(k) in Fig. 3.5 (b)-(d), finding

2We do not compute the constant term in SR which ensures ∫ dx exp (SR(x)) = 1 as it is not needed
for the sampling method or the comparison of the coefficients.
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that they do not match, as we expect from Eq. (3.31). In this comparison, we dis-
tinguish the offdiagonal entries in A(2)offdiag = {A(2)ij ∣ i, j ∈ {1, . . . , d} s.t. i ≠ j} from the

diagonal ones A(2)diag = {A(2)ii ∣ i ∈ {1, . . . , d}}. While the offdiagonal entries of A(2) and

R(2) typically agree (see Fig. 3.5 (d)), the diagonal entries systematically disagree.

Despite the difference in the coefficients, we find that the learned distribution repro-
duces the cumulants of the data distribution up to the third order. To see this, we
sample from the learned model, and then compute the cumulants ⟨⟨x⊗k⟩⟩. Cumu-
lants are better suited than moments to compare two different distributions because
they contain only independent statistical information. The cumulants of a distribu-
tion can be computed from its moments ⟨x⊗k⟩ and vice versa. For example, the first
three cumulants are equal to the mean and the centered second and third moment of
a distribution. We show the agreement between the first three cumulants in Fig. 3.5
(e)-(g).

The agreement between the cumulants shows that the learned coefficients provide an
effective non-Gaussian theory SA. The theory is effective, since the learned coefficients
are unequal to the true ones, but compensate each other to yield the correct statistics,
here expressed via cumulants. SA is non-Gaussian, since the third and fourth order
coefficients are non-zero, and produce the correct third-order cumulant. In a Gaus-
sian theory, the third cumulant would vanish, it is hence a higher-order statistic of
the data set.

Finally, we examine the stage at which the different cumulants are learned. To this
end, we compute the cosine similarity between the cumulants of the two distributions
in the same way as in Eq. (3.30), replacing coefficient tensors by cumulant tensors
and summing only over non-redundant entries. We show the cosine similarities of
the cumulants during training in 3.5 (h). We find that the third order cumulant,
and partially also the fourth order cumulant, are learned much later in the training
process than the first and second cumulant. Hence, higher-order statistics are learned
much later than lower order statistics. Similar observations have previously been
made for classifiers [18], namely that they pick up on higher-order statistics of data
later in training.

In physics, mulitmodality often appears as a result of symmetry breaking. One such
symmetry is the global flipping of all spins in an Ising model [57] with a finite crit-
ical temperature (e.g. an Ising model on a square lattice, as opposed to the model
we studied in Sec. 2.2). Below the critical temperature, this symmetry is broken. In
the action, two modes appear, one for positive and one for negative net magnetiza-
tion. However, in a physical system, only one mode will be observed, because the
probability of a global sign flip approaches zero as the system size increases. Other
factors, such as the coupling to the environment or a measurement device will also
break the symmetry. We will consider such a setting, the network can nevertheless
find an informative effective theory, which characterizes the observed monomodal
distribution.
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FIG. 3.6: Symmetry broken lattice model for networks of varying depth trained on a d = 102

dimensional data set with D = 106 samples. (a) Sites of square lattice with periodic boundary
conditions distributed on a two-dimensional torus. Colored dots show strength of external
field h at connected lattice sites. (b) Learned over true first order coefficients for network
depth L = 3. (c) Distribution of learned coefficient entries A(2) compared to target values
(black crosses) for network depth L = 3. We distinguish self-interaction terms A(2)diag from

off-diagonal entries A(2)offdiag. From the off-diagonal entries A(2)offdiag, we further separate those

entries belonging to adjacent lattice sites A(2),adj.
offdiag . (d) Training loss (solid curves) and test loss

(dashed curves). Colors distinguish different network depths L. (e) Distribution of learned
fourth order self-interactions as function of network depth. The dashed line marks the target
value. (f–h) Learned over true cumulants of up to third order. Cumulants were computed on
a subset of 10 randomly chosen lattice sites. Colors distinguish different network depths L.

3.3.3 Interactions on a lattice with external coupling

We now apply our mechanism to the archetypical ϕ4 theory. This model can be
considered the lattice version of the effective long distance theory of an Ising model
in two dimensions [57]. The action

SI(x) = −β

⎡⎢⎢⎢⎢⎣

1
2
∑
i,j

xi (r0δij −Λij) xj +∑
i
(hixi + ux4

i )
⎤⎥⎥⎥⎥⎦

=∶ I(1) ⋅ x + I(2) ⋅ (x)⊗2 + I(4) ⋅ (x)⊗4 , (3.32)

defines our model. The coefficients I(k) are the coefficients of the true distribution
and we have omitted the normalization. As in Sec. 2.2, β serves as an inverse tem-
perature.

The degrees of freedom x are placed on a 10× 10 square grid in two dimensions with
periodic boundary conditions. Hence we have d = 102 degrees of freedom. Let a be
the adjacency matrix of the corresponding graph, aij = 1 if i, j are nearest neighbors
and aij = 0 otherwise. We use the matrix Laplacian Λij = −δij ki + aij to define the
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interaction with the ki = 4 nearest neighbors on the lattice. This interaction favors an
alignment of the degrees of freedom (it assigns higher probability to states in which
the signs of nearest neighbors i, j are equal sign(xi) = sign(xj)).

We now suppose that these degrees of freedom interact with their environment,
which we encode in a linear coupling to an external field h, which we sample ran-
domly from a normal distribution. This external field breaks the symmetry of the
system. We illustrate the network topology and external field in Fig. 3.6 (a).

Finally, the second-order term r0, and the fourth-order term −βux4
i constitute self-

interactions, which suppress large absolute values of x.

We sample from the action Eq. (3.32) using the same procedure as in Sec. 3.3.2, then
train a network on these samples. We then compare the coefficients of the learned
model to the true coefficients in Fig. 3.6 (b) - (d). We find that the procedure re-
covers the correct external biases, as well as the nearest neighbor couplings. The
self-coupling terms however, show deviations from the true couplings. Since both
A(2)diag and A(4)diag control the width of the distributions along the axes, a more negative

A(2)diag may compensate for a smaller absolute value of A(4)diag. In support of this, we
find in Fig. 3.6 (f) - (h) that the cumulants of the data distribution and the learned dis-
tribution match up to the third order. Thus, the learned coefficients again constitute
an effective model.

In Sec. 3.2.5 we found that the dynamics of learning may also converge if the net-
work is not sufficiently flexible to fit the data distribution exactly. In 3.3.2, this was
the case since the data distribution and the latent distribution did not have the same
number of modes. Here, the mismatch may result from the high dimensionality of
the problem: The number of independent entries in the action coefficients up to the
fourth order is O(d4). In contrast, the number of free parameters of a single layer is

⌈ d
2⌉

3
in χ̃l , d2 in Wl , and d in bl , so all in all ⌈ d

2⌉
3 + d(d+ 1). Therefore we estimate that

the depth L of the network must be O(d) to fit all coefficients up to the fourth order.
In this case, at a depth of L = 34 of the network, the number of free parameters in the
network and in the coefficients approximately coincide. In App. (K), we show that
deeper networks reproduce the data distribution more faithfully, and that the coeffi-
cients A(4)diag grow more and more in magnitude as depth increases. Shallow networks
on the other hand provide effective theories, as indicated by the good agreement of
the cumulants. This behavior is equivalent to that of renormalized theories [57]: they
feature the same statistical correlations while modifying the interaction strengths in
a consistent manner.

3.3.4 Three-point interactions in pictures of handwritten digits

We now apply our method to a data set where no underlying theory is known. The
data are grey-scale images of handwritten digits, namely the MNIST data set [58].



§3.3 Experiments 65

(a) MNIST

(b) Linear

(c) L=1

101 103 105

training steps

0.0

0.2

d
¡
1
L

(i) Loss

Linear
L=1

(g) ¹A, Linear (h) A (2)
diag,Linear

(j) ¹A; L=1 (k) A (2)
diag; L=1 (l) A (3)

diag; L=1 (m) A (4)
diag; L=1

0 1
x28

100

101
(d) border

0 1
x406

100

(e) middle

0 1
x590

10−1

100

101
(f) digit edge

FIG. 3.7: Inference of interactions on MNIST for digit three. (a-c) Images from the data set,
the linear model, and an L = 1 layer nonlinear model, respectively. (d-f) Single pixel activation
statistics from three distinct locations in the image. (g) Entries of the mean µA of the Gaussian
theory (linear model). (h) Entries on the diagonal of the second order coefficient A(2)diag of the
linear model. (i) Training loss (full lines) and test loss (dashed lines) over training steps. Dots
mark the training stages from which the coefficients of both models were extracted. (j) Mean
µA for the nonlinear model if A(3), A(4) were not present. (k-m) Entries on the diagonals of
the remaining coefficients of the L = 1 layer nonlinear model. White squares in (l) mark the
locations of the single pixel statistics shown in (d-f).

The degrees of freedom xi hence encode the brightness of the individual pixels. The
images have a size of 28× 28 pixels, hence the dimensionality is d = 784.

We now train both a linear and a non-linear model on these data. Samples from
both models, as well as the original data set are found in Fig. 3.7 (a-c). The linear
model corresponds to a Gaussian approximation of these data distributions, whereas
a non-linear model learns higher-order interactions. It has been demonstrated [18,
19] that feed-forward classifiers pick up on higher-order statistics of image data sets.
In [18], this was done by training several generative models of varying complexity
on the data sets which then reproduce the statistics of the data set more and more
faithfully. Here, we make the higher-order statistics of the MNIST data set visible.

We take the training stage yielding the best test performance, (see Fig. 3.7 (i)) to
compute the coefficients of the two models and compare them. We begin with

µA = −1
2 (A

(2))−1
A(1), which, in the case of the linear model, is the mean of the

distribution. In the nonlinear model, higher-order coefficients also appear in the
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mean, nevertheless we here depict the same quantity for comparability. We then
compute the diagonal entries of the interaction coefficients of the linear and non-
linear model. In Fig. 3.7 (g) - (h) and (j) - (m), we arrange the coefficient entries on
the same 28× 28 grid, such that the action coefficient entries lie in the same position
as the pixels whose statistics they characterize. While for the first and second or-
der coefficients, we find the same qualitative behavior, the entries of the third-order
and fourth-order coefficients of the nonlinear model trace the edges of the typical
digit locations, whereas the higher-order coefficients of the linear model are zero by
construction. The distributions of the pixels at these locations are typically more
skewed; we show the statistics of three representative pixels in Fig. 3.7 (d) - (f). Pixels
located at the border are typically zero, whereas pixels in the center of the digit show
a more bi-modal distribution, being either zero or one. By construction, neither the
linear nor the nonlinear model can express the bimodality, rather the diagonal entry
in A(2) in these locations is less negative, allowing for a broader distribution. Finally,
pixels at the typical edges of the digits can be either zero or greyscale, making their
distributions more skewed. This behavior is captured by the larger entries in A(3)diag.
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FIG. 3.8: Three-point interactions in MNIST for digit
three. (a) Histogram of all entries of the third-order
coefficient A(3)ijk for i ≠ j, j ≠ k and i ≠ k, color coded ac-
cording to their value. (b) - (c) Triplets corresponding to
the ten most negative (b) or most positive (c) values of
A(3)ijk . For each triplet, we color pixels i, j and k, accord-

ing to the value of the interaction coefficient in A(3)ijk .
Thus triplets of pixels corresponding to the same entry
in A(3) have the same color.

So far we have only looked
at self-interactions of the de-
grees of freedom. To investigate
the coordination between pix-
els,w e now examine the third-
order interactions between pix-
els. Positive offdiagonal en-
tries in the third order coeffi-
cient A(3)ijk can bias triplets of
three distinct pixels (i, j, k) to
be nonzero together, whereas
negative entries favor configu-
rations where at least one of the
three pixels is zero. Hence the
third order interactions can en-
code higher-order coordination
between pixels.

Most entries in A(3)ijk have small
magnitude (see Fig. 3.8 (a)).
This can be readily understood
from the fact that there are

many more entries in A(3)ijk which would couple pixels that are distant from each
other, and can therefore be assumed to be mostly independent. Rather, the strongest
third-order interactions, shown in Fig. 3.8 (b) and (c) encode interactions between
localized patches of pixels which trace the curved edges of the digit "three". Thus
the third-order interactions encode the digit edges in a localized manner. We show
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that the third order coefficients trained on images of the digit "two" show the same
qualitative behavior in App. (L). Hence the results presented here do not depend on
the choice of the digit.

An interesting extension of the analysis is to repeat the procedure on larger images.
Here, the interactions on the pixel level may be of smaller relevance, since groups
of three or four pixels constitute only small subsets of images. However, it has been
demonstrated that wavelet transforms yield interpretable features which are at the
same time efficient at encoding image data [59, 60]. Performing a wavelet transform
on the data and feeding in these features as the degrees of freedom then yields an
interacting theory on an interpretable set of features (namely wavelets) which can
encode interactions along different length scales.

We herewith conclude the demonstration of the method. In the next section, we will
put our results into the context of other approaches to inference.

3.4 Other approaches to inference problems

The general problem of inferring models from data which we address here, is a well-
known challenge, to which a multitude of solution strategies have been developed.
We now give a brief overview of the different strategies and settings and distinguish
the approach outlined in Chap. 3 from them.

Dynamical systems. In this setting, the equations of motion of a dynamically evolv-
ing system are inferred. One way to do so is to use regression to infer the right hand
side of a differential equation from a set of basis functions [61–64]. Other studies [65,
66] infer rules for the time-dependence of couplings (synaptic plasticity) using regres-
sion and genetic programming. Inference of parameters of stochastic processes [67–
70] also relies prior knowledge on the specific form of the update equations. These
approaches produce interpretable models, but require a predetermined set of basis
functions or operations which are particularly suited to the problem at hand, such
that through their combination system dynamics are approximated. Prior knowl-
edge about likely terms in the dynamical equations or their exact functional form is
therefore needed.

For a quantum Many-Body system, Zache et al. [71] first solve the forward problem,
namely for the typically difficult step from interactions to correlation functions. They
approximate a higher-order interacting theory to tree-level or one-loop-order in the
effective action, and thereby obtain an invertible relation between interactions and
correlations, the latter can be obtained from data directly. This approach relies on
the accuracy of the approximations necessary to compute the forward step, which
are not necessary to train INNs, as the correlation functions are implicitly generated
by the network mapping.
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Inverse problems for discrete random variables. A prominent example of a pair-
wise interaction model is the inverse Ising model. Here, a set of pairwise couplings
between binary degrees of freedom is inferred. For the special case of a known tree-
like network topology, or translationally invariant higher-order couplings along a
linear chain, the strength of the couplings can be inferred exactly [72]. Aside from
this special case, the difficulty in inferring pairwise couplings stems, as we illus-
trated in Sec. 3.1.1, from the necessity to maximize the likelihood over a very large
parameter space and the difficulty of estimating gradients. Nevertheless, many algo-
rithms now exist for inferring models with pairwise interactions, such as the inverse
Ising or XY-model. Inference of patterns in Hopfield networks also fall into this
broad class of inverse problems [73, 74]. Inference of pairwise Ising models is at the
heart of training Boltzmann machines [75]. Other than Boltzmann machines, a range
of techniques for the Ising or XY models first solve the forward problem, namely
the statistics given the couplings – using variations of mean-field theory or the TAP
equations [76–79] – and then invert these relations explicitly or iteratively [80–83].
Further works maximize the likelihood of the network model given the data, by us-
ing belief propagation to reconstruct the network structure from infection cascades
[84] or Monte Carlo sampling to infer amino acid sequences in proteins [85]. Other
approaches modify the objective function such that the optimization is numerically
tractable. They derive optimal objective functions [86, 87], use the pseudo-likelihood
[88, 89], or the interaction screening objective [90], the latter approach yielding a
convex optimization problem. The method outlined in this work treats the case of
continuous rather than discrete variables, is not restricted to pairwise interactions
and does not require prior knowledge on the structure of interactions.

Neural Networks. Other approaches to inference using neural networks include
training the networks themselves to infer the posterior probability of characteristic
parameters given data [91, 92]. In [93], models are optimized to compute renormal-
ized degrees of freedom that are maximally informative about the global state of
a system. The authors of [94] use symbolic regression on trained graphical neural
networks to derive interpretable interactions of particles. However, these approaches
make no lucid connection between the learned model and the parameters of the
neural network as we do in this study.
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Discussion

In this work, we have treated both the forward and the inverse problem for interac-
tions on structured systems.

Overall, on the level of structured networks with two-point interactions, we found
that a spurious self-feedback effect can, when corrected, improve the predictions in
the forward mapping significantly.

For the case of Ising spins on a scale-free network structure, this approach can re-
produce observations made at the global scale, while also preserving local properties
of the system. This allows for a more detailed description of the system than the
degree-resolved level [24–26]. In contrast to a mean-field description of the system,
it qualitatively reshapes the role of the hubs: while they can induce a local order in
their nearest neighbors, a single hub cannot induce long range order in the system,
rather global order emerges as a collective property. Nevertheless, it should be noted
that the transition temperature grows with the system size N, such that the system
is always in an ordered state in the thermodynamic limit. This defies the notion
of regular phase transitions that would normally only acquire meaning in the ther-
modynamic limit. We here instead treat typical finite realizations of the system. The
growth of the transition temperature with the network size is quite slow ( TT ∼ log N),
hence for any real-world network, the transition occurs at a finite value.

We then showed that the same self-feedback effect can also confound predictions for
the spread of disease, and when taken into account, improves predictions consider-
ably. In the context of disease modeling, dynamic message passing has previously
emerged as a means of taking the self-feedback effect into account [40–42]: dynamic
message passing strictly prohibits all forms of self-feedback. Our calculation con-
firms that, indeed in the SIR model, self-feedback is eliminated.

However, whether self-feedback is present in the systems or not, depends on the
disease model at hand: recurrent models of disease spreading such as the SIS or
SIRS model permit temporal self-feedback loops [46], while the SIR model does not.

We found that even in systems where a positive self-feedback is in principle per-
mitted, fluctuations can partially cancel the self-feedback effect. This observation
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can explain why an elimination of all self-feedback effects, reported in [42] via dy-
namic message passing can yield improved results, even in systems where positive
self-feedback loops are allowed. However, our results do not justify the complete
cancellation of all self-feedback, which is known to lead to incorrect predictions [46].
Rather, our theory presents a middle ground between a complete elimination of the
self-feedback effect and its over-representation in mean-field theory.

It is interesting to observe that both spin systems at equilibrium and disease models
cannot only be linked via the same expansion method, but also that the expansion
produces the cancellation of self-feedback in both models at second order. We have
demonstrated that the expansion method can be applied also to other variants of the
SIR model. This can be further extended, by incorporating for example the SEIR or
SEIRS model. Moreover, the computation of higher-order corrections is straightfor-
ward. For example, it would be interesting to observe, if an expansion to higher order
can reproduce the meta-stable states observed in recurrent disease spreading models,
where hubs can self-sustain an infection for long times due to the same self-feedback
effect [46, 95].

Overall, it is usually possible to argue whether self-feedback should be present or
absent in a system without a systematic fluctuation expansion, and the presence
or absence of the same effect can have dramatic effects on the system’s behavior.
For spin systems, this cancellation has been observed in previous studies [29], and
can be anticipated from its relation to the fluctuation-dissipation theorem and cavity
methods [23]. Here, we used an expansion of the effective action in the interaction
strength to compute corrections to the mean-field case, in which the agents of the
system are assumed to be independent. For the SIR model, it is also evident from the
specification of the model. Understanding self-feedback effects can hence provide
us with a valuable intuition on the properties of a system. We hence expect the
results, derived here on several archetypal models, to translate to other systems with
a pairwise interaction structure as well.

However, such an heuristic argument is not always sufficient to predict properties of
the system as we saw in the SIS and SIRS models. In particular, the non-cancellation
of self-feedback does not imply that a first order mean-field theory is accurate. In
these cases, a systematic fluctuation expansion can yield improved predictions. Com-
puting these corrections in different systems in which self-feedback is allowed is an
interesting direction of further research.

The inverse problem, namely the inference of pairwise interactions from observations
of the system, can be solved exactly for continuous random variables (see Sec. 3.1.1).
For binary variables, considerable progress has been made (see [72–90] and Sec. 3.4
for a more detailed treatment). Beyond the pairwise regime, we showed that the
reverse direction, namely inference of an interacting structure beyond the pairwise
order can be efficiently realized by a special kind of generative neural network.



71

The method casts the structure learned by the neural network into an interpretable
form. It hence yields two benefits: first, it can efficiently solve the inference prob-
lem for a broad class of higher-order interacting systems, and produces a nontriv-
ial effective theory outside this class. Using this formalism, we can hence uncover
higher-order interactions in data sets of high dimensionality. We provide four exam-
ples of learning such interactions. In three of these examples, the underlying data
distribution is known, and we observe either an exact reproduction of this structure
or the learning of an effective interaction structure. In the final example, we extract
higher-order pixel interactions in an image, where we found that these interactions
code for edges in the images. On the computational level, we can exploit the iterative
nature of the coefficient transforms to parametrize the interaction coefficients, which
are in principle, higher-order tensors, in a particularly efficient, decomposed form,
which lends itself to systematic approximations. This decomposition cannot only be
used to speed up the computations, but also to control the complexity of the learned
structure, e.g. by directly parametrizing the weight of the quadratic mapping in a
low-rank decomposed form during training. Alternatively, the network flexibility can
be increased by raising the order of the polynomial activation function, for example,
to a cubic activation function. Further, we can expand the class of learnable models
to multi-modal ones, by the choice of a multi-modal latent distribution, such as e.g.
a Gaussian Mixture. In this case the method yields one set of interaction coefficients
per mixture component.

The second contribution of the method is that it uncovers the mechanism by which
these networks learn, yielding a description on the level of the data, which is in par-
ticular insensitive to the concrete realization of the network parameters. The use of
a diagrammatic formalism illustrates how complex data distributions emerge layer
by layer, in a hierarchical fashion. The quadratic mapping constitutes the elementary
building block of the mapping, higher-order interactions are thus decomposed into
this simplest possible form of nonlinear interplay. As a result, the order of interaction
in the data directly maps to the required depth of the network in an understandable
manner, thus providing an explanation why deep networks are required to learn
higher-order interactions. While deeper networks are required to offer sufficient flex-
ibility to learn higher-order statistics, the larger number of trainable parameters at
the same time requires more data to learn the statistics accurately. We demonstrated
the dependence of the training outcome on the size of the data set in Sec. 3.3.1; con-
firming that higher-order interactions can only be learned accurately given sufficient
data, which can be linked to the bias and noise in the training process. The underly-
ing dynamical equation of motion, Eq. (3.28) relies on the network architecture only
through the implicit parametrization of the coefficients via the parameters ∂θ A(k).
Notably, effective noise and training bias enters on the level of the estimation of mo-
ments on subsets of the training data. Hence these phenomena can in principle be
treated independent of the network architecture, given that the same architecture is
sufficiently flexible. Investigating the dynamics of this learning process can yield in-
sights into the effect of the learning rule on the learned structure on finite data sets.
Overall, we have demonstrated that physics provides an efficient language, namely
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interactions, in which to express data structure. We expect that the same language,
when applied other contemporary generative neural network architectures, can yield
valuable insights into their learning mechanisms.

From a physics point of view, the trained network provides a solution to an interact-
ing classical field theory in a data-driven manner. The trained network maps each
configuration of the interacting theory in data space to samples in latent space that
follow a Gaussian theory, therefore a non-interacting one. The mapping allows one to
compute arbitrary connected correlation functions of the interacting theory. This can
be achieved via three routes. The traditional route is to use diagrammatic perturba-
tion theory to obtain controlled approximations of connected correlation functions.
The diagrams are constructed from propagators and interaction vertices of the in-
ferred action. The second route directly constructs connected correlation functions
hierarchically from the network mapping. Here, we exploit that we can express aver-
ages in data space via averages in latent space, which ultimately reduces to pairwise
correlation functions on the level of the latent Gaussian. For example, the second
order correlations read ⟨⟨xixj⟩⟩pθ

= ⟨⟨ f −1
θ,i (z) f −1

θ,j (z)⟩⟩z∼N(0,1). For the n-th order cor-
relations ⟨⟨xi1⋯xin⟩⟩pθ

, one can therefore work out the coefficients of the polynomial
f −1
θ,i1(z)⋯ f −1

θ,in
(z). The diagrammatic rules for these computations follow in a similar

manner to the action transform. The average over pZ can then be done efficiently
using Wick’s theorem. Finally, we may simply estimate the correlations by draw-
ing samples from the generative network, this can be done also for more complex
architectures which do not feature a tractable polynomial action.

On the whole, we observe that investigating the mapping between an interacting
structure of a system on the microscopic level and its macroscopic properties is a
highly complex yet fruitful task. Across the different systems we have studied, find-
ing efficient ways in which to express the system’s structure and global properties
is paramount to finding an useful parametrization of a system, which is detailed
enough to describe the observed phenomena, but at the same time yields inter-
pretable, intuitive results and identifies the most relevant mechanisms. We here
contribute to this effort by marking the self-feedback effect as an important mecha-
nism in many structured systems, and by providing a new method for inference of
higher-order interacting structures.
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A Parallel-tempering Monte-Carlo

In hierarchical networks such as BA networks featuring hubs, conventional Monte
Carlo simulations of heterogeneous networks based on local update schemes are
impeded by the freezing of the hub’s magnetic states. To circumvent this, simulations
of the Ising system were performed using parallel-tempering Monte Carlo instead
[96]. This scheme samples over the full configuration space and hence renders an
accurate picture of the behavior of hubs and their surrounding nodes throughout the
entire relevant temperature range.

B Plefka expansion at equilibrium

The name TAP theory originates from [31], where the expressions are presented as a
fait accompli. The TAP correction term Eq. (2.21) can be obtained as a second order
correction in the interaction strength J. The Ansatz for the expansion leverages the
fact that if J = 0, then all spins xi are independent, and therefore, averages can be
computed exactly. We here follow the derivation in [36]. The first derivation has
been given in [35]; higher order corrections may be found in [97, 98].

In the main text, we set the interaction strength J to one. We here re-introduce J as
our expansion parameter. The first order in the expansion is the non-interaction case,
GJ=0 is consequently the entropy of independent binary variables with mean values
mi,

βGJ=0 = ∑
i

1+mi

2
log(1+mi

2
) + 1−mi

2
log(1−mi

2
) .

Observe that we may then write G as the logarithm of a modified action

G (m) = −β−1 ln⟨exp ΩJ (m)⟩

With the ΩJ defined by

ΩJ (m) =
Jβ

2
x ⋅A x + β h ⋅ (x −m) (B.1)

Apart from being constrained to fulfilling the equation of state, G therefore has the
form of a cumulant generating function. Derivatives of G with respect to J then
follow as −β−1 times the cumulants of the term proportional to J in ΩJ . The first
derivative therefore produces the expectation value of the interaction term, for de-
coupled spins, it evaluates to
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FIG. C.1: Average energy E (a) and magnetization M (b) from ten different realizations of the
BAI model, as functions of temperature T for different system sizes N and m0 = 4 obtained
from TAP approximation. Dashed lines are drawn one standard deviation above and below
the mean, calculated according to Eq. (C.1). Lines seem to align where the standard devia-
tions are very small. Insets show the standard deviations alone.

∂JG∣J=0 = −
1
2

m ⋅A m (B.2)

Neglecting higher-order terms, and inserting this into the equation of state, this then
yields the mean-field equations Eq. (2.8).

At the second order, we must now compute

∂2
J G∣J=0 = −β−1 (⟨∂2

J ΩJ⟩ + ⟨ (∂JΩJ − ⟨∂JΩJ⟩)
2 ⟩) ∣J=0 (B.3)

The first term vanishes. For the second term, namely for ∂JΩJ , we must now take
into account the fact that h depends on J. To compute the derivative, we make use
of the equation of state

∂Jh = ∂J∇mG = −Am .

Inserted back into the expression for ∂2
J G, this yields

∂2
J G∣J=0 = −

1
4
⟨ [(x −m) ⋅A (x −m)]2 ⟩

J=0

evaluating this average then yields Eq. (2.20).

C Self-averaging on BA networks

In the main text, we reported results obtained from single realizations of BA net-
works. This approach is valid if global properties, such as the magnetization M
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and the energy E do not depend significantly on the specific realization of the BA
networks. By realization we here mean the specific outcome of the random process
generating the network.

Let us denote by ⟨⋅⟩R the average over independent realizations of the BA network.
Then if the variance of observables O with respect to this average,

σO =
√
⟨O2⟩R − ⟨O⟩2R, (C.1)

are small, we can expect our results obtained from single realizations of the networks
to generalize. In Fig. C.1, we compare mean and standard deviations of magnetiza-
tion and energy for different realizations. As the system size increases, the curves
concentrate more and more, thus we find that single realizations are typical of the
system averaged over realizations of the connectivity. Therefore for large system
sizes, it is sufficient to study single realizations.

D Fluctuation-dissipation theorem

In Sec. 2.2.3, we found that the fluctuations of an equilibrium system exactly cancels
the self-feedback effect. We here argue that this is just another manifestation of the
fluctuation-dissipation theorem [37]: to do so, we view the presence of the spin at
node i as an in-homogeneous external field of strength hext,j = Ajimi at node j. The
response to this field on the spin at node j is given by χj Ajimi, where χj is the the
susceptibility at node j, given by

χj =
∂mj

∂hext,j
= β (1−m2

j ). (D.1)

Up to factors of β, this is equal to the variance of the same spin

⟨x2
j ⟩ − ⟨xj⟩2 = 1−m2

j . (D.2)

Thus we have demonstrated the fluctuation-dissipation theorem, which states the
equivalence between the fluctuation Eq. (D.2) and the linear response Eq. (D.1) to a
perturbation, the perturbation here being the presence of node i. In fact, here both
the response and the fluctuation are calculated in exactly the same way, namely (up
to factors of β) from the second derivative of the free energy F with respect to the
external field h.

The self-feedback of the response field χj Ajimi at node j to the magnetization at node
i is given by

A2
ijβ

2mi(1−m2
j ). (D.3)
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Summing over all neighbor nodes j, this gives precisely the TAP term in (2.21), but
with opposite sign.

For non-equilibrium systems (for example, the non-equilibrium kinetic Ising model
or directed networks of binary units, where Aji ≠ Aij), this equivalence between linear
response and fluctuations is lost [43, 99]. There, the fluctuation correction does not
produce the correct time arguments of the mean fields, neither the correct prefactors
in A. This observation in particular also applies to the models treated in Sec. 2.3,
where the cancellation of self-feedback arises through a different mechanism.

E Epidemic dynamics in a Spiking Simulator code

We implement the dynamics of the SIR, SIRS and SIS model in NEST [44], a simulator
for spiking neurons. NEST has previously been used to model binary neurons [100].
We here follow the same approach as in [100], to adapt the simulator to the SIR, SIRS
and SIS dynamics.

Note that each agent i need not know the exact state of its nearest neighbors to
compute the update probability, rather, it suffices to know how many of these nearest
neighbors are infected. This information is encoded in the input θi to the agent. We
use spikes to transmit changes to these fields: When an agent i is infected, it sends
out a spike. Upon receiving a spike, the nearest neighbors j of the agent hence
increments their input fields θj by one. When agent i leaves the infected state, it
sends to spikes at the same time. Two simultaneous spikes received by a nearest
neighbor j then result in a deduction of θj by one.

F Dynamical fluctuation expansion for infection models

We here perform the fluctuation expansion for the SIR model following the same
procedure as in [43]. We first write down a path integral which formally sums over
all possible trajectories of the stochastic process. We then perform a self-consistent
expansion analogous to App. (B), but for dynamic variables. We use a short-hand
notation

Xi(t) = (
Si(t)
Ii(t)

) ∈ {( 1
0
) ,( 0

1
) ,( 0

0
)}

to describe the state of each individual, and X(t) to indicate the state of the whole
system of agents at time t. At each time step, we hence have a transition probability
from S(t), I(t) to S(t + 1), I(t + 1)

Wt+1,t =
N
∏
i=1
{Si(t + 1) [1− ϕ (θi(t))]Si(t)

+ Ii(t + 1) [(1− µ)Ii(t) + ϕ (θi(t))Si(t)]
+(1− Si(t + 1) − Ii(t + 1)) [1− Si(t) − (1− µ)Ii(t)]} . (F.1)
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We here introduce a function ϕ ∶ [0,∞) → [0, 1] to ensure that all probabilities remain
in the range [0, 1] since for agents of high degree ki, the sum in Eq. (2.41) may exceed
one. We further constrain ϕ to fulfill ϕ(0) = 0 and ϕ′(0) = 1. The first line in Eq. (F.1)
corresponds to the agent remaining susceptible. The second corresponds to a new or
sustained infection. The last line corresponds to the probability that the agent enters
or remains in the recovered state.

Since we are interested averages of the Xi variables, we begin by defining a cumulant
generating function

W(ψ, h) = ln ⟨ exp (ψTX) ⟩
h

, (F.2)

the subscript h here emphasizes that the average depends on the input field h. In
Eq. (F.2), a set of sources

ψi(t) = (
ψS

i (t)
ψI

i (t)
)

are coupled to the field X(t)s, where we used the shorthand notation

ψTX = ∑
i,t

ψT
i (t)Xi(t) .

We compute the cumulants of the vectors Xi(t) by taking the derivatives of Eq. (F.2)
by the sources ψ and subsequently setting ψ = 0. For example, we may obtain ρα

i with
α ∈ {S, I} by computing

ρα
i (t) = ⟨X

α
i (t)⟩h = ∂ψα

i (t)W(ψ, h)∣
ψ=0

. (F.3)

We express the average in Eq. (F.2) by ordering the averages over individual time
steps, from t = 1 to T. We find

⟨ exp (ψTX)⟩h =∏
i,t
∑

Xi(t)
{ exp (ψT

i (t)Xi)Wt+1,t [X(t + 1) ∣θ(t), X(t)]

δ (θ(t) − h(t) − βAI(t))}p(X(0))

where the starting density p(X(0))must be given and we must enforce the condition
on the external fields θ, Eq. (2.41) at each point. The latter is achieved via a Dirac
delta distribution. We now introduce an auxiliary field θ̂i(t) to enforce the condition
on θi(t) via the inverse Fourier transform δ(x) = ∫ dx̂√

2π
exp(ix̂x). This gives us the
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following expression:

⟨ exp (ψTX)⟩h =∏
i,t
∑

Xi(t)
∫

dθi(t)dθ̂i(t)√
2π

exp (ψT
i (t)Xi(t))

⋅Wt+1,t [X(t + 1) ∣θ(t), X(t)] p(X(0))

⋅ exp
⎛
⎝

iθ̂i(t)
⎡⎢⎢⎢⎢⎣

θi(t) − hi(t) − β∑
j

aij Ij(t)
⎤⎥⎥⎥⎥⎦

⎞
⎠

.

(F.4)

Writing Eq. (F.4) in this way, we can effectively split the role of the input fields θ from
those of the binary variables X(t). We can think of Eq. (F.4) as a reordering of the
averages: starting with a known density p(X(0)), we compute the sum over the X(0),
which gives us a statistic of the θ(0) variables. We then integrate over θ(0), θ̂(0) to
get the statistic of the X(1), and then again sum over the X(1) to get the statistic
of the θ(1), θ̂(1), and so on. In practice however, these computations are not done
exactly, as the average in each time step would require around 3N terms to account
for all possible states of each variable Xi(t).

In the following, we will specify the expansion which allows us to compute averages
ρα(t) perturbatively. The derivation closely resembles the Plefka expansion for the
equilibrium statistics of the Ising model, which we outline in App. (B). In contrast to
App. (B) however, here we must take one average per time point into account, as we
have a dynamical system.

Observe that up to a prefactor −i, θ̂i(t) couples to hi(t) in the same manner as the
source fields ψ couple to the physical observables X. We hence introduce another
average

ρθ = ⟨θ̂i(t)⟩ = −i ∂hi(t)W(ψ, h)∣
ψ=0 = 0 , (F.5)

which vanishes due to the normalization condition on W(ψ, h). We then use Eq. (F.3)
and Eq. (F.5) to define the Legendre-Fenchel transform of Eq. (F.2), which we will
refer to as the effective action, via

Γ (ρ, ρθ̂) = sup
ψ,h

ψTρ − ihTρθ̂ −W(ψ, h) . (F.6)

Together with Eq. (F.3) and Eq. (F.5), this yields the equations of state

∂ρα
i (t)Γ (ρ, ρθ) = ψα

i (t)

∂ρθi
(t)Γ (ρ, ρθ) = −ihi(t) . (F.7)

To obtain the correction to the mean-field theory, we then proceed to expand Eq. (F.6)
to second order in β around the non-interacting case β = 0,

Γ ≈ Γβ=0 + β∂βΓ + 1
2

β2∂2
βΓ . (F.8)
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Reinserting this into Eq. (F.7), to first order in β, one obtains the mean-field approxi-
mation Eq. (2.43), and the dynamical TAP equation, Eq. (2.44), to second order.

We will now perform the expansion of Γ to second order in β term by term. To
simplify the derivation, we first perform it only for the SIR case. We will generalize
our result to the SIS and SIRS case in App. (G).

F.1 Noninteracting system

At β = 0, the cumulant generating function decomposes into a sum, since Xi, Xj are
now independent for i ≠ j,

Wβ=0(ψ, h) = ∑
i

ln Zi(ψi, hi) ,

we can view the terms Zi(t) as single-agent partition functions.

We must find Eq. (F.6) under the conditions Eq. (F.5) and Eq. (F.3). To this end, we
express the fields ψ, h as functions of the mean values ρα

i , ρθ̂ . The Markov property of
the random process ensures that the knowledge of the distribution of X at a specific
time step is sufficient to compute the distribution at any future time step. Explic-
itly, this means that the distribution at the present time step depends only on the
previous one and not on its history, neither on future time steps. Furthermore, in
the non-interacting case, the full information about the distribution of each of the
binary variables at any time point is contained in their mean. We use the latter two
observations to write down Zi for a single time step from t to t + 1 with the averages
at t given. We then have

Zi(ψi, hi) =∏
t

⎡⎢⎢⎢⎢⎣
eψS

i (t+1) ρS
i (t)(1− ϕ(hi(t))
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

S→S

+ eψI
i (t+1)

⎛
⎜⎜
⎝

ϕ(hi(t))ρS
i (t)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
S→I

+(1− µ)ρI
i (t)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
I→I

⎞
⎟⎟
⎠

+ µρI
i (t)

´¹¹¹¹¹¸¹¹¹¹¹¹¶
I→R

+1− ρS
i (t) − ρI

i (t)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

R→R

⎤⎥⎥⎥⎥⎦

We have labeled the transition probabilities by the transitions in brackets, e.g. S → I
for the transition from a susceptible to infected state. We must now find Eq. (F.6)
under the conditions Eq. (F.5), Eq. (F.3). We first evaluate Eq. (F.5)

ρθ̂i(t) =
−i∂hi(t)Zi(ψi, hi)

Zi(ψi, hi)
=
−iϕ′(hi(t))ρS

i (t) (e
ψI

i (t+1) − eψS
i (t+1))

Zi(ψi, hi)
= 0 ,
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hence we find for ϕ′(hi(t))ρS
i (t) ≠ 0 that ψI

i (t) = ψS
i (t)∀i, t. The derivatives by the

sources yield

ρS
i (t + 1) =

eψS
i (t+1)(1− ϕ(hi(t))ρS

i (t)
Zi(t)

ρI
i (t + 1) =

eψS
i (t+1) (ϕ(hi(t))ρS

i (t) + (1− µ)ρI
i (t))

Zi(t)

we solve these equations for ψI
i (t), hi(t), and obtain

ψS
i (t) = ln

ρS
i (t) + ρI

i (t)
1− ρS

i (t) − ρI
i (t)
− ln

ρS
i (t − 1) + (1− µ)ρI

i (t − 1)
1− ρS

i (t − 1) − (1− µ)ρI
i (t − 1)

hi(t) = ϕ−1 (
ρI

i (t + 1)ρS
i (t) − ρS

i (t + 1)(1− µ)ρI
i (t)

ρS
i (t + 1)ρS

i (t) + ρI
i (t + 1)ρS

i (t)
) .

We insert this back into Zi, to obtain for the single-agent partition function

Zi(ψi, hi) =∏
t

(1− ρS
i (t) − (1− µ)ρI

i (t))
1− ρS

i (t + 1) − ρI
i (t + 1)

.

This quantity must equal one, since the partition function is normalized. This equa-
tion then simply expresses that the probability 1 − ρS

i (t) − ρI
i (t) that node i is recov-

ered, increases by µρI
i (t) in each time step.

F.2 Mean-field

We will now compute the first order correction to Γ. To do so, we write

Γ = ln∏
i,t
∑

Xi(t)
∫

dθi(t)dθ̂i(t)√
2π

exp(Ωβ)Wt [X(t + 1) ∣θ(t), X(t)]

with Ωβ defined by

Ωβ = ∑
i,t

⎡⎢⎢⎢⎢⎣
ψi(t)T (ρi(t) −Xi(t)) + ihi(t) (θ̂i(t) − ρθ̂i

(t))

− iθ̂i(t)
⎛
⎝

θi(t) − β∑
j

Aij Ij(t)
⎞
⎠

⎤⎥⎥⎥⎥⎦
. (F.9)

We may now use that, similar to the cumulant generating function, the derivative
of Γ by β yields another average ∂βΓ = ⟨∂βΩβ⟩. In the case that β = 0, all averages
belonging to different indices factorize, because nodes i, j are independent for i ≠ j.
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We hence find that

∂βΓ∣
β=0 = ⟨∂βΩβ⟩∣β=0

= i∑
i,t

ρθ̂i
(t)∑

j
Aijρ

I
j (t) ,

the analogous result to Eq. (B.2). To first order therefore, the effective action reads

Γ = ∑
i,t

⎡⎢⎢⎢⎢⎣
ln
⎛
⎝

1− ρS
i (t + 1) − ρI

i (t + 1)
(1− ρS

i (t) − (1− µ)ρI
i (t))

⎞
⎠

+ (ρS
i (t) + ρI

i (t))(ln
ρS

i (t) + ρI
i (t)

1− ρS
i (t) − ρI

i (t)
+ ln

1− ρS
i (t − 1) − (1− µ)ρI

i (t − 1)
ρS

i (t − 1) + (1− µ)ρI
i (t − 1)

)

− iρθ̂i
(t)ϕ−1 ⎛

⎝
ρI

i (t + 1)ρS
i (t) − ρS

i (t + 1)(1− µ)ρI
i (t)

ρS
i (t) (ρ

S
i (t + 1) + ρI

i (t + 1))
⎞
⎠

+ iρθ̂i
(t)β∑

j
Aijρ

I
j (t)
⎤⎥⎥⎥⎥⎦
+O (β2) (F.10)

To obtain the mean-field equation, we must take the derivative after ρi(t), ρθ̂i
(t) and

set the right hand side to zero. We find that both identities in Eq. (F.7) are solved by

ρS
i (t) + ρI

i (t) = ρS
i (t − 1) + (1− µ)ρI

i (t − 1) . (F.11)

Taking the derivative by ρθ̂i
(t) then yields the mean-field equations

∆ρS
i (t + 1) = −ρS

i (t)ϕ
⎛
⎝

β∑
j

Aijρ
I
i (t)
⎞
⎠

∆ρI
i (t + 1) = − µρI

i (t) + ρS
i (t)ϕ

⎛
⎝

β∑
j

Aijρ
I
i (t)
⎞
⎠

.

With ϕ the identity, we arrive at Eq. (2.43) for η = µ̄ = 0. The extension for the SIRS
and SIS models is shown in App. (G).

F.3 Second order correction

We compute the second derivative of Γ

∂2
βΓβ=0 = ⟨∂2

βΩβ⟩
β=0
+ ⟨ (∂βΩβ)

2 ⟩
β=0
− ⟨∂βΩβ⟩

2

β=0
. (F.12)

The first term vanishes. We are left with the variance of ∂βΩβ in the non-interacting
case. Since we are at second order, the external fields ψ, h acquire a linear dependence
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on β via their dependence on expectation values ρα
i , ρθ̂ . We must therefore consider

derivatives of the type

∂βψα
i (t) =∂β∂ρα

i (t)Γ = i∑
j

Ajiρθ̂j
(t)

∂βhi(t) =i∂β∂ρθ̂i
(t)Γ = −∑

j
Aijρ

I
j (t)

Combining these equations with Eq. (F.9) yields

∂βΩβ − ⟨∂βΩβ⟩β=0 = i∑
i,j,t

Aijδθ̂i(t)δIj(t) , (F.13)

where we use δIj(t) = Ij(t) − ρI
j (t) and δθ̂i(t) = θ̂i(t) − ρθ̂i

(t). We must now take the
average in the case β = 0. This again means that all agents are treated as independent.
Until the end of this section, we will always evaluate expectation values in the non-
interacting case and drop the subscript β = 0 for brevity. We hence arrive at

∂2
βΓβ=0 = −∑

t,t′
∑
ijkl

Aij Akl ⟨δθ̂i(t)δθ̂k(t′)δIj(t)δIl(t′)⟩ . (F.14)

Again, note the analogy of this result to Eq. (B.3). If all indices i, . . . , l are unequal,
then the term under the sum vanishes, since all nodes decouple. We must therefore
have at least two indices in Eq. (F.14) equal to get a meaningful contribution.

We now go through the different combinations of indices to determine those which
yield a meaningful contribution. We immediately observe that due to the prefactor
of Aij Akl , we must have that i ≠ j and j ≠ k. The average in Eq. (F.14) must therefore
always decompose into at least two factors. Furthermore, each index must be equal
to at least one other index, otherwise the term is proportional to ⟨δθ̂⟩ = 0 or ⟨δI⟩ = 0.
From the latter two observations it follows that exactly two independent indices are
left. From

⟨δθ̂i(t)δθ̂i(t′) = 0 ∀i, t, t′

it follows that only the term where i = l and k = j remains. All in all, we find

∂2
βΓβ=0 = −∑

t,t′
∑
ij

Aij Aji ⟨δθ̂i(t)δIi(t′)⟩ ⟨δθ̂j(t′)δIj(t)⟩ (F.15)

We must therefore compute correlations of the form ⟨θ̂i(t)Ii(t′)⟩. We will see in the
following that ⟨θ̂i(t)Ii(t′)⟩ vanishes unless t < t′. This is so, because ⟨θ̂i(t)Ii(t′)⟩ has
the role of a response function: it measures the effect of a change in the field hi(t)
at time t on the random variable Ii(t′) at another time point. Since the stochastic
process is causal (later changes in the external field can have no influence on earlier
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time points), the response function is causal as well, and vanishes for t ≥ t′. To
evaluate the response function, we only need to consider the generating function
from t to t′ with the averages at t − 1 given. Again, this is because of the Markov
property of the random process.

We now write down the single-agent partition function for an extended period of
time: starting with a known distribution at time t (encoded in the expectation values
ρα

i (t), we sum over all possible realizations of the stochastic process until time t

Zi(ψi, hi) = ρS
i (t)
⎡⎢⎢⎢⎢⎣

t′−1

∏
τ=t
(1− ϕ(hi(τ))) eψS

i (τ+1)

+
t′−1

∑
tinf=t

ϕ(hi(tinf))eψI
i (tinf+1)

⎡⎢⎢⎢⎢⎣

tinf−1

∏
τ=t
(1− ϕ(hi(τ)))eψS

i (τ+1))
⎤⎥⎥⎥⎥⎦

⋅
⎧⎪⎪⎨⎪⎪⎩

t′−1

∏
ν=tinf+1

[(1− µ)eψI
i (ν+1)] +

t′−1

∑
trec=tinf+1

µ
trec

∏
ν=tinf+1

[(1− µ)eψI
i (ν+1)]

⎫⎪⎪⎬⎪⎪⎭

⎤⎥⎥⎥⎥⎦

ρI
i (t)
⎧⎪⎪⎨⎪⎪⎩

t′−1

∏
ν=t
[(1− µ)eψI

i (ν+1)] +
t′−1

∑
trec=t

µ
trec

∏
ν=t
[(1− µ)eψI

i (ν+1)]
⎫⎪⎪⎬⎪⎪⎭

+1− ρS
i (t) − ρI

i (t) (F.16)

This sum is organized as follows: The first line corresponds to the node remaining
susceptible. The second line counts all possible times tinf of infection. The first term
in the third linq corresponds to a remaining infection until t′. The second term in
the same line counts all possible recovery times respectively. The fourth line counts
all trajectories with initial infection, and respectively the possibilities of recovery,
analogous to the third line. The last line corresponds to the node beginning in the
recovered state. To compute ⟨θ̂i(t)Ii(t′)⟩, we take the derivative

⟨θ̂i(t)Ii(t′)⟩β=0 =
−i∂hi(t)∂ψI

i (t′)
Zi(ψi, hi)

Zi(ψi, hi)

RRRRRRRRRRRψ=h=0

t′>t= −iρS
i (t)(1− µ)t

′−t−1 . (F.17)

Where we used ϕ(0) = 0, ϕ′(0) = 1. Observe that the derivative in Eq. (F.17) picks out
of all possible trajectories precisely the ones which correspond an infection of node i
at time point t, which lasts until time point t′ with probability (1− µ)t′−t−1. For t′ ≥ t,
no such trajectory exists, hence ⟨θ̂i(t′)Ii(t)⟩ = 0. Therefore the product of the two
averages always vanishes

⟨θ̂k(t′)Ik(t)⟩⟨θ̂i(t)Ii(t′)⟩ = 0 ∀i, k, t, t′ . (F.18)



86 Discussion

Altogether, we have

∂2
βΓβ=0 = −∑

t,t′
∑
ij

Aij Aji
⎛
⎝

2iΘ(t − t′)ρS
j (t
′)(1− µ)t−t′−1ρθ̂i

(t)ρI
i (t
′)

+ ρθ̂i
(t)ρI

i (t
′)ρθ̂j
(t′)ρI

i (t)
⎞
⎠

From which we can compute second order correction to Eq. (F.10). The correction
only changes the equation of state originating from the derivative after ρθ̂(t), because
the factor ρθ̂(t

′) = 0 cancels all contributions of the correction term to the equation of
state. The only relevant contribution to the equation of state is hence the term linear
in ρθ̂(t). All equations of state together finally yield Eq. (2.44) for η = µ̄ = 0.

G Extensions to SIS and SIRS model

We now extend the calculation to for the SIS and SIRS model. Up to Eq. (F.4), the cal-
culations remain unchanged, but now we must specify a different update probability

Wt+1,t =
N
∏
i=1

⎧⎪⎪⎨⎪⎪⎩
Si(t + 1) ([1− ϕ (θi(t))]Si(t) + ηRi(t) + µ̄Ii(t))

+ Ii(t + 1) [(1− µ − µ̄)Ii(t) + ϕ (θi(t))Si(t)]

+ Ri(t + 1) [(1− η)Ri(t) + µIi(t)]
⎫⎪⎪⎬⎪⎪⎭

.

where now µ̄ is the probability for I → S and η for R → S and we used Ri(t) =
1− Si(t) − Ii(t). We now follow the same steps as in App. (F) in an abbreviated form.

G.1 Noninteracting case

We first compute the Legendre-Fenchel transform for the non-interacting case. The
derivatives of W(ψ, h) by the sources yield

ρS
i (t + 1) =

eψS
i (t+1) [(1− ϕ(hi(t)) − η) ρS

i (t) + η + (µ̄ − η) ρI
i (t)]

Zi(t)

ρI
i (t + 1) =

eψS
i (t+1) (ϕ(hi(t))ρS

i (t) + (1− µ − µ̄)ρI
i (t))

Zi(t)
.
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We solve these equations for ψI
i (t), hi(t), and obtain

ψS
i (t) = ln

ρS
i (t + 1) + ρI

i (t + 1)
ρS

i (t) + ρI
i (t) + η (1− ρS

i (t) − ρI
i (t)) − µρI

i (t)

+ ln
(1− η) (1− ρS

i (t) − ρI
i (t)) + µρI

i (t)
1− ρS

i (t + 1) − ρI
i (t + 1)

hi(t) =ϕ−1 ⎛
⎝
−(1− µ − µ̄)ρS

i (t + 1)ρI
i (t) + ρI

i (t + 1) (η + (1− η) ρS
i (t) + (µ̄ − η) ρI

i (t))
ρS

i (t) (ρ
S
i (t + 1) + ρI

i (t + 1))
⎞
⎠

.

Inserted into Zi, this yields the for the single-agent partition function

Zi(ψi, hi) =∏
t

(1− η) (1− ρS
i (t) − ρI

i (t)) + µρI
i (t)

1− ρS
i (t + 1) − ρI

i (t + 1)
.

This quantity must equal one, since the partition function is normalized. This condi-
ton then simply expresses that the probability 1−ρS

i (t)−ρI
i (t) that node i is recovered,

changes by µρI
i (t) − η (1− ρS

i (t) − ρI
i (t)) in each time step.

G.2 Mean-field equations

The mean-field equations follow analogously to App. (F.2). The derivative of Γ by β

yields the same expression

∂βΓ∣
β=0 = ⟨∂βΩβ⟩∣β=0

= i∑
i,t

ρθ̂i
(t)∑

j
Aijρ

I
j (t) .

To first order therefore, the effective action reads

Γ = ∑
i,t

⎡⎢⎢⎢⎢⎣
ln
⎛
⎝

1− ρS
i (t + 1) − ρI

i (t + 1)
(1− η) (1− ρS

i (t) − ρI
i (t)) + µρI

i (t)
⎞
⎠

+ (ρS
i (t) + ρI

i (t)) ln
ρS

i (t + 1) + ρI
i (t + 1)

ρS
i (t) + ρI

i (t) + η (1− ρS
i (t) − ρI

i (t)) − µρI
i (t)

+ (ρS
i (t) + ρI

i (t)) ln
(1− η) (1− ρS

i (t) − ρI
i (t)) + µρI

i (t)
1− ρS

i (t + 1) − ρI
i (t + 1)

− iρθ̂i
(t)ϕ−1 ⎛

⎝
−(1− µ − µ̄)ρS

i (t + 1)ρI
i (t) + ρI

i (t + 1) (η + (1− η) ρS
i (t) + (µ̄ − η) ρI

i (t))
ρS

i (t) (ρ
S
i (t + 1) + ρI

i (t + 1)
⎞
⎠

+ iρθ̂i
(t)β∑

j
Aijρ

I
j (t)
⎤⎥⎥⎥⎥⎦
+O (β2) (G.1)
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To obtain the mean-field equation, we must take the derivative after ρi(t), ρθ̂i
(t) and

set the right hand side to zero. We find that both identities in Eq. (F.7) are solved by

ρS
i (t) + ρI

i (t) = ρS
i (t − 1) + (1− µ)ρI

i (t − 1) + η (1− ρS
i (t − 1) − ρI

i (t − 1)) . (G.2)

Taking the derivative of Γ by ρθ̂i
(t) then yields the mean-field equations

∆ρS
i (t + 1) = η (1− ρS

i (t) − ρI
i (t)) + µ̄ρI

i (t) − ρS
i (t)ϕ

⎛
⎝

β∑
j

Aijρ
I
i (t)
⎞
⎠

∆ρI
i (t + 1) = − (µ + µ̄) ρI

i (t) + ρS
i (t)ϕ

⎛
⎝

β∑
j

Aijρ
I
i (t)
⎞
⎠

.

which now contain the transitions I → S and R → S with the corresponding prefactors
µ̄ and η.

G.3 Second order correction

We proceed in the same fashion as in App. (F.3), and find that we must compute the
moments in Eq. (F.15). In principle, trajectories with multiple re-infections between
time points t and t′ must be taken into account to compute the average ⟨θ̂i(t)Ii(t′)⟩,
since the transition I → S → I and I → R → S → I are now allowed. But these terms
drop out when we set β = 0. Therefore, the response function is

⟨θ̂i(t)Ii(t′)⟩β=0 = −i
⎧⎪⎪⎨⎪⎪⎩

ρS
i (t)(1− µ − µ̄)t′−t−1 t′ > t

0 t′ ≥ t
,

which is just the same as Eq. (F.17), albeit that the probability to remain infected
now decays with factors of (1 − µ − µ̄) rather that (1 − µ). We therefore find that the
second order correction yields the same terms as for the SIR model, when we replace
µ → µ + µ̄. This yields the final result Eq. (2.44).

H Decomposed tensors

The coefficient transforms outlined in 3.2 require computations with higher-order
tensors. Computations with higher-order tensors T(k) of rank k can become numer-
ically infeasible for large dimension d because the number of entries in T(k) grows
as O(dk). Specifically, two challenges arise: First, to store the entries of the tensors.
Second, to compute contractions with matrices W such as

T(k) ⋅ (W)⊗k , (H.1)
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which arise due to the linear coefficient transform Eq. (3.19), or other tensors, such
as χl for the nonlinear transform.
These contractions require the computation of the sum over all entries

(T(k) ⋅ (W)⊗k)
i.
1 ,...ik
=

d
∑

j1,...jk=1
T(k)j1,...jk

Wj1,i1⋯Wjk ,ik .

Without further simplification this entails the computation of dk entries of T(k) ⋅ (W)⊗k

from dk terms each. The total number of floating point operations hence scales
as O(d2k). Although the number of steps required grows polynomially, thus sub-
exponentially with d, for realistic data set sizes and k = 4 this still poses a problem.

0.0 0.3 0.6
j¸ ºj

(a) L=1

0.0 0.3 0.6
j¸ ºj

(b) L=2

0.0 0.3 0.6
j¸ ºj

(c) L=3
l=1

l=2

l=3

FIG. H.1: Eigenvalue distributions of decomposed χl for net-
works of different depths. We decompose trained network pa-
rameters χl from Sec. 3.3.3 to the form of Eq. (H.2) and distin-
guish eigenvalues from the decomposed form of different layers
l.

Here, to facilitate the
computation of coeffi-
cients with rank k = 4,
we exploit that they are
built from coefficients
of lower rank: we ex-
press them in a decom-
posed form, which al-
lows us to make the
computations and stor-
age of the tensors more
efficient.

As a first step, we de-
compose the network parameters χl . In the following, we drop the layer index l for
brevity, as the structure of the computation is the same for any layer. We may choose
χ to be symmetric in its latter two indices χµjk = χµkj without any loss of network
expressivity. We then rearrange χ to be a list of d symmetric matrices β̄µ, µ = 1, . . . , d
such that χµkj = β̄

µ
kj. Using the eigendecomposition of these symmetric matrices β̄µ,

we write

χ =
d
∑

µ,ν=1
γµ,ν ⊗ βµ,ν ⊗ βµ,ν , (H.2)

where γµ,ν, βν are vectors.γµ,ν
τ = δτ,µλ

µ
ν has only one non-zero entry, namely the ν-

th eigenvalue of the µ-th matrix β̄µ. Storing (H.2) requires 2d2 vectors of length d,
namely d2 vectors βµ,ν and d2 vectors γµ,ν.The magnitude of entries in χ is directly
related to the magnitude of the eigenvalues λ

µ
ν , which is typically small for trained

networks: we show distributions of eigenvalues from trained networks in Fig. H.1.
The distributions broaden with increasing depth, however the peak of the distribu-
tion remains at ∣λµ

ν ∣ = 0.

Since the eigenvalues are typically small, it is reasonable to reduce the space required
to store χ and all tensors related to it by placing a cutoff λ̄ ≥ 0 on the eigenvalues,
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keeping only the n̄ ≤ d2 largest eigenvalues which have ∣λµ
ν ∣ ≥ λ̄. Then the number

of entries required to store χ then scales as O(2n̄d), as again we need 2n̄ vectors of
length d each. To further simplify the expression, we absorb the sum over µ, ν into a
single index τ = 1, . . . , n̄.

An alternative way to achieve the decomposition of χ into a reduced number of
components would be to use the decomposed form Eq. (H.2) directly during training
and limit the number of independent vectors βτ. This approach effectively trades the
network expressivity for the tractability of the action coefficient transforms.

The decomposed form (H.2) also translates to all tensors computed via contraction
with χ. Since all higher-order coefficients originate from contractions with χ (see
Eq. (3.23)), we can hence write them as decomposed tensors as well. The contraction
between a rank k symmetric tensor T(k) and χ is

T(k) ⋅ χ = ∑
τ

(T(k) ⋅ γτ)⊗ βτ ⊗ βτ .

We now distinguish the cases k = 1, 2, 3. If k = 1, the result is a symmetric matrix.
If k = 2, then T(k) ⋅ γτ =∶ ατ is a vector, therefore T(k) ⋅ χ can be written as a sum of
outer products between three vectors. If k = 3, the result is a sum of outer products
between matrices T(k) ⋅ γτ = ᾱτ and two vectors;

T(3) ⋅ χ = ∑
τ

ᾱτ ⊗ βτ ⊗ βτ . (H.3)

The matrices ᾱτ are symmetric since T(3) is symmetric

ᾱτ
ab = ∑

c
T(3)abc γτ

c = ∑
c

T(3)bac γτ
c = ᾱτ

ba .

Storing the factors of Eq. (H.3) therefore requires n̄ matrices ᾱτ and n̄ vectors βτ. The
number of matrix and vector entries required to store this object is therefore O(n̄d2).

The case k ≥ 4 does not arise, as any coefficient with degree k ≥ 4 must already contain
at least two factors χ, and we here truncate at second order in χ (see Sec. 3.2.4).

We now return to our original problem: the computation of contractions along all
indices with a matrix. For the decomposed tensor T(3) ⋅ χ with matrices W, this is

(T(3) ⋅ χ) ⋅ (W)⊗4 = ∑
τ

(WT ᾱτW)⊗ (WT βτ)⊗ (WT βτ) .



§I Random generation of multi-modal actions 91

This requires n̄ matrix-vector products WT βτ and 2n̄ matrix-matrix products for ᾱτW
and WT (ᾱτW). Each term in the matrix-matrix product is computed from d terms,
therefore the number of terms required to compute WT ᾱτW is O(2dω) with the ma-
trix multiplication exponent ω, which depends on the concrete algorithm used for
matrix multiplication, e.g. ω ≈ 2.8 for the Strassen algorithm [101]. To evaluate the
contraction, we therefore need to compute O(2n̄dω) terms. Even in the case of no
cutoff λ̄ = 0⇒ n̄ = d2, this approach significantly reduces the required computations
compared to the naive implementation.

In the experiments in Sec. 3.3.1 - Sec. 3.3.3, we have used a maximal dimensionality
of d = 102 and no cutoff, λ = 0. For the MNIST data set with d = 784, we used a cutoff
of λ̄ = 10−2. In the absence of any cutoff, we find a scaling of our algorithm roughly
equal to the simpler of two schemes proposed in [102]: there, it was shown that the
number of floating point operations needed to compute general contractions of the
type of Eq. (H.1) can be reduced by exploiting the symmetry of the tensors. The
authors introduce a simple scheme to reduce the number of floating point operations
(using ω = 3) to roughly O(dk+1), and a more complex structure of saving these
tensors, which further speeds up the computations at the expense of storing more
intermediate entries.

To study data sets of even higher dimension, we hence suggest the combination of a
cutoff, more efficient storing of symmetric tensors as suggested in [102], or restricting
the number of free components in χ directly.

I Random generation of multi-modal actions

I.1 Coefficient distributions for random actions

In Sec. 3.3.2, we use multi-modal actions SR constructed from randomly drawn co-
efficients R(k). Here, we describe the way in which these coefficients are sampled in
order to obtain a balanced and non-trivial probability distribution.

A basic condition the coefficients must satisfy is that the resulting action be normal-
izable: ∫ SR(x) dx < ∞. For large enough x, the action is dominated by the highest
order terms:

S(x) ÐÐÐÐ→
∥x∥→∞

(R(4)) ⋅ x⊗4 .

It is therefore necessary and sufficient for normalizability that R(4) be negative defi-
nite, which we ensure by choosing R(4) to be a diagonal tensor with negative coeffi-
cients:

R(4)i1i2i3i4
=
⎧⎪⎪⎨⎪⎪⎩

− x−4
r
d if i1 = i2 = i3 = i4 ;

0 otherwise .
(I.1)
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Here d is the dimensionality of the data, and xr ∈ R is a length scale which we are
free to choose. Hence, one can view R(4) as a regulator term, and xr as the value for
which it becomes strongly suppressing. For our experiments we used xr = 1.0.

We then define the probability via

pR(x ∣ {R(k)}k≤4) ∼ exp(SR(x)) ,

where we have omitted the normalization. Computing the latter is difficult for high
dimensional x. Fortunately however, we need not do so to sample from the distribu-
tion, therefore we only define SR up to the normalization.

We choose the coefficients of SR such that the data can be described as a perturbation
of a Gaussian theory. This means that R(2) must be negative definite. We define R(2)

as follows:

Wij ∼ N(0, 1/d2)

R(2)ij = −cδij −
1
2
∑

a
WiaWja , (I.2)

for all i, j = 1, . . . , d and c = 0.1 in our experiments. Equation (I.2) is equivalent to
transforming a Gaussian variable z ∼ N(0,1) by a linear transform x = W−1z and
then computing the action of x (compare to Eq. (3.25)). We then add the diagonal
term cδij to ensure that R(2) is negative definite even in the unlikely case that W does
not have full rank.

Finally, the coefficients R(1) and R(3) are chosen as follows (i, j, k = 1, . . . d):

R(1)i ∼ N(0, σ2
i ) σi =

x−1
r
d

;

R(3)ijk ∼ N(0, σ2
ijk) σijk =

x−3
r

sijkγijk
.

The variable γα = ∣P(α)∣ in the denominator of σα is the multiplicity of the index α.
This is the number of times the component R(3)ijk appears in R(3); since coefficients
are symmetric, it is equal to the number of distinct permutations of (i, j, k). We scale
the multiplicity by sα, the number of different components which have the same
number of permutations – for example the permutations of the indices (2, 1, 1) and
(5, 3, 3) appear γijj = 3 times each, and there are sijj = d(d − 1) distinct entries of such
indices. Since there are far more off-diagonal components in R(3), we scale those by
sijk to ensure that both the on-diagonal and off-diagonal components of R(2), R(3)

are significant, and neither dominates the other completely. Finally, the scaling with
respect to x−1

r and x−3
r ensures that neither linear and cubic terms are negligible

within the region where the regulator term R(4) is non-suppressing.

I.2 Multimodality of random actions
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FIG. I.1: Multiple local maxima in SR. (a) SR along the straight
line connecting two local maxima x∗0 , x∗1 of SR found by the op-
timization algorithm. (b) Eigenvalues of the Hessian H of SR at
local maxima x∗0 , x∗1 . All eigenvalues λH(x∗i )

are negative, there-
fore the action is convex down in all directions.

After sampling SR, we
ensure that it is multi-
modal using the fol-
lowing procedure: we
initialize an optimiza-
tion algorithm at ran-
dom points x ∈ Rd

and attempt to find the
maximum of the action
SR(x∗) from there. De-
pending on where the
initialized points are,
the optimization algo-
rithm may find different maxima. After the algorithm has converged, we check
whether a maximum has been found by computing the eigenvalues of the Hessian
of SR at this point. If all eigenvalues are below zero, the Hessian is negative definite,
meaning that the action SR is locally convex down at the given point.

Here, we initialized at 103 different values. In Fig. I.1 we show the maximal values of
SR(x∗) found by the algorithm as well as the eigenvalues of the Hessian for selected,
distinct final values x∗. The Hessian indeed is negative definite at both points. The
action SR therefore has at least two local maxima.

J Sampling actions with MCMC

We use Markov chain Monte Carlo (MCMC) sampling to create a data set from an
unnormalized action. MCMC is well suited to this task since it computes only up-
date probabilities, which rely on differences between actions at different poinrs, ∆S,
where the normalization drops out. We used the No-U-Turn Sampler (NUTS) [103]
implementation provided by PyMC3 [56]. The sampler parameters followed the rec-
ommended defaults, with 103 tuning steps and a mass matrix initialized to unity.
The target acceptance rate was increased to 0.95 to increase the sensitivity to small
features of the probability distribution.
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K Lattice model in low dimensions
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FIG. K.1: Coefficients of lattice model for networks of varying depth trained on a d = 16
dimensional data set with D = 105 samples. (a) Learned (L(1)) over true (A(1)) first order
coefficients. (b) Distribution of learned coefficient entries A(2) compared to target values
(black crosses). Self-interaction terms are labeled A(2)diag, off-diagonal entries A(2)offdiag. Among

the off-diagonal entries A(2)offdiag, entries belonging to adjacent lattice sites A(2),adj.
offdiag are shown

separately. (c) Training loss (full curves) and test loss (dashed curves). Colors distinguish
different network depths L. (d) Distribution of learned fourth order self-interactions over
network depth. The dashed line marks the target value. (e) Dissimilarity of true and learned
cumulants: 1− cos∠(⟨⟨x⊗k⟩⟩A, ⟨⟨x⊗k⟩⟩R) over training steps. We record the cumulants at log-
arithmically spaced intervals during training. The curves are smoothed by averaging over
ten adjacent recording steps. Shaded areas show the variation due to the estimation of the
cumulants from samples. Dots indicate training stage of coefficients shown in (a,b).

To further elucidate the relationship between the dimensionality of the model and
the depth of the network, we here examine two lower dimensional versions of the
lattice model introduced in Sec. 3.3.3.

First, we study the same system, but on a smaller, 4× 4 lattice. Thus the dimension-
ality is reduced, d = 16. Here, the combined number of independent entries in the
first four action coefficients is only 4844, which corresponds to roughly 6 network
layers. We again train a model on samples from the system. Figure (K.1) shows a
comparison of true vs. learned coefficients. As for the higher dimensional model,
we find that also here, independent of network depth, A(1) and the off-diagonal en-
tries A(2)ij with i ≠ j are recovered correctly (see Fig. K.1 (a,b)). The magnitudes of

the diagonal entries in the fourth order coefficient A(4)diag increase with the depth (see
Fig. K.1 (d)). We also observe that the depth L speeds up learning (see Fig. K.1 (c)).
From the evolution equation for the coefficientes, Eq. (3.28), this must be due to the
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derivatives ∂θ A(k)θ changing: increasing the depth means that there are more terms
contributing to the derivative. Furthermore, we find that up to the fourth order, the
cumulants of the learned distribution increasingly align with those of the true dis-
tribution as we increase network depth. In conclusion, we find that increasing the
depth of the network increases the accuracy of the learned distribution, both in terms
of its coefficients and of its cumulants.

Second, we repeated the experiment on a 3 × 3 lattice, thus d = 9, where we set the
external field to zero h = 0 ⇒ A(1) = 0. We do this to check whether any of the results
rely on the system’s symmetry being broken by h. This is not the case: again, we find
an alignment of most entries in A(1), A(2),with A(2)diag slightly lower than expected

and A(4)diag larger than expected (see Fig. K.2 (a,b)). Since here, the action is symmetric
under a global sign flip of x, the first and third cumulants vanish. We therefore
only check whether the second and fourth cumulants of true an learned models
match. As in the previous cases, this alignment increases with depth, as shown in
Fig. K.2 (d). Therefore, neither the learning of the off-diagonal coefficients of A(2),
nor the effective nature of the learned theory depends on the system’s symmetry
being broken.
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FIG. K.2: Coefficients of lattice model without external field for networks of varying depth
trained on a d = 9 dimensional data set with D = 105 samples. (a) Distribution of learned
coefficient entries A(1), A(2) compared to target values (black crosses). Self-interaction terms
A(2)diag are shown separately from off-diagonal entries A(2)offdiag. Among the off-diagonal entries

A(2)offdiag, those entries belonging to adjacent lattice sites A(2),adj.
offdiag are shown separately. (b) Dis-

tribution of learned fourth order self-interactions compared to network depth. The dashed
line marks the target value. (c) Training loss (full curves) and test loss (dashed curves). Col-
ors distinguish different network depths L. (d) Dissimilarity of true and learned cumulants:
1 − cos∠(⟨⟨x⊗k⟩⟩A, ⟨⟨x⊗k⟩⟩R) over training steps. We record the cumulants at logarithmically
spaced intervals during training. The curves are smoothed by averaging over ten adjacent
recording steps. Shaded areas show the variation due to the estimation of the cumulants
from samples. Dots indicate training stage of coefficients shown in (a,b).
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FIG. L.1: Inference of interactions on MNIST for digit two. (a-c) Images from the data set,
the linear model, and an L = 1 layer nonlinear model, respectively. (d-f) Single pixel activation
statistics from three distinct locations in the image. (g) Entries of the mean µA of the Gaussian
theory (linear model). (h) Entries on the diagonal of the second order coefficient A(2)diag of the
linear model. (i) Training loss (full lines) and test loss (dashed lines) over training steps. Dots
mark the training stages from which the coefficients of both models were extracted. (j) Mean
µA for the nonlinear model if A(3), A(4) were not present. (k-m) Entries on the diagonals of
the remaining coefficients of the L = 1 layer nonlinear model. White squares in (l) mark the
locations of the single pixel statistics shown in (d-f).

L Training on MNIST digits

Here, we specify details of the training of the networks on the MNIST data set and
present further results on the inference of interactions. A principal component anal-
ysis of the MNIST data set shows that several eigenvalues of the covariance matrices
of the MNIST data set are very small λMNIST

min ∼ 10−28. This means that there are
eigenvectors the high-dimensional covariance matrix where the data points do not
spread at all but are confined almost perfectly to a single point along the eigenvector
direction. This confirms the well-known assumption that the MNIST data lie on a
lower dimensional manifold.

Training invertible neural networks on lower dimensional data sets can lead to di-
verging eigenvalues in the Jacobian of the network mapping (see e.g. [104, 105] for
a detailed treatment). One way to circumvent the problem would be to train on a
lower dimensional space, spanned by the eigenvectors of the covariance matrix with
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finite eigenvalues. In this scenario, the degrees of freedom are the projections of the
data set onto the corresponding eigenvectors. However, here, we are interested in ex-
tracting interactions on the level of pixels, and it is not clear how interactions learned
on the data set with reduced dimensionality translate back to the originial space: the
relevant mapping is not invertible, therefore the change of variables formula doesn’t
apply.
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A
(3)
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10−4

10−2

100

(a) (c) max:  A (3)
ijk(b) min:  A (3)

ijk

−2 −1 0 1 2
A
(3)
ijk

FIG. L.2: Three-point interactions in
MNIST for digit two. (a) Histogram of all
entries of the third-order coefficient A(3)ijk
for i ≠ j, j ≠ k and i ≠ k, color coded accord-
ing to their value. (b) - (c) Triplets corre-
sponding to the ten most negative (b) or
most positive (c) values of A(3)ijk . For each
triplet, we color pixels i, j and k, accord-
ing to the value of the interaction coeffi-
cient in A(3)ijk . Thus triplets of pixels corre-

sponding to the same entry in A(3) have
the same color.

Instead, we find that the problem of diverg-
ing ln ∣detJ fθ

∣ can be mitigated in two steps:
In the first step, we add a small, i.i.d Gaus-
sian noise ξ with mean zero and variance
σ2

ξ = 10−2 to each pixel value in the data set.
The small noise ensures that the eigenvalues
of the covariance matrix of the noised data
set are all of order σ2

ξ or larger. We then per-
form a full PC decomposition on this noised
data set, retaining all principal components.
We then train a network on the data in PC
space. As PC decomposition is a linear map-
ping, we can compute the action coefficients
by including this linear transform as a fi-
nal step in the transformation of coefficients
obtained from the trained network. As we
have a limited number of samples, we also
add a small i.i.d. Gaussian noise ξtrain with
variance σ2

ξtrain
= 10−2 = σ2

ξ to each training
batch to prevent over-fitting. We find that
this procedure both prevents divergences of
the training loss during training as well as
speeds up the training process.

Naturally, adding Gaussian noise changes the probability distribution of the data set.
For example, if the MNIST data were Gaussian distributed, then the noised data set
would follow the same Gaussian distribution as well, but with an additional term σ2

ξ

added to the diagonal covariance matrix. This also means that the noising process
cannot induce higher-order interactions in the noised data set, any such higher-order
interactions we find must stem from the original data set. We here choose σ2

ξ as small
as possible in order to to ensure that the noised data set stays as close as possible to
the original data set.

We now showcase the detection of edges also for the digit two in Fig. L.1. The results
are qualitatively similar to the case of digit three, shown in the main text: again, we
find an increased magnitude in A(3)diag and A(4)diag along the location of the typical digit
edges in Fig. L.1 (l,m), while the first and second order coefficients of the linear and
non-linear model are very similar (see Fig. L.1 (g,h) and(j,k)). The nonlinear model
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FIG. L.3: Three-point interactions in MNIST for digits two and three. (a) Histogram of
all entries of the third-order coefficient A(3)ijk for i ≠ j, j ≠ k and i ≠ k, color coded according

to their value. (b) - (c) Triplets corresponding to the 102 most negative (b) or most positive
(c) values of A(3)ijk . For each triplet, we color pixels i, j and k, according to the value of the

interaction coefficient in A(3)ijk . Thus triplets of pixels corresponding to the same entry in A(3)

have the same color.

overfits the training set after around 104 training steps, there, the test error begins to
increase again (see Fig. L.1 (i)). The three-point interactions in A(3)ijk for the digit two
are shown in Fig. L.2. The three-point interactions here again couple pixels localized
in patches at typical edge locations.

Finally, in Fig. L.3 we show the first one-hundred most positive and most negative
three-point interactions of digits two and three. This shows that the higher-order
interactions consistently trace the edges of the digits.
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