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Abstract

The main topic of this dissertation is the interplay between a bendable thin sheet
(membrane) and its highly localized pinning. The most general formulation of the
problem allows for the reversible breaking and formation of the membrane pinning,
with the kinetic rates depending on the dynamics of the membrane. In order to
break the problem into more manageable parts, we first investigate the e [edt of a
permanent pinning on the static and dynamic properties of the pinned membrane,
such as its shape and fluctuations. After that we explore how are the kinetic rates
for the pinning breaking and formation a[edted by membrane fluctuations.

A paradigmatic example that motivates investigation of such problems is a bi-
ological membrane anchoring receptors which interact with environmental ligands.
The receptor-ligand "lock-key” interactions are e[edtive only when receptors and
their corresponding ligands are in close proximity for a certain amount of time,
which in turn depends on the fluctuations of the receptor-anchoring membrane. On
the other hand, the formed ligand-receptor bond pins the membrane locally, a[edt-
ing membrane dynamics and consequently the rate for bond rupture. Of course,
the described problem of a bendable sheet locally pinned by a stochastic pinning is
more general than the biological case and can be applied to many di Lerent systems.
However, we will frame our investigations mostly through the biological perspec-
tive. Along the way we will build on the corresponding literature which already
o [erk many useful attempts at a general descriptive model.

In the General Introduction, we discuss the theoretical frameworks that define
the problems we aim to solve. We first review the continuum Canham-Helfrich model
of the membrane energetics [1, 2], which describes the membrane by only two coarse-
grained parameters; bending rigidity and tension. We then describe the extensions
of the model that account for the non-specific interactions of the membrane with
the environment, and introduce the Hamiltonian that accounts for the local, spe-
cific interactions. After that, we present the Langevin formalism used for modeling
membrane dynamics in a hydrodynamic surrounding [3], together with the obtain-
able analytic solutions for the case of non-specific interactions. Finally, we consider
the available models for the receptor-ligand interactions in situations in which at
least one of the interacting molecules is anchored to a fluctuating membrane. We
start with the frequently used phenomenological models [4, 5] and end with the
coarse-grained kinetic rates that account for the e [edt of membrane fluctuations [6].

Publication P1 treats the classical Canham-Helfrich model of the membrane
extended by two additional terms; one representing the non-specific interactions
with the environment, and the other representing a localized pinning of the mem-
brane modeling specific receptor-ligand interaction. We assume that the pinning is
permanent and immobile and explore its consequences on the thermal equilibrium
properties of the membrane, such as its mean shape, spatial two-point correlation
function and shape fluctuations. Interestingly, we find that the correlation func-
tion of a pinned membrane is proportional to the free-membrane correlation, and
consequently that the correlation length of a pinned membrane does not depend
on the pinning properties. However, we find a non-monotonous dependence of the
correlation length on the membrane tension, indicating that the e [edt of the pinning
cannot be accounted for by a constant e [edtive tension. \We explore the correspond-
ing tension regimes of the correlation length and show its universally exponential



decay. We use these results to gain insight into the membrane-mediated interactions
between two pinnings and find that interactions are present even in the absence of
the mean shape deformation, solely due to the e [edt of thermal fluctuations of the
membrane.

Publication P2 extends the treatment of the pinned membrane by exploring the
membrane dynamics in the context of the Langevin formalism accounting for the hy-
drodynamic e [edts of the surrounding solution. We resolve the membrane dynamics
by analytically calculating the Green’s function of the di[lerkntial equation defining
the problem. We use this result to focus on the case of thermal forces and calcu-
late the power spectral density (PSD) of a thermally agitated pinned membrane in
a hydrodynamic surrounding. We validate the correctness of the analytical result
with explicit numerical simulations of the membrane dynamics. We then propose
several experimental protocols that can use the derived theoretical results for the ex-
traction of system parameters from the measurements of membrane spatio-temporal
dynamics.

In publication P3 we tackle the problem of the reversible ligand-receptor (LR)
interactions, with the aim to account for the eledt of membrane fluctuations on
these interactions by developing e [edtive LR reaction rates. First, we give a first-
principle derivation of the otherwise phenomenologically introduced rates with fa-
miliar Bell-Dembo properties [4, 5]. We then assume that the receptor is anchored
on a fluctuating membrane and account for the e [edt of membrane fluctuations by
calculating the expected (un)binding rates with respect to the time-independent
probability distribution of membrane fluctuations. Based on the fluctuation mea-
surements in non-activated and activated human macrophages and red blood cells,
we construct a general model that captures both Gaussian and non-Gaussian fluctu-
ations exhibited by both cell types. Thus, the introduced fluctuation model, which
is a convolution of Gaussian and exponential distributions, enables us to model the
e[edt of active fluctuations in a cell-type-independent way. Finally, we show that
even the calculated non-Gaussian LR rates have a Bell-Dembo structure in the bi-
ologically relevant regime in which the receptor is much sti [ed than the membrane.
This result emphasizes the robustness of the Bell-Dembo assumptions and gives a
framework that unifies the treatment of the eledtive LR rates under passive and
active membrane fluctuations.

Work in this dissertation builds a theoretical framework for the investigation of
the interplay between membrane fluctuations and the kinetics and a Cnifly of the
membrane-anchored receptors. The framework is based on a few simple principles
and as such o[ers well-defined metrics for testing the validity of the corresponding
models. Furthermore, it o [erk a way to bridge the gap between the models of passive
and active fluctuations, as well as between di Lerent fluctuation sources in the active
case, thus tying separate models into a single, coherent picture. All of this should
facilitate analytical modeling of complex systems that were out of reach until now,
as well as increase the spatio-temporal scales on which the systems can be e [edtively
simulated.



Zusammenfassung

Das Hauptthema dieser Dissertation ist das Zusammenspiel zwischen einer bieg-
baren diinnen Folie (Membran) und ihrem hochgradig lokalisierten Pinning. Die all-
gemeinste Formulierung des Problems erlaubt das reversible Aufbrechen und Bilden
des Membran-Pinnings, wobei die kinetischen Raten von der Dynamik der Mem-
bran abhéngen. Um das Problem in tberschaubare Teile zu zerlegen, untersuchen
wir zunachst die Auswirkungen eines permanenten Pinnings auf die statischen und
dynamischen Eigenschaften der gepinnten Membran, wie ihre Form und Fluktua-
tionen. Danach untersuchen wir, wie die kinetischen Raten fur das Aufbrechen und
die Bildung des Pinnings von den Membranfluktuationen abh&ngen.

Ein paradigmatisches Beispiel, das die Untersuchung solcher Probleme motiviert,
ist eine biologische Membran, die Rezeptoren verankert, die mit Liganden aus der
Umgebung interagieren. Die "Lock-Key"-Wechselwirkungen zwischen Rezeptor und
Ligand sind nur dann wirksam, wenn sich die Rezeptoren und ihre entsprechenden
Liganden fir eine bestimmte Zeit in unmittelbarer N&he befinden, was wiederum
von den Fluktuationen der Rezeptor-Verankerungsmembran abhéngt. Andererseits
wird die Membran durch die gebildete Liganden-Rezeptor-Bindung lokal fixiert,
was die Membrandynamik und folglich die Rate des Bindungsabbruchs beeinflusst.
Natdrlich ist das beschriebene Problem eines biegsamen Blattes, das lokal durch
ein stochastisches Pinning gepinnt wird, allgemeiner als der biologische Fall und
kann auf viele verschiedene Systeme angewendet werden. Wir werden unsere Un-
tersuchungen jedoch hauptsachlich aus der biologischen Perspektive durchfiihren,
da die entsprechende Literatur bereits viele nitzliche Modelle und Lésungsansatze
bietet, auf denen wir aufbauen werden.

In der Allgemeinen Einfihrung erértern wir den theoretischen Rahmen, der die
Probleme definiert, die wir lésen wollen. Zunéchst geben wir einen Uberblick tiber
das Kontinuum Canham-Helfrich-Modell der Membranenergetik [1, 2], das die Mem-
bran durch nur zwei grobkornige Parameter beschreibt: Biegesteifigkeit und Span-
nung. AnschlieBend beschreiben wir die Erweiterungen des Modells, die die un-
spezifischen Wechselwirkungen der Membran mit der Umgebung bertcksichtigen,
und stellen den Hamiltonian vor, der die lokalen, spezifischen Wechselwirkungen
berlcksichtigt. Danach stellen wir den Langevin-Formalismus vor, der fur die Mod-
ellierung der Membrandynamik in einer hydrodynamischen Umgebung verwendet
wird [3], zusammen mit den erreichbaren analytischen Losungen fur den Fall unspezi-
fischer Wechselwirkungen. Schlielich betrachten wir die verfigbaren Modelle fir die
Rezeptor-Ligand-Wechselwirkungen in Situationen, in denen mindestens eines der
wechselwirkenden Molekdle an einer fluktuierenden Membran verankert ist. Wir be-
ginnen mit den haufig verwendeten phanomenologischen Modellen [4, 5] und enden
mit den grobkdrnigen kinetischen Raten, die den E [et von Membranfluktuationen
bertcksichtigen [6].

Die Publikation P1 behandelt das klassische Canham-Helfrich-Modell der Mem-
bran, das um zwei zusatzliche Terme erweitert wurde. Der eine steht fur die unspez-
ifischen Wechselwirkungen mit der Umgebung, der andere fiir ein lokalisiertes Pin-
ning der Membran, das die spezifische Rezeptor-Ligand-Wechselwirkung modelliert.
Wir gehen davon aus, dass das Pinning permanent und unbeweglich ist, und un-
tersuchen seine Auswirkungen auf die thermischen Gleichgewichtseigenschaften der
Membran, wie ihre mittlere Form, die rdumliche Zweipunkt-Korrelationsfunktion



und Formfluktuationen. Interessanterweise stellen wir fest, dass die Korrelations-
funktion einer gepinnten Membran proportional zur Korrelation der freien Mem-
bran ist und dass die Korrelationslange einer gepinnten Membran folglich nicht von
den Pinning-Eigenschaften abhangt. Wir finden jedoch eine nicht-monotone Ab-
hangigkeit der Korrelationslange von der Membranspannung, was darauf hindeutet,
dass der E[eKt des Pinnings nicht durch eine konstante e [eltive Spannung erklart
werden kann. Wir untersuchen die entsprechenden Spannungsbereiche der Kor-
relationsldange und zeigen, dass sie universell exponentiell abnimmt. Wir nutzen
diese Ergebnisse, um einen Einblick in die membranvermittelten Wechselwirkungen
zwischen zwei Pinnings zu gewinnen, und stellen fest, dass Wechselwirkungen auch
bei Abwesenheit der mittleren Formdeformation vorhanden sind, und zwar auss-
chlieBlich aufgrund der Wirkung thermischer Fluktuationen der Membran.

Publikation P2 erweitert die Behandlung der gepinnten Membran, indem die
Membrandynamik im Kontext des Langevin-Formalismus untersucht wird, der die
hydrodynamischen E [eKte der umgebenden Ldsung bertcksichtigt. Wir lésen die
Membrandynamik durch analytische Berechnung der Green’schen Funktion der Dif-
ferentialgleichung, die das Problem definiert. Wir nutzen dieses Ergebnis, um uns auf
den Fall der thermischen Kréfte zu konzentrieren und berechnen die Leistungsspek-
traldichte (PSD) einer thermisch bewegten, gepinnten Membran in einer hydro-
dynamischen Umgebung. Wir validieren die Korrektheit des analytischen Ergeb-
nisses mit expliziten numerischen Simulationen der Membrandynamik. Anschliefend
schlagen wir mehrere experimentelle Protokolle vor, die die abgeleiteten theoretis-
chen Ergebnisse zur Extraktion von Systemparametern aus den Messungen der
raumlich-zeitlichen Dynamik der Membran nutzen kénnen.

In der Verd6 [edtlichung P3 befassen wir uns mit dem Problem der reversiblen
Ligand-Rezeptor (LR)-Wechselwirkungen mit dem Ziel, die Auswirkungen von Mem-
branfluktuationen auf diese Wechselwirkungen durch die Entwicklung e [eKtiver LR-
Reaktionsraten zu bertcksichtigen. Zunéachst leiten wir die ansonsten phénome-
nologisch eingefiihrten Raten mit den bekannten Bell-Dembo-Eigenschaften [4, 5]
prinzipiell ab. Dann nehmen wir an, dass der Rezeptor auf einer fluktuieren-
den Membran verankert ist, und bertcksichtigen den E [ekt von Membranfluktu-
ationen, indem wir die erwarteten (Un-)Bindungsraten in Bezug auf die zeitunab-
hangige Wahrscheinlichkeitsverteilung von Membranfluktuationen berechnen. Auf
der Grundlage von Fluktuationsmessungen in nicht aktivierten und aktivierten men-
schlichen Makrophagen und roten Blutkdrperchen konstruieren wir ein allgemeines
Modell, das sowohl Gaul}’sche als auch nicht-Gaul’sche Fluktuationen erfasst, die bei
beiden Zelltypen auftreten. Das eingeflihrte Fluktuationsmodell, das eine Faltung
von Gaul3- und Exponentialverteilungen darstellt, ermdglicht es uns, die Wirkung
aktiver Fluktuationen zelltypunabhé&ngig zu modellieren. SchlieRlich zeigen wir, dass
sogar die berechneten nicht-gaul’schen LR-Raten eine Bell-Dembo-Struktur in dem
biologisch relevanten Regime aufweisen, in dem der Rezeptor viel steifer ist als die
Membran. Dieses Ergebnis unterstreicht die Robustheit der Bell-Dembo-Annahmen
und bietet einen Rahmen, der die Behandlung der e[eltiven LR-Raten unter pas-
siven und aktiven Membranfluktuationen vereinheitlicht.

Die Arbeiten in dieser Dissertation bilden einen theoretischen Rahmen fir die
Untersuchung des Zusammenspiels zwischen Membranfluktuationen und der Kinetik
und A [nitkt der membranverankerten Rezeptoren. Der Rahmen basiert auf eini-
gen einfachen Prinzipien und bietet als solcher wohldefinierte Metriken zur Uber-



prifung der Giltigkeit der entsprechenden Modelle. Dartber hinaus bietet er eine
Maoglichkeit, die Licke zwischen den Modellen passiver und aktiver Fluktuationen
sowie zwischen verschiedenen Fluktuationsquellen im aktiven Fall zu schliefen und
so getrennte Modelle zu einem einzigen, koharenten Bild zusammenzufiigen. All
dies durfte die analytische Modellierung komplexer Systeme erleichtern, die bisher
unerreichbar waren, und die raumlich-zeitlichen Skalen, auf denen die Systeme ef-
fektiv simuliert werden kénnen, vergroRern.
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Introduction

Biological cells are complex molecular systems, bounded by their outer membrane
which separates the cell interior from its environment. Cells have to initiate and
sustain mechanical contact with their surroundings in order to move, communicate
with other cells or gather information about their environment [1]. In order for a
cell to successfully adhere to a particular substrate, its membrane-anchored recep-
tors have to bind to the corresponding ligands on the target substrate (Fig. 1.1).
However, typical ligand-receptor (LR) bonds are weak and are easily broken by fluc-
tuations in the environment, such as the fluctuations of the receptor-anchoring cell
membrane, resulting in a highly complex spatio-temporal evolution of the adhesion
zones which are never completely at rest.

A notable example of the spatio-temporal complexity of adhesion processes is
given by the formation of the so-called immunological synapse - a complex adhesion
domain that forms between the immune cells and the antigen presenting cells [2]. It
consists of several kinds of LR pairs which spatially organize in a non-trivial fashion.
The mechanism of such segregation between di [erent binders and its exact biological
function are still actively investigated [3], however it is clear that it is crucial for
proper functioning of immune cells, and therefore of the whole immune system.

Another example of a highly complex adhesion process is given by the dynamic
formation and disintegration of focal adhesions, the sub-cellular structures that serve
as mechanical and biochemical linkages between the cells interior and exterior during
cell motility [5]. The cell actively regulates the dynamics of focal adhesions through
the local application of force due to actin polymerization and actomyosin contraction
[6], and it was hypothesized that the applied forces are transmitted through the
membrane to the LR bonds, making membrane fluctuations a part of the adhesion
regulatory network. Namely, Turlier et al. [7] recently experimentally showed that
membrane fluctuations of red blood cells deviate from a purely thermal spectrum,
confirming an active component of the fluctuations, which intensified the debate
about the possible biological functions of membrane fluctuations. Finally, it was
shown that the stability of a focal adhesion depends nonmonotonously on the density
of the LR bonds [8], hinting at the interplay between the local LR binding kinetics
and the global adhesion dynamics. Hence, a multi-scale approach is required to
capture all the facets of adhesion dynamics, from the interplay of the nanometric
membrane fluctuations and the local LR dynamics, to the collective, microscale
e [edts generated by a large number of LR bonds [9].

Due to the highly complex network of biochemical and mechanical interactions
inside a cell, it is di [culit to experimentally investigate a specific aspect of the cell in
isolation. Consequently, the interpretation of experimental results is usually highly
ambiguous, making it hard to identify a single causal mechanism for an e [edt un-
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Figure 1.1: An experimental model system for cell adhesion consisting of a vesicle
adhering to a supported lipid bilayer (SLB). The vesicle membrane is coated with re-
ceptor proteins, while the SLB is coated with the corresponding ligands, promoting
adhesion of the vesicle to the SLB mediated by molecular ligand-receptor interac-
tions. Membranes can be coated with additional molecules, such as long polymer
chains mimicking cellular glycocalyx, which acts as a repulsive element, and together
with the non-specific electrostatic and gravitational forces combines into the total
vesicle-SLB interaction. Figure adapted from [4] under the terms of the license ob-
tained from the journal (see Licenses and permissions).

der investigation. In order to overcome the problem of cellular complexity, it is
helpful to mimic parts of the biological system under investigation with synthetic
model system [10, 11]. As the complexity and properties of such model systems
can be specified during their synthesis, their use enables simplification and better
experimental control, without the loss of the biological function of the original sys-
tem. For example, in the context of cell adhesion, synthetic substrates coated with
specific adhesion molecules have been used as models for an extracellular matrix
(ECM) or a membrane of another cell to which a live cell is allowed to adhere [12].
Explicit control of the synthetic surface properties enables a systematic study of
the relation between cell adhesion and a small number of relevant physical param-
eters characterizing the surface. Such approaches led to a better understanding of
several adhesion-related phenomena, including focal adhesion formation [6] and the
formation of the immunological synapse [13].

A more realistic model of an adhering membrane is the so-called supported lipid
bilayer (SLB), which can be coated with corresponding ligands and additional re-
peller molecules which mimic large membrane molecules that ensure a minimal dis-
tance between the adhering surfaces [14]. In order to gain control of both adhering
surfaces, the cell can be mimicked by a giant unilamellar vesicle (GUV), whose mem-
brane can be synthesised with embedded adhesion receptors [4, 15]. This enables
control of both adhesion surfaces, while retaining the fluidity and flexibility of the
model-membrane and the two-dimensional mobility of the receptors embedded in it
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(Fig. 1.1).

The GUV-SLB system enables us to study the interactions of a receptor-coated
GUV with a ligand-coated bilayer, acting as a model system for cell adhesion which
is easier to investigate both experimentally and theoretically. Namely, the planar ge-
ometry of the GUV-SLB contact zone and its simple optical properties enable mea-
suring of GUV-SLB inter-membrane distance through interferometric techniques,
such as the Interferometric Fluctuation Detection [16] and Reflective Interference
Contrast Microscopy (RICM) [17, 18, 19] and its cousin Dynamic-RICM [19, 15],
which can go to resolutions of 2-3 nm. From the measured spatio-temporal dynamics
of the inter-membrane distance one can extract the average distance, distance fluctu-
ations and corresponding spatio-temporal correlation functions [20, 15], which give
information about the thermal equilibrium and the dynamics of the adhesion zone
[21, 22, 23, 24, 25], as well as the inter-membrane potential [15] and the distributions
of formed LR bonds [24].

On the other hand, the assumption of an approximately planar geometry of the
adhesion zone significantly simplifies the theoretical descriptions of the adhesion dy-
namics. Namely, the GUV-SLB distance in the adhesion zone can be represented
by a profile of an almost flat membrane above a flat surface, which can be described
within the well-developed theoretical framework of the Canham-Helfrich energet-
ics [26, 27] in the Monge gauge [28]. The goal of most theoretical models is to
reproduce the experimentally measured spatio-temporal profile of the GUV-SLB
inter-membrane distance, while simultaneously giving insight into how this dynam-
ics depends on the properties of the membrane and the LR bonds that stochastically
pin the membrane. The first part of this task has been successfully treated by many
authors [29], however complete analytical treatment of the later problem has been
missing from the literature, and is the main topic of this dissertation.

In Section 2.1 we introduce the theoretical framework of the Helfrich description
of membrane energetics in the Monge gauge. In Sections 2.2 we give an exposition of
the main results of the treatment of membrane thermal fluctuations in the context
of the Helfrich theory, and introduce its extension to locally pinned membrane in
section 2.3. In Section 2.4, we introduce the Langevin framework for modeling
membrane dynamics, while taking into account the hydrodynamic e[edts of the
surrounding fluid. In section 3, we give a short overview of existing models for the
LR kinetic rates, with an emphasis on the LR interaction in the context of membrane
adhesion and motivate the need for further development.

We develop the topics given in introduction in more detail in the Publications
section. Namely, in publication P1 we explore how the local pinning of the LR
bonds al[edts the membrane shape and spatial correlations. We then use this results
to explore the membrane mediated-interactions between two pinnings in dilerent
regimes of the membrane parameters. We show an attractive interaction between
two pinnings even in the absence of mean membrane deformation solely due to sup-
pression of membrane fluctuations. In publication P2, we take a look at the e [edt
of the pinning on the dynamics of the membrane profile in the framework of the
Langevin dynamics with the hydrodynamic interactions of the membrane with the
surrounding. We derive the analytic expression for the power spectral density of
a pinned membrane and show it can be expressed in terms of the spectrum of an
unpinned membrane. We validate the analytical results by an independant explicit
simulation of the membrane dynamics, and use them to develop an algorithm for
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Figure 1.2: Example of the theoretical and experimental representation of the GUV-
SLB adhesion. (a) Schematic representation of the GUV-SLB adhesion via cadherin
bonds. (b) Snapshot from the simulation in the so-called contact zone, which is
the area of the vesicle membrane (blue) close to the substrate. Due to multiple
cadherin-cadherin bonds (grey-orange beads) in the contact zone, the shape of the
membrane approximately follows the flat shape of the SLB. However, due to its
high flexibility membrane shape is constantly fluctuating. Moreover, the cadherin-
cadherin bonds can break and re-form, acting as an additional source of stochasticity
in membrane shape dynamics. (c),(d) Typical RICM image of the contact zone,
consisting of dark and bright areas surrounded by interference fringes. Dark areas
indicate suppressed membrane fluctuations and hence indicate higher density of
formed cadherin-cadherin bonds. Panel (c¢) shows the measurement at an earlier
time, and panel (d) at a later time at which the intensity and density of dark areas
has clearly increased, indicating strengthening of GUV-SLB adhesion. The scale bar
is 10 m. The Figure is adapted from [30] under the terms of the license obtained
from the journal (see Licenses and permissions).

extraction of the pinning sti [ndss from the measured spectrum, taking into account
the finite spatio-temporal resolution of the experiment. In publication P3, we de-
velop a method that enables us to capture the e [edt of membrane fluctuations on
the ligand-receptor interactions by the e [edtive LR rates. Importantly, we construct
a theoretical framework that enables successful modeling of LR interactions in the
presence of both passive and activated membrane fluctuations. We do this by intro-
ducing an experimentally motivated fluctuation model as a convolution of Gaussian
and exponential fluctuations. After a first-principle derivation of the so-called Bell-
Dembo rates for an instantaneous membrane position, we integrate the eledt of
membrane fluctuations to derive the e [edtive LR rates.



Modeling spatio-temporal dynamics of
biological membranes

The familiar, textbook picture of a biological membrane consists of a phospholipid
bilayer (2.1A), which self-assembles in an aqueous solution due to the properties of
individual phospholipids. Namely, each phospholipid consists of a hydrophilic head
and a hydrophobic tail, thus a group of phospholipids will prefer a bilayer geometry
in which their hydrophobic tails are shielded from the solution by the hydrophilic
layers constructed from their heads. Although this basic picture of a biological mem-
brane has been established for several decades now, our understanding of membrane
composition and structure is still evolving.

Based on the experimental data available in the 70s, Singer and Nicolson intro-
duced the fluid mosaic model [31] which represented the phospholipid bilayer as a
two-dimensional fluid within which embedded proteins can di [ude freely (Fig. 2.1A).
This model was attractive both for its account of the experimental data and for its
theoretical simplicity. Later refinements accounted for the diversity of both phos-
pholipids and embedded molecules, and their mutual interactions. Importantly,
they allowed for the embedded molecules to locally deform the membrane and,
consequently, for the interplay between membrane shape and its non-homogeneous
composition [32] (Fig. 2.1B). Furthermore, biological cells often have additional
structures attached to the bilayer of their plasma membranes, such as the long car-
bohydrate chains attached to their extracellular side and cytoskeleton filaments at
the intracellular side (Fig. 2.1C). These additional structures significantly change
the mechanical properties of the composite bilayer and, consequently, have a strong
e [edt on the bilayer motion and equilibrium shape [33]. A notable example is the
polygonal spectrin network attached across the intracellular side of the plasma mem-
brane of some cells, resulting in a well defined membrane-spectrin superstructure.
It is therefore often hard to discern which molecular structures make the composite
membrane whose motion we are observing in our experiments [7]. This fact becomes
very important in the context of cytoskeletal activity, which can directly couple to
the bilayer dynamics. Finally, interaction of the composite plasma membrane with
the surrounding environment adds additional constraints on its motion, and in the
case of more permanent couplings, can diverge even more from the model of a
phospholipid bilayer. Nevertheless, the usual strategy for constructing a membrane
model is to start from some variation of the phospholipid bilayer picture and then
sequentially add complexity.

The molecular dynamics (MD) approach to membrane modeling is based on nu-
merical simulations of the system with the atomic/molecular resolution. Although
this is in principle the most accurate description of the membrane, Brown [35] es-
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Figure 2.1: Schematic representation of the various models of membrane composition
and structure. (A) The fluid mosaic model. Membrane is modeled as a uniform
two-dimensional fluid of phospholipids, with embedded proteins dil[uding within
the membrane plane. (B) More refined membrane model accounting for dilerknt
kinds of phospholipids and the diversity of embedded molecules, such as proteins
and cholesterols, which can cluster into domains and locally deform the membrane.
(C) Additional refinement of cellular membrane models comes by accounting for
the long carbohydrate chains linked to proteins and phospholipids at the external
side of the cellular membrane, and cytoskeletal filaments attached at the internal
side of the cell. These structures significantly alter the mechanical properties of the
whole construct, thus strongly aledting membrane dynamics. Figure adapted from
[34] under the terms of the license obtained from the publisher (see Licenses and
permissions).

timated that it will take several decades before we can simulate the cellular-sized
systems with atomic resolution. It was estimated only few years ago that the state-
of-the art atomistic simulations can simulate patches of 150 nm 150 nm on the
millisecond temporal scale [36], which is orders of magnitudes bellow the relevant
spatio-temporal scales for processes such as cell adhesion. As can be seen in Fig.
1.2, the size of a typical GUV-SLB adhesion domain is on the order of 10 m
10 m, while the relevant time scale of the adhesion process is in seconds, or even
minutes. Consequently, cellular adhesion in its full complexity is out of reach for
current and near-future MD approaches.

Fortunately, atomic-resolution calculations are not the only available approach
for modeling phospholipid bilayer dynamics. Due to the high computational cost
of MD approaches, one often prefers to work with coarse-grained analytical models
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Figure 2.2: Schematic representation of the common deformations of a bilayer. The
unit surface area changes by stretching, bending and shear. Figure adapted from
[34] under the terms of the license obtained from the publisher (see Licenses and
permissions).

with small number of parameters, which trade the high-resolution details for the
possibility of practical calculations on the relevant spatial and temporal scales. This
is less computationally expensive and often has the advantage that the model param-
eters can be measured directly in experiments. A common method for constructing
such models is to use the fact that the surface of the phospholipid bilayer ( m scale)
is orders of magnitudes larger than its thickness (few nm). Thus the bilayer can be
approximated by a flexible two-dimensional sheet (with zero thickness), which can
then be described within the standard continuum mechanics framework. Namely,
an energy functional is constructed, which assigns an energy value to each possi-
ble shape of the two-dimensional membrane sheet. This functional should penalize
deformations of the bilayer shape which disturb the preferred configuration of the
phospholipids in the bilayer, by assigning them higher energies. In this way the
molecular details, although not explicitly modeled, are accounted for through the
parameters of the functional. Some deformations of the bilayer commonly accounted
by continuum models, such as bending, stretching and shear are depicted in Fig.
2.2.

In the next section we introduce in more detail one such energy functional, which
was introduced into the bio-membrane community by Canham [26] and Helfrich [27]
in the 70-s and which has since served as the basis for many coarse-grained simulation
models of membrane dynamics [37] and cell adhesion [9], to name a few.
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2.1 Helfrich Hamiltonian

The so-called Helfrich-Hamiltonian [26, 27] is given by
Z i
H=dr 5 (K() co(r))* + cKa(r) ; (2.1)

A

where K and Kg are the extrinsic and Gaussian curvatures of the local membrane
shape at point r, respectively, and its spontaneous curvature is given by co. The
bending modulus and the saddle splay modulus . account for the bending rigidity
of the membrane. Integrating the local curvatures over the total membrane surface
A, we obtain the energy of the corresponding membrane shape.

Calculus of variations is often the strategy of choice for exploring the properties
of membrane shapes determined by this Hamiltonian [38]. Namely, the analysis is
simplified by expanding the Hamiltonian in the first few variations

H= OH+ OH+ OH+ (2.2)

where (™ H is the n-th variation of the Hamiltonian with respect to a "well-behaved"
shape function. By demanding vanishing of the first variation one arrives at the
so-called shape equation ®MH = 0, whose solution is the minimum-energy shape,
while analysis of higher variations discusses fluctuations around the minimum-energy
shape. Such analysis was done already by Helfrich himself for arbitrary shapes [38].
He found general expressions for the first three variations, and analysed in detail
specific cases, such as spherical and cylindrical shapes. However, very few exact
solutions to the general shape equation exist, and a lot of numerical research has
been done in order to explore specific solutions [29, 39].

Due to the analytical impenetrability of the shape equation corresponding to
the Hamiltonian given by eq. 2.1, the Hamiltonian is usually simplified to a more
tractable form. First, due to Gauss-Bonet theorem the surface integral over the
Gaussian curvature K can be written as a boundary term which does not influence
the subsequent physics, so it can be neglected for the calculations in this dissertation.
Second, we assume that the spontaneous curvature vanishes (co = 0). We will
therefore be concerned with the simplified form of the Helfrich-Hamiltonian

Z h i
K= dr EKZ(r) ; (2.3)

A

The exact expression for the extrinsic curvature K(r) in eq. 2.3 depends on the
way we choose to parametrize the membrane shape . In the so-called Monge gauge
membrane profile is parametrized as the height h(r) above a flat two-dimensional
surface at the position r (Fig. 2.3). With this choice of the shape parametrization
the Hamiltonian is given by

Z h i
He=dr 5 r’h(n) “+ 5 (rh(m)*+ 5 (h()  ho)® (2.4)

A

where the first term is the extrinsic curvature in small-gradient approximation with
the bending modulus , the second term penalizes the membrane area increase due
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Figure 2.3: The Monge parametrization of the membrane shape. Shape is repre-
sented as the height h(x;y) above a flat two-dimensional surface at the position
r = (x;y). Adapted from [34] under the terms of the license obtained from the
publisher (see Licenses and permissions).

to deformation with interpreted as the membrane tension, and the third term
accounts for the interactions between the membrane and the substrate that the
membrane is adhering to. Membrane-substrate interactions have many contribu-
tions, from steric repulsion to van-der-Waals interactions, which we model to the
first-approximation by a harmonic potential of curvature with a minimum at the
position hg.

After a coordinate transformation u(r) =h(r) ho, eq. 2.4 simplifies to

Z h i

He= dr 5 rau(r) >+ 5 (ru(r))®+ 3 (u(r))? :

A

(2.5)

The small-gradient Hamiltonian given by eq. 2.5 serves as a starting point for the
analysis of the specific membrane-substrate interactions explored in publications P1
and P2.

2.2 Thermal fluctuations of a non-specifically bound
membrane

Our main interest in this dissertation are the specific membrane-substrate inter-
actions. However, before accounting for the specific interactions by an additional
term in the Hamiltonian, we will shortly discuss some properties of the non-specific
Hamiltonian (eq. 2.5), which will directly translate to the properties of a specifically
bound membrane discussed in the next section.

Due to unavoidable interactions with the thermal surroundings, membrane pro-
file u(r) usually fluctuates around some mean shape hu(r)i. A useful metric for
characterization of such fluctuations is the spatial correlation function hv(r)v(r9i of
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the membrane shape fluctuations v(r) = u(r) hu(r)i. Assuming that the thermal-
ized fluctuations are described by a Boltzmann probability distribution correspond-
ing to the Hamiltonian given by eq. 2.5, the spatial two-point correlation function
hv(r)v(r9is follows as (see publication P1)

Z » pik(r 9 _ Ko(r r9=_) Ko(r r%=.).
(2 )? g k4+ k2+ . 2 '

h(r)v(r9is =
2 1 p

(2.6)

where K, are the modified Bessel functions of the second kind, with the coe Lciehts
given by

2 0 s 13 .,
4 o 2
= 4401 1 -m A5 . 2.7
0 4
and
0 =8( )*? and o= ( =)~ (2.8)

In publication P1 we show that the correlation function 2.6 is equivalent to the
Green’s function of the mean shape equation corresponding to the non-specific
Hamiltonian 2.5, and we analyze the limit of the correlation when the distance
between correlated points goes to infinity. We find that the limit is characterized by
the following exponential behaviour

h(r)v(Q)ig "+ e = (o =R (2.9)
and is characterized with a single correlation length
8
P3 if =0;
r LI
1 5 2 i 2.
cos 3 arctan = 1 ifo< < -2
— = (2.10)
- if =
" r I# 1o
= 5 1 1 = if >

The correlation length  exhibits non-monotonic dependence on membrane tension
(see Fig. 2.4). Namely, small amount of tension reduces the correlation length
compared to the tensionless case, however after the threshold value = (1=4) 2
the correlation length starts to increase. It reaches the tensionless value at the
value = (5=16) 9. The importance of this result will be emphasized later when
discussing interactions between membrane pinnings, however it is interesting on its
own, as most discussion in the literature assume that the increasing tension always
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Figure 2.4: Correlation length (o; = 2) in the limit r ¥ 1 (eq. (2.10)). Grey
lines indicate the threshold value = (1=4) % and = (5=16) 2. Adapted from
publication P1 under the terms of the Elsevier license that allows the author to
include the paper in a dissertation, provided it is not published commercially.

increases correlations. Moreover, to the best of our knowledge, the switching from
one regime to another has not yet been discussed in the context of cell adhesion,
although it may have important consequences.

It follows from eq. 2:6 for r = r° that the mean square fluctuation amplitude
hvZ(r)i of the membrane is spatially independent and given by [40, 41, 42, 29]

arctan - 1
. 1
hwa(r)ig = — = - (2.11)
m

It is often practical, both theoretically and experimentally, to consider the ten-
sionless case (¥ 0) in which the correlations (eq. 2.6) adopt the form [43, 42]

limbv(r)V(rOir = 40 keip "3 (2.12)

m 0

with keig being the Kelvin function. Consequently, term o, which already appeared
in eqgs. 2.7-2.8, can now be naturally interpreted as the lateral correlation length of
the free tensionless membrane. Experimental results show that g is usually on the
order of 100 nm [20]. The fluctuation amplitude (eq. 2.11) in the tensionless case
simplifies to [20]

limhv2(r )i = io; (2.13)
0 m

leading to the interpretation of the term O, present in egs. 2.6-2.12, as an inverse
of the tensionless fluctuation amplitude.
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2.3 Thermal fluctuations of a specifically bound mem-
brane

Additionally to non-specific interactions with the surrounding structures, mem-
branes can specifically bind to them through ligand-receptor interactions. In order
to model the e [edt of such local interaction on the membrane shape and fluctuations,
non-specific Helfrich Hamiltonian (eq. 2.5) can been extended with an additional
term [9]

z " #
H= dr > rau(r) °+ 2 (ru(r))®+ > (u(r))® + 2 u@r) (o he))®> (r ro) ;

A
(2.14)

where delta function (r rg) is positioning the harmonic pinning of sti[ndss and
rest length lg at position rq (see Figure 2.5). In the following discussion we will adopt
the following terminology; we will denote the non-specifically bound membrane as
the free membrane and the specifically bound membrane as the pinned membrane.

Assuming that the thermalized membrane fluctuations v(r) are described by a
Boltzmann distribution corresponding to the extended Hamiltonian eq. 2.14, the
spatial two-point correlation function hv(r)v(r9i of a pinned membrane follows as
(see eqg. 18 in publication P1)

hv(r)v(r%i = hv(r)v(r9is . T hv(r)v(ro)ighv(ro)v(r9is; (2.15)
m
where hv(r)v(r9is is the free membrane correlation function given by eq. 2.6. Inter-
estingly, setting r®=ry, that is examining the correlation function from the pinning
at ro, leads to the free-membrane correlation function (see publication P1).
In contrast to the free membrane case in which the mean shape was trivially zero,
the mean shape of a pinned membrane is proportional to the two-point correlation
(see publication P1) and given by

hu(r)i = +m (lo  ho)hv(r)v(ro)is; (2.16)

which in the tensionless case gives [44, 45, 46]

. jr roj
| ho)kei X 2.17
" 9n(o o)keig - (2.17)

limhu(r)i = 4
10
and in the limit of an infinitely sti Cginning reproduces the well-known result [43]

lim  hu(r)i = o hoykei T (2.18)
1 Q; ! 0

Similar analysis can be generalized to an arbitrary number and configuration of
bonds, as was for example done in [9]. However, in this dissertation we will restrict
ourselves mostly to deriving new results for the single-pinning case (publications P1,
P2 and P3), as it is the basis of all multi-pinning generalizations.
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Figure 2.5: Schematic representation of a specifically bound (pinned) membrane.
The membrane fluctuating in the global minimum of the non-specific potential posi-
tioned at u(r) = 0 is locally pinned to the substrate positioned at u(r) = hg. The
pinning is modeled by a harmonic spring of stilndss and rest length Iy, and its
lateral position is denoted by ro. The curvature of the non-specific potential is
Due to the pinning the membrane adopts a non-flat mean shape hu(r)i, and spatially
non-homogeneous fluctuation amplitude hv?(r)i. Figure adapted from publication
P1 under the terms of the Elsevier license that allows the author to include the
paper in a dissertation, provided it is not published commercially.

However, in publication P1 we discuss the interaction between two pinnings. We
show that the force between two pinnings at positions r and r%is given by

r()_Kzao ho)?gg(r ro)+K29f(r rge(r 9.
T [L+Kge(r 9P 1 Kege(r r92 °

Fa(r (2.19)

where g¢(xX)  hv(r)v(r9is is the free membrane correlation function (eq. 2.6) and

K= = . (2.20)

T m

N -

Therefore, the interaction between two pinnings is governed by the free membrane
correlations and in the limit of large distance between the pinnings we can use
the result given by egs. 2.9-2.10. Fig. 2.6 shows the dependence of the force
between pinnings on the distance between the pinnings. Two regimes are shown;
the bending dominated (Fig. 2.6a) and the tension dominated (Fig. 2.6b). The
force between the pinnings is attractive when the pinning separation is bellow two
correlation lengths, and it has a clear attractive maximum at certain separation.
Interaction also naturally decays at very large distances. However, the interaction
becomes repulsive in the bending regime at distances around two correlation lengths.
Interestingly, the interaction range depends on the membrane tension (Fig. 2.6b).
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Figure 2.6: Force between two pinnings. a) Bending dominated regime( 2, < 1=4)

is shown. For this specic set of parameters, the deformation and the uctuation
contributions to the force are comparable. Both contributions oscillate around zero
(inset), but the uctuation part decays two times faster. b) The tension dominated
regime (= 3 > 1=4). As we increase the tension, the range of the force increases.
Parameters: = 0:75 10 ?kgT=nm?, = 20kgT, = 3:125 10 'kgT=nm?,

ho lo =210 nm. Adapted from publication P1 under the terms of the Elsevier license
that allows the author the right to include the paper in a dissertation, provided it

is not published commercially.

2.4 Dynamics of a membrane in a hydrodynamic
uid

Due to the bending modulus of few tens okg T [27, 47, 48, 15], membranes are
susceptible to thermal excitations and their shape constantly uctuates when im-
mersed in a typical biological environment. State-of-the-art experimental methods
can record the temporal pro le of the membrane, from which the temporal auto-
correlation function or its Fourier transform, the power spectral density (PSD), can
be extracted [49, 50, 7, 51]. Such measurements found uctuation amplitudes of
up to 100 nm, with timescales betweerllO ° and 10 s [4, 49, 52]. The measured
membrane dynamics can then be analyzed by various algorithms in order to extract
material properties of the membrane and the sca olds interacting with the mem-
brane [53, 54, 50]. This approach has been used on biological cells [7], as well as for
synthetic cell models, such as giant unilamellar vesicles (GUVs) [50].

In order for uctuation spectroscopy to correctly asses membrane properties it
is important to account for possible non-thermal contributions to the membrane
spectrum. Namely, Turlier et al. [7] experimentally con rmed an active contribu-
tion to the red blood cell spectrum by simultaneously measuring their uctuations
and their mechanical response, and showing that the red blood cell uctuations do
not satisfy the uctuation-dissipation theorem which should be satis ed by purely
thermal uctuations. However, the exact sources of activity are still subject to de-
bate [55], with potential candidates ranging from conformational changes of channels
and pumps [56] and membrane-embedded motors [57] to membrane-actin interac-
tions [58, 59] and protein-membrane interactions [60, 61, 62]. The current state of
the led is therefore in need for theoretical approaches that can account for non-
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thermal sources of activity in a general way. This is crucial for the development
of new and improved algorithms for the extraction of system parameters from the
measured membrane dynamics, as well as for advancing our understanding of the
biologically relevant processes connected to membrane activity.

In the last two sections we have examined models which reduce the interaction
of the membrane with the surrounding uid to the thermalization assumption. That
is, the membrane is assumed to be in thermal equilibrium and its uctuations are
entirely described by a Boltzmann distribution with the corresponding membrane
Hamiltonian, which enables derivation of static properties of the membrane shape
such as its mean, variance and static two-point correlations. However, such models
may not capture all the intricacies of the membrane- uid interactions, and further-
more, they do not say anything about the temporal evolution of the membrane
shape.

Here we introduce a Langevin formalism [35] that overcomes some of the de-
scribed limitations of static models. Namely, the dynamics of the membrane in a
hydrodynamic surrounding is captured by the Langevin equation [63, 29, 64, 65, 22,
37, 66, 9]

@fr;t) _ z H
@t h(r9
which models membrane velocity by a convolution of the forces acting on the mem-
brane with the so-called Oseen tenso( r). Here, the forces on the membrane are
partitioned into two contributions. First, the forces acting to push the membrane
to a minimum-energy shape according to the Hamiltoniaitd, which are given by
the rst variation of the corresponding Hamiltonian H=h. The second contribu-
tion accounts for any external forces acting on the membrane, however it is often
assumed to model the stochastic thermal forcégr;t) characterized by a vanishing
mean

dar®Cr 9 +f(r%t) (2.21)

H(r;t)i=0 (2.22)
and correlations obeying the uctuation-dissipation theorem
Hnf%t9i=2 (r 9@ 1t9: (2.23)

The full expression for the Oseen tensor, depending on the geometry of the
membrane, is given in [67]. However, under the assumption that the membrane is
su ciently far from the substrate and has small uctuations jr hj 1, a simplied
Oseen tensor can be used [35, 9], namely

1
ry=—; 2.24
(=g (2.24)
where is the viscosity of the surrounding uid andr = jrj .

Analytical approaches for solving the Langevin equation (eq. 2.21), with some
form of the Helfrich Hamiltonian (eq. 2.1), were mostly based on the expansion
of the membrane pro le in an orthonormal basis of choice. In the case of a non-
speci cally bound Hamiltonian (eq. 2.4), expansion in the standard Fourier basis
immediately leads to the auto-correlation function [29]

1 Z 1 ke (k) t

5 e (2.25)

hv(r;t)v(r;t+ t)iy =
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Figure 2.7: Power spectral density of a pinned membrane at the pinning. Lines
represent the result of eq. 2.28, while symbols represent the numerical simulation
results. Arrows indicate the direction of increasing value of the corresponding pa-
rameters. Adapted from publication P2 under the terms of the Elsevier license that
allows the author to include the paper in a dissertation, provided it is not published
commercially.

where k is the absolute value of the wave vector of a Fourier mode anfl k) is
the so-called damping coe cient. The exact expressions fof k) depends on the
assumptions of the model [67]. Under the assumptions of small uctuations it can
be approximated by

k4+ k?2+

(k)= Ik (2.26)
The corresponding PSD is given by
4 2
hv(r;t)v (r; )i = 4 k (2.27)

@y (kir kze 32
0

where! is the frequency of a Fourier mode.

For the case of a pinned membrane Hamiltonian (eq. 2.14), there have been
attempts at analyzing the system, both analytically [68, 69] and through numer-
ical simulations [58, 70]. However, progress was hindered due to the coupling of
the Fourier modes by the pinning which breaks the translational invariance of the
system. Furthermore, even the orthonormal modes for a pinned membrane with
broken transitional symmetry do not resolve the problem, as they are coupled in a
non-trivial way by the convolution of the membrane pro le with the hydrodynamic
kernel. Due to analytical di culties, the uctuation spectrum of the membrane has
rst been calculated numerically [71, 72]. Nevertheless, in publication P2, we have
succeeded at overcoming the di culties in the calculation of the spectrum and o er
a fully analytic solution to the power spectrum of thermal uctuations. Our method
relies on nding the Green's function of eq. 2.21, and using this result to calculate
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the spectrum of a pinned membrane driven by thermal noise

2
o 5 gr(ri!) e
iz =4 ! ikr
Ay (rs )i Gk yr(kir k2 2 1 Trgr=00)°
0

(2.28)

Here, g (r;! ) is the Green's function of the free membrane (see publication P2 for
details). Excellent agreement of eq. 2.28 with numerical calculations is shown in
Fig. 2.7. Obviously, for = 0, eq. 2.28 reduces to the free membrane PSD (eq.
2:27). Eqg. 2.28 shows that the pinning a ects only the low frequency regime of the
spectrum and that the spectrum is independent on the mean shape deformations (see
Fig. 2.7a). It is also instructive to examine the zero-frequency mode of the PSD
in dependence on system parameters. For example, it decreases with increasing
membrane tension (Fig. 2.7b) and pinning sti ness (Fig. 2.7c). In publication P2
we analyze additional consequences of eq. 2.28.

Although eq. 2.28 is derived with the assumption that the spectrum is driven by
thermal forces, the approach can be extended for non-thermal forces, as the Green's
function of the system is calculated for an arbitrary force. Hence, the theoretical
tools developed in publication P2 could facilitate development of analytical models
for membrane spectra driven by spatio-temporally complex, non-thermal forces. In
addition, we o er an algorithm for the analysis of experimental data that incorpo-
rates the e ect of nite temporal and spatial resolution of the measuring apparatus.
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Modeling ligand-receptor interactions
In the context of cell adhesion

The models described until now assume that the pinning, modeling a local ligand-
receptor (LR) bond, is permanent. However, typical LR bonds are weak and can be
broken even by the unavoidable thermal uctuations of the environment. Namely,
the strength of typical LR bonds is on the order olOkg T (e.g2kgT for E-cadherins
[73] and35kgT for the biotin-streptavidin interaction, which is the strongest bond
found in nature [74]). Furthermore, as at least one binder of the LR pair is con ned
to the cell membrane, bonds are susceptible to stochastic forces exerted on them
due to membrane uctuations, which can be of both thermal and non-thermal origin
[30, 7]. This raises the question of the interplay between membrane uctuations and
LR (un)binding dynamics.

The major dierence between the dynamics of bonds that are free to diuse
in a solution and bonds anchored on a membrane is that the anchoring adds a
con ning potential to the system and creates a de ned unbound state (Fig. 3.1
right). Namely, the distance between the anchoring surfaces a ects both the lifetime
of the bound state, by determining the force on a formed bond, and the lifetime of
the unbound state, by determining the proximity of the ligand and the receptor (Fig.
3.1 left). Thus, membrane anchoring of the binders facilitates frequent breaking and
re-creation of bonds, leading to reversible (un)binding kinetics of the LR pair.

E ect of an applied force on the ligand-receptor bond

In order to properly model the e ect of membrane anchoring on the LR bond, it is
necessary to understand the more general e ect of an applied force on the LR bond.
The experimental investigation of the bond behaviour under applied forces can be
done in a controlled manner by a range of techniques that go under the name of Force
spectroscopy (FS) [75, 76, 77]. In a typical FS experiment a force transducer (e.qg.
atomic force microscope (AFM) cantilever [78, 79], biomembrane force probe [80, 81],
or an optical trap [76]) applies a time-dependent force on a LR bond and a force-
time curve is recorded. A rapid decrease of force on the transducer is interpreted
as an event of bond rupture. Statistical analysis of repeated experiments gives the
estimate of the dependence of a bond lifetime on the applied force [82]. It was shown
in this way that the lifetime and the strength of the bond depend on the loading
rate, e.g. the lifetime of the biotin-avidin bond decreases frorh min to 0:001 s,
while its strength increases from 5 pN to 170 pN with the increase of the loading
rate [80].

The need for a microscopic interpretation of the FS experiments motivated de-

33
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Figure 3.1: Schematic representation of the model. Top panel shows a receptor
(spring) anchored to the membrane and the ligand (red circle) on the target surface.
The surface and the membrane are separated by an instantaneous distah¢g),
which determines the binding ratek,,(h) and the unbinding rate k, (h). Bottom
panel depicts the model interaction potential (dashed line) between the ligand and
the receptor. It consists of a harmonic potential centered at the position of the re-
ceptors rest lengthh 1o, shifted by a square well potential of width and depth
centered at the surface with the ligand. The red shaded area denotes the bound re-
ceptor state, while the blue shaded area denotes the unbound receptor state. Figure
adapted from publication P3 under the terms of the Creative Commons Attribution
4.0 International license.

velopment of a class of models for single-molecular interactions under external forces
[82, 83, 84, 85, 86]. A common goal of these models is to derive the experimentally
observed dependence of the unbinding rate, (f) on the exerted forcef from a
certain microscopic picture. In order to do so, these models usually start with an
assumption on how the free-energy landscape of the LR bond depends on the exerted
mechanical forces. In general, the free-energy landscape of the LR interaction can be
very complex, with various pathways between the bound and unbound states. Most
of the analytic approaches approximate the complex free-energy landscape by a con-
ceptually simple one-dimensional model, similar to that shown in Fig. 3.1 right, in
which the bound and unbound states are separated by a single barrier [87, 83, 85].
The e ect of a constant applied force on a bond is usually modeled by lowering of
the potential barrier, which consequently reduces the bond lifetime. Accordingly,
for large enough forces the barrier between the unbound and bound states vanishes,
corresponding to the rupture of the bond.

Some models assume irreversible rupture of the bond [83, 84], leaving the details
of the unbound state irrelevant, while others assume that the ruptured binders uc-
tuate in a potential well of the force transducer, with the possibility for a rebinding
event [85, 86]. Friddle et al. [85, 86] took into consideration that typical FS experi-
ments set up a two state LR kinetics, because the ligand and the receptor are are still
con ned to proximity after rupture by the experimental set-up, therefore enabling
rebinding. They accordingly asserted the importance of considering rebinding when
interpreting experimental data, and proposed a simple analytical model for both the
binding and the unbinding rate.

Insights from FS experiments can be applied to the case of membrane-anchored
binders by the analogy of a membrane to a force transducer. Consequently, the
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theoretical tools developed for the interpretation of the FS experiments can be uti-
lized for understanding of the e ect of membrane forces exerted on the LR bonds.
Obviously, the models assuming rebinding correspond more closely to the observed
reversible (un)binding of the membrane-anchored LR pairs. Finally, FS experiments
can be used as a testing ground for models proposed phenomenologically in the con-
text of cell adhesion.

3.1 Bell-Dembo rates

One of the most simple, yet robust models that received experimental support for a
wide array of molecular systems [88, 80, 89] was actually introduced phenomenolog-
ically in the context of cell adhesion by Bell [87]. Namely, Bell proposed a model in
which the LR unbinding rate increases exponentially with the force exerted on the
bond

fx
ko ()= koexp kB—Tb ; (3.1)

wherekg is the unbinding rate in the absence of the forcd, is the force applied to
the bond and x,, is the distance along the force direction between the free-energy
minimum of the bound state and the top of the barrier.

Since their introduction, Bell rates received experimental support [88, 80, 89] and
later theoretical approaches expanded this basic picture with the aim of extracting
more information from the single-molecule FS experiments [90, 91, 82, 83, 84]. No-
table attempts are based on the Kramers' theory for the di usive crossing of a barrier
in a simple interaction potential [90, 83, 84]. However, the simple expression for the
unbinding rate k, (f) given in eq. 3.1 captures the main e ect of a mechanical force
on the bond stability.

For LR interactions occurring during membrane adhesion, where receptors and
ligands are con ned on proximal surfaces even after bond rupture due to multitude
of other bonds holding the surfaces together, the probability for rebinding is highly
probable. Again in the context of cell adhesion, Dembo [92] proposed a binding
rate that depends exponentially on the energy needed to bring the ligand and the
receptor in the binding range. Furthermore, modeling ligand-receptor energetics by
a harmonic spring resulted in a quadratic dependence of the binding rate on the
distance between the ligand and the receptor. Moreover, Dembo proposed using the
Bell model for the unbinding rate, thus combining models for unbinding and binding
of the ligand and the receptor.

The so-called Bell-Dembo rates were one of the rst attempts at modelling re-
versible LR interactions in the context of cell adhesion, which paved the way for more
detailed and complex models. However, both rates were postulated phenomenologi-
cally without a common theoretical ground and considered only the picture in which
the membrane is static. As a consequence they did not take into account entropic
e ects originating from the restriction of the con gurational degrees of freedom of
both the binders and the membrane upon the formation of the bond. Thus, they
did not ensure detailed balance between the bound and the unbound states which
was implicitly required by the assumption of (un)binding reversibility.



36 Modeling ligand-receptor interactions

Accounting for the entropic e ects of the binding

As the thermal intra-well relaxation is much faster than the typical time-scale of
membrane uctuations [50, 7], the reversible (un)binding rates are expected to sat-
isfy detailed balance for each instantaneous membrane position. This idea, together
with the explicit representation of the force transducer as a membrane at the in-
stantaneous heighth(t) (see Fig. 3.1), were combined by Bihr et al [93, 9] into a
pair of reversible rates satisfying detailed balance

r—
2

Kon(h) = ko - €Xp E((h(t) )  )? (3.2)

ko (h) = koexp b+ (h(t) lo)  —— ; (3.3)

where is the width of the binding pocket and , its depth (the binding a nity),
while |y is the rest length of the LR spring and its stiness (Fig. 3.1b). Here,
the explicit dependence of rates on the LR separation determined by the membrane
position h(t) is crucial, as it enables integration of membrane uctuations into the
model. The binding rate depends exponentially on the square of the LR distance,
while the exponential dependence of the unbinding rate is linear in distance (force),
reproducing the Bell-Dembo assumption. Additionally, these rates take into account
the often neglected e ects of the binders reduced degrees of freedom due to con ne-
ment upon binding [94, 95], appearing as a prefactor to the binding rate [9]. In
publication P3 we o er rationalization of these phenomenologically introduced rates
based on a formal mapping of the microscopic degrees of freedom, modeled by a
simple free-energy landscape, to the coarse-grained binding dynamics.

As rates given by egs. 3.2-3.3 are assumed to obey detailed balance, their log
ratio gives the equilibrium binding a nity for an instantaneous membrane position
h(t)

r—
2
n k—zn = E(h(t) lo)? + > + b (3.4)

=~

where , is the binding a nity of uncon ned LR pair in a solution. The con ning of
the LR pair to a membrane, therefore, adds additional entropic contribution and an
explicit dependence on the membrane position to the LR binding a nity. Alterna-
tively, the binding a nity of the membrane-anchored LR pair can be deduced from
the free-energy di erence between the unbound and the bound states, calculated
from the ratio of partition functions corresponding to the free (eq. 2.4) and bound
(eq. 2.14) Hamiltonians [46]. In this way additional contributions can be added to
the binding a nity by modifying the unbound and bound Hamiltonians to capture
more complicated e ects of the con ning [9, 96, 97]. Consequently, the binding
a nity of a membrane-anchored LR pair di ers considerably from the a nity of the
same pair dissolved in a solution [94, 98].
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3.2 Ligand-receptor interactions in the context of a
uctuating membrane

Due to the dependence of the LR binding a nity and reaction rates to the membrane
position it is expected that modi cations in membrane uctuations will result in
di erent binding dynamics. This was recently clearly demonstrated by experiments
with vesicles [98, 30], and was complemented by theoretical models which bridged
the gap between the microscopic rates given for an instantaneous membrane position
(such as eqgs. 3.2-3.3) and the macroscopic dynamics of cell adhesion by developing
the formalism of e ective coarse-grained rates [9]. The e ective rates are derived
by integrating instantaneous rates with a probability distribution of the membrane
uctuations
Z
Kon = dh kon(h)p™ (h); (3.5)
Z
Ko = dhk, (h)py™(h): (3.6)

The assumption behind the coarse-graining of rates is the separation of time-scales
between membrane uctuations and (un)binding dynamics [9, 30]. In this way the
membrane dynamics is integrated out, and coarse-grained rates depend only on the
material properties of the membrane, such as their binding rigidity and tension.
This approach was supported by explicit MD simulations which showed that the
reaction rates depend on the membrane properties and change if the binders are
embedded in di erent membranes [99].

In analytical approaches, membrane uctuations have usually been approximated
by Gaussian distributions, due to their analytical tractability, and the fact that
thermalized membrane uctuations usually exhibit Gaussian properties [9, 30]. The
assumption of Gaussianity enables derivation of exact expressions for the e ective
rates (egs. 3.5-3.6), which can then be integrated into more complex simulation
models. Using this approach Bihr et al. [9, 30] captured membrane-mediated inter-
actions between di erent LR pairs. Namely, even after a single bond is ruptured,
the membrane is still con ned by other bonds in the vicinity of the substrate, thus
making the rebinding of a ruptured bond highly probable, with the probability de-
pendent on the spatial distribution of neighbouring bonds. By calculating e ective
rates for di erent distributions of LR bonds beforehand, Bihr et al. were able to
extend the spatio-temporal scale of their simulations for several orders of magnitude,
and were thus able to connect the microscopic LR dynamics with the macroscopic
adhesion processes.

They showed how membrane-mediated interactions between LR bonds, deter-
mined by the membrane and LR material parameters, have profound impact on
the adhesion dynamics. Namely, they identi ed several characteristic regimes of
adhesion domain growth; gas-like, dendritic, single-domain and multi-domain (see
Fig. 3.2). The gas-like regime is characterized by the stability of isolated bonds,
whose formation is independent of the spatial con guration of other bonds. This
results in the formation of adhesion domain through monotonous increase of ho-
mogeneous bond density. However, increasing the inter-membrane distancen)
or decreasing the membrane uctuation amplitude () by only a few nanometers
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Figure 3.2: Comparison of the RICM images of the vesicle-SLB adhesion with the
Monte Carlo simulations of the adhesion process. Typical representatives of four
identi ed adhesion regimes are shown;A;) gas-like regime, A;) multiple domains
regime, B,) dendritic domains regime and B,) single domain regime. The values
of average inter-membrane distance h and uctuation amplitude $ used in re-
spective simulations are shown, together with the directions of their increase, and
the direction of their e ect on the nucleation rate. Figure addapted from [30] under
the terms of the license obtained from the publisher (see Licenses and permissions).

makes the stability of the bonds dependent on the size of their bond cluster, result-
ing in domain-like adhesion. Further increase oh and 9 further decreases the
probability of the formation of a stable cluster, resulting in a single radially growing
domain.

In general, there has been a lot of work done on the behaviour of clusters of
multiple-bonds, both theoretically [100, 101, 102, 103, 104, 105, 106, 107] and ex-
perimentally [108, 109, 81], as it is an important problem in the context of cell
adhesion. We also discuss membrane mediated-interactions in more detail in publi-
cation P1, where we show how they emerge due to membrane uctuations, even in
the absence of mean membrane deformation.

In parallel with the development of theoretical models for the LR rates, Bihr et
al. [98] introduced a method for the measurement of the LR binding rate from the
growth of (vesicle) adhesion patches, thus complementing the well established force-
spectroscopy methods. They used the fact that the early stages of the growth of
adhesion patches are reaction-limited, and therefore dependent on the LR binding
rate. In this way they extracted the binding rate from the growth curves and
showed that they increase with the increase in membrane uctuations and with the
lowering of the concentration of repelling polymers (mimicking glycocalyx), both of
which increase the probability for encounters between the binders. In this way they
determined that the association rates for biotin-neutravidin pair (binding energy

10kgT) are on the order 0f1000s !, while for more weakly bound RGD-integrin
pair (binding energy 10kgT) the binding rate was found to be in the rangd 10
s 1 depending on the concentration of repelling polymers.
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3.3 Extensions of the coarse-grained theory

The current state of the coarse-grained (CG) theory left several promising avenues
for extension and improvement. First of all, the CG rates are based on phenomeno-
logically introduced Bell-Dembo rates, modi ed in an ad hoc way to ensure detailed
balance and entropic considerations. This leaves room for ambiguous interpretation
of parameters and lacks the information about the scope of validity of the rates.

Second, the CG rates have been developed and tested only for the case of thermal
Gaussian uctuations. The main obstacle to extending the framework to the active
case is the idiosyncrasy of active driving mechanisms across di erent cell types.
Namely, each cell type has speci c structure and corresponding membrane driving
mechanisms. Moreover, there is no consensus about the driving mechanism even in
the case of the well studied and structurally simple red blood cells, although the
active component of their membrane uctuations is experimentally established [7].
Thus, the led lacks a general modeling principle that would enable construction of
a generally applicable framework for active uctuations.

In Publication 3 we propose solutions for the above discussed problems. First,
we give a rst-principled derivation of the Bell-Dembo rates. Namely, we show how
the phenomenologically motivated Bell-Dembo assumptions on the form of the rates
[87, 92], which are often invoked to simplify the analysis, follow from very natural
requirements on the rates; a general and simple free-energy interaction landscape
and a detailed balance constraint. We assume ligand-receptor interaction landscape
(Fig. 3.1), with the ligand-receptor distance as a reaction coordinate, and then
partition the microscopic con gurational space into a two-state (bound/unbound)
space. We then derive the equilibrium (un)binding reaction rates for a specic
ligand-receptor distance. Importantly, we make the derivation under the constraint
of detailed balance and a systematic mapping of the continuum con gurations to the
two-state space, resulting in the correct entropic contributions to the (un)binding
rates. Incidentally, the derived rates have the familiar and often used Bell-Dembo
properties [4, 5], making our approach a rst-principle derivation of the otherwise
phenomenologically introduced rates.

Based on these results we then give the rst rst-principled derivation of the
e ective rates by an integration of the derived Bell-Dembo rates with the membrane
uctuation distribution according to egs. 3.5-3.6. A commonly used ansatz for the
membrane probability distribution is simply the Gaussian distribution, rationalized
by the assumption that the membrane uctuations are thermalized. However, as
we require the model to be applicable to both thermal and athermal uctuations, a
simple Gaussian distribution is insu cient. Moreover, we desire the model to be ap-
plicable across di erent types of cells, all of which could have signi cantly di erent
structure and membrane driving mechanisms. We therefore decided to investigate
whether there is some common behaviour between the thermal and athermal uc-
tuations in di erent types of cells experimentally, with the aim of capturing this
common behaviour with a single membrane uctuation model.

Unifying passive and active rate models

We use uctuation measurements on two di erent cell types, namely red blood cells
(RBCs) and human macrophages (HMs) (Fig. 3.3), to propose a general uctuation
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(a) Human macrophage uctuations. (b) Red Blood Cell uctuations.

Figure 3.3: Distributions of cellular membrane uctuations. Symbols represent
experimental measurements, while lines represent the analytical model. Figure
adapted from publication P3 under the terms of the Creative Commons Attribution
4.0 International license.

model for both passive and active membranes. Namely, we propose to model the
membrane uctuations by a convolution of Gaussian and exponential components
(eq.3.7).

1 P —. .
pe-(h ho)= ZoL &Xp 7G(h ho)?+  Ljh hoj (3.7)
u

where ¢ is the Gaussian and | exponential (Laplacian) parameter, withZ " being
the normalization constant. Obviously, the Gaussian assumption can be reproduced
simply as alimit (! O.

As can be seen in Fig. 3.3 this model represents experimental measurements for
both types reasonably well, although their underlying structures and driving mech-
anisms are completely di erent. The fact that such a simple model can capture the
properties of both passive and active membrane uctuations for structurally di er-
ent cell types enables us to simplify subsequent modelling of ligand receptor rates.
Conveniently, this model has exactly the same form as the Boltzmann distribution
for a parallel spring system with a quadratic and a linear spring (Fig. 3.4) and is
simple enough to enable analytical tractability after integration with the microscopic
Bell-Dembo binding rate according to eq. 3.5. Moreover, it allows us to propose a
plausible analytical form of the membrane probability distribution after the ligand-
receptor bond is formed, in order to calculate the e ective unbinding rate according
to eq. 3.6.

Robustness of the Bell-Dembo assumptions

Calculation of the e ective rates according to the above described protocol yields an-
alytical expressions for the e ective binding and unbinding rates. However, these ex-
pressions can be simpli ed even further by considering biologically relevant regimes
of the model parameters. Namely, the ligand-receptor proteins exhibit several orders
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Figure 3.4: Mechanical model of the ligand-recptor-membrane system. Receptor is
modeled by a harmonic spring with spring constant, while the ligand mechanics
is not taken into account for convenience. Membrane is modeled by two parallel
springs; one harmonic with spring constant ¢ and the other linear with spring
constant,_ . We can di erentiate three relevant scenarios: a) no membrane § =0,
L = 0), b) Gaussian membrane ¢ 6 0, | = 0 c¢) Gauss-exponential membrane
c 60, | 60. Figure adapted from publication P3 under the terms of the Creative
Commons Attribution 4.0 International license.

of magnitude smaller uctuation amplitudes than the membrane, and second, the
dimension of the binding pocket is several orders of magnitude smaller than other
relevant length scales in the system. One thing that is immediately noticeable after
taking corresponding parameter limits of the rate expressions is that the derived
expressions have exactly the familiar Bell-Dembo form, namely
h N
Kon = Ko exph Ltj) er:JJ,:) ; (3.8)
Ko = koexp Wkﬂb ; (3.9)

where P and , can be interpreted as the entropic and enthalpic di erences be-
tween the bound and unbound states of the ligand-receptor system, WhWﬁjib 5

the work done to deform the membrane-receptor construct from its (mean) unbound
membrane-receptor distancéui to bring the receptor to the edge of the binding
pocket ujb, and Wrﬂb is the work done to deform the membrane-receptor construct
to bring the receptor from the (mean) bound state distancébi to the edge of the

binding pocket ujb. Speci c expressions for the work functionéclvr‘:jib and Wr‘;‘ib de-
pend on the mechanical model of the system. We can single out three relevant cases;
no membrane (¢ =0 and | =0), Gaussian membrane (c 6 0 and | =0) and
the most general case of a Gauss-Laplace membrang 6 0, | 6 0)) (see Fig.
3.4). Furthermore, a general expression for the binding a nity of the ligand-receptor
system follows from the rate expressions eqs. 3.8 and3.9 as

h [

K
Kon = exp Whrf): + pt 8 ; (310)
o

whereW, = Wil? Wil® = Wl + Wit

The general result expressed in egs. 3.8 and 3.9 gives a rationalization for the
success of the phenomenologically proposed Bell-Dembo rates to capture rate dy-
namics in many di erent contexts. We show that in most biological contexts, even
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Figure 3.5: E ective binding rate Ko, (a) and binding a nity In(K,n=K, ) (b)
as a function of the ligand-receptor distance in non-activated (IFN , red) and
activated (IFN +, blue) membrane states. Figure adapted from publication P3
under the terms of the Creative Commons Attribution 4.0 International license.

the e ective rates can be cast into a form that follows the Bell-Dembo assumptions,
namely the logarithm of the binding rate depends quadratically on the energy to
bring the ligand and the receptor to proximity, while the logarithm of the unbinding
rate depends linearly on the force acting on the ligand-receptor bond. Moreover,
we show why this should hold in both the passive and active membrane context. In
this way we provide one more piece that bridges the gap in modelling passive and
active membrane systems.

Empirical consequences of the model

Our model expresses the e ective rates in terms of mechanical membrane parameters
c and . On the other hand, these parameters can be extracted directly from
experimental measurements of membrane uctuations as in Fig. 3.3. In this way,
we can give predictions about the values of the (un)binding rates for a specic
membrane uctuation state. We give such rate predictions for non-activated and
activated membrane states in Fig. 3.5. Here we can clearly see that the binding rate
is extremely sensitive on the activation of membrane uctuations at larger ligand-
receptor distances, with membrane activation increasing the rate for several orders
of magnitude. On the other hand, the change of unbinding rate with membrane
activation is insigni cant (Fig. 3.5b). The binding a nity, de ned by the log
ratio of the binding and the unbinding rate is shown in Fig. 3.5c. As can be
seen the range of positive binding a nity which can be interpreted as the binding
range is almost doubled, from200 nm with passive uctuations to 400 nm with
active uctuations. This prediction stresses how the modelling of ligand-receptor
interaction in the context of membrane anchoring has to take into account the
e ects of membrane uctuations, and hints to a possible function of membrane
uctuations in the active regulation of the e ective ligand-receptor rates by the
cell. This result opens new avenues for the exploration of the interplay between
membrane activity and processes mediated by ligand-receptor interactions, such as
adhesion, locomotion, cell-cell communication and phagocytosis, to name a few.
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Membrane uctuations as adhesion regulator

An important problem that this dissertation is attempting to address is the identi -
cation of mechanisms through which bio-membrane interactions can be in uenced in
order to obtain a desired outcome, both in cellular and bio-mimetic systems. Iden-
tifying such mechanisms in cellular systems would enable controlled regulation of
many important cellular processes, such as cell adhesion, growth, proliferation and
in general interaction with environment. On the other hand, mimicking such mecha-
nisms can improve design of biotechnological systems, such as vesicles for molecular
transportation inside di erent organisms.

There are two complementary approaches to this problem, rst being the one
in which di erent mechanisms are experimentally investigated on physical systems.
However, there is also the theoretical approach which tries to identify such mecha-
nisms through models and simulations of the systems of interest. The work in this
dissertation can impact both of these approaches. For the experimental approach,
it brings novel hypothesis that should be experimentally tested, as well as analytical
tools for the analysis and interpretation of the experimental data. For the theoretical
approach it brings new theoretical tools for building better models and simulations
of bio-membrane adhesion, which can in turn help in identifying relevant adhesion
mechanisms in silico.

The main mechanism for adhesion regulation that is investigated in this disser-
tation is through membrane uctuations. Although this mechanisms has already
been hypothesised in other work, this is to our knowledge the rst time its plausibil-
ity has been tested in a systematic way by investigating the e ect of non-Gaussian
uctuations on membrane-anchored ligand-receptor kinetics (publication P3).

Based on general and simple principles combined with experimental measure-
ments, we predict that the binding range of a membrane-anchored ligand-receptor
system should signi cantly increase with membrane activation. We thus give a new
argument for the hypothesis that membrane uctuation tuning can serve as a rele-
vant mechanism for adhesion regulation. Consideration of non-Gaussian uctuations
is crucial due to their presence in most physiological contexts, as con rmed by our
measurements on the human macrophages and red blood cells. Moreover, any cellu-
lar regulation of adhesion will take place in the context of non-Gaussian membrane
uctuations due to the multitude of active processes required for adhesion.

Another important feature of the developed framework is the integration of the
thermal and active cases by a single uctuation model. Importantly, we motivate
and verify the model experimentally. Moreover, we show that the suggested uctu-
ation model captures the e ect of activation in cell types with completely di erent
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structures and activation mechanisms, thus increasing the robustness and generality
of our conclusions. This nding also o ers a way for removing the need for many
cell-type-speci ¢ models with restricted scope of applicability in future modeling.

Further bridging of thermal and active models is done by showing that the Bell-
Dembo assumptions about the ligand-receptor interactions can be relevant and valid
even in the non-Gaussian regime. Moreover, we rationalize this robustness of the
Bell-Dembo assumptions by formally deriving general rate expressions from very
simple assumptions and suggest a physically intuitive interpretation of the rate ex-
pressions through work needed to change the state of a model spring system to
which the original system can be mapped. The validity of this approach is shown
for both the purely Gaussian and the non-Gaussian systems, thus o ering a prospect
for lowering the complexity of future adhesion models that account for non-Gaussian
uctuations to the level of their Gaussian counterparts.

Finally, membrane adhesion consists of a large number of ligand-receptor pairs
which dynamical interact within the adhesion domain. This interaction is present
even for permanent bonds and mediated entirely by membrane mechanics, as we
show in Publication P1 and predict that the membrane-mediated forces between
di erent membrane pinnings depend non-monotonously on membrane tension. This
result could have important consequences for our understanding of cellular adhesion,
which is mediated by the clustering of a large number of pinnings. The dynamics
of such clustering could therefore be under direct in uence of the local modulations
in membrane tension, regulated through e.g. interactions between the membrane
and the actin cytoskeleton. As modulations in membrane tension directly a ect
membrane uctuations, the e ect of tension modi cations on adhesion dynamics is
probably even more pronounced for non-permanent pinnings through the in uence
on ligand-receptor kinetic rates. Qualitative and quantitative testing of these pre-
dictions is especially plausible in the context of bio-mimetic systems such as GUVs,
which enable experimental control of vesicle tension through speci cation of the
bu er composition and/or temperature [30]. Systematic control of the system prop-
erties, coupled with increasingly accurate measurements of the pinning distributions
in the adhesion domains [110], could bring theory and experiment closer then ever
in the near future.

Adhesion modeling

To test the e ect of membrane uctuation on the dynamics of adhesion domains
in silico, we need to generalize the singe-pinning models from this dissertation to
the general multi-pinning case. Furthermore, due to the analytical simplicity of the
derived e ective rates, it should be possible to make a theoretical analysis of the
membrane-mediated interactions between di erent bonds, analogous to the passive
case [98, 9]. The main dierence is that we now o er a way to de ne an activity
parameter, such as the ratio of the Gaussian and non-Gaussian parameters in the
uctuation model. Consequently, an analytic model of the adhesion dynamics, de-
pending on the activity parameter, may be within reach. Such model would enable
analysis of the e ect of membrane activity on nucleation times and phase transi-
tions between di erent adhesion regimes, such as the gaseous, radial-growing and
multi-domain regimes also found in passive models [98]. A desirable feature of this
approach is that it enables controlled and quantitative comparison of the theoreti-
cal predictions to the experiments. This could be especially fruitful in the context
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of mimetic vesicular systems with simple sources of activity, such as reconstituted
cytoskeleton networks or molecular pumps integrated in the vesicle membrane.

Furthermore, as the active rate model is a generalization of the passive model
currently implemented in many simulation schemes [9], it should be straightforward
to incorporate it into existing simulations. A very interesting and biologically rele-
vant extension of the model would be to introduce a time-varying activity coe cient,
modeling the changing membrane environment, and exploring its consequences on
the macroscopic adhesion dynamics. In this way one may come closer to quantitative
exploration of the active cellular regulation of adhesion. It would be interesting to
identify the activity patterns that optimally induce adhesion and de-adhesion, and
use this information to identify possible candidate processes for active regulation in
cells. There is also the question of whether di erent activity dynamics results in dif-
ferent spatial organization of the binders, that is whether membrane activity plays
an important role in complex adhesion processes such as the dynamics of focal ad-
hesions and formation of immunological synapses, which require spatial segregation
of di erent types of binders[13].

Finally, the analytical tools developed in publication P1, such as the orthonormal
basis for the locally pinned membrane pro le, could be used for improving numeri-
cal algorithms that are used for membrane dynamics simulations, especially in the
regime of sparse pinnings. Namely, it is less demanding to solve the dynamic equa-
tion for each mode separately, and then reconstruct the dynamics of the membrane
shape, than to solve the original shape equation directly. As the theory is agnostic
about the nature of the pinning, all of the results could be used for e.g. simulations
of membrane uctuations in optical traps, which is an experimental method with
many relevant applications [7].

Hence, there are several prospective research avenues that can be taken to deepen
the discussion about the biological functions of active uctuations. These results
could in turn be used to give better understanding of the biological adhesion pro-
cesses and for advancing the engineering of bio-mimetic systems. Although the uc-
tuation model explored in publication P3 covers an important class of uctuations,
namely the Gauss-exponential class, our formalism provides a systematic method
for derivation of the ligand-receptor rates for di erent types of uctuations. Hence,
exploring the consequences of di erent types of uctuations on the ligand-receptor
kinetics and adhesion dynamics is another possible avenue that can now be pursued
in the future.

Experimental determination of model parameters

Work in this dissertation suggests new solutions to the problem of determining model
parameter values, such as membrane and binder mechanical properties. These are
ideally determined by tting measured data to a model with only a few parame-
ters, in order to avoid over tting. It is thus desirable to have several independent
few-parameter models, each used to determine a di erent parameter. Developing
such small-parameter models and designing corresponding experiments that can in-
dependently determine their value is an important part of building more complex
models which can contain a large number of those parameters. Furthermore, these
improvements can also have impact on experimental determination of multi-binder
distributions inside adhesion domains, as well as kinetic rates, which can be useful
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information on their own.

Membrane parameters

Assuming that the membrane mechanical parameters are independent of membrane
uctuation distribution, models assuming Gaussian uctuations have advantage as
they are usually simpler for calculations but nevertheless enable extraction of the
desired parameters from experimental data. The analytical model for the pinned
membrane dynamics developed in publication P2 could thus be used for the analysis
of experimental data with a permanent pinning. E.g. we can pin the membrane
permanently in an optical trap, which can be modeled by a harmonic potential of
known sti ness. From the measured membrane uctuations around the pinning, one
can calculate the membrane PSD, and then use the expression derived in P2 for the
PSD to t the mechanical parameters of the membrane. Publication P2 thus o ers

a simple way of determining mechanical parameters of the membrane, that does
not necessarily require setting up complex membrane adhesion systems, but can act
complementary to these methods.

Ligand-receptor kinetic rates

Conceptualizing the stochastic ligand-receptor (un)binding as a two-state system
(bound and unbound) with binding and unbinding transition rates enables straight-
forward calculation of the probabilities for being in each state. Furthermore, given
the properties such as mean membrane height, uctuation amplitude and PSD for
each state enables prediction of their expected values for the two-state system in
terms of the values of the binding and unbinding rates. Thus, by tting the PSD
predicited in this way to the measured PSD of the stochastically bound membrane
we can extract the values of the ligand-receptor rates. This kind of straightforward
experimental determination of the membrane-anchored ligand-receptor kinetics is
now made possible by the derivation of the bound membrane PSD in publication
P2. The importance of this development lies in the enablement of measurements of
ligand-receptor kinetics without the extraction of the ligand and the receptor from
their membrane environment that is usually necessary for single-molecule measure-
ments.

As the analytical expression for the pinned membrane PSD is for now known
only for the case of Gaussian uctuations this strategy can be applied only for
the cases where the measured membrane uctuations exhibit Gaussian uctuations.
However, the results of publication P2 pave the way for at least two approaches
in which this strategy could be extended to the case of non-Gaussian uctuations.
First approach relies on the fact that the dynamical Green's function is derived for
arbitrary forces. Therefore, it could be used to calculate the PSD for non-Gaussian
forces, either exactly or approximately. One could either explore analytical solutions
for simpler spatio-temporal forces, or set up a numerical calculation of the PSD that
would signi cantly speed up the calculation compared to the explicit simulation of
the whole membrane dynamics under complex external forces. This approach would
enable the experimental extraction of ligand-receptor kinetics in the context of non-
Gaussian membrane uctuations. Another approach is to approximate the active
PSD of a stochastically bound membrane by substituting the passive rates with
the derived expressions for active rates in the expression for the passive PSD. The
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guality of the approximation can be tested experimentally and if acceptable it would
allow extraction of ligand-receptor rates in the context of non-Gaussian membrane
uctuations without any need for additional calculations. These approaches would
therefore allow for a new experimental method for inspecting the degree of membrane
activity by extracting activity parameters contained in the kinetic rates.

Sti ness and distribution of multiple ligand-receptor bonds

It is straightforward to generalize the calculations of publication P2 to the multi-
bond case. This would give a model for the dynamics of a membrane pinned by
an arbitrary distribution of pinnings, which enables modelling of many relevant
problems. One of them is the interaction of the membrane and the cytoskeleton,
which pins the membrane in multiple positions, often with some spatial regularity,
as in the case of a triangular spectrin network in red blood cells [7]. Assuming
that the membrane parameters are determined by an independent method, such as
the one described above, tting the calculated PSD to the measured PSD would
enable extracting model parameters such as cytoskeleton pinning sti ness, as well
as density and distribution of the pinnings.

This method becomes even more feasible for engineered systems with membrane
permanently pinned on a supported lipid bilayer with a known pattern of pinnings.
The expected distribution of the pinnings can then be veri ed by measuring the
PSD map in order to test the precision of the patterning method. Furthermore, if
the pinning distribution is known the mechanical properties of the binders can be
reliably extracted.

Finally, all results can be combined in order to come closer to the calculation
of the PSD for a membrane stochastically pinned by multiple bonds, thus modeling
the reversible binding of the ligand-receptor pairs during adhesion and taking into
account the environment of multiple stochastic bonds. One could use this informa-
tion to infer the dynamics of bond formation and breakage during adhesion from
the measurements of membrane uctuations with methods such as DODS [19, 24].
This is especially attractive in the context of well controlled vesicle experiments that
enable further development and validation of the theoretical results.
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