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1 Introduction

Defects are important objects in quantum field theory. The familiar examples are Wilson lines
and Wilson surfaces. Usually the defects represent some external probes coupled to the theory.
For instance a charged heavy probe particle in gauge theory is described by a Wilson line,
which plays an important role in understanding the non-perturbative property of the theory.
On the other hand, entanglement entropy and Rényi entropy have been intensively studied
in recent years. They play crucial roles in connecting information theory, field theory and
gravity. For instance, they are related to conformal anomalies in conformal field theories and
can be computed holographically. For many theories, the Rényi entropy, as a one-parameter
generalization of entanglement entropy, provides us more information about the theory.

Counting the defect contribution to Rényi entropy is therefore of great importance in
understanding both the information theoretical structure and the non-perturbative nature
of quantum field theory.

The defect contribution to entanglement entropy has been studied previously in [1–6].
Recently the surface defects rekindled much attention [7–36]. Although the formula about
the surface defect contribution to entanglement entropy has already appeared, for instance
in [3, 37], the way to compute the contribution to Rényi entropy is still lacking.

We compute the additional contribution to Rényi entropy due to the defects. In particular
we focus on conformal surface defects in six-dimensional conformal field theories (CFT). In
CFTs, the computation can be mapped to the calculation of thermal entropy with inverse
temperature β on hyperbolic space [38]. For the purpose of computing entanglement entropy
we only need to know the free energy as well as its first derivative with respect to β at β = 2π.
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The latter can be expressed as an insertion of stress tensor. However, this is not enough for
the purpose of computing the Rényi entropy. Instead we have to compute the free energy
as a function of β. Since we only concern the additional contribution due to the defect, we
measure the change of the free energy (as a function of β) due to the defect. The analysis
was initiated for line defects in four dimensions by Lewkowycz and Maldacena in [2]. In this
note we generalize the analysis to surface defects in six dimensions. The method is applicable
for general p-dimensional defects in d-dimensional free fields. In the entanglement entropy
limit, we check against the known results and find precise agreement.

Another motivation to study surface defects in six dimensions is to understand (2, 0)
theories. This is challenging because the proper formulation of the interacting theories is
still lacking. Combining the ideas of supersymmetry and Rényi entropy, one can define the
supersymmetric refinement of the ordinary Rényi entropy for these theories [39, 40]. The way
is to consider (2, 0) theories on S1

β × H5 with an additional R-symmetry background field.
Interestingly, the supersymmetric Rényi entropy enjoys universal relations with conformal
anomalies (as well as ’t Hooft anomalies) and can be computed holographically from 2-charge
hyperbolic black hole in the large N limit [40]. Therefore the supersymmetric Rényi entropy
provides a new observable with an extra parameter for (2, 0) theories. Given this development,
we study further the most natural operator, the surface operator in (2, 0) theories on S1

β ×H5.
In particular we compute the surface operator contribution to the supersymmetric Rényi
entropy and find that it has a simple scaling as polynomial of Rényi index in the large N limit.

We also discuss the possible way to connect the free field results and the large N results.

2 Defects in CFTs

Let us start by introducing conformal defects in CFTs. We work in Euclidean signature. A
p-dimensional conformal defect breaks the ambient CFT conformal symmetry SO(1, d + 1) to
SO(1, p + 1) × SO(d − p). For a CFT in flat space, conformal symmetry forces ⟨Tµν(x)⟩ = 0.
However, in the presence of defect, the one-point function of ambient stress-energy tensor
does not necessarily vanish. To illustrate, consider a p-dimensional planar defect in Rd. The
metric is then divided into parallel and transverse directions:

ds2 = dx̂adx̂a + dxidxi (2.1)

with a = 0, . . . , p − 1 and i = p, . . . , d − 1. The stress-energy tensor follows from varying
the defect partition function and can be split into the ambient part T µν and the defect
localized part T̂ ab. See [3, 41] for instance. The ambient stress-energy tensor is a symmetric
traceless tensor of dimension d and spin 2, hence the (partial) conservation plus residual
conformal symmetry fix its form completely [41]1

⟨⟨T ab⟩⟩ = −d − p − 1
d

h

|xi|d
δab , ⟨⟨T ai⟩⟩ = 0 , ⟨⟨T ij⟩⟩ = h

|xi|d
(

p + 1
d

δij − xixj

|xi|2
)

, (2.2)

where h characterizes the property of the defect.2
1The notation ⟨⟨O⟩⟩ refers to the correlation function measured in the presence of defect

⟨⟨O⟩⟩ ≡ ⟨OD⟩/⟨D⟩ ,

where D denotes the defect.
2In our convention, h in (2.2) corresponds to −aT in [41].
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2.1 Defect anomalies

Even-dimensional defects have Weyl anomalies, which means that the trace of the defect
localized stress-energy tensor does not vanish. For surface defects [7, 11, 42]3

⟨⟨T̂ a
a ⟩⟩ = − 1

12π

[
bRΣ + d1Π̃µ

abΠ̃
ab
µ − d2W ab

ab

]
, (2.3)

where RΣ is the intrinsic Ricci scalar of the defect submanifold Σ, Π̃µ
ab is the traceless part of

the second fundamental form, and Wabcd is the pullback of the bulk Weyl tensor to Σ. b, d1
and d2 are defect central charges, where d1 is related to the coefficient of the displacement
operator 2-point correlator and d2 is related to h in (2.2) through (3.20).

Another way to see the Weyl anomalies of surface defects is that there are logarithmic
divergences in the expectation value of surface operators

log⟨DΣ⟩ ⊃
∫

Σ
AΣvolΣ log ℓ/ϵ , (2.4)

with the anomaly density AΣ given by

AΣ = 1
12π

[
bRΣ + d1Π̃µ

abΠ̃
ab
µ − d2W ab

ab

]
. (2.5)

3 Surface defects in free fields

In this section we compute the surface defect contribution to bulk Rényi entropy in free fields,
and verify a previous formula for entanglement entropy (3.19) [3, 37]. We will first compute
the surface defect in free scalar theory and then move to the theory of free two-form fields.
The results are compared with the line defect results in four dimensions obtained in [2].

We consider a free conformal scalar ϕ and a 2-form field B with surface operators
introduced in six dimensions. The bulk theories are

Lϕ = 1
2(∂ϕ)2 + 1

10Rϕ2 , (3.1)

LB = 1
12Fµ1µ2µ3F µ1µ2µ3 , (3.2)

and the surface operators are

Dϕ = exp
(∫

Σ
d2σ ϕ(σ)

)
, (3.3)

DB = exp
(

i

∫
Σ

B

)
. (3.4)

For these free theories, h can be computed by considering a planar surface [41]

hϕ = 1
20π4 , hB = 1

4π4 . (3.5)

Now we are going to compute the defect contribution to bulk Rényi entropy by mapping
the system to S1 × H5. We start from the Euclidean flat space Rd

ds2
Rd = dt2

E + dr2 + r2dΩ2
d−2 , dΩ2

d−2 = dθ2 + sin2 θdΩ2
d−3 , (3.6)

3Our normalization differs from [37] by a factor of 2.
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Figure 1. Illustration of the map (3.7).

with the surface defect along tE and r and located at θ = 0, π. The entangling surface is
given by (tE = 0, r = ℓ). Using the following coordinate transformation [38]

tE = ℓ
sin τ

cosh ρ + cos τ
, r = ℓ

sinh ρ

cosh ρ + cos τ
, (3.7)

with τ ∈ [0, 2π) and ρ ∈ [0, +∞), Rd is mapped to S1 × H5 with a warp factor Ω =
(cosh ρ + cos τ)−1

ds2
Rd = Ω2ds2

S1×H5 = Ω2ℓ2(dτ2 + dρ2 + sinh2 ρ dΩ2
d−2) . (3.8)

At the same time, the surface defect is mapped to S1 × H1, i.e., along τ and ρ and located
at θ = 0, π, as illustrated in figure 1.

3.1 Rényi entropy for a free scalar field

We use heat kernel method to compute the Green function. The heat kernel of Laplacian
for a free scalar on H5 is given by

KH5(t, ρ) = e−4t− ρ2
4t
(
ρ2 + 2ρ t coth ρ − 2t

)
csch2ρ

32π5/2t5/2 , (3.9)

where ρ is the geodesic distance on H5. The factor e−4t should be cancelled by the additional
conformal mass. The heat kernel on S1

β is

KS1
β
(t, τ) =

+∞∑
n=−∞

exp
(
− (βn+τ)2

4t

)
√

4πt
, (3.10)

where β is the length of the circle and τ is the Euclidean time distance. If we set one point
at (τ = 0, ρ = 0, θ = 0, θ1 = 0, θ2 = 0, φ = 0) and the other point at an arbitrary place,
then the propagator is given by

Gβ(τ, ρ) =
∫ +∞

0
dt KS1

β
(t, τ) ∗ KH5(t, ρ)e4t . (3.11)
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Evaluating this integral we obtain a complicate expression for Gβ(τ, ρ),

csch2ρ
[
β coth ρ

(
coth π(ρ+iτ)

β + coth π(ρ−iτ)
β

)
+ π

(
csch2

(
π(ρ+iτ)

β

)
+ csch2

(
π(ρ−iτ)

β

))]
16π2β2 .

(3.12)
However, if we take β → 2π, this becomes the familiar propagator on S1

2π × H5

G(τ, ρ) = 1
16π3 (cos τ − cosh ρ)2 . (3.13)

To calculate the Rényi entropy, we need the defect free energy as a function of β, which
can be calculated by integrating (3.12) over S1

β × H1. This integral diverges at ρ = τ = 0.
To regularize this divergence we exclude the region τ2 + ρ2 < ϵ2 and end up with zero
universal term (see appendix A for a detailed calculation). This means that the surface
defect contribution to free energy vanishes at any temperature, similar to what happens
for line defect in 4d [2]. However, as pointed out in [2], we should not forget the boundary
contribution from the tip of the cone.

The additional contribution to the Rényi entropy is an area-like term (the Wald term)
from the conformal coupling of the scalar to curvature in the action,

IR
scalar[n] = d − 2

8(d − 1)

∫
C̃n

ddx
√

gRϕ2 , (3.14)

where d = 6 in our case and the integral can be considered as defined over the regularized
cone C̃n. We can evaluate (3.14) in a metric that regularizes the cone4

ds2 = 4e−2ρ
[
dρ2 + fΛ(ρ)dτ2

]
(3.15)

with τ ∈ [0, β = 2πn) and fΛ(ρ) a smooth function satisfying

fΛ(ρ < Λ) = 1 , fΛ(ρ ≫ Λ) = 1/n2 . (3.16)

For ρ < Λ, the geometry in the bracket of (3.15) is S1
β × H1 and for ρ ≫ Λ, the geometry is

S1
2π × H1. From (3.15) one finds that in the limit Λ → ∞, the Ricci scalar of the regularized

cone is a δ-function proportional to (1 − n) which localizes the integral in (3.14) to ∂H5 (i.e.,
the entangling surface Σ̂). Therefore the boundary contribution to defect free energy is

Fboundary[n] = − log ⟨⟨ exp
{
−IR

scalar[n]
}
⟩⟩ = 4π(1 − n)

10

∫
Σ̂

dA⟨⟨ϕ2⟩⟩ . (3.17)

Evaluating this integral, we obtain the surface defect contribution to the bulk Rényi entropy
in free scalar theory

Sϕ = nFboundary[1] − Fboundary[n]
1 − n

= − 1
10π

log ℓ/ϵ , (3.18)

which does not rely on β. A detailed calculation of (3.18) is given in appendix B. Now let us
check against a recently found formula of entanglement entropy with surface defect [37],

S = 1
3

(
b − d − 3

d − 1d2

)
log ℓ/ϵ , (3.19)

4The factor 4e−2ρ is from the large ρ limit of (3.8). And the final result does not depend on the choice of
the smooth function.
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where d2 is related to hϕ by5

d2 = 6πΩd−3
d − 1

d
hϕ , (3.20)

with Ωd−3 the area of d − 3 dimensional sphere. From our heat kernel analysis we have b = 0
(this is consistent with [15, 27]). Plug in hϕ = 1/20π4 and d = 6, we find that our entropy
result (3.18) is perfectly consistent with (3.19).

The fact that the free scalar result of defect contribution to bulk Rényi entropy is
independent of n can be understood as follows. When we use the replica trick we encounter
a singular cone, thus in general there could be contributions from bulk and boundary. For
bulk contributions, since the theory is free and the defect operator is constructed by simply
localizing the ambient fields, we expect that the defect free energy is proportional to β = 2πn,
leading to a trivial Rényi entropy. Here we verify that it is true for surface defect in 6d

free scalar theory (A.4). In fact this property is also true in 4d free fields, including free
scalar and Maxwell theory [2]. The boundary contributions arise from the regularization of
the cone. In the case of free scalar it comes from the conformal coupling of the scalar to
curvature, which gives a defect free energy proportional to (1 − n). Again this leads to a
n-independent Rényi entropy. We verify that it is true for surface defect in 6d free scalar
theory (3.18). In fact it is also true for 4d free scalar [2].

3.2 Rényi entropy for a free 2-form field

Having verified the relation between entanglement entropy and defect central charges b and
h, one can compute the entanglement entropy for a free 2-form field in six dimensions. The
b central charge comes from the logarithmic divergence term in the expectation value of
spherical defect. This was essentially computed in [15]6 and in our normalization it is given by7

b = 3
2π

, (3.21)

where a factor of 2 was included since we are dealing with a 2-form field without reducing
half of its degrees of freedom. Plug in hB = 1/4π4 and d = 6, we have

SB = 1
3
(
b − 6π3hB

)
log ℓ/ϵ = 0 . (3.22)

This result supports our argument in section 3.1 that the defect free energy is proportional
to β.8 Since there is no Wald term, we conjecture that Rényi entropy also vanishes. It
is interesting to demonstrate this result by heat kernel computation, which we leave for
future work.

5Comparing eq. (3) in [37] and eq. (2.37) in [41] gives (3.20).
6See [7–9] for early calculations.
7Our normalization in (2.5) differs from [15] by a factor of 1/3. And our Green function (3.13) differs

from [15] by a factor of (2π)−1.
8The same behavior of line defect has been verified in 4d Maxwell theory [2].
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4 Surface defects in large N limit

Let us now move to the most famous six dimensional theory, the (2, 0) theory, and apply
the ideas in the previous sections to the well-known observable, the surface operator, which
has been studied both from field theory perspective [7–9] and from holography [10, 11]. A
six-dimensional (2, 0) tensor multiplet includes 5 real scalars, 2 Weyl fermions, and a 2-form
field with self-dual strength, which can be considered as a chiral 2-form field with half of
the degrees of freedom. In the free theory with a tensor multiplet, the surface operator can
be defined in analogy to Maldacena-Wilson loop,

W = exp
∫

Σ
(iB+ − niϕivolΣ) . (4.1)

As a simple example, the surface operator may include (the pullback of) a chiral 2-form and
a real scalar. Therefore the defect contribution to the bulk Rényi entropy is given by the sum

S = Sϕ + 1
2SB = − 1

10π
log ℓ/ϵ . (4.2)

It was conjectured that the AN−1 (2, 0) SCFT is dual to M-theory on AdS7 × S4 with
N units of 4-form flux on S4 [43],

ds2
11 = L2

(
ds2

AdS7 + 1
4ds2

S4

)
, F4 = dC3 = π2L3volS4 , L3 = 8πNℓ3

p . (4.3)

Due to the lack of an intrinsic definition of interacting (2, 0) theory and having only N

as a free parameter, it is unclear how to explicitly define non-trivial observables, such as
surface defect, to test this AdS/CFT duality. Nevertheless, it is believed that there exist
half-BPS surface defects in (2, 0) theories, characterized by a weight vector λ ∈ Λw(g), where
g is the ADE Lie algebra labelling the theory. We will focus on AN−1 (2, 0) theories in the
large N limit. The holographic dual of the surface operator in fundamental representation
is a single M2-brane.

To introduce an extra parameter one may consider to put (2, 0) theory on S1
β × H5.

One strong motivation to consider the theory on this manifold is to compute the Rényi
entropy in flat space. The dual M-theory background may then have the AdS7 part with the
corresponding S1

β × H5 boundary. However it was pointed out in [39] that, supersymmetries
are broken for β ̸= 2π since there are no surviving Killing spinors in this generic background.
To preserve supersymmetry, one can turn on an extra R-symmetry background field, which
leads to the observable of supersymmetric Rényi entropy [39, 40].

Given the R-symmetry twist background on the boundary, the natural holographic dual
is the seven dimensional gauged SO(5) supergravity, which can be obtained by Kaluza-Klein
reduction of 11d supergravity on S4 [44]. It is sufficient to consider only the action for the
remaining fields after truncation, which include the metric, two gauge fields and two scalars,

1
√

g
L = R − 1

2
(
∂ϕ⃗
)2

− 4
L2 V − 1

4

2∑
i=1

1
X2

i

(
F i
)2

, (4.4)

where ϕ⃗ = (ϕ1, ϕ2) are two scalars and

Xi = e−
1
2 a⃗iϕ⃗ , i = 1, 2 , a⃗1 =

(√
2,
√

2/5
)

, a⃗2 =
(
−
√

2,
√

2/5
)

. (4.5)
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The potential is V = −4X1X2−2X0X1−2X0X2+ 1
2X2

0 , with X0 = (X1X2)−2. This theory has
a 2-charge 7d topological black hole solution, which asymptotes to hyperbolically sliced AdS7,

ds2
7 = − (H1H2)−4/5 fdt2 + (H1H2)1/5

(
f−1dr2 + r2dΩ2

5,k

)
, (4.6)

f(r) = k − m

r4 + r2

L2 H1H2 , Hi = 1 + qi

r4 , (4.7)

together with scalars and gauge fields,

Xi = (H1H2)2/5 H−1
i , Ai =

(√
k
(
H−1

i − 1
)

+ µi

)
dt . (4.8)

k = 1, 0,−1 correspond to dΩ2
5,k being the metric on a unit S5, T 5, and H5, respectively.

For our purpose we consider k = −1 and m = 0. Let us define a rescaled charge κi = qi/r4
H ,

then the black hole horizon can be expressed in terms of κi,

rH = L√
(1 + κ1)(1 + κ2)

. (4.9)

The Hawking temperature of this black hole is

T = f ′(r)
4π

√
H1H2

∣∣
r=rH

= 1 − κ1 − κ2 − 3κ1κ2
2πL(1 + κ1)(1 + κ2) . (4.10)

By matching to the boundary temperature 1/β, one can solve κ and therefore solve the black
hole. The Bekenstein-Hawking entropy and the holographic supersymmetric Rényi entropy
were computed in [40]. In this note we want to solve a probe M2-brane in this background.

4.1 Holographic surface defect

We want to compute the expectation value of a surface defect wrapping on (τ, ρ) direction
using the relationship

IM2 = − log⟨D⟩n , (4.11)

where the M2-brane action is

IM2 = T2

∫
d3σ

√
−det[g] . (4.12)

In the probe limit, the M2-brane solution is given by

σ0 = τ , σ1 = ρ , σ2 = r , (4.13)

and the on-shell action is

IM2 = T2

∫ β

0
dτ

∫ ∞

−∞
dρ

∫ Λ

rH

dr r(H1H2)−1/5√∆ , (4.14)

where ∆1/3 is the warp factor in front of seven-dimensional solution in the eleven-dimensional
uplift. In [44], ∆ is specified to be

∆ = X0µ2
0 + X1µ2

1 + X2µ2
2 , (4.15)
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where µ0,1,2 are related to 2-sphere angles by

µ0 = sin θ , µ1 = cos θ sin ϕ , µ2 = cos θ cos ϕ . (4.16)

As explained for string embedding in [45], the M2-brane should sit at the point on the internal
manifold in order to preserve the R-symmetry (twist part). Under this condition we find

IM2 = −πnT2VH1r2
H . (4.17)

For a single charged black hole with only κ1 ̸= 0, which corresponds to the field theory
twisting by a single U(1) Cartan of the R-symmetry, the M2-brane embedding can be chosen
at µ1 = 0, and we find

r2
H = n + 1

2n
, IM2 = −πT2VH1

(
n + 1

2

)
. (4.18)

A consistent check: when n = 1, we have

IM2 = −πT2VH1 = −4N log ℓ/ϵ , (4.19)

which agrees with the result in [10, 15]. The surface defect contribution to supersymmetric
Rényi entropy is

Sn = log⟨D⟩n − n log⟨D⟩1
1 − n

= πT2VH1

2 , (4.20)

which is independent of n.
For two equally-charged black hole, which corresponds to twisting by two U(1) Cartans

of the R-symmetry, the M2-brane embedding can be chosen at θ = π/2, and we find

r2
H = (3n + 1)2

16n2 , IM2 = −πT2VH1

(
(3n + 1)2

16n

)
. (4.21)

The surface defect contribution to supersymmetric Rényi entropy is

Sn = πT2VH1

(7n + 1
16n

)
. (4.22)

5 Discussion

In this note we developed a method to compute the surface defect contribution to bulk
Rényi entropy. We mainly focus on surface defect in six dimensions but the method is
applicable in other dimensions as well. We obtained explicit results for free fields and for
(2, 0) theories in the large N limit. For free fields we employ the heat kernel method in
S1

β × H5 with defect wrapped on S1
β × H1. For large N (2, 0) theories, we use M2-brane

action in the verified supergravity solution to compute the surface defect contribution to
the supersymmetric Rényi entropy.

One interesting question is if we can make a conjecture for all N . Recall that in the
absence of the defect, this was achieved for supersymmetric Rényi entropy in all known
(2, 0) theories. The closed formula of supersymmetric Rényi entropy connects conformal
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anomalies, ’t Hooft anomalies, supersymmetric Casimir energy and also holography in a
compact way [40]. In the same spirit, one may hope that there exists a closed formula for
the surface defect contribution to the supersymmetric Rényi entropy.

Another interesting question is about the M2-brane in the hyperbolic black hole. By
now we only count the classical M2-brane contribution to the entropy. It is interesting to go
further to compute the quantum fluctuations in the M2-brane worldvolume. As corrections
to the entropy this is expected to be related to the all N result in a certain way.
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A Integral of (3.12) over S1
β × H1

Due to the symmetry between θ = 0 and θ = π we only need to evaluate the integral over
τ ∈ [0, β), ρ ∈ [0, +∞) and θ = 0, with the region τ2 + ρ2 < ϵ2 excluded. We first consider
the region ρ > ϵ. One fact about the Green function Gβ(τ, ρ) is

∫ β

0
dτ Gβ(τ, ρ > 0) τ→τβ/(2π)=========

∫ 2π

0
dτ

β

2π
Gβ

(
τβ

2π
, ρ > 0

)
= coth ρ csch2ρ

8π2 , (A.1)

thus we have ∫ +∞

ϵ
dρ

∫ β

0
dτ Gβ(τ, ρ) = 1

16π2ϵ2 − 1
48π2 + O

(
ϵ2
)

. (A.2)

Now we consider the region ρ ⩽ ϵ. We introduce an angle parameter ξ and parameterize
ρ to ϵ sin ξ, thus we have

∫ π/2

ξ=0
d(ϵ sin ξ)

∫ β−ϵ cos ξ

ϵ cos ξ
dτ Gβ(τ, ϵ sin ξ) = 1

16π2ϵ2 + 1
48π2 + O

(
ϵ2
)

. (A.3)

Adding (A.2) and (A.3), we can see an exact cancellation of the universal terms, giving zero
b central charge. Finally, multiply the result by the volume of S1

β × H1, and we get the
surface defect free energy in free scalar theory

log⟨Dϕ⟩ = 1
2

∫
S1

β
×H1

d2x1

∫
S1

β
×H1

d2x2⟨ϕ(x1)ϕ(x2)⟩

=
[ 1

8π2ϵ2 + O
(
ϵ2
)]

β log ℓ/ϵ ,

(A.4)

which is proportional to β.
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B The Wald term

In this appendix we give a detailed calculation of (3.18). Since we are considering the free
fields, ⟨⟨ϕ2⟩⟩ = ⟨⟨ϕ⟩⟩2. We first evaluate ⟨⟨ϕ(x)⟩⟩, with x = (0, ρ = yc, θ, θ1, θ2, φ) located at
Σ̂ = ∂H5 and a point on defect is parameterized to x′ = (τ, y, 0, 0, 0, 0), thus we have9

⟨⟨ϕ(x)⟩⟩ =
∫

S1
β
×H1

dx′⟨ϕ(x)ϕ(x′)⟩ =
∫ yc

−yc

dy

∫ β

0
dτ Gβ(τ, r) , (B.1)

where r is the geodesic distance between x and x′ on H5,

cosh r = cosh yc cosh y − sinh yc sinh y cos θ . (B.2)

Evaluating the integral in (B.1) gives

⟨⟨ϕ(x)⟩⟩ = coth yc csc2 θ csch2yc

8π2

 cos(θ/2)√
cos2(θ/2) + csch2yc

+ sin(θ/2)√
sin2(θ/2) + csch2yc

 . (B.3)

Next we integrate ⟨⟨ϕ(x)⟩⟩2 over ∂H5, i.e.∫ 2π

0
dφ

∫ π

0
dθ2

∫ π

0
dθ1

∫ π

0
dθ
√

det[g]⟨⟨ϕ(x)⟩⟩2 , (B.4)

with
√

det[g] = sinh4 yc sin3 θ sin2 θ1 sin θ2. Taking the limit yc → +∞ and introducing ϵ/ℓ

cut-offs at θ = 0, π to regularize the divergence, we end up with∫
Σ̂

dA⟨⟨ϕ2⟩⟩ = Ω3
1

8π4 log ℓ/ϵ = 1
4π2 log ℓ/ϵ . (B.5)

Combining (B.5) and (3.17) gives (3.18).
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