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Abstract
Flow velocity in open channels is a fundamental hydraulic parameter with wide-ranging applications, including the devel-
opment of rating curves and the study of sediment transport. While some river engineering projects may only require the 
calculation of average flow velocity, others, such as the design of hydraulic structures and stable channels, as well as the 
assessment of boundary shear stress, necessitate a more comprehensive understanding of flow dynamics, including the two-
dimensional velocity distribution within open channels. To address this, various mathematical models have been proposed for 
estimating the two-dimensional distribution of flow velocity across transverse and depth directions. However, these models 
often come with complexities that hinder their practical application. In this research, we introduce a simplified numerical 
model that combines simplified Navier–Stokes equations with an eddy viscosity formula. This innovative approach aims to 
estimate velocity distribution in both rectangular and trapezoidal channels. The accuracy of our developed model hinges on 
the momentum transfer coefficient used in the eddy viscosity formula. Through the execution of the numerical model and 
the utilization of observational data, we determined the optimal value of the momentum transfer coefficient to be 0.241. To 
validate the effectiveness of our numerical model, we compared its predictions with laboratory data encompassing diverse 
hydraulic conditions. The results demonstrated a high level of accuracy, with the calculated velocity distribution and flow 
discharge differing by no more than 7.6% and 6.8%, respectively.
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Introduction

Velocity distribution in open channels is a crucial aspect 
studied by hydraulic engineers and researchers due to its 
broad applicability in hydraulics. Precisely estimating 
velocity distribution is vital for various purposes, including 
understanding sediment transport, channel scouring, calcu-
lating stream discharge, and analyzing pollutant dispersion. 
Extensive research has been conducted to estimate veloc-
ity profiles in open channels, leading to the development 
of several analytical hydrodynamic models. These models 

are based on a simplified form of the Reynolds-averaged 
Navier–Stokes equations (RANS) and are developed to pre-
dict velocity distributions in open channels.

To approximate velocity profiles, the conventional log 
law proposed by Nikuradse (1950) is often used in the inner 
region (z < 0.2 h), where z represents the distance from the 
solid boundary, and h is the flow depth. However, the log law 
exhibits a relatively high error in the outer region (z > 0.2 h) 
(Nezu and Rodi 1986). In response to this limitation, Coles 
(1956) introduced a more accurate method known as the log-
wake law, particularly suitable for wide open channels, when 
the wake strength parameter is properly selected (Nezu and 
Rodi 1986). The accuracy of the log law and the log-wake 
law has been extensively studied by numerous researchers 
using laboratory data, and corrections have been provided 
for both smooth and rough flows (Guo et al. 2005; Yang 
et al. 2004). Recent literature suggests various laws for tur-
bulent velocity profiles in either smooth or rough bed flows 
(e.g. Guo and Julien 2003; Yang et al. 2004; Termini and 
Greco 2006; Liu and Ni 2007; Guo and Julien 2007). Many 

http://crossmark.crossref.org/dialog/?doi=10.1007/s13201-023-02090-2&domain=pdf
http://orcid.org/0000-0002-5107-622X


	 Applied Water Science (2024) 14:3737  Page 2 of 11

of these laws incorporate modifications of the log or wake 
law to represent velocity profiles accurately.

Taking measurements in open channels and rivers can 
indeed be challenging, especially during extreme events like 
floods when it may be impractical or unsafe to conduct direct 
measurements. This limitation has highlighted the neces-
sity for developing accurate and reliable models for predict-
ing velocity distribution. Furthermore, to ensure practical-
ity and usability in engineering applications, these models 
should be relatively simple to implement. In response to 
these requirements, several analytical models have been 
developed based on a simplified form of the Reynolds-aver-
aged Navier–Stokes equations. RANS-based models offer 
a balance between computational efficiency and accuracy, 
making them suitable for predicting velocity distribution in 
various types of channels. These analytical models take into 
account the channel geometry, roughness, and flow condi-
tions to estimate the velocity distribution across the channel 
cross-section. While these analytical models simplify the 
complexity of flow physics, they are developed to offer rea-
sonable accuracy and can be used for a wide range of practi-
cal engineering applications. Nevertheless, it is important to 
validate these models against real-world data to ensure their 
reliability and performance under different flow scenarios.

The channel bed and its roughness, free water surface, and 
irregularity of the channel cross-section cause the velocity 
distribution to be three-dimensional. Common one-dimen-
sional models in hydraulics and river engineering, such as 
HEC-RAS, ISIS, FLUVIAL, and MIKE-11, cannot have the 
ability to solve velocity changes in two and three dimen-
sions; they only calculate the average values of hydraulic 
parameters across the entire cross-section. Hydraulic models 
like FLOW-3D, FLUENT, and SSIIM can simulate velocity 
distribution, shear stress, and other parameters in 3D, pro-
viding comprehensive information on hydraulic variables at 
different points of the channel. However, these models also 
have limitations. The most significant limitation of these 
software applications is the extensive input data required 
and the lengthy runtime (Abril and Knight 2002). Vari-
ous models have been proposed by researchers to estimate 
the two-dimensional distribution of velocity in the cross-
sections of rivers. One significant approach in this regard 
was the two-dimensional flow velocity model based on the 
principles of entropy and probability, introduced by Chiu 
(1987). Although this concept has found application in some 
channels and rivers (e.g., Chen 1998; Farina et al. 2014), its 
computational complexity and the need for precise veloc-
ity distribution information have hindered its widespread 
use. Additionally, effective implementation of this model 
requires knowledge of the velocity magnitude and location 
in the river. Addressing these challenges, Maghrebi and Ball 
(2006) proposed a new model for two-dimensional veloc-
ity distribution using electromagnetic concepts. This model 

showed promising results in channels and rivers. However, 
solving the integrals in rivers remains complex and chal-
lenging. Stosic et al. (2016) presented a method for calculat-
ing the velocity and discharge field, utilizing interpolation 
techniques for the vertical velocity profile. This method also 
requires point-wise velocity measurements in the river dur-
ing flood events, which can be problematic in practice.

The purpose of this paper is to present and validate a 
numerical model based on the finite volume method that 
predicts the distribution of longitudinal velocity in the cross-
section of an open channel. In this study, the partial differential 
equation presented by Kean et al. (2009) has been utilized as 
a tool for solving the flow field for rectangular and trapezoidal 
channels. Eddy viscosity is one of the factors affecting the 
accuracy of predicting velocity distribution. In this paper, in 
addition to developing a two-dimensional numerical model for 
velocity estimation, the effect of different formulas for estimat-
ing turbulent viscosity on the results of the numerical model 
was investigated, and the best formula was selected. Also, the 
appropriate value for the momentum transfer coefficient in rec-
tangular and trapezoidal channels was calculated.

Materials and methods

Governing equations

Under the assumption that the transversal and vertical veloc-
ities in open channels are negligible, and considering steady 
flow conditions, the Navier–Stokes equation takes the sim-
plified form as follows (Pizzto 1991):

 where u is the longitudinal velocity, p is the pressure, ν is 
kinematic viscosity of the fluid, ρ is the fluid density, g is the 
acceleration due to gravity, S is the bed slope, and τyx and τzx 
are shear stress components of the deviatoric stress tensor 
in the plane normal to the downstream component (x) in the 
cross-stream (y) and vertical (z) directions respectively. The 
shear stress component can be computed as:

 where νt is the eddy viscosity. Substituting Eq. (2) into 
Eq. (1) gives:

 where h is water depth. Assuming that the velocity gradi-
ent in the flow direction is negligible, which means steady 
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uniform flow is assumed, and considering that the flow in 
the open channels is turbulent and the kinematic viscosity 
of the fluid is negligible (ν << νt), Eq. (1) can be further 
simplified to:

The turbulent viscosity is an essential variable in the 
numerical solution of the proposed mathematical model for 
2D velocity distribution. It is a function of the flow and can 
be related to the flow characteristics through various for-
mulas. One of the initial proposals for eddy viscosity was 
developed based on the mixing-length theory, which can be 
represented as follows:

 where κ is von Kármán's constant, which has a value of 
0.408 (Long et al. 1993), h is the vertical distance from the 
bed, and u* represents the shear velocity. Yalin (1997) and 
Odgaard (1986) proposed the parabolic model for simulat-
ing flow and erosion in rivers, which can be expressed as 
follows:

 where H is the characteristic flow depth. Nezu and Rodi 
(1986) proposed their model for eddy viscosity based on the 
log-wake law, and it can be expressed as follows:

 where Π is the wake strength parameter. Alawadi (2019) 
demonstrated that the value of Π is dependent on the shear 
Reynolds number and proposed the following equation:

 where R∗
e
= Hu∗∕ν is the shear Reynolds number, u∗ is the 

shear velocity, and ν is the molecular viscosity. If R∗
e
 is less 

than 400, the wake strength parameter (Π) is 0, and if it is 
greater than 2000, the parameter Π is 0.2.
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Numerical model

A regular rectangular or unstructured triangular mesh is uti-
lized for the numerical solution of the governing equations. 
An unstructured mesh does not have any fixed connectiv-
ity among its elements. A recent survey by Owen (1998) 
has shown that unstructured mesh generation has become 
more popular than structured techniques in most engineer-
ing applications, due to the flexibility and power they pos-
sess over structured generators when the object domain is 
complicated and irregular. These methods also facilitate the 
process of generating variable size elements from densities 
specified at random points, which are usually the end prod-
uct of the error estimation process in adaptive remeshing 
(El-Hamalawi 2004). A mesh vertex finite volume method is 
developed for Eq. (4) over an unstructured triangular control 
volume, as illustrated in Fig. 1. The software EasyMesh is 
used to generate unstructured triangular meshes across the 
computational domain. EasyMesh is a simple two-dimen-
sional, unstructured, Delaunay triangulation mesh genera-
tor, developed by Bojan Niceno of The Delft University of 
Technology.1 In this mesh, the unknown variables are placed 
at the center of the vertices of a cell, and the control volume 
takes the form of an irregular shape that surrounds the cor-
responding vertex.

By integrating Eq. (4) over the area of the control volume, 
one can obtain the following expression:

The first integral on the left-hand side of Eq. (9) can be 
written as:
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Fig. 1   The Two-dimensional control volume

1  EASYMESH at https://​web.​mit.​edu/​easym​esh_​v1.4/​www/​easym​
esh.​html.

https://web.mit.edu/easymesh_v1.4/www/easymesh.html
https://web.mit.edu/easymesh_v1.4/www/easymesh.html
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Using the divergence theorem, Eq. (10) can be replaced 
by a line integral around the control volume. Thus, Eq. (9) 
becomes:

 where Γi is the boundary of the ith control volume, n is the 
unit vector normal to the boundary, and E⃗ ⋅ n⃗ is the normal 
flux at the edge of a control volume. Integrating Eq. (11) 
over a control volume with m edges yields:

In which:

 where ny and nz are the components of the unit normal in 
the y and z directions, respectively. The unit outward normal 
vector on this edge defined as follows:

The components of the unit normal in the y and z directions 
can be calculated as
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Δx and Δy are the horizontal and vertical distance between 
the starting and ending point of the edges. By defining a local 
coordinate system according to Fig. 2, the normal flux at the 
face of the ith control volume can be calculated as:

 where Δr is the distance from the centroid of the control 
volume i to its neighboring cell k, this distance is used to 
account for the spatial difference between the neighboring 
control volumes in the numerical calculations.

Substitution of values of the normal flux for the entire face 
of the ith control volume into Eq. (12) yields the following 
equation for the longitudinal velocity:

In which

The Gauss–Seidel iteration method is a highly popular clas-
sical iteration algorithm for solving linear systems of equations 
used in this research to solve Eq. (10). The volume flow rate 
passing through a control volume is calculated by multiplying 
the flow velocity by the area of control volume.

Boundary conditions

A zero-velocity gradient can be used at the free surface, (i.e. 
�ur∕�r = 0 ), In this case the fluxes passing through a face of 
the control volume that is on the free surface water is con-
sidered zero, and the normal flux for other faces of boundary 
control volume are calculated as the inner faces. Near a rigid 
wall, there exists a thin viscous sublayer for smooth walls, 
while roughness elements on a rough wall significantly affect 
the flow. Simulating flows near a wall can be computation-
ally expensive due to the high-velocity gradient present in that 
region. As an alternative, a wall-function approach is often 
employed.

In this approach, the first grid point (denoted as P) next to 
the rigid wall is positioned above the roughness elements. The 
flow velocity at point P is related to the shear velocity on the 
wall,u∗ =

√
gRS , and it is defined as:

In which:
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Fig. 2   Global coordinate system (x,y) and local coordinate system 
(r,s)
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 where yp is the distance from the cell center P to the wall, 
ν is the molecular viscosity, and E is a roughness param-
eter. For a smooth wall, E is approximately 8.43. On the 
other hand, for a rough wall, E is related to the roughness 
Reynolds number, k+

s
= u∗ks∕ν , as proposed by Cebeci and 

Bradshaw (1977):

 where ks is the roughness height on the wall, B0 is an addi-
tive constant of 5.2, and ΔB is defined as:

Manning’s formula is widely used in open channels engi-
neering applications. Strickler (1923) proposed the follow-
ing empirical correlation for the Gauckler–Manning coef-
ficient, nm:

Near-wall regions have larger gradients in the solution 
variables, and momentum occur most vigorously. The wall 
y+
p
 is often used in CFD to describe how coarse or fine a 

mesh is for a numerical simulation. Values of y+
p
 close to 30 

are most desirable for wall functions. In this research, the 
mesh size was chosen so that y+ was about 30 (Gerasimov 
2006).

Collected experimental datasets

To determine the optimal value of the momentum transfer 
coefficient of eddy viscosity and validate the developed 
numerical model, laboratory data from Guy (1966), Tomi-
naga et al. (1989), and Alawadi (2019) were used.

Guy (1966) conducted studies on a rectangular flume with 
a width of 2.44 m and a length of 45.72 m to investigate flow 
resistance, sediment transport rates, and velocity profiles. 
The discharge varied between 84.67 and 622.4 l/s, and the 
channel slope varied from 0.000055 to 0.00229. Velocity-
profile data at specific vertical locations in the flow were 
obtained using a standard Prandtl pitot tube.

The second set of data was taken from Tominaga et al. 
(1989) for the present analysis. The cross-section of the 
channel was trapezoidal, and the sidewalls had inclinations 
of 30°, 46°, and 58° to the vertical. The discharge ranged 
from 2.72 to 10.55 l/s, and the channel slope varied from 
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0.000389 to 0.00138. The flow in each channel was found 
to be subcritical.

In the experiment conducted by Alawadi (2019), the 
channel's cross-section was rectangular with a width of 
0.3 m and a fixed-bed slope of 0.0005. The discharge varied 
between 3.12 and 21.17 l/s. The data collected from these 
studies were used to test the developed model, and a sum-
mary of the data is provided in Table 1.

Results and discussion

In the present study, the turbulent eddy viscosity was com-
puted based on the mixing-length theory, the parabolic 
model, and the log-wake law. The model's velocity distri-
butions were compared with the laboratory data from Guy 
(1966). Figure 3 shows the comparison between the pre-
dicted and measured velocity distributions along the center-
line (x = 1.22 m vertical line) and the vertical line x = 1.83 m 
for Run 1.

To assess the model's performance, a comparison was 
made between the observed and computed values using the 
mean absolute percentage error (MAPE) and the root mean 
square error (RMSE) as the evaluation metric.

 where N is the number of observations available for analy-
sis, uo and uc represents the observed and computed distri-
butions of the velocity, respectively. The lower limit for the 
MAPE and RMSE are zero, indicating the most accurate 
simulation. The mean absolute percentage errors in com-
puted velocity were 32%, 19%, and 15%, and the root mean 
square errors were 0.29, 0.21 and 0.16, respectively, for the 
developed model based on the mixing length, parabolic, 
and Nezu and Rodi's formula for eddy viscosity. As evi-
dent, the calculated velocity profiles significantly differ from 
the observations, and the method used to calculate the eddy 
viscosity has a significant impact on the accuracy of the 
numerical model. Some research results (e.g., Van Prooijen 
et al. 2005) suggest that the eddy viscosity can be modeled 
as the product of a typical length and velocity scale, which 
allows it to be expressed as:
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 where α is defined as the momentum transfer coefficient, 
and h is the distance above the channel bed. The accurate 
prediction of velocity distribution depends on properly esti-
mating the momentum transfer coefficient in the model. To 
investigate the effect of α on the accuracy of the numerical 
model, Run 1 was conducted using the numerical model 
with different values of the momentum transfer coefficient, 
and the results were compared with the experimental data. 

Figure 4 shows the calculated velocity profiles for differ-
ent values of the momentum transfer coefficient and the 
observed data for Run 1.

As observed, the value of α significantly influences the 
accuracy of the results. Decreasing the momentum transfer 
coefficient reduces flow turbulence and shifts the velocity 
profile to the right.

Table 1   Summary of geometric and hydraulic characteristics of the experimental data

Series Run B (m) Side wall Bed slope Discharge (l/s) Flow depth (m) Manning’s n k
+

s

Guy (1966) 1 2.44 0 0.00229 445.14 0.167 0.014 114.7
2 2.44 0 0.00153 422.49 0.183 0.013 62.4
3 2.44 0 0.00136 618.44 0.241 0.012 37.1
4 2.44 0 0.00018 84.67 0.128 0.013 18.3
5 2.44 0 0.000055 184.63 0.287 0.012 8.8
6 2.44 0 0.00063 381.14 0.3048 0.022 1165
7 2.44 0 0.00172 622.4 0.25 0.016 262.7
8 2.44 0 0.0017 330.74 0.155 0.014 95.6
9 2.44 0 0.00167 616.17 0.226 0.014 111.3

10 2.44 0 0.00015 111.57 0.186 0.016 68.4
11 2.44 0 0.00043 300.72 0.311 0.024 1635
12 2.44 0 0.00058 358.77 0.314 0.024 1906

Tominaga et al. (1989) 13 0.248 60 0.00067 6.33 0.063 0.0095 10.7
14 0.248 60 0.00039 10.55 0.11 0.0107 20.3
15 0.2 44 0.001 4.59 0.05 0.0097 13.2
16 0.2 44 0.00059 9.95 0.09 0.0097 12.7
17 0.152 32 0.00059 6.22 0.071 0.0093 8.7

Alawadi (2019) 18 0.3 0 0.0005 5.22 0.06 0.0091 2.9
19 0.3 0 0.0005 11.39 0.1 0.0091 3.4
20 0.3 0 0.0005 4.13 0.06 0.0134 28.8
21 0.3 0 0.0005 9.33 0.1 0.0134 34.1
22 0.3 0 0.0005 3.12 0.06 0.0177 153.7
23 0.3 0 0.0005 7.36 0.1 0.0177 181.8

Fig. 3   Comparison of velocity profiles computed by the present model based on different eddy viscosity formulas
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Optimal value of the momentum transfer coefficient

To determine the optimal value of α, the velocity distribution 
and flow rate data from Table 1 were utilized. By varying 
the value of α between 0.1 and 1, the optimal value was 
determined for each experiment by minimizing the objective 
function, as follows:

 where OF represents the objective function, and Qo and Qc 
are the observed and computed flow discharges, respectively. 
The values of the objective function for different experi-
ments are presented in Fig. 5. It can be observed that the 
minimum and maximum values of the objective function are 
0.03 and 0.23, respectively.

(28)

Minimize ∶ OF = ||Qo − Qc
||∕Qo + 1∕n

n∑
i=1

|||
(
uo − uc

)
∕uo

|||i

Figure 6 illustrates the optimal values of the momentum 
transfer coefficient for each experiment. The maximum 
and minimum optimal values of α for the tests are 0.28 
and 0.202, respectively. The average optimal value of α is 
approximately 0.241 (Fig. 6).

In this research, based on the mixing-length theory and 
by calibrating the momentum transfer coefficient, Eq. (29) 
is proposed to calculate the eddy viscosity in wide channels:

Verification of the numerical procedure

Utilizing Eq. (29) to calculate the turbulence viscosity, the 
velocity distributions, and flow discharge were computed 
for the experiments. The mean absolute percentage error 
in estimating the velocity distribution and flow discharge 

(29)νt = 0.241κhu∗

Fig. 4   The effect of the momentum transfer coefficient on the simulation of the velocity profile

Fig. 5   The objective function value for different experiments
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for all tests are 7.6% and 6.8%, and the root mean square 
errors are 0.093 and 0.081, respectively. Figure 7 displays 
the predicted and measured distributions of velocity in 
rectangular and trapezoidal channel sections. In the 2D 
velocity profile plots, the symbol ‘+’ represents experi-
mental values.

The measured and estimated one-dimensional (1D) axial 
velocity profiles were compared in Figs. 8 and 9 for the trap-
ezoidal channel section.

The mean absolute percentage error in estimating the 
velocity distribution for RUN-14 and 17 are 3.6% and 4.8%, 
and and the root mean square errors are 0.051 and 0.062, 
respectively. The calculated discharge for RUN-14 and 16 is 
equal to 10.83 and 9.71 l/s, respectively, which has a 2.7 and 
2.5% error with its actual value. The measured and estimated 
one-dimensional (1D) axial velocity profiles for the middle 
of the rectangular channels (RUN-1 and 12) were compared 
in Fig. 10.

Fig. 6   The optimal values of α for different experiments

Fig. 7   Velocity samples and computed velocity distribution for different experiments
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Fig. 8   Velocity distribution on the y-axis using the present model for the trapezoidal channel (RUN-14)

Fig. 9   Velocity distribution on the y-axis using the present model for the trapezoidal channel (RUN-16)

Fig. 10   Velocity distribution on the y-axis using the present model for the rectangular channels
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The mean absolute percentage error in estimating the 
velocity distribution for RUN-1 and 12 are 6.5% and 7.3%, 
and the root mean square errors are 0.073 and 0.083, respec-
tively. Using the numerical model, the maximum velocity 
and flow discharge were calculated for all experiments and 
compared with the observational data according to Fig. 11. 
As can be seen, the error of the numerical model in calcula-
tion of the maximum velocity and discharge is less than 10% 
and 8%, respectively.

Conclusion

A model has been presented for the calculation of discharge 
and velocity distribution on a cross-section of an open chan-
nel. This study employs the finite volume method and an 
unstructured triangular mesh to numerically solve the sim-
plified Navier–Stokes equations.

An important parameter affecting the accuracy of the 
presented numerical model is the method used to estimate 
turbulent viscosity. In this model, turbulent eddy viscosity 
is computed using the mixing-length theory, the parabolic 
model, and the log-wake law. Computational velocity dis-
tributions are compared with observational data. Results 
indicate that the accuracy of the numerical model is com-
promised when these turbulence models are applied. The 
precision of the developed model for calculating two-dimen-
sional velocity distribution hinges on the momentum transfer 
coefficient in the eddy viscosity formula. The optimal value 
of this coefficient, determined by minimizing the objective 
function, is approximately 0.241. The model's validity is 
tested against published experimental data from both rec-
tangular and trapezoidal channels. The mean absolute per-
centage error in estimating velocity distribution and flow 
discharge for all tests is 7.6% and 6.8%, respectively. This 
developed model holds potential for broader application in 

simulating flows within straight rectangular and trapezoidal 
channels. Consequently, it offers a valuable approach for 
predicting two-dimensional velocity distribution across a 
cross-section.
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