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Abstract. Using square bridge position, Akbulut-Ozbagci and later Arikan
gave algorithms both of which construct an explicit compatible open book decom-
position on a closed contact 3-manifold which results from a contact (£1)-surgery
on a Legendrian link in the standard contact 3-sphere. In this article, we intro-
duce the “generalized square bridge position” for a Legendrian link in the standard
contact 5-sphere and partially generalize this result to the dimension five via an
algorithm which constructs relative open book decompositions on relative contact
pairs.

1. Introduction

Let Y be an oriented (2n + 1)-dimensional manifold. A (co-oriented pos-
itive) contact structure on Y is a maximally non-integrable hyperplane field
¢ = Ker(a) where « is a smooth 1-form on Y such that a A (da)™ > 0. The
pair (Y,&), or more simply Y, is called a contact manifold and « is called
a contact form for . An open book (decomposition) on Y is a pair (B, )
where B (called the binding) is a codimension two submanifold with a trivial
normal bundle B x D? and 7 : Y \ B — S! is a smooth fibration map which
agrees with the angular coordinate on the D?-factor near B. The closure
of the fiber FF = 7=1(#) is called the page over 6 € S'. The monodromy of
(B, ) is the self-diffeomorphism h: F' — F defined by the return map of the
flow of the vector field 9/06. Up to contactomorphism (a diffeomorphism
respecting contact structures) an open book can be also given abstractly as
a pair (F,h). An open book (B,w) and £ on Y are compatible if there ex-
ists a contact form « for £ such that « is a contact form on B, da defines a

* Corresponding author.

Key words and phrases: contact structure, open book, Legendrian, monodromy, square
bridge, surgery.

Mathematics Subject Classification: 5TR65, 58A05, 58D27.

0236-5294/$20.00 © 2024 The Author(s)


http://crossmark.crossref.org/dialog/?doi=10.1007/s10474-024-01402-5&domain=pdf

COMPATIBLE RELATIVE OPEN BOOKS 81

symplectic structure on each page, and the orientation on B induced from «
agrees with the one induced from da considering B as the contact boundary
of a symplectic page. For more details see [13] and [8].

A k-dimensional (k < n) submanifold ¥ of Y is isotropic if T, C &, for
all p € ¥. An n-dimensional isotropic submanifold is said to be Legendrian.
Any Legendrian ¥ C Y; comes with a contact (or Thurston—Bennequin)
framing given by a vector field along > which is transverse to . For a Leg-
endrian knot K in (R?, &3 = Ker(ad = dz + 21dy1)), its contact framing can
be computed as the integer

1
th(K) = writhe(K) — 5 # (cusps of K),

called the Thurston—Bennequin number of K, where writhe(K) is the sum of
the signs of the crossings in the front projection of K onto the y;z-plane. In
standard contact R or S°, the Thurston-Bennequin number of a Legendrian
surface ¥ coincides with half of its Euler characteristic (i.e., th(X) = 3x()),
and so it can not distinguish Legendrian surfaces which are smoothly isotopic
(see [7]).

A contact surgery along a Legendrian n-knot K C Y (i.e., the image
of an n-sphere under a Legendrian embedding) is an operation which re-
sults in a new surgered contact manifold. The surgered contact manifold is
formed by first removing a tubular neighborhood N of K in Y, and then
gluing S™ x D™*! back using a chosen diffeomorphism from S™ x S™ onto
ON so that contact distributions of the pieces smootly glued together. The
contact surgery coeficient (which determines the gluing diffeomorphism) is
measured relative to the contact framing of K. (See Section 4.2 for details).
In dimension three, Ding and Geiges proved the following result:

THEOREM 1.1 [6]. Every closed contact 3-manifold can be obtained by a
contact (£1)-surgery on a Legendrian link in the standard contact 3-sphere
S3t = (837§§t)'

s

This result implies that any closed contact 3-manifold can be described
by a contact surgery diagram where contact surgery coefficients are +1’s.
Also it was shown (see below) how contact (£1)-surgery effects a compatible
open book when a surgery knot lies on a page:

THEOREM 1.2 [8]. Let (F,h) be an open book compatible with the contact
manifold (M?3,n). If a Legendrian knot K lies on a page F', then the surgered
manifold (M*,nT') obtained by the contact (£1)-surgery along K has a
compatible open book (F,ho1kT) where T[:'{Zl denotes the negative/positive
(or left-handed /right-handed) Dehn twist along K, respectively.

Akbulut and Ozbagci gave an algorithm constructing an open book on S,
so that a given Legendrian link lies on a page which is the Seifert surface of
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a suitable (p, g)-torus link [1]. Arikan improved this algorithm by using con-
tact cell decompositions [2]. Combining these results with Theorem 1.2, one
can easily construct an open book on any closed contact 3-manifold obtained
by a contact (£1)-surgery along a Legendrian link in S2,.

In higher dimensions, some similar results along the same lines are
as follows: Koert constructed an open book on the standard contact 5-
sphere S%, = (S°,£2,) such that its pages are Briskorn varieties Vz(p, q,2) =
{(20,21,22) € C*| 28 + 27 + 23 = €} and its binding is a filling of a Briskorn
manifold

E(p>Q> 2) = {(20,21,22) € (C3 | Zg + Z(ll + Z% =g, |ZO|2 + |z1|2 + |’Z2|2 = 1}

which is the intersection Vz(p,q,2) N'S® [14]. The right-handed (generalized)
Dehn twist 7: T*S™ — T*S™ along the zero section of the cotagent bun-
dle of n-spheres and some of its applications were studied by Seidel [20]. A
definition of contact (41)-surgery on a Legendrian sphere based on a gen-
eralized Seidel-Dehn twist was given by Avdek [3]. Lazarev proved that if
(Y27+L ¢) n > 2 with an almost Weinstein filling, then it can be obtained
from Si?“ by a sequence of isotropic surgeries (of any index at most n) and
a single coisotropic surgery (of index n) [16]. Conway and Etnyre generalized
Theorem 1.1 to any odd dimension:

THEOREM 1.3 [5]. Any oriented contact manifold (Y21 &) can be ob-
tain from ng“ by a sequence of isotropic and coisotropic surgeries of all
indicies.

In this paper, we focus on a certain class of closed contact 5-manifolds
obtained by a contact (+1)-surgeries along a special class of Legendrian 2-
links (i.e., links of 2-spheres) inside S5, as we describe below. We introduce
a new diagram for such a 2-link which can be considered as a generalization
of square bridge diagram of a Legendrian 1-link in R? defined by Lyon [17].
After presenting the generalized square bridge diagram in Section 3, we will
prove our main result on the existence of open books on a certain class of
closed contact 5-manifolds in Section 4. We will give examples in Section 5
to demonstrate how our algorithm works. In order to state the main theo-
rem, one needs to introduce some relative notions first. We refer the reader
to Section 2 for more details.

Consider the standard contact structures

&5 = Ker(af = dz + x1dy; + w2dys)
on R® with coordinates (1, y1, 2, T2, %2), and
€3 = Ker(aj = dz + x1dyy)
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on R? with coordinates (x1,y1, 2) as above. Note that (R3,£3) (resp., S2,) is
a contact submanifold of (R, &) (resp., S2;). Also recall that

(R%,68) = S3,\ {pt}, (R® &) =S\ {pt}.

Therefore, any isotropic submanifold of S2, (resp., S2,) is also an isotropic
submanifold of (R3,£3) (resp., (R%,&])), and vice versa. This will enable us
to work inside (R3,&3) and (R%,&D).

DEFINITION 1.4. Let L =|]_, L; C (R> &) C S, be a Legendrian 2-
link. L is called a relative link if its equatorial link K =L NS3, = | |_, K;
is a Legendrian 1-link in (R3,&3) C S2,. A relative Legendrian 2-link L is
called admissible if the following two conditions are satistified:

(i) Each link component L; is Legendrian unknotted 2-sphere in S2,.

(ii) The Legendrian front of each link component K; = L; N'S? onto the
y1z-plane has no self-crossing.

An (admissible) relative 2-knot is an (admissible) relative 2-link with a
single component.

DEFINITION 1.5 (see also Section 4.2). Let L. C S2, be an (admissible)
relative Legendrian 2-link with its equatorial link K C S3,. Suppose the
(closed) contact 5-manifold Yg’ is obtained by only contact (£1)-surgeries

along L, and the corresponding contact (41)-surgeries along K in S, pro-
duce the (closed) contact submanifold Mg’ - Y;. Such a surgery will be
called a(n) (admissible) relative contact (+1)-surgery along a pair (L, K).
The pair (Yg’, M) will be called a(n) (admissible) relative contact pair ob-
tained from the trivial (i.e., no surgery at all) relative contact pair (S%,,S2,).

We note that by forgetting all the contact geometric terms in the above
definitions, one can similarly introduce a relative (smooth) topological pair
(Y3, M3) obtained by a relative topological surgery along a pair (L,K) C
(S°,S?) where K = LN S? is the equatorial link.

A relative open book (decomposition) on a relative (smooth) topologi-
cal pair (Y°, M?) is an open book OBy = (B,7) of Y such that OB;; =
(BN M, m|pn(Bnary) defines an open book of M. For a relative contact
pair (Yg’, MS’), we say that (£,n) is compatible with the relative open book

(OBy,0Byr) on (Y5, M?3) if the contact structures are compatible with the
corresponding open books. Now we are ready to state our main theorems
generalizing the results in [2]:

THEOREM 1.6. For any admissable Legendrian 2-link L in S3, with
its equatorial link K C S2,, there exists a compatible relative open book
(OBss,OBss) on the (trivial) relative contact pair (S2,,S2,) such that for
any component L of 1L and its equatorial knot K C K, we have
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(;) K lies on a Weinstein page Fss of the (compatible) open book OBss
Of Sst?

(ii) the page framing of K is equal to its contact framing in S,

(ii;) L lies on a Weinsten page Fss of the (compatible) open book OBgs
Of Sst?

(iv) the page framing of L is equal to its contact framing in S2,, and

(v) Fss is symplectically and properly embedded in Fss, and the mon-
odromies of OBss, OBs: are, respectively, the products of right-handed Dehn
twists

hss =Tp, oTp,0---07Tp,, hgs =Ty 0Ty, 0--- 0Ty,

m )

(for some m) where each vy is an isotropic equatorial circle of a Legendrian
sphere Dy,.

THEOREM 1.7. Let (Y;, M3) be any admissible relative contact pair ob-
tained by an admissible relative contact (£1)-surgery along an admissible
link L in S2,. Then there exists a compatible relative open book (OBy, OByy)
on (Yg’, Mf;’) with Weinstein pages. Moreover, the pages and the monodromies
of the open books OBy, OBy are precisely and systematically determined by
the contact surgery along L.

2. Stabilizations of relative open books

It is known that any odd dimensional manifold has an open book de-
composition. Stabilization is a process which transforms a given open book
of a manifold into another open book for the same manifold. It changes
both pages and the monodromy. One can naturally generalize this process
for the relative open books on relative contact pairs as what we discuss be-
low. To this end, let us introduce relative open books in the most generality.
As before we first define them for (smooth) topological pairs and then make
a connection with contact geometry. Although any odd dimensions can be
considered, we will restrict our attention to the pairs of dimension three and
five only.

DEFINITION 2.1. Let M? and Y be closed (smooth) topological mani-
folds such that M is a submanifold of Y. A relative open book (decomposi-
tion) on the pair (Y, M) is a quadruple (By, By, my, mpr) such that

(i) (Bum,mar) and (By,my) are open book decompositions of M and Y,
resp., and

(ii) mpr = my oipr where ipr: M < Y is the embedding map.

Note that the conditions imply that 7y (t) C 7y (t) and Jmy) (t) C

Omy ' (t) for all t € S'. This means that 2-dimensional pages of (Ba, ) are
properly embedded in the corresponding 4-dimensional pages of (By,my).
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Moreover, the monodromy of (By,my) restricts to the monodromy of
(Bar, mar). These suggest that relative open books can be also defined in a
purely abstract way as follows:

DEFINITION 2.2. Let M? and Y be closed (smooth) topological man-
ifolds such that M is a submanifold of Y. An abstract relative open book
(decomposition) on the pair (Y, M) is a quadruple (Fy, Fas, hy, hyr) such
that

(i) (Fa, har) and (Fy, hy) are abstract open book decompositions of M
and Y, resp.,

(ii) the page F)s is properly embedded in the page Fy (so, 0Fy C OFy),

(iii) hy |, = ha.

In the presence of both geometric and topological structures, it is worth
to try to relate them in some way. Giroux showed that there is one such
relation, called compatibility as we have mentioned earlier, between contact
structures and open book decompositions, and proved that there is a one-
to-one correspondence between contact structures (up to isotopy) and their
compatible open books (up to positive stabilization) [11]. One can easily
modify compatibility notion for relative contact pairs and relative open book
decompositions as follows:

DEFINITION 2.3. Let (Y;,M};’) be a relative contact pair. A relative
open book decomposition (By, By, my, ) on (Y, M) is compatible with
the pair (&,n) if

(i) the open book (By,7my) is compatible with the contact structure &
on Y, and

(i) the open book (Bjys, ) is compatible with the contact structure n
on M.

EXAMPLE 2.4. Consider the (trivial) relative contact pair (S%,S2,) of
standard contact spheres as before. Let S? be the standard Legendrian
2-unknot in S?, and S! be its isotropic equatorial circle which is the stan-
dard Legendrian 1-unknot in S, (see Figure 1 for their front projections).
Then it is a (customary) standard fact that (D*S?,7s2) and (D*S', 751) are
compatible open books on S%, and S?,, respectively, where D*S" denotes
the unit disk cotangent bundle of the n-sphere. It is also well known that
D*S! is properly embedded in D*S? and the Seidel-Dehn twist 752: D*S?
— D*S? restricts to the right-handed Dehn twist 71 : D*S! — D*S!. There-
fore, (D*S?, D*S!, 752, 751) is a compatible relative open book decomposition
on the relative contact pair (S2,,S3,).

According to the Giroux correspondence, the positive stabilization does
not only fix the diffeomorphism type of the underlying smooth manifold, but

it also respects to the contact structure. More precisely, positively stabiliza-
tion of a compatible open book on a contact manifold is compatible with

Acta Mathematica Hungarica 172, 2024



86 M. F. ARIKAN and 1. ©. TASPINAR

a contact structure (on the same smooth manifold) which is isotopic to the
original one. This correspondence can be naturally generalized for compat-
ible relative open books on contact relative pairs. To this end, one needs
to define the notion of relative stabilization. For completeness, let us first
recall stabilization which arises as a special case of a more general process,
called plumbing:

Let (V2" &) be two closed contact (2n + 1)-manifolds such that each
¢ = Ker(q;) is compatible with an open book (F;, h;) on Y;. Suppose that
Aj; is a properly embedded Lagrangian n-disk in a symplectic page (F;, do;)
with Legendrian boundary 0A; C (0F;, Ker(w;|ar,)). By the Weinstein (i.e.,
Lagrangian) neighborhood theorem each A; has a standard neighborhood N;
in F; which is symplectomorphic to (T*D", dAcan) where Acan = pdq is the
canonical 1-form on R™ x R™ with coordinates (q,p). Then the plumbing
of the open books (Fi,hy) and (Fs, ho) along Ay and As is the open book
(P(F1, Fy; A1, Ag), h) on the connected sum Y; # Y5 with the pages obtained
by gluing F;’s together along N;’s by interchanging q-coordinates in N1 with
p-coordinates in Na, and vice versa. In order to describe h, extend each h;
to h; on the new page by requiring h; to be identity map outs1de the domain
of h;. Then the monodrodmy h is defined to be hy o hs. For simplicity,
“tilde” sign will be dropped, and we will simply write h = hj o ho.

DEFINITION 2.5 [11]. Suppose that (F,h) is an open book compatible
with the contact structure & = Ker(a) on a closed (2n + 1)-manifold Y. Let
A be a properly embedded Lagrangian n-disk in a symplectic page (F,d«)
such that its boundary 0A is a Legendrian (n — 1)-sphere in the contact bind-
ing (OF,Ker(a|sr)). Then the positive stabilization ST[(F,h); A] of (F,h)
along A is the open book defined by

STI(F,h); A] = (P(F,D*S"; A, D), h o 751)

where D = D™ is any fiber in the unit disk cotangent bundle D*S"™ and

gn: D*S™ — D*S"™ is the right-handed Dehn twist along the zero section S™.
Similarly, the negative stabilization S~[(F,h); A] of (F,h) along A is the open
book defined by

ST[(F,h); Al = (P(F,D*S"; A,D),ho TS_Hl)

REMARK 2.6. When a compatible open book (F,h) is stabilized, ab-
stractly it means that each symplectic page (F?",da) gains a Weinstein
handle H = D™ x D™ of index n. Attaching spheres of these handles are
the copies of Legendrian (n — 1)-sphere A considered inside the boundary
OF of each fiber. Also when a positive/negative stabilization is performed,
abstractly it means that the right-handed/left-handed Dehn twist that we
adjoin to the monodromy is along the Lagrangian n-sphere L formed by glu-
ing the Lagrangian n-disk (A,9A) C (F,0F) and the Lagrangian n-disk D?
x {0} (the core disk of H) together along their common boundary 0A C OF,
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that is, L = AUga (D? x {0}). In conclusion, we can also use the following
(abstract) alternative definition (notation) for positive/negative stabilization
of (F,h) alongA:

SE[(F,h); A] == (FUH,horih).

The equivalence of these definitions can be explained as follows: Attaching
Weinstein handles to each page F' (along a copy of 0A C OF) is equivalent
to a contact surgery on Y along 0A C B where B is the binding of (F,h).
The new surgered manifold Y’ has an open book (F'U H, h). Here we extend
the original monodromy h over the handle via identity map, but still denote
the new monodromy by h as before. Then adjoining the right-handed /left-
handed Dehn twist to the monodromy along the Lagrangian n-sphere L is
equivalent to a contact surgery on Y’ along L C F'U H which cancels the
previous one. Thus, the original open book (F,h) and (FFU H,ho Tzd) give
the same manifold Y. Indeed, (F'U H,ho7r) is an open book on Y com-
patible with £. Finally, the equivalence follows from the following result of
Giroux.

THEOREM 2.7 [11]. In the setting of Definition 2.5, both ST[(F,h); A
are open books on the connected sum Y # S*"1(2Y). Indeed, ST[(F,h); A]
is an open book on the contact connected sum Yg # Sl (=~ Ye), in other

words, it is a compatible open book on (Y, ).

Returning back to the dimension three and five, we now define relative
stabilization process:

DEFINITION 2.8. Suppose that (Fy, Far, hy, hys) is a relative open book
compatible with the pair of contact structures ({ = Ker(«),n = Ker(«|y))
on a relative contact pair (Y;,Mg’) Let A be a properly embedded La-
grangian 2-disk in a symplectic page (Fy,da|p, ) with Legendrian bound-
ary 0A in the contact binding (0Fy,Ker(a|gp,)) such that AN Fy is a
properly embedded Lagrangian 1-disk in a symplectic page (Fis,do|p,,)
with Legendrian boundary O(A N Fyy) (a pair of points) in the contact
binding (0Fys, Ker(a|sr,,)). Also consider the relative Weinstein handle
H = (H* H?) = (D?x D? D' x D) such that the core and the cocore of H?
is properly embedded in those of H*, that is, D! x {0} ¢ D? x {0}, {0} x D!
C {0} x D? and 9D x {0} € 9D? x {0} and {0} x 9D C {0} x &D?. Then
the positive relative stabilization

S*(Fy, Farshy, har); A, AN Fy
of (Fy, Far,hy,hy) along (A, AN Fy) is the open book defined by
ST[(Fy, Far by, har); A, AN Fy] = (Fy UH®, Fay UH? hy o7p, has o e )
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where the framing of H* is one less than the contact framing of JA in
(0Fy,Ker(a|gp, ), and K = AN Fa Uganp,,) (D x {0}) is the Lagrangian
I-sphere in the new symplectic page Fyy U H? and L = A Ugy (D? x {0})
is the Lagrangian 2-sphere in the new symplectic page Fy U H*. Simi-
larly, the negative relative stabilization S™[(Fy, Far, hy, har); A, AN Fy] of
(Fy, Far, hy, hay) along (A, AN Fyy) is the open book defined by

ST (Fy,Fy,hy hy); A, AN FEyy | = FyUH4,FMUH2,hyOT_l,hMOT_l
L K

where this time the framing of H* is one more than the contact framing of
0A in (0Fy,Ker(a|sr, ))-

REMARK 2.9. From the definition it is understood that a relative stabi-
lization consists of two stabilizations one of which performed in dimension
three and the other in five, but there is only one stabilization indeed: we are
only stabilizing the open book (Fy, hy) along A, i.e.,

SE[(Fy, Fa hy ha); A, AN Fy | = SE[(Fy, hy); Al
and as a result of this (Fiys, hys) is also simultaneously stabilized along
ANFy.

The result of Giroux Theorem 2.7 holds also in the relative setting.
Namely,

THEOREM 2.10. In the setting of Definition 2.8, both
Si[(Fy, Far, hy, ]’LM); AAN FM]

are open books on the connected sum (Y # S°, M # S3?) = (Y, M). Indeed,
ST [(Fy, Far,hy,har); A, AN Fyyl s an open book on the contact connected
sum (Ye # S5, M, # S3,) = (Ye, M,), in other words, it is a compatible rela-
tive open book on the relative contact pair (Ye, My).

PROOF. Observe that both stabilizations
SE((Fy, Far, by, har); A, AN Fiyl

correspond to the stabilized open books S*[(Fy, hy); Al on Y #S° 2 Y and
ST[(Far, har); AN Fyr] on M # S* =2 M. Therefore, by Theorem 2.7, both
are relative open books on the relative connected sum (Y # S5 M # S3) =
(Y, M), and also ST[(Fy, Far, hy, har); A, AN Fyy] is an open book on the
contact connected sum (Y # S5, M, # S2,) = (Y, M,)). Hence, Definition
2.3 applies. O

EXAMPLE 2.11. Consider the simplest compatible open books (D*,id p+)
and (D?,idp2) on the standard contact spheres S, and S2,, respectively.
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z

Y1

NV

Figure 1: On the left, the front of the admissible Legendrian 2-unknot L, and, on the right,
the front of its isotropic equator K (Legendrian 1-unknot in (R, £3).

Here we consider both disks with their standard symplectic structures, and
D? as a properly and symplectically embedded in D*. One easily checks the
conditions in Definition 2.2 and Definition 2.3, and so (D*, D2,id p+,idp2) is a
compatible relative open book on the contact pair (S%,,S3,). Also it is a well-
known construction that D*S? and D*S! can be, simultanaously, obtained
from D* and D? by attaching Weinstein handles H* and H? along a Legen-
drian 1-unknot 0A (the boundary of a properly embedded Lagrangian disk A
in D*) in S?,(= dD*) and a Legendrian 0-unknot O(L N D?) in S, (= 0D?).
Assuming the framing of H* is chosen correctly (one less than the con-
tact framing of 0A in S3, = dD*), we conclude, by Definition 2.8, that
(D*S?, D*S', 752, 751) is a positive relative stabilization of (D*, D?,idps,idpe)
along (A, AN D?). That is,

(D*S*,D*S", 72, 70 ) = ST[(D*, D% idps,idpe); A, AN D?].

On the other hand, if the framing of H* is chosen to be one more than the
contact framing of dA, then one concludes that

(D*s?, D*s' ot ') =S8 [(D*, D?,idps,idpe); A, AN D?].
3. Generalized square bridge diagrams

Any Legendrian link K in (R3,£3) C S3, can be represented by a square
bridge diagram [17]. In this section, we will construct a generalized square
bridge diagram to represent any admissible Legendrian 2-link L in (R5,&])
C S2, which naturally contains a square bridge diagram of the equatorial
link K =L NS, of L.

Let

H5Z RS — RS : x1,y17z7x27y2) — (ylazay2)7
Hgi RS — R2 : ((Ehylaz) = (y17z)
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Figure 2: The square bridge diagram of the equatorial isotropic 1-link (demonstrated when
K is the Hopf link) and its division into squares (on the right).

be the front projection maps. In order to picture Legendrian 2-knots (resp.
Legendrian 1-knots) in (R®,£3) (resp. (R?,£3)), we consider their fronts, i.e.,
their images under the map II5 (resp. II3). Examples of such fronts are
depicted for Legendrian unknots in Figure 1.

We first consider the square bridge diagram (in the y;z-plane) of the
front of the equatorial 1-link K = | |I_, K; of a given admissible Legendrian
2-link L =[], L; such that it consists of the following two types of line
segments:

hai = {(‘/Elvylvzvx%y?) 6}RS:IEI =x2=y2=0, z= _yl_l_ai}
vy, = { (X1, 91,2, 22,92) ER° 1wy =29 =y =0, 2=y +b;}

for some real numbers a; < as <--- <a, and 0 < by <by <--- < by, and
it bounds a polygonal region in the y;z-plane as in Figure 2 (on the left).
Secondly, divide each polygonal region into finitely many square regions Ry
for k=1,2,...,m as in Figure 2 (on the right). Such a division can be
achieved by applying an appropriate Legendrian isotopy to L. so that the
gaps between consequtive a;’s and consequtive b;’s are all equal to the same
fixed real number.

Thirdly, we construct an octahedron for each square region Ry so that
ORy, is the equatorial square of the octahedron. This can be done by com-
posing (gluing) eight triangular plane segments of the following four types:

tol ={(z1,91,2,22,92) ER” 1y =29 =0, 2= —y1 — Yo + a;}
to b ={(z1,y1,2,22,92) ER” 1y =20 =0, 2= —y1 + Y2 + a;}

tbjl’l ={(z1,51,2,22,92) ER° 111 =29 =0, 2 =y1 —y2 + b;}
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Figure 3: An octahedron corresponding to Ry (a generalized square bridge position of a
standard Legendrian 2-unknot.

tb_jL_l = {(mlay17z7x2ay2) 6}RS:‘Tl = T2 207 Z:y1+y2+b]}

A typical octahedron for a typical square region Ry is depicted in Figure 3
which is indeed what we call as the generalized square bridge position of a
standard Legendrian 2-unknot whose front has appeared in Figure 1 above.

In Figure 3, the upper part of the octahedron contains the trian-

gles t(ll’l_l, ttll;l, tb_ll’_l,tl;l’l, and the lower part contains the triangles ttll’ll,

tcll’z_l, tb_ll’l,tb_zl’_l. Also the north and south poles of the octahedron are

— —b +b ba—b _ —b +b by —b
N_(070121’(1122707 221) andS—(O,a121,a12 2.0, 12 2).
Finally,

DEeFINITION 3.1. The generalized square bridge diagram, denoted by
A(L), of L is a cellular 2-complex in the (y;zys)-space obtained by con-
sidering all Ry’s (in the square bridge diagram of K) and taking the union
of corresponding m octahedrons (see Figure 4).

Note that the square bridge diagram I'(K) of K is a cellular 1-subcomplex
of A(L). Next, we will show that starting from its generalized square
bridge diagram A(L) C A(L), one can reconstruct each component L of L
in (R &5) C S2,. More precisely,

PROPOSITION 3.2. For any component L; of L =|_, L;, starting from
A(L;), one can construct a piecewise smooth Legendrian 2-sphere L in
(R, £3) C S2, by gluing appropriate Legendrian and planar triangles and rect-
angles so that the smooth Legendrian 2-sphere obtained by rounding the cor-
ners of L} is Legendrian isotopic to L;. Moreover, the piecewise smooth
equatorial 1-link K' = | |I_, K! (K| =L;NS%) and K have the same linking
matrix.
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Figure 4: The generalized square bridge diagram A(L) of the admissible Legendrian 2-link
L whose equatorial link K is the Hopf link.

Figure 5: A typical square region Ry, and the Legendrian unknot .

PRrROOF. We first lift each line segment h,, and vy, in I'(K) (divided into
square regions) along the zq-axis such that the lifts are disjoint Legendrian
line segments in (R3,£3) C S3, given by

Hai = {(xlay17z7x2ay2) e}Rs:xl = 173','2 =1Y2 :O7 Z = _y1+ai}
‘/E)j - {(‘T17y1727x27y2) EIR5:'7'.1 - —17372 = Y2 :O7 z:yl+b]}

Then we connect each segment H,, to certain segments V, via Leg-
endrian linear arcs [ ,lg which are parallel to the xi-axis so that all of the
(piecewise smooth) Legendrian unknots v, in I'(K) are obtained in (R3,&3)
as in [2]. The construction of 7, (for a typical square region Ry) is illus-
trated in Figure 5. Note that by construction the Legendrian unknot v is
attached to ;411 by either sidewise or by opening a back gate. As a re-
sult, we have constructed the lift I'(K) of I'(K) as a Legendrian cellular
l-complex in (R3,£3) € S3, (which is also an isotropic cellular 1-complex
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Figure 6: A shematic picture of the middle part My for a typical square Ry (on the left),
and the isotropic unknot vy (on the right).

in (R%,&5) € S5,). Observe that by construction there exists a piecewise
smooth Legendrian 1-link K’ = | |/_, K! c I'(K) which we can round its cor-
ners (in its e-neighborhood) so that the resulting smooth Legendrian link is
Legendrian isotopic to K. In particular, the linking matrices of K’ and K
are the same. Hence, the second claim in the statement will be satisfied
once we prove the first one (i.e., once we construct L) in such a way that
K/ =L/nS3,.

Next we will construct a Legendrian thickening £(I'(K)) of I(K) (the
union of all ~;’s) which will contain the neighborhood of each (equatorial
knot) K/ inside Legendrian L that we will eventually construct. Although
there is no unique way of Legendrian thickening (need to choose a thickening
direction), we do this in a systematic way as follows: For each k =1,...,m,
we first construct the Legendrian thickening M) (which we call a middle
part) of ~; in the way explained below. Then we form £(I'(K)) = Ly My,
where the union is taken over the common parts of My’s (By the construc-
tion below, if two 7%’s have a common edge, the corresponding M}’s have a
common rectangular part which is the Legendrian thickening of the common
edge.)

We construct each middle part Mj so that it consists of 4 Legendrian
rectangular plates and 16 Legendrian triangular ones as shown in the Fig-
ure 6. The whole M, lies in the hyperspace {y2 = 0} C (R5,&]), and ~; lies
as the core of My where xo = yo = 0.
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o =—1 - T =1 zo=1

r=—th+ta z=1y+b Z=—ytay 2=y + by

To =1 zo =1 Ty = —1 T9 = —1

Figure 7: A shematic picture of the construction of My. (The most left and right vertical
edges are identified.)

For H; and V; parts of 7, we take their Legendrian thickenings to be
the 4 Legendrian rectangles Sy, and Sy, on which 77 = &1 and -1 < ay < 1.
On the other hand, for I parts of vy, their Legendrian thickenings totally
consist of 16 Legendrian triangles S7, on which both z; and z2 change be-
tween —1 and 1 in such a way that each group of 4 triangles together join an
SH, to one of the two of its neighboring Sy,’s. In particular, 1 = 2o = 0 at
the points p1, p2, p3, pa of My which are the midpoints of the arcs I in .
(See Figure 7 for a shematic picture of this construction performed in a four
dimensional space {y2 = 0} C (R?,&5).)

By construction, all Mj’s touch together along their common parts, and
they together form the Legendrian thickening £(I'(K)) := | |-, M). We note
that K’ c T'(K) c £(T'(K)).

Now we consider the triangles of the octahedrons in the generalized
square bridge diagram A(L). We lift each of the triangular plane segments
tclb;l, t}b;_l, tb_jl’l, tb_jl’_l (to an appropriate 21 and x5 levels) so that the re-
sulting lifts are disjoint Legendrian triangular plates lying on the following
4 types of planes:

Tal,i’l = {(21,y1,2,22,y2) € RP:ay=1,29=1, 2= -y —yo + i}

Tal;_l - {($17y172'7372ay2) € RS I = 17 To = _17 Z= -1 +y2 + ai}

Tb_l’l ={(z1,y1,2,22,50) ER’ 1wy = =1, 2o =1, 2=y — Y2 + b;}

J

T = { (@, 202, 90) ER® 2y = —1, @y = —1, 2=y + 42 + b;}.

J

The next lemma shows that the triangular planes listed above are all
Legendrian.

LEMMA 3.3. For any c € R, the planes
Tf’zz{(xlaylazaw27y2)ERS: ry =1m, To =N, Z:kyl +€y2+0}
are Legendrian in (R®,£5) C S5, if and only if k=—m and ¢ = —n.

PRrROOF. Need to show any vector tangent to TH* lies in Ker(af) where
o = dz + x1dy; + xodys. The tangent space of TH at any point p € TH s
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Figure 8: The Legendrian piecewise smooth disk Dy, (on the left) and the Legendrian piece-
wise smooth disk D), (on the right).

spanned by the vectors 9/0y; + k 0/0z and 0/0ys + £ 9/0z. That is,

0 o 0 0
T,TH = :
pre <8y1+k8z’ 8y2+€8z>

Then one can easily verify that

a%(a—i— 0

k =k = k=—
oy 8z> +m=0 & m,

0 0
5 - — = —
a0<ayl—|—£az)—€+n—0 & (= —n.

Hence, the claim follows from linearity. [

Next, using the above triangles, for each square region R; we will obtain
two disjoint piecewise smooth disks D and D} which will be the upper and
lower part of a piecewise smooth Legendrian 2-unknot, called a Legendrian
diamond in (R®,&]) as shown in the Figure 8 and Figure 9.

The disk D}, consists of 4 disjoint Legendrian triangular plates T, [111,—17
Talz’l, Tbjl’_l,Tb:Ll, 4 Legendrian rectangular plates (connecting them), and
4 other Legendrian triangular plates at the top, and likewise, the disk D}
consists of 4 disjoint Legendrian triangular plates TC};I, TC};_I, Tbjl’l, szl’_l
4 Legendrian rectangular plates (connecting them), and 4 other Legendrian
triangular plates at the botton (Figure 8). For each disk, the rectangular
plates connect certain two of the disjoint triangular plates, and the four
triangular plates connecting the four Legendrian rectagular plates are the

9
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Figure 9: The Legendrian diamond Dy (a piecewise smooth Legendrian 2-unknot).

following:

4D D,
Pﬂ:{zziyfrar; Y ylzazz ', ra=Fl, —1393131}

by — b
PilZ{yFiyli 22a1, zzal;r ? —1§x1=¢x2§1}.

Also, for each disk, there are two plates are composed of 4-triangular plates
on the top and bottom:

ap—b a +b b — b

Pt:{ylz 12 laz: 12 27y2: 22 1,_1§ZE1,$2§1}
ap —b a +b by —b

Pb:{ylz 12 1,22: 12 27y2: 12 2,—1§£B1,$2§1}.

From their constructions, it is straight forward to check that all the tri-
angular and rectangular plates in D;, D) and M), meet each other along the
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common parts of their boundaries appropriately, and they together form the
Legendrian diamond Dy, := D}, UM, UD} in (R%,&5) C S2,. We note that the
equatorial link K = | |I_; K; is reconstructed as the piecewise smooth 1-link

= ||i_, K/ contained in the union £(I'(K))(= |_|;*; M) which can be re-
alized as the union of the neighborhoods of the isotropic equatorial unknots
inside the union | |, ; Dy, of all Legendrian diamonds.

To verify the first claim, let L; be any component of .. Consider the sub-
collection of all square regions {R;,, R;,,...,R;, } C {R1,Ra,..., Ry} which
are contained in the square bridge diagram I'(K;) C I'(K). Then the front
II3(K;) is contained in the union |_|§L:1 R;,, and so the corresponding piece-
wise smooth isotropic unknot K is contained in the Legendrian thickening
L(D(KG)) = 5_; My, C U}, Di,. Let L(K]) C L(T'(K;)) denote the Legen-
drian thickening of K7 (i.e., the union of the plates in L];‘Zl M;; which retracts
onto K!). The boundary 9(L(K])) consists of two (isotropic) push-offs of K/
where L£(K]) meets with the corresponding rectangular and triangular plates
in the upper and lower disks Dl’-j, DZ of the Legendrian diamonds D;,, D;,,

, D;,,. Finally, we define L/ as the union

Li = L(K]) Upz(kry) |_| D;, \ M;,).

Clearly, L, is a piecewise smooth Legendrian 2-unknot in S5, with its equa-
torial T-unknot K/ in S?’t as required. After rounding the corners (and sharp
edges) in L} (and so, in K!) in a small neighborhood of L}, we obtain a
smooth Legendrian admissible 2-unknot, say L/, with its equatorial 1-unknot
K!" which is Legendrian isotopic to the equatorial 1-unknot K; of L;. By ex-
tending this isotopy over the union of the upper and the lower Legendrian
disks of L (i.e., over L?\ K'), we conclude that L and L; are Legendrian
isotopic in S2,. This finishes the proof of Proposition 3.2. [

REMARK 3.4. As observed in the proof of Proposition 3.2, the linking
matrices of the links K, K, and so K” := | |/_; K/ are all the same. Also
if two line segments hg,, vy, cross each other in the square bridge diagram

I'(K), the lift H,, of hq, crosses over the lift V;, in the lifted diagram I'(K) as
being located in a larger x1-level. Both lifts H,,, V}, live on the core of the

union £(I'(K)) = | |}, Mj. By the construction of each middle part M}, the
Legendrian thickening of H,, is still crossing over that of Vj,, along the x1-
direction because Legendrian thickenings (near such over-under crossings)
are performed along the xo-direction only, and so they are performed in the
x1-level where H,,, Vj, live. Moreover, the components of I can be rounded
(in their small neighborhoods) in such a way that the resulting L!’s are
disjoint, and so we obtain a smooth Legendrian 2-link L” = | |/_; L” (with
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the equatorial link K”) which is Legendrian isotopic to the original link L.
In particular, the linking matrices of L., I.” are the same, and indeed, they
coinside with those of K and K”. This is one of the motivations of the autors
in defining relative 2-links and their generalized square bridge diagrams.

4. The algorithm

4.1. Proof of Theorem 1.6. Start with the generalized square bridge
diagram A(L) of a given admissible Legendrian 2-link L in (R%, &) which
consists of the square bridge diagram I'(K) of the isotropic equatorial link
K which is Legendrian in (R3, 58’). As in the previous section, one can con-
struct a Legendrian diamond D, = D;f U M U Dg for each square region Ry
in I'(K). In what follows, we will construct a 4-dimensional ribbon Rp, for
each such diamond. Then by iteratively joining a ribbon Rp, to the union
of the ribbons constructed in the previous step, we will reach the union of
all ribbons so that at each step the union will be realized as a page of a com-
patible open book on S% such that it contains the corresponding page of a
simultanously evolving compatible open book on S2,. We will achieve this
by making use of relative positive stabilizations of compatible relative open
book decompositions. In order to construct each Rp,, we will construct a
suitable ribbon for each Legendrian plates of Dy so that their union is the
required ribbon Rop, .

For the middle part M} of the diamond Dy, first consider its S, part
which consists of 16 Legendrian triangles. We construct 16 ribbons Rg,
(4-dimensional compact hypersurface in (R?,£3) with corners) by following
the 4-dimensional contact planes along these 16 triangular plates. More
precisely,

Rs,, = {(p,v) :p € Sp,, v €&y, [l <} C&ls,, -

For each rectangular parts Sg,, Sy, (there are 4 of them in total) of My,
we consider two types of ribbons in (R?, &) given by

Ry, ={z=—ym+a, 1—e<az1 <1l+e —1<z<1}

Rs, ={z=vy1+bj, -1-e<az1 <—1+e, —1<uy <1}
which are topologically the 2-dimensional thickenings of Sy,, Sy,. One can
check that the boundaries of these 20 ribbons Rg, ,Rs,,. Rgvj meet along
their 3-dimensional common parts which are the 2-dimensional thickenings

of the common interval parts of the boundaries of St , Sx,, Sy,. (Recall the
picture of M}, in Figures 6 and 7.) Hence, we construct the ribbon Ry, of
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Mj, by gluing 20 ribbons stk,RsHi,Rsvj along the common parts of their
boundaries, i.e.,

Ry, = RSH,L U RSIK U RSvj-

By construction, Ry, deformation retracts onto My, and the contact planes
are tangent to R,z only along its Legendrian core Mj. Hence, Ry, is
the ribbon of M}, in the contact geometric sense used by Giroux in [11].
Moreover, observe that the ribbon Ry, properly contains the 2-dimensional
ribbon R, of the Legendrian unknot -y, (the isotropic core of Mj) which
is defined by taking the union R, C Rg, of the 4 narrow bands defined

by following the 2-dimensional contact planes along the 4 arcs I, in (R?, {S’)
and the following Legendrian planes:

Ru, ={z=-y+a, 1—e<az1<l+4e z9=1y2=0} CRg,
vaj = {z:y1+bj, —1—-e<x1 <—-1+¢, 29 :ygzO} CRSV].-
Next we construct the ribbons of the plates in the Legendrian disks D}, Dy..
For the triangular plates Tal,;l, Tal,;_l, Tb?Ll, TbjL_l, we define corresponding

ribbons as
Rpai={z=-y—p+a, l-e<a1<1l+e, 1-6<a3<1+46}
RTalfl = {Z: —y1+yata;, 1l—ec<r1<1l+4+e —1-90<xy< —1+(5}
Ryt = {z=m—y2+bj, -1—e<a1<—-1+e, 1-6<a3<1+46}

Ryi-1 = {z=y1+ya+bj, -1—e<z1 < —1+4¢e, —1-6 < a2y < —1+4}

for sufficiently small ¢, > 0. The ribbons Rpi1, Rpi-1, Rbel,l, RTb__l,_l

J
are disjoint and they deformation retract onto Tal;l, Tal,;_l, T, Lt T, L=l
respectively. ' '

Now we consider 4 other ribbon types Rp,,, Rp;, whose cores are the
Legendrian rectangular plates Py, P, in D) and D}/. Their tangent spaces
at a point ¢ are given by

0 0 0 0 0 0
4.1 = + —
(41) Rp <8y2 0z’ Ox1’ Oxs’ O $18z>
0 0 0 0 0 0 0 0
TRey, = <8y1 + Oys’ O T oxr1’ Ovy oy oy 1 8z>
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As the final ribbon types we consider Rp, and R p, whose cores are the Leg-
endrian top and bottom plates in D) and D}/. The tangent spaces of them
at a point ¢ are given by

Tqutqupr=<a o 0 o 0 a>‘

Ox1’ Oxs’ Oy Y% Oys T 25,

By taking appropriate € and ¢, the ribbons Rpi1, Ry, RTJ“’
Ry-1-1, Rp.,, Rpy,, Rp, Rp, meet along their 3-dimensional common
bou]ndary parts which are the 2-dimensional thickenings of the common in-

terval parts of the boundaries of their cores Tali’l, Tali’_l, szl’l, szl’_l, Pyq,
P\, P, Py. So, as before, gluing them along their common boundary re-
gions gives two disjoint ribbons (both are topologically D?) Rp, and Rpy
whose cores are D), D}, respectively.

Finally, by taking the union of Ry, , Rp; and Rpy (along the thickening
of the regions where M}, D)., D} meets), we construct the ribbon

’Rpk = RDL U RMk U 'RD;C/

whose core is the Legendrian diamond Dy. By construction the 4-dimensional
ribbon Rp, properly contains the 2-dimensional ribbon R,, which is diffeo-
morphic to D*S'. Indeed,

LEMMA 4.1. After rounding the corners, the ribbon Rp, is diffeomorphic
to D*S2.
PRrROOF. First, we observe that the tangent bundle of the rectangular

plates Sy, and Sy, in the middle part M), are generated by 8‘21 + E‘?z and

822‘ The ribbons Rg, and Rgvj are, respectively, obtained by thickening

of Sy, and Sy, along the vectors 821 and 822 — X9 8?2' Also, we note that
the tangent bundle of the triangular plates Sy, in Mj is generated by 821

and 822, and the ribbon Rg, is the thickening of I; along the two vectors

0 0 0 1o}
Ooyr 1 9, and Oya L2 9,

Now, consider the isotropic unknot 7, in the middle part My. The tan-
gent bundle of H; and V} in +;, are generated by 821 + gz. The 2-dimesnsional
ribbon Ry, and Ry, are obtained by thickening of H; and V; in the direction

of 831' Also, the tangent bundle of Ij is generated by 831' The 2-dimen-

sional ribbon R, is the thickening of I; along 821 — I gz. One can observe

that R., topologically positive Hopf band. So, the 4-dimensional ribbon
R, contains the 2-dimensional ribbon R., which is topologically D*S!,
and the thickening directions of R, are the cofiber direction of R,, and the
manifold direction of Ry, . Since the ribbon Rp, is obtained by attaching
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two ribbons Rp, and Rpy, which are topologically D*D?, to R, Rp, is
topologically D*S?. O

REMARK 4.2. In fact, we can say more here: By straigthforward com-
putations one can check that (dag)? = 2dxy A dyy A dxa A dys is a volume
form (i.e., non-zero) on the tangent spaces of the ribbons for each plane in
Dy, and so daj|p, is non-degenerate on the tangent space T,Rp, for all ¢
€ Rp,. This implies that the pair (Rp,,daj|p,) is a symplectic manifold.
As an example, consider the ribbon Rp,, of the Legendrian plane P1; whose
tangent spaces are generated by the vectors given in (4.1) above. Then for
any g € Rp,, one easily computes

(da0)2‘TqR7>i1 = 2dx1 A dyy A dxo A dy2|Tqui1 = 2.

Moreover, one can realize Rp, as the unit disk cotangent bundle of
Dy, = S%. More precisely, by construction we know that R,, is a positive
Hopf band equipped with the symplectic structure dao\% = dao\%, and so
(R, dad|p,) is the unit disk cotangent bundle of v;, = S! which is symplecti-
cally and properly embedded in (Rp, ,dog|p, ). Also by construction the zero
section ~j is properly embedded in Dy, and the contraction deforming Rp,
onto its core Dy, is, simultanously, deforming R, onto the core 7;. Hence,
(Rp,,da|p,) must be the unit disk cotangent bundle of the 2-sphere Dy,.

By Lemma 4.1 and Remark 4.2, we conclude that, for each Legendrian di-
amond Dy, one can obtain a compatible open book (Rp, ,7p, ) = (D*S?, 752)
on S2, where we identify (after rounding corners) Dj, with the zero section
S? in D*S?, and 7p, denotes the right-handed Seidel-Dehn twist along Dy,.
Indeed, simultaneously, we also obtain a compatible open book (R.,,7,)
= (D*SY, 751) on S3, where we identify (after rounding corners) 7 with the
zero section S! in D*S!, and 7, denotes the right-handed Dehn twist along
vk (which is the equatorial circle of Dy ). Thus, for each Legendrian diamond
Dy, we have, indeed, a compatible relative open book on the (admissible) rel-
ative contact pair (S2,,S3,) given by

(RDk7R’yk7TDk7T'Yk) = (D*SQ, D*Sl,ng,Tgl) .

Next, starting from the square bridge diagram A(L), we will construct
a compatible relative open book on (S%,,S?,):

PROPOSITION 4.3. For a given admissible Legendrian 2-link I with its
equatorial 1-link K, suppose that there are m square regions Ry, Ra, ..., Ry,
in the square bridge diagram A(K), and for each k € {1,2,...,m} let Dy, be
a smooth (rounded) Legendrian 2-unknot with its smooth (rounded) isotropic
equatorial 1-unknot vy constructed as above. Then there exists a compatible
relative open book (Fss, Fss, hss, hgs) on the (admissible) relative contact pair
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(S5,,S3) such that the pages Fss, Fss are Weinstein, and the following are
satisfied:

(i) Fgs is symplectically and properly embedded in Fgs.

(ii) The monodromies of (Fss,hss), (Fss,hss) are, respectively, given by

hss = Tp, oTp,0---07Tp,,, hgsZT«{IOT%O"'OT»Ym.

ProoOF. We will introduce Ry’s to the square bridge diagram A(K) (and
so the corresponding octahedrons to the generalized square bridge diagram
A(L)) one by one (in the order of their indices), and each step we will obtain
a new compatible relative open book on (S2,,S32,) as the result of a positive
relative stabilization of the compatible relative open book constructed in the
previous step. As an initial step, if no squares is introduced yet, then we con-
sider the trivial compatible relative open book OBy := (D*, D?,idps,idp2)
on (S2,,S2,) given in Example 2.4. When the first square R; is introduced,
from Example 2.11 we obtain

OBi == (Rp,, Ry, ™0, T, ) = ST[(D*, D% idps,idpe); A1, Ay N D?]

where A7 is a properly embedded Lagrangian 2-disk in D* with a Legendrian
boundary in 9D* as described in the example. We note that Rp, = D*UY,
and R,, = D?Uoy where ¥ and o7 are the corresponding Weinstein handles
of the stabilizations mentioned in Remark 2.6.

Now introducing Ry yields

OBs == (Rp, URD,, Ry, URn,, TD, © TD,, Ty, © Ty,)
= S+|:(R’D1,R»yl,T’Dl,Tfyl);AQ,AQ N 'R%] .
Here Rp, URp, = Rp, U2 and R,, UR,, = R, Uoz where

Yo =Rp, \ Ruvnss 02 =Ry, \ Ry

are the corresponding Weinstein handles of the stabilizations so that the
properly embedded Lagrangian 2-disk A, in the ribbon R jz,~az, obtained by
gluing (smoothy) the standard Lagrangian cylinder S* x [0, 1] = Raz,nn, N Do
to the Lagrangian disk M N Ma so that S x {0} = (M7 N Mz) and S x {1}
= 0A, is the attaching cirle of 39 (and so o9 is attached along the pair of
points (A2 N Rannas) = 0A2 NOR, A, )- This will attach the (new) dia-
mond Dy to the existent core Di, and they together define the core Dy U Dy
of the new page (see Figure 10).

We remark that taking the union of the Lagrangian core disk (say C3)
of ¥g and Ay = (M7 N M2) Ug1 40} St x [0,1] gives the Lagrangian 2-sphere

Dy = (M1 N My) Ugiyqoy S* % [0,1] Ugiye g1y Co
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Vk+1

Yk
Figure 10: An attaching a new diamond Dyy1 to an existent Dy,
in the new symplectic (indeed, Weinstein) page Rp, URp, C S5, along which

a new right-handed Seidel-Dehn twist is adjoined to the previous mon-
odromy. In particular,

Dy NS3, = [(My N Ma) Ugisqoy S* x [0,1] Ugiw1y Ca] NSE, =2

is the Lagrangian 1-sphere in the new symplectic (Weinstein) page R, UR,
C S2, along which a new right-handed Dehn twist is adjoined to the previous
monodromy.

Iteratively we continue as follows: Assuming Rj has been introduced,
and so the corresponding open book

k k
OBy, = <|_|RD1‘7|_|R’Y7;7TD1 O+ O0TDy, Ty, O"'OT’Yk>

i=1 i=1

has been constructed, introducing Ry, yields the compatible relative open
book

k k
OBk+1 = << |_| R’D1> U RDk+17 ( |_| R%>
i=1 1=1

UR'Yk+1? (TD1 O OTDk) O TDyy15 (T’Y1 S OT’Yk) OT"/k+1>

k k k

_ gt .

=8 [<|_|RD” I_IR’Yi’TDlO"'OTDk’T’h O-"OT7k>,Ak+1,Ak+1ﬁ I_I’R%:|
i=1 i=1 i=1
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V4
V3 Y2

7

Figure 11: Attaching process along the middle parts M;’s of D;’s

As before we have

i=1 1=1
k k
<|_|R"/> UR’Vk+1 = <|_|R%> Uogk+1
i=1 1=1

where

Zk—‘,—l - RDk+1 \ 73’('_'5:1 Mi)an+17 o-k—"_l = R7k+1 \ R(l_lle %‘)0%4—1
are the corresponding Weinstein handles of the stabilizations so that the
properly embedded Lagrangian 2-disk Apiy in the ribbon R e apyng, .,
obtained by gluing (smoothy) the standard Lagrangian cylinder S* x [0,1] =
Rjr, MMy, 1 Drt to the Lagrangian disk (|_|f:1 M;) N My4q so that

St x {0} = 8<< |i| MZ-> N Mk+1>

i=1

and St x {1} = 04y is the attaching cirle of X3 1, and so oy is attached
along the pair of points

k
8<Ak+1 N < |_| M7,> N Mk+1> == 8A2 N 8R(Uf:1 Mi)ﬂMk+1'
=1

This will attach the (new) diamond Dy to the existent core |_|f”:1 D;, and

they together define the core ( |_|f”:1 Di) U Dg41 of the new page (see Fig-
ure 11 where we take m = 4).
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Similar to k = 2 case, taking the union of the Lagrangian core disk Cy.14
of ¥p1q and A g = ((|_|f:1 MZ) N Mpy1) Ugiwqoy (St x o, 1]) gives the La-
grangian 2-sphere

k
Dyt1 = (( | ] Mz‘) N Mk+1> Ugixqoy (S* % [0,1]) Ugi1} Cry1

i=1

in the new symplectic (Weinstein) page (|_|/§:1 Rp,) URp,,, CS3, along
which a new right-handed Seidel-Dehn twist is adjoined to the previous
monodromy. In particular,

Dy 0 Sg’t

k
N [(( |_| MZ) n Mk+1> Ustx {0} (S* % [0,1]) Ustxq1y Crt1| N S3, = Ykt

i=1

is the Lagrangian 1-sphere in the new symplectic (Weinstein) page

k
<|_| R%) UR.,,, C S5

i=1

along which a new right-handed Dehn twist is adjoined to the previous mon-
odromy.

Hence, by taking k = m, i.e., after introducing all Ry’s, we obtain a
relative open book

(FSS,FSS,hSS,hSS) = OBm

m—1
:S+ [S+[(D4,Dz,idDzL,idDz);Al,Al OD2];~--] ;Am,Amﬁ |_| R%:|
i=1

which is compatible with the admissible relative contact pair (S%,,S2,) by
Theorem 2.10. Moreover, by construction, the pages Fgs, Fss are Weinstein
(as being constructed from Weinstein handles), and the conditions (i), (ii)
are satisfied as required. [J

Returning back to the proof of Theorem 1.6, starting from the generalized
square bridge diagram A(L), consisting of m octahedrons, of the given link,
we know, by Proposition 4.3, that there exists a compatible relative open
book (Fss, Fss, hss, hgs) on (S2,,S3,) with Weinstein pages and satisfying (v)
in the statement. Moreover, for any component L of L and its equatorial
knot K C K, we know, by Proposition 3.2, that we can reconstruct L as a
piecewise smooth Legendrian 2-sphere L' C S5 and by rounding the corners
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Figure 12: On the left, the front projection of the (admaissible) standard Legendrian
2-unknot L, and on the right, the corresponding piecewise smooth Legendrian 2-unknot
L’ (reconstruction of L).

of L', one can obtain a smooth Legendrian 2-sphere which is Legendrian iso-
topic to L. Indeed, by construction, L’ (and so its smoothening) is contained
in the core | |*, D; of the page Fss = | |!" | Rp,. In particular, the piecewise
smooth Legendrian equatorial 1-sphere K’ C S%, (and its smoothening) is
contained in the core | |!" | v; of the page Fss = ||| R,,. We depict this
reconstruction for the standard Legendrian 2-unknot in Figure 12.

So far, we have proved the statements (i) and (iii) (considering L as
the rounded L’). Since the reconstruction of K (rounded K') in the page
Fs is based on the square bridge diagram A(K), the statement (ii) follows
directly from the same lines in [2]. In order to prove (iv), we observe that
the arguments used in proving (ii) can be generalized to high dimensions in
a natural way. More precisely, since L is contained in the core | [[* D, its
ribbon Ry, is contained in the page Fss (the ribbon of | |, D;). Note that
reconstruction process does not change the Legendrian isotopy type of L, so
the contact ( Thurston-Bennequin) framing of L is still the same as what
it was at the beginning. Moreover, consider tubular neighborhood N(L)
of L in the page Fss. Being a codimension zero submanifold of the ribbon
Fss, N(L) is the ribbon of L. By definition, the contact framing of L is
the one coming from the ribbon N(L). Therefore, the contact framing and
the N(L)-framing (page framing) of L are the same. Since N(L) C Fss, the
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framing which L gets from the page Fgs is the same as the contact framing
of L. This completes the proof of Theorem 1.6. [J

4.2. Admissible relative contact surgery and proof of Theo-
rem 1.7. In this section, we will describe a(n) (admissible) relative contact
r-surgery along an (admissible) relative Legendrian 2-knot L in (S2,,S2,)
which gives us a new relative contact pair, and then we will consider a spe-
cial type of it which consists of a contact (4-1)-surgery along L in S, and a
simultaneously performed contact (+1)-surgery along the equatorial 1-knot
K of L in S, and prove Theorem 1.7.

A contact surgery along a Legendrian 1-knot in a contact 3-manifold is
a topolological surgery where the surgery coefficient measured with respect
to contact framing: Let K be an Legendrian 1-knot in a contact manifold
(M3, n) with a trivial neigborhood N(K) = D? x S! with convex boundary.
The boundary ON (K) has two homology generators represented by a merid-
ian p and a longitude A where X is a parallel copy of K obtained by push-
ing K using its contact framing. Choose a trivilization ¢: D? x S! — N(K)
such that ¢,(0D? x {pt}) = p and ¢.({pt} x S!) = X\ where OD? x {pt} and
{pt} x St are the generators of Hy(S!x S!). A contact r = (Z)—surgery

along K gives a new (not necessarily unique) contact manifold
(D? x ') Ug, (M*\ N(K))
where ¢,: O(D? x S') — (M3 \ N(K)) is a gluing map such that

(¢r)+(OD? x {pt}) = p+ g\

In the case of r = +1, a contact surgery produces a unique (up to isotopy)
contact structure on the surgered (resulting) 3-manifold. For details see [12]
and [19].

In higher dimensions, one could also consider contact surgeries along
isotropic and coisotropic spheres (see [5]). However, a contact surgery along
a Legendrian n-knot is defined in a similar way: It is a topological surgery
where the surgery coefficient is determined relative to contact framing. Let S
be an Legendrian n-knot in a contact manifold (Y2"*1 &) with a trivial neig-
borhood N(S) = D" x §" with convex boundary. The boundary N (S)
has two homology generators represented by a meridian m and a longi-
tude ¢ which is a parallel copy of S obtained by pushing S using its contact
framing. Choose a trivilization ®: D"*1 x §* — N(S) such that ®,(oD"!
x {pt}) = m and ®,({pt} x S*) = ¢ where D" ! x {pt} and {pt} x S" are
the generators of H,(S™ x S™). A contact r = (’q’)—surgery along S gives a
new (not necessarily unique) contact manifold

(D" x §") Ug, (Y"1 N(S))
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where ®,.: 9(D"T! x S*) — 9(Y? \ N(S)) is a gluing map such that
(®,).(AD" " x {pt}) = pu + g\

As before, in the case of r = £1, a contact surgery produces a unique (up
to isotopy) contact structure on the surgered (resulting) (2n + 1)-manifold.

Returning back to the dimension three and five, we now introduce a rela-
tive r-surgery along a relative 2-knot. Although it can be defined in a purely
topological way, we give the definition in a contact setting:

DEFINITION 4.4. Let L be a relative Legendrian 2-knot in S,. By Leg-
endrian neighborhood theorem, L has a neighborhood (N (L), &% (r)) con-
tactomorphic to a neighborhood of the zero section in the 1-jet space

2
<T*L x R, Ker <dz -3 piqu-)).

i=1

The contact r-surgery along L gives a new (not unique) contact 5-manifold
(Y5, €) obtained by removing N (L) from S2,, and gluing D3 x S? back via
a diffeomorphism inducing a map @, on the boundary (as above). Since L
is a relative knot, it has an equatorial circle K which is Legendrian in S3,
and its trivial neighborhood (N (K), &3] n(k)) is contactomorphic to a tubu-
lar neighborhood of the zero section in (T*K x R, Ker(dz — p1dq;)) which is
contactly embedded in

2
<T*L x R, Ker <dz — Zpidqi>>.
i=1

Since K is the isotropic equator of L, we have T*K x R C T*L x R, and in-
deed, the neighborhood N(K) = K x D? is a contact submanifold of N (L)
>~ [ x D? where {a} x D? C {a} x D? for any point a € K. So, when we
remove N (L) from S, we simultaneously remove N(K) from S?,. There-
fore, by gluing D3 x SS, and so D? x S'(C D? x §?), back via diffeomorphisms
®,: 9D x S*) — (S \ N(L)) and its restriction ®,|gmpexsry: O(D? x ST
— 9(S3,\ N(K)), we obtain the surgered manifolds

(¥%,6) == (S5, \ N(L)) U (D* x §%), M®:= (8% \ N(K))U (D? x S).

Note that we obtain a relative (smooth) topological pair (Y, M). Indeed, one
can check (see Lemma 4.5) that the 2-plane distribution n := £ NT'M defines
a contact structure on M (so (M,n) is a contact submanifold of (Y,¢)), and
(M,n) is the result of a contact r-surgery performed simultaneously along
K in S%,. In particular, we have obtained a relative contact pair (Ye, My)
which is said to be obtained by a relative contact r-surgery along a relative
Legendrian 2-knot L in S2,.
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LEMMA 4.5. In the setting of Definition 4.4, the 2-plane distribution n =
ENTM is a contact structure on M. Moreover, (M,n) is the result of a
contact r-surgery along a Legendrian 1-knot K (the equator of L) in S3,.

PROOF. First we note that the contact embedding of N(K) = K x D?
into N(L) 2 L x D3 is also a proper embedding, i.e.,

ON(K)=2 K x S' ¢ L x §* =2 9N(L), with {a}xS' C {a} x S?, Va € K,

and the characteristic foliation on the convex boundary ON(K) C S?, is the
restriction of the one on N (L) C S2,. On the other hand, the contact struc-
ture on D3 x S? (the one chosen to perform the contact r-surgery along L
resulting (Y, £)) produces the characteristic foliation on the convex boundary
S? x S2. This foliation restricts to the one on the convex boundary S' x S!
of the properly and contactly embedded submanifold D? x S! of D3 x S2.
Moreover, when D? x S? is glued to S3, \ N(L) via ®,: S? x S? — 9(SY,
\ N(L)), the characteristic foliations on S? x S2,9(S3, \ N(L)) are identi-
fied with each other so that a contact structure & is obtained on the surg-
ered manifold Y. In particular, the restriction diffeomorphism ®,[g:xg:: S*
x St — 9(S2,\ N(K)) glues the contact submanifolds D? x S! ¢ D? x S? and
S3,\ N(K) C S2,\ N(L) together so that the characteristic sub-foliations on
St x St and 9(S2, \ N(K)) are identified with each other. This means that
when a contact surgery performed along L, a contact structure n =&NTM
is, simultaneously, constructed on the surgered manifold M as claimed.
Now, the homology group Hs(ON(L)) has two generators represented
by a meridian m and a longitude ¢ which is a parallel copy of L on ON (L)
obtained by pushing L using its contact framing. Choose a trivilization

®: D% x S? = N(L)

such that ®,(0D? x {pt}) = m and ®,({pt} x S?) = ¢ where ID? x {pt} and
{pt} x S? are the generators of Hy(S? x S?). If p and ¢ are coprime inte-
gers such that r = g, then the result of the contact r-surgery to S5, is the
manifold

(Y,€) = (S% \ N(L)) Ug, (D° x §?)

where (®,.),(0D3 x {pt}) = pm + qf. As explained above simultaneously a
surgery is being performed along the equatorial Legendrian circle K in S3,:
Replacing N (L) with D3 x S? corresponds to replacing N (K) with D? x S*.
For the homology group H1(ON(K))=7Z & Z, consider the following two
generators: Let u C m be the meridian p = mNAIN(K), and A C £ be the
longitude A = ¢ NON(K). Note that u is an equatorial circle of m as N(K)
is properly embedded in N(L), also that A is an equatorial circle of ¢ as
N(K) is contactly embedded in N (L), so in particular, it is a parallel copy
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of K produced by the contact framing of K in S%,. Now the trivilization ®
restricts to a trivilization

¢ = B|peyst = D? x St = N(K)

such that ¢,(0D? x {pt}) = p and ¢.({pt} x S!) = X where D3 x {pt} and
{pt} x S? are the generators of H;(S' x S!). Finally, observe that the glu-
ing via the restriction map ®,|sp2xst) (resulting the contact submanifold
(M,n)) is equivalent to gluing via the map

dr: O(D? x S) = A(S3,\ N(K)) with ¢,(9D? x {pt}) = pu + q\.

(Since the 2-sphere ®,.(0D? x {pt}) travels p-times around the meridian m
and ¢-times around the longitude ¢, so does its equator ®,(9D? x {pt}),
i.e., it travels p-times around the meridian p and ¢-times around the longi-
tude \.) Hence, the simultaneous surgery along K constructing the contact
submanifold (M,n =& NTM) is also a contact r-surgery. [

PROOF OF THEOREM 1.7. Suppose that (Y;’,Mg’) is a given admissible
relative contact pair obtained by an admissible relative contact (£1)-surgery
along an admissible Legendrian relative 2-link L = | |/_; L; in S3, whose equa-
torial isotropic 1-link is K =L NS3, = | ||_; K;. We know, by Theorem 1.6,
that there exists a compatible relative open book (Fss, Fss, hgs, hgs) on the
relative contact pair (S°,S?) with the Weinstein pages Fss, Fgs and the mon-
odromies

hss = Tp, 0Tp, 0+ 07p,, Ngs =Ty 0Ty, 00Ty,

m )

(as constructed in the proof of the theorem) such that each reconstructed
and smoothened K; lies on Fgs and the page framing of K; is equal to its
contact framing in S3,, and similarly, each reconstructed and smoothened L;
lies on Fgs and the page framing of L; is equal to its contact framing in S2,.
From now on, all reconstructed links and their reconstructed components
are also assumed to be smoothened, and by abuse of notation, we’ll denote
them by the same letters.

By construction, all components of the reconstructed 2-link L. sits on a
single page, say Fgos, as embedded Legendrian 2-unknots (of S%,) in such a
way that all components of the reconstructed equatorial 1-link K lie on a
page, say FSO?, (a Weinstein submanifold of FSOE,) as embedded Legendrian 1-
unknots (of S2,). Being Legendrian on a symplectic page of a compatible
open book, all L;’s (resp. K;’s) are Lagrangian in F (resp. in F%). Recall
that, by construction, the components of the reconstructed K are still mutu-
ally disjoint in FSO3 and the linking matrix of the reconstructed K is the same
as the linking matrices of the original K and L. However, the components
of reconstructed L have some overlaping regions. In order to get rid of such
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regions, we will realize each reconstructed component L; on a different page,
call FY;, of the open book (Fss, hgs) in such a way that each corresponding
equatorial component K; will be contained on a (different) page FSig of the
the open book (Fgs, hgs) which is a Weinstein subdomain of Fs.

First, note that since all reconstructed components of L. are contained
in the Lagrangian core of the page Fgos, they do not intersect the binding, so
they miss a page of (Fgs, hgs), and hence we may assume that they are con-
tained in a closed neighborhood Ngs(F$) of FS in SP. This neighborhood
can be contactly identified with (F x [—1,1], Ker(ag + dt)) where ¢ is the co-
ordinate on [—1,1], F = Fé)s is equipped with the symplectic form dag, and
we identify FSO5 with the page F' x {0}. Thus, we have a contactomorphism
(contact identification)

©: (NSS(FSOs),Ker(agles(ng))) — (F x [~1,1],Ker(a + dt)).

The contactomorphism © identifies the pages (fibers) in Ngs (F$) with those
in F x [-1,1], and the Reeb vector field of Ngs(F) corresponds to the Reeb
vector field 0/0t of F' x [—1,1].

Similarly, all reconstructed components of K are contained in the La-
grangian core of the page Fgog, and they miss a page of (Fgs, hss), and so
they are contained in a closed neighborhood Ng:(F$:) of FY% in S* which
can be contactly identified with (G x [—1, 1], Ker(a§ + dt)) where G = F is
equipped with the symplectic form dag, and we identify FSO3 with the page
G x {0}. In fact, G is a properly embedded Weinstein subdomain of F', and
the restriction of © gives a contactomorphism

Olng (re): (Nss (Fgh), Ker(ag|ny (re,))) — (G x [=1,1], Ker(af + dt)).

Likewise the restricted © identifies the pages (fibers) in Ngs(F%) with those
in G x [-1,1], and the Reeb vector field of Ng:(F%) corresponds to the Reeb
vector field 9/0t of G x [-1,1]. (Note that (G x [—1,1],Ker(a3 + dt)) is
contactly and properly embedded in (F x [—1,1],Ker(ag + dt)) and their
Reeb vector fields coincide, namely 0/0t.)

Fix a metric d on F' (and so on G) and let dy be the standard metric on
[—1,1]. Consider the pull-back metric (distance function) dist := ©*(d x dy)
on Ngs(F%) where is the identification map. Let e > 0 be a sufficiently small
number such that ¢ < dist(K;, K;) for all ¢ # j, and choose a partition

{-e=ea15e95--Se=¢}
of the interval [—¢, €].
Next, for each i =1,2,...,7, consider the image O(L;) which is La-

grangian in (F x {0},dag) and Legendrian in (F x [—1,1], Ker(a] + dt)).
Using the flow of the Reeb vector field 0/0t (which is transverse to the
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pages) we push the 2-unknot O(L;) untill we obtain a new smooth 2-
unknot U; which is completely contained in the page F' x {¢;}. Note that
since 0/0t is a contact vector field, ©(L;) and U; are Legendrian isotopic
in (F x[—1,1],Ker(af + dt)). The restriction of this isotopy to the equator
O(K;) defines a Legendrian isotopy in (G x [—1,1], Ker(ag + dt)) from O(K;)
to a new smooth Legendrian 1-unknot V; C G x {¢;} C F' x {¢;} which is,
indeed, the isotropic equator of U;. Observe that U;’s (and so V;’s) are mu-
tually disjoint as they lie on different pages. Also by the choice of ¢, the
new smooth 2-link U = | |I_; U; and its smooth equatorial 1-link V = | |_, V;
have a common linking matrix which is, indeed, equal to the common linking
matrix of the originally given link IL and its equatorial link K.

Now consider the pull-back link L' := ©~}(U) C Ngs(F$) C S3, and its
equatorial link K’ := ©71(V) C Ngs(F%) C S3,. Since © is a contactomor-
phism, the following are immediate:

(1) Each component L := ©71(U;) of L’ is Lagrangian on

FSis = 9_1(F X {1})7

and Legendrian in S?,, and Legendrian isotopic to original L;.
(2) Each component K! := ©71(V;) of K” is Lagrangian on

Fiy = 071G x {i}),

and Legendrian in S3,, and Legendrian isotopic to original ;.

(3) The 2-link L = | |{_, L} and its equatorial 1-link K’ = | |I_, K have
a common linking matrix which coincides with the common linking matrix
of L=||_;Liand K=|]_; K;.

As a result, we conclude that the relative 2-links L, I and their equa-
torial 1-links K, K’ are Legendrian isotopic in S%, and S2,, respectively.
Therefore, the relative contact +1-surgery along I” also results in the same
(up to isotopy) relative contact pair (Yg’,Mg’) On the other hand, each
component of L' (resp. K') sits as a Lagrangian 2-unknot (resp. Lagrangian
1-unknot) on the pages of the compatible open book (Fss, hgs) on S2, (resp.
(Fss, hss) on S3,). Therefore, by “surgery on a page” theorems (Theorem 1.2
for dimension three, and see Theorem 4.6 in [15] for dimension five), one im-
mediately gets a compatible relative open book on the relative contact pair
(Yg’, M3) given by

(Fss, Fss, hes o 1, hgs 0 T )

where 71, (resp. 7x/) denotes the product (composition) of the Dehn twists
75! (vesp. T;?,l) about the components I/ (resp. K’) along which the contact

+1)-surgeries, resulting Y2 (resp. M3), are performed. [
3 n
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Figure 13: a) The middle part of the admissible Legendrian 2-link 1L, b) the equatorial link
K of L (the Hopf link) contained in the core of the 2-dimensional ribbon.

Figure 14: The piecewise smooth Legendrian 2-link I (with overlapping regions) and its
equatorial link K' (a piecewise smooth Hopf link).

5. Examples

ExAMPLE 5.1. Consider the admissible Legendrian 2-link I = |_|22:1 L;
whose equatorial link K is the Hopf link such that its square bridge diagram
I'(K) is the one given in Figure 2. The generalized square bridge diagram
A(L) of L is given Figure 4. Using these diagrams, for each k, we construct
the Legendrian unknot 73 in (R,&3) C S2, and the middle part (Legendrian
thickening) M}, of v as in Figure 13.
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Then one can obtain the piecewise smooth (Legendrian) reconstruction
L’ (with some overlapping regions: The upper part D) and the lower part
D of the diamond D, are the common (overlapping) piecewise smooth disks
in reconstructed components L} and L)) of L by first building a Legendrian
diamond Dy, for each square region Ry in I'(K) and then patching their ap-
propriate parts together as exaplained in Proposition 3.2 (see Figure 14).
By construction, I’ is contained in the union of Rp,’s (4-dimensional rib-
bons), and its equator K’ is contained in the union of R,,’s (2-dimensional
ribbons).

When each octahedron is introduced to the generalized square bridge
diagram A(LL) of IL (step by step) for each square region Ry in I'(K), a new
compatible relative open book on (S3,S3,) is obtained as the result of a
positive relative stabilization of the compatible relative open book in the
previous step.

More precisely, the trivial compatible relative open book OBy := (D*, D?,
idps,idpz) on (S5, S2,) is considered as an initial step. When we reach the

last step k=7 , we have the following compatible relative open book on
(Sgta Sgt):

(ng, ng, hgs, hge) = 087

6
= S+ tet [S+[(D4,DQ,idD4,idD2);A1,A1 N D2]; N ] ;A7,A7 N |_|,R”Yi:|
i=1

where Fgs = |_|Z:l Rop, and Fgs = |_|Z:l R, are the corresponding Weinstein
pages, the monodromies hgs = 7p, o --- o 7p, and hgs = 7, 0 --- o7, are the
product of right-handed Dehn twists along Dy, and ., respectively, and Ay, is
the properly embedded Lagrangian 2-disk in the ribbon R(Uf‘;ll M)NM,, 85 de-
scribed in Proposition 4.3 for k = 1,--- , 7. Note that rounded (smoothened)
L/ and K’ are smoothly embedded in the cores |_|Z:1 Dy and |_|Z:1 i of
Fss = |_|Z:1 Rop, and Fss = |_|Z:1 R, respectively.

Let (Yg), Mg’) be any admissible relative contact pair obtained by an ad-
missible relative contact (41)-surgery along the given admissible link L in
S5,. By Theorem 1.7, there exists a compatible relative open book

(OBy, OByy) = (Fss, Fis, hgs o 1, hgs o i)

on (Y;, MS’) with Weinstein pages where 71, and 7x denote the product of
the Dehn twists T]I:ﬁl and Tgl as described in the previous section when the
contact (£1)-surgeries are applied.

ExamMpLE 5.2. Let L be the admissible standard loose Legendrian
2-unknot in (R®,&5) C Sgst which is obtained by taking S'-symmetry of the
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@
(b)

Figure 15: (a) The front of the admissible standard loose Legendrian 2-unknot L, (b) the
front of its isotropic equator K.

Figure 16: The generalized square bridge diagram of the admissible standard loose Legen-
drian 2-unknot L

Legendrian 1-unknot K in (R3 &) C Sg’st with tb(K) = —3 as depicted in
Figure 15.

The generalized square bridge diagram A(L) is given in Figure 16. By
using this diagram, one can obtain the piecewise smooth representative L’
(as depicted in Figure 17) by first constructing a Legendrian diamond Dy, for
each square region Ry in I'(K), and then patching their appropriate parts
together as exaplained in Proposition 3.2.

As before, we consider the trivial compatible relative open book OBy =
(D*, D?,idp+,idp2) on (S%,,S3,) when no squares is introduced. Then for
each new octahedron, a new compatible relative open book on (S%,,S2,) is
obtained by positively stabilizing the compatible open book in the previous
step. At the last step k = 4, the following compatible open book

(ng, ng, hgs, hgs) = 084
3
= $+ te [S+[(D4,D2,idD4,idD2);A1,A1 N D2]; c ] ;A4,A4 N I_l R%:|
=1
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Figure 17: The piecewise smooth standard loose Legendrian 2-unknot L’

on (S%,S3,) is obtained where Fgs = |_|i:1 Rp, and Fgs = |_|i:1 R, are
the corresponding Weinstein pages, hgs = 7p, o---o7p, and hgs = 7,, ©
---oTy, are the product of right-handed Dehn twists along D; and ~,
respectively, and A is the properly embedded Lagrangian 2-disk in the
ribbon R(I_I?;f MM, 88 described in Proposition 4.3 for k =1,2,3,4. The
smoothening of L’ (resp. K') are contained in the cores of Fss (resp. Fgs).

Now, as an example, consider the admissible relative contact pair
(Yg’, Mf;’) obtained by applying an admissible relative contact (+1)-surgery
along the given admissible link L in S%,. By Theorem 1.7, there exists a
compatible relative open book

(OBY, OBM) = (FSS’ FS?,, hgs (¢] 7'_,1, hgs (o] 7'_,1)
L K

on (Y;’,Mg) . Note that Yg’ is overtwisted by Casal, Murphy and Presas
[4] since it is obtained by contact (+1)-surgery along a loose Legendrian
2-knot L’. In particular, it contains the overtwisted contact submanifold
M, = (L(2,1) = RP3,7) which is obtained by contact (+1)-surgery along the
equatorial 1-knot K.
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