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Abstract
We study the existence, nonexistence and asymptotics of positive solutions to the
Gierer–Meinhardt system

⎧
⎪⎨

⎪⎩

−�u + λu = u p

vq
+ ρ(x) , u > 0 in RN+ := R

N−1 × (0,∞),

−�v + λv = um

vs
, v > 0 in RN+ ,

where N ≥ 3, λ > 0 and ρ ∈ C(RN+), ρ > 0. The solutions (u, v) are assumed to

satisfy the homogeneous Neumann boundary condition
∂u

∂xN
= ∂v

∂xN
= 0 on ∂RN+

and u(x) → 0, v(x) → 0 as x ∈ R
N+ , |x | → ∞. Under various conditions on the

exponents m, p, q, s > 0 and the data ρ(x) we obtain qualitative properties of the
solutions (u, v). In particular, we derive the existence of a solution (u, v) with u(x)
having the minimal asymptotic behaviour u(x) � �λ(x) as |x | → ∞, where �λ

denotes the fundamental solution of−�+λI inRN+ . The approach combines integral
representations of solutions and various integral estimates with fixed point arguments.
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M. Ghergu

1 Introduction and themain results

The celebrated Gierer–Meinhardt system [17] was introduced in 1972 to account
for morphogenesis in hydra. The model aims at describing the tissues regeneration
process through controlling the spatial distribution of cells and consists of two coupled
reaction-diffusion equations as follows:

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

ut = d�u − λu + u p

vq
+ ρ(x) in � × (0, T ),

vt = D�v − μv + um

vs
in � × (0, T ),

∂u

∂ν
= ∂v

∂ν
= 0 on ∂� × (0, T ),

u(x, 0) = u0(x), v(x, 0) = v0(x) in �.

In the above,� ⊂ R
N is a smooth andboundeddomain, ν denotes the outer unit normal

vector at ∂�, λ,μ > 0 and ρ ∈ C(�) is a positive function. The positive functions
u, v ∈ C2(�) ∩ C1(�) represent the concentration of two chemicals, respectively
the activator and the inhibitor. It is assumed that the activator diffuses slowly while
the inhibitor diffuses fast, so D 	 d > 0. From biological arguments, the exponents
p, q,m, s > 0 satisfy

0 <
p − 1

m
<

q

s + 1
,

so that

σ := mq

(p − 1)(s + 1)
> 1.

There are by now a great number of works [7, 9–11, 13–15, 19–24, 26, 27, 29, 30] that
investigate the above model and its various forms. The purpose of the present article
is to study the existence, nonexistence and asymptotics of the steady-states (that is,
solutions which are time independent) of the Gierer–Meinhardt system when � is the
upper half-space in RN+ , N ≥ 3. To the best of our knowledge, this is the first study of
the stationary Gierer–Meinhardt system in a half-space.

Let N ≥ 3 and R
N+ = {x = (x1, x2, . . . , xN ) : xN > 0}. In this paper we shall be

concerned with the system

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

−�u + λu = u p

vq
+ ρ(x) , u > 0 in RN+ ,

−�v + λv = um

vs
, v > 0 in RN+ ,

∂u

∂xN
= ∂v

∂xN
= 0 on ∂RN+ ,

u(x) → 0 , v(x) → 0 as x ∈ R
N+ , |x | → ∞,

(1.1)

123



The stationary Gierer–Meinhardt system in the...

where ρ ∈ C(RN+), ρ > 0 and p, q,m, s, λ > 0. We are looking for positive classical

solutions of (1.1), that is, functions u, v ∈ C2(RN+) ∩ C1(RN+) such that u, v > 0

in R
N+ and (u, v) satisfies (1.1) pointwise in R

N+ . As it will follow from the proof of
Theorem 1.1 in Sect. 3 (see also the proof of Lemma 2.8), such solutions have the

regularity u, v ∈ C2(RN+). We should also point out that ∂u
∂xN

= ∂v
∂xN

= 0 on ∂RN+
is nothing but the homogeneous Neumann boundary condition at ∂RN+ since the unit
outer normal vector to ∂RN+ is −eN , where eN = (0, 0, . . . , 0, 1) ∈ R

N .
Before we state the main results of this article, let us introduce some notations.

• R
N+ = {x = (x1, x2, . . . , xN ) : xN > 0} and R

N− = {x = (x1, x2, . . . , xN ) :
xN < 0}.

• BR denotes the open ball in RN centred at the origin and having radius R > 0.
• Any element x = (x1, x2, . . . , xN ) ∈ R

N is identified as x = (x ′, xN ) ∈ R
N−1 ×

R, where x ′ = (x1, x2, . . . , xN−1).
• If x = (x ′, xN ) ∈ R

N , we denote x = (x ′,−xN ) its reflection with respect to the
hyperplane {xN = 0}.

• If D ⊂ R
N , we write D+ = D ∩ R

N+ and D− = D ∩ R
N− .

• HN−1(E) denotes the (N − 1)-dimensional Hausdorff measure of E ⊂ R
N .

• If f , g : D → (0,∞) are two functions, then f � g means f (x) ≤ Cg(x) for all
x ∈ D, where C > 0 is a constant whose value is not relevant in the context. In a
similar manner, f � g means f � g and g � f .

• C,C1,C2, . . . and c, c1, c2, . . . denote various positive constants whose value
may change on every occurrence.

Let �λ be the fundamental solution of the operator −� + λI in R
N (see (2.2) in

Sect. 2) in the sense that it satisfies

( − � + λI
)
�λ = δ0 in D′(RN ), (1.2)

where δ0 is the Dirac delta measure in RN concentrated at the origin. Then, the Green
function of −� + λI in RN+ is given by

Gλ(x, y) = �λ(x − y) + �λ(x − y) for all (x, y) ∈ R
N+ × R

N+ . (1.3)

It satisfies

⎧
⎨

⎩

( − � + λI
)
Gλ(·, y) = δy in D′(RN+)

∂Gλ

∂xN
(·, y) = 0 on ∂RN+

for all y ∈ R
N+ ,

where δy is the Dirac delta measure in RN+ concentrated at the origin.
Our first result states that any solution of (1.1) admits an integral representation

over RN+ , with kernel Gλ. Precisely, we have:
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M. Ghergu

Theorem 1.1 (Integral representation) If (u, v) is a positive solution of (1.1) then

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

u(x) =
∫

R
N+

Gλ(x, y)

{
u p(y)

vq(y)
+ ρ(y)

}

dy

v(x) =
∫

R
N+

Gλ(x, y)
um(y)

vs(y)
dy

for all x ∈ R
N+ . (1.4)

Combining the above integral representation of solutions with other techniques we
deduce the following nonexistence result.

Theorem 1.2 (Nonexistence)

(i) If 0 < p ≤ 1, then (1.1) has no positive solutions.
(ii) If p > 1 and one of the following conditions hold:

(ii1) lim infx∈RN+ ,|x |→∞ ρ(x) > 0;
(ii2) σ > 1 and m ≤ s + 1;

then (1.1) has no positive solutions (u, v) such that the activator u(x) satisfies the
prescribed growth condition

u(x) � (1 + |x |)−ae−b|x | in RN+ for some a ≥ 0 and b > 0. (1.5)

Theorem 1.2(ii2) states that under certain conditions on p, σ or ρ(x), the system
(1.1) has no positive solutions when the activator u(x) satisfies the prescribed growth
condition (1.5).We shall further be concerned with solutions (u, v)which satisfy (1.5)
and examine the conditions on a, b such that the asymptotic (1.5) occurs. Our next
result discusses this matter in more precise terms.

Theorem 1.3 (Asymptotic behavior)
Assume p > 1, m ≤ s + 1 and for some γ >

√
λ we have

ρ(x) = o(e−γ |x |) as x ∈ R
N+ , |x | → ∞. (1.6)

Let (u, v) be a solution of (1.1) such that u satisfies (1.5).

(i) If 0 ≤ a ≤ s + 1

m
· N − 1

2
, then the following alternative holds:

(i1) either b = √
λ and σ ≤ 1;

(i2) or b <
√

λ and σ = 1.

(ii) If m < s + 1, σ < 1 and

N − 1

2(1 + (p − 1)(1 − σ))
≤ a ≤ N − 1

2
, (1.7)
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The stationary Gierer–Meinhardt system in the...

then a = N−1
2 and b = √

λ and thus

u(x) � �λ(x) and v(x) � �
m
s+1
λ (x) for all x ∈ R

N+ \ B1. (1.8)

(iii) If m = s + 1 ≥ 2
N−1 , σ < 1 and

1

p − q

(
N − q

m

)
< a ≤ N − 1

2
, (1.9)

then a = N−1
2 and b = √

λ and thus

u(x) � �λ(x) and v(x) � |x | 1
m �λ(x) for all x ∈ R

N+ \ B1. (1.10)

From Theorem 1.3 we deduce the following:

• If (1.1) has a solution (u, v) where the activator u decays exponentially at infinity,
then the rate of decay is slower than or equal to e−√

λx . If the activator has an
exponential decay which is slower than e−√

λ|x |, then σ = 1 which means mq =
(p − 1)(s + 1). This follows from Theorem 1.3(i) by taking a = 0.

• Some conditions on the exponent a (see (1.7) and (1.9) in Theorem 1.3(ii)–(iii))
imply that the activator u(x) has the minimal decay u(x) � �λ(x) in R

N+ \ B1.
In such a case the rate of decay of v(x) can be determined precisely as stated in
(1.8) and (1.10). Observe that in both (1.8) and (1.10) the inhibitor v(x) decays
slower than the activator and this matches with the mechanism of the activator and
inhibitor as emphasised by Gierer and Meinhard in their seminal work [17].

We are next concerned with the existence of a solution to (1.1) which satisfies a
prescribed asymptotic as |x | → ∞. For any a ≥ 0 and b > 0 define

Za,b(x) = (1 + |x |2)−a/2e−b
√

1+|x |2 for all x ∈ R
N+ (1.11)

and assume that

αZa,b(x) ≤ ρ(x) ≤ βZa,b(x) in RN+ , for some β > α > 0. (1.12)

We introduce the parameter λ0 > 0 by

λ0 =
{

4
p

p−1+σ
(
1+ 1

m

)

· β

ασ

}1/τ

, where τ = p

p − 1
− σ

(

1 + 1

m

)

.

(1.13)

Theorem 1.4 (Existence)
Assume p > 1 and

p >
q(m + 1)

s + 1
. (1.14)
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(i) Suppose 0 < σ ≤ 1 and ρ(x) satisfies (1.12) for some 0 ≤ a < s+1
m · N−1

2 and
b > 0. Then, for all

λ ≥ λ∗ := max

{

2b2, 2

(
bm

s + 1

)2

,
N 2

2
, λ0

}

, (1.15)

the system (1.1) has a positive solution (u, v) which for all x ∈ R
N+ satisfies

u(x) � (1 + |x |)−ae−b|x | and v(x) � u(x)
m
s+1 � (1 + |x |)− am

s+1 e− bm
s+1 |x |.

(1.16)

(ii) Suppose 0 < σ < 1, and

either m < s + 1 or m = s + 1 ≥ 2

N − 1

and ρ(x) satisfies (1.12) for (a, b) = ( N+3
2 ,

√
λ). Then, for all

λ ≥ λ∗∗ := max

{
4

(p − 1)2(1 − σ)2
,
N 2

2
, λ0

}

, (1.17)

the system (1.1) has a positive solution (u, v) which for all x ∈ R
N+ \ B1 satisfies

u(x) � �λ(x) and

{
v(x) � �

m
s+1
λ (x) if m < s + 1

v(x) � |x | 1
m �λ(x) if m = s + 1.

(1.18)

The following observations emerge from Theorem 1.4:

• Condition (1.14) is equivalent to τ > 0, where τ is defined in (1.13).
• Theorem 1.4(i) states that if ρ(x) has a specific asymptotic behavior given by
(1.12), then, for λ ≥ λ∗ the system (1.1) admits a positive solution.

• More importantly, Theorem 1.4(ii) establishes the existence of a positive solution
(u, v) where the activator u(x) has a minimal growth at infinity: u(x) � �λ(x)
in R

N \ B1. Observe from (1.18) that the inhibitor v(x) decays slower than the
activator u(x) as x ∈ R

N+ , |x | → ∞.
• The existence of a positive solution to (1.1) is obtained provided λ is sufficiently
large. We were able to provide the precise value of the thresholds λ∗ and λ∗∗ that
imply the existence of such a solution to (1.1).

The remaining part of this article is organised as follows. First, in Sect. 2 we
collect some preliminary results related to the integral representation for solutions of
semilinear PDEs. Another crucial tool in our approach is the study of the problem
(2.10); this is done in Sect. 2.2. Next, Sects. 3–6 contain the proofs of Theorems
1.1–1.4 respectively. Finally, the proof of a technical result stated in Lemma 2.3 is
provided in the Appendix.
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2 Preliminaries

2.1 The Green function and integral representations

For any real number s and any z ∈ C\{w ∈ C : Rew ≤ 0, Imw = 0}, let Is(z)
denote the modified Bessel function of the first kind (see [1, Section 9.6, page 374])
which is given by

Is(z) =
∞∑

k=0

1

k!�(k + s + 1)

( z

2

)2k+s
, (2.1)

where �(z) denotes the standard Gamma function. With the help of Is(z) we consider
the modified Bessel function Ks(z) of the second kind (see [1, Section 9.6, page 374])
given by

Ks(z) = π

2
· I−s(z) − Is(z)

sin(πs)
for all s ∈ R \ Z.

For an integer n, we define Kn(z) = lims→n Ks(z). The two functions Is(z) and Ks(z)
are the linearly independent solutions w = w(z) of the second order ODE:

z2
d2w

dz2
+ z

dw

dz
−

(
z2 + s2

)
w = 0.

For λ > 0, the function

�λ(x) = λN−2

(2π)N/2 · KN/2−1(λ
1/2|x |)

|x |N/2−1 for all x ∈ R
N \ {0}, (2.2)

is the fundamental solution of the operator −� + λI (see [6, Section 3]) in the sense
that it satisfies (1.2). The properties of �λ required in our approach are stated below.

Lemma 2.1 (See [4, Chapter 4, pag. 416], [8, Section 2])
Let λ > 0. The following hold true:

(i) We have

�λ(x) � |x |− N−1
2 e−√

λ|x | in RN \ B1.

(ii) We have

⎧
⎨

⎩

�λ(x) � |x |2−N if N ≥ 3

�λ(x) � ln
2

|x | if N = 2
in B1 \ {0}.

(iii) �λ(x) is a decreasing function of |x | and �λ ∈ L1(RN ).
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(iv) We have

∣
∣∇�λ(x)

∣
∣ � |x |− N−1

2 e−√
λ|x | inRN \ B1.

A recent result established in [8] discuses the relationship between the distributional
solutions of

− �u + λu = f (x) in D′(RN ), N ≥ 3, (2.3)

and their integral representation with the kernel �λ. A particular case of Theorem 1.7
in [8] is provided next.

Proposition 2.2 (See [8, Theorem 1.7]) Let λ > 0 and f ∈ L1
loc(R

N ), f > 0. If
u ∈ L1

loc(R
N ) is a distributional solution of (2.3) which satisfies

lim inf
R→∞ R− N+1

2

∫

R≤|x−y|≤2R

|u(y)|e−√
λ|x−y|dy = 0 for almost all x ∈ R

N ,

(2.4)

then

u(x) =
∫

RN

�λ(x − y) f (y)dy for almost all x ∈ R
N , (2.5)

where �λ is the fundamental solution of −� + λI as given in (2.2).
Conversely, if

∫

RN

�λ(x − y) f (y)dy < ∞ for almost all x ∈ R
N , (2.6)

then the function u given by (2.5) is a distributional solution of (2.3).
Furthermore, if u is a solution of (2.3), then

u(x) � |x |− N−1
2 e−√

λ|x | in RN \ B1. (2.7)

Observe that if the solution u(x) of (2.3) is bounded, or more generally has a
polynomial growth at infinity, then (2.4) holds and thus u(x) admits the representation
(2.5).

We conclude this part of the preparatorymaterial with a result that establishes useful
integral estimates which extends those on Riesz potentials obtained in [16, Lemma
3.7].
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Lemma 2.3 Let α ≥ 0, β > 0 be real numbers and f ∈ L1
loc(R

N+), f ≥ 0 be such
that

f (x) � (1 + |x |)−αe−β|x | in RN+ . (2.8)

Let Gλ be the Green function of −� + λI in RN+ as given in (1.3) and define

u(x) =
∫

R
N+

Gλ(x, y) f (y)dy for all x ∈ R
N+ .

Then, for all x ∈ R
N+ \ B1 one has

u(x) �

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

|x |−min
{

N−1
2 ,α

}

e−β|x | if 0 < β <
√

λ,

|x |−min
{

N−1
2 ,α

}

e−√
λ|x | if β >

√
λ,

|x | N+1
2 −αe−√

λ|x | if β = √
λ and α < N ,

|x |− N−1
2 e−√

λ|x | log(1 + |x |) if β = √
λ and α = N ,

|x |− N−1
2 e−√

λ|x | if β = √
λ and α > N .

(2.9)

The proof of Lemma 2.3, which relies on technical integral estimates, is postponed to
the Appendix.

2.2 The single problem

In this subsection we discuss the single problem

⎧
⎪⎪⎨

⎪⎪⎩

−�w + λw = K (x)w−s, w > 0 in RN+ ,
∂w

∂xN
= 0 on ∂RN+ ,

w(x) → 0 as x ∈ R
N+ , |x | → ∞,

(2.10)

where s > 0 and K ∈ C(RN+), K > 0. We start first with the following elementary
comparison principle.

Lemma 2.4 Let � ⊂ R
N+ be a C2 bounded domain such thatHN−1(∂� ∩ ∂RN+) > 0.

Assume K ∈ C(�), K > 0 and w1, w2 ∈ C2(�) ∩ C1(�) are such that

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

−�w1 + λw1 − K (x)w−s
1 ≥ 0 ≥ −�w2 + λw2 − K (x)w−s

2 in �,

w1, w2 > 0 in �,
∂w1

∂xN
≤ ∂w2

∂xN
on ∂� ∩ ∂RN+ ,

w1 ≥ w2 on ∂� ∩ R
N+ .

Then, w1 ≥ w2 in �.
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Proof Suppose by contradiction thatw1 ≥ w2 does not hold in�. This means that the
set D = {x ∈ � : w2(x) > w1(x)} is nonempty. Observe that w = w2 − w1 satisfies

− �w + λw ≤ K (x)
(
w−s
2 (x) − w−s

1 (x)
)

< 0 in D. (2.11)

Since the operator −� + λI obeys the maximum principle (see [12, Section 6.4.1])
it follows that w achieves its maximum in D at a point x0 ∈ ∂D. According to our
assumption, we have w(x0) > 0, so that x0 ∈ � ∪ (∂� ∩ ∂RN+).

• If x0 ∈ �, then w continuous and w(x0) > 0 implies the existence of a small ball
Br (x0) ⊂ � such that w > 0 in Br (x0). This further implies Br (x0) ⊂ D so x0 is
not a boundary point of D, contradiction.

• If x0 ∈ ∂� ∩ ∂RN+ then, by the Hopf boundary point lemma (see [12, Section
9.5]) it follows that ∂w

∂xN
(x0) < 0 (since the outer normal to ∂D at x0 points in the

direction −eN = (0, 0, , . . . , 0,−1) ∈ R
N ). This contradicts our hypothesis on

w1 and w2 since

∂w

∂xN
(x0) = ∂w2

∂xN
(x0) − ∂w1

∂xN
(x0) ≥ 0.

Hence, w1 ≥ w2 in �. ��
A similar comparison result to Lemma 2.4 holds in RN+ . This is stated below.

Lemma 2.5 Let K ∈ C(RN+), K > 0 and w1, w2 ∈ C2(RN+) ∩ C1(RN+) be such that

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

−�w1 + λw1 − K (x)w−s
1 ≥ 0 ≥ −�w2 + λw2 − K (x)w−s

2 in RN+ ,

w1, w2 > 0 in RN+ ,
∂w1

∂xN
≤ ∂w2

∂xN
on ∂RN+ ,

lim inf
x∈RN+ ,|x |→∞

(w1(x) − w2(x)
) ≥ 0.

Then, w1 ≥ w2 in RN+ .

Proof The proof is very similar to that of Lemma 2.4. Suppose the conclusion does
not hold. Then, one can find ε > 0 small such that the set D = {x ∈ R

N+ : w2(x) >

w1(x) + ε} is nonempty. Since

lim inf
x∈RN+ ,|x |→∞

(w1(x) − w2(x)
) ≥ 0,

it follows that D is bounded. Also w = w2 −w1 satisfies (2.11) in D. Now, if x0 ∈ D
is a maximum point of w in D, by the maximum principle we have x0 ∈ ∂D and two
cases may occur: either x0 ∈ R

N+ or x0 ∈ ∂RN+ which are handled exactly the same as
above in order to raise a contradiction. ��
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Lemma 2.6 Let a ≥ 0 and b, λ > 0 satisfy one of the conditions below:

0 < b <
√

λ and 0 ≤ a ≤ N − 1

2
, (2.12a)

b = √
λ and 0 ≤ a <

N − 1

2
, (2.12b)

b = √
λ and a = N − 1

2
. (2.12c)

LetZa,b be the functiondefined in (1.11). Then, there exists two constantsC2 > C1 > 0
depending on N , λ, a, b such that:

(i) If (2.12a) holds, then

C1Za,b ≤ −�Za,b + λZa,b ≤ C2Za,b in RN+ . (2.13)

(ii) If (2.12b) holds, then

C1Za+1,b ≤ −�Za,b + λZa,b ≤ C2Za+1,b in RN+ . (2.14)

(iii) If (2.12c) holds, then

C1Za+2,b ≤ −�Za,b + λZa,b ≤ C2Za+2,b in RN+ . (2.15)

Furthermore, we have

C1 =

⎧
⎪⎨

⎪⎩

λ − b2 if (2.12a) holds√
λ(N − 2a − 1) if (2.12b) holds

λ if (2.12c) holds

and C2 ≤ 2λ + N 2. (2.16)

Proof Let φ(r) = (1+r2)1/2, r ≥ 0, and note thatZa,b(x) = φ(r)−ae−bφ(r), r = |x |.
Since dφ

dr = r
φ
we find

−dZa,b

dr
= r(a + bφ)φ−a−2e−bφ,

and

−d2Za,b

dr2
ebφ = (a + bφ)φ−a−2 + br2(1 − a − bφ)φ−a−3 − (a + 2)(a + bφ)r2φ−a−4.

Then, from r2 = φ2 − 1 and

−�Za,b + λZa,b = −d2Za,b

dr2
− (N − 1)

dZa,b

dr
+ λZa,b,
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we obtain

− �Za,b + λZa,b

=
{

λ − b2 + b(N − 2a − 1)

φ
+ b2 + a(N − a − 2)

φ2 + b(2a + 1)

φ3 + a(a + 2)

φ4

}

Za,b.

(2.17)

From (2.17) we deduce

−�Za,b + λZa,b

≥ (λ − b2)Za,b + b(N − 2a − 1)Za+1,b + {
b2 + a(N − a − 2)

}Za+2,b in R
N+ .

(2.18)

Let us note that since N ≥ 3 and a, b satisfy (2.12a)–(2.12c), all the coefficients in
(2.18) are nonnegative. Thus, we have:

• If (2.12a) holds, then (2.18) yields−�Za,b +λZa,b ≥ (λ−b2)Za,b inRN+ , which
proves the lower bound in (2.13).

• If (2.12b) holds, then λ = b2 and (2.18) yields −�Za,b +λZa,b ≥ √
λ(N −2a−

1)Za+1,b in RN+ , which proves the lower bound in (2.13).
• If (2.12b) holds, then λ = b2 and a = N−1

2 . Now, (2.18) reads

−�Za,b + λZa,b ≥
(

λ + (N − 1)(N − 3)

4

)

≥ λZa+2,b in RN+ ,

which proves the lower bound in (2.13).

We next derive the upper bounds in (2.13)–(2.15).
If (2.12a) holds, then, from (2.17) we deduce

−�Za,b + λZa,b

≤
{

λ − b2 + b(N − 2a − 1)

φ
+ b2 + a(N − a − 2)

φ2 + b(2a + 1)

φ
+ a(a + 2)

φ2

}

Za,b

=
{

λ − b2 + b(N − 2a − 1) + b(2a + 1)

φ
+ b2 + a(N − a − 2) + a(a + 2)

φ2

}

Za,b

=
{

λ − b2 + bN

φ
+ b2 + aN

φ2

}

Za,b

≤
{
λ + bN + aN

}
Za,b.

(2.19)

Since a < N−1
2 and b <

√
λ from the above estimate we deduce

−�Za,b + λZa,b ≤
{

λ + √
λN + N 2

2

}

Za,b ≤ (
2λ + N 2)Za,b in RN+ .
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Similarly, if (2.12b) holds, then, from (2.17) we deduce

−�Za,b + λZa,b

≤
{√

λ(N − 2a − 1)

φ
+ λ + a(N − a − 2)

φ2 +
√

λ(2a + 1)

φ
+ a(a + 2)

φ2

}

Za,b

=
{√

λN

φ
+ λ + aN

φ2

}

Za,b

≤
{
λ + √

λN + aN
}
Za+1,b

≤ (
2λ + N 2)Za+1,b.

Finally, if (2.12c) holds, as before from (2.17) we estimate

−�Za,b + λZa,b ≤
{

λ + (N−1)(N−3)
4

φ2 +
√

λN

φ3 +
(N−1)(N+3)

4

φ2

}

Za,b

≤
{

λ + √
λN + N (N − 1)

2

}

Za+2,b

≤ (
2λ + N 2)Za+2,b.

This completes the proof of the estimates (2.13)–(2.15). ��

Remark 2.7 The calculations in (2.17) and the estimates in (2.19) hold true for all
a ≥ 0 and b > 0. More precisely, we have

− �Za,b + λZa,b ≤ (λ + N 2 + a2 + b2)Za,b in RN+ , for any a ≥ 0, b > 0.

(2.20)

Lemma 2.8 Assume K ∈ C(RN+) is positive and such that

K (x) � (1 + |x |)−αe−β|x | in RN+ (2.21)

where (α, β) fulfills one of the following conditions

0 < β < (s + 1)
√

λ and 0 ≤ α ≤ (s + 1)
N − 1

2
, (2.22a)

β = 1 + (s + 1)
√

λ and 1 ≤ α < 1 + (s + 1)
N − 1

2
, (2.22b)

β = (s + 1)
√

λ and 1 ≤ α < 2 + (s + 1)
N − 1

2
. (2.22c)
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Then, the problem (2.10) has a unique solutionw ∈ C2(RN+)∩C1(RN+). Furthermore,
w satisfies

w(x) �

⎧
⎪⎪⎨

⎪⎪⎩

(1 + |x |)− α
s+1 e− β

s+1 |x | if (2.22a) holds

(1 + |x |)− α−1
s+1 e− β

s+1 |x | if (2.22b) holds

(1 + |x |)− α−2
s+1 e− β

s+1 |x | if (2.22c) holds

in RN+ . (2.23)

Proof Let

a =

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

α

s + 1
if (2.22a) holds

α − 1

s + 1
if (2.22b) holds

α − 2

s + 1
if (2.22c) holds

and b = β

s + 1
. (2.24)

Observe now that (a, b) defined in (2.24) satisfies one of the conditions (2.12a)–
(2.12c). Thus, by Lemma 2.6, exactly one of the estimates (2.13)–(2.15) holds.

Next, by the definition ofZa,b in (1.11) and the asymptotic behavior of K (x) given
in (2.21) we have

K (x)Z−s
a,b(x) � Zα,β(x)Z−s

a,b(x) = Zα−as,β−bs(x) in RN+ . (2.25)

On the other hand, from (2.24) we have

• α − as = a and β − bs = b if (a, b) satisfies (2.12a).
• α − as = a + 1 and β − bs = b if (a, b) satisfies (2.12b).
• α − as = a + 1 and β − bs = b if (a, b) satisfies (2.12c).

Hence, from (2.25) we deduce

K (x)Z−s
a,b(x) � Zα−as,β−bs(x) =

⎧
⎪⎨

⎪⎩

Za,b(x) if (2.12a) holds

Za+1,b(x) if (2.12b) holds

Za+2,b(x) if (2.12c) holds

in RN+ .

(2.26)

This means that K (x)Z−s
a,b(x) behaves like the lower and upper bound of the estimates

in (2.13)–(2.15). Hence, for some constant c > 1 we have

1

c
K (x)Z−s

a,b ≤ −�Za,b + λZa,b ≤ cK (x)Z−s
a,b in RN+ . (2.27)

Let now

M > c
1

s+1 > 1 > c− 1
s+1 > m > 0, (2.28)
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where c > 1 is the constant from (2.27). Define next

W = mZa,b and W = MZa,b.

Clearly,

W ≤ W in R
N+ and

∂W

∂xN
= ∂W

∂xN
= 0 on ∂RN+ .

Furthermore, from (2.27)–(2.28) we deduce

−�W + λW ≤ mcK (x)Z−s
a,b ≤ K (x)

(
mZa,b)

−s = K (x)W−s in RN+ .

Hence, W = mZa,b satisfies

⎧
⎨

⎩

−�W + λW ≤ K (x)W−s in RN+ ,
∂W

∂xN
= 0 on ∂RN+ .

(2.29)

In exactly the same manner, we have that W = MZa,b satisfies

⎧
⎨

⎩

−�W + λW ≥ K (x)W
−s

in RN+ ,

∂W

∂xN
= 0 on ∂RN+ .

(2.30)

Let {�k}k≥1 be a sequence of smooth subdomains of RN+ that satisfies

�1 ⊂ �2 ⊂ · · · ⊂ �k ⊂ �k+1 ⊂ · · · ⊂ R
N+ and

⋃

k≥1

�k = R
N+ .

We may take for instance {�k}k≥1 as a sequence of rounded corners rectangles that
sit on ∂RN+ as shown in the Fig. 1 below.

Fig. 1 The sequence {�k }k≥1 of subdomains that exhaust RN+
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For any k ≥ 1 consider the problem

⎧
⎪⎪⎨

⎪⎪⎩

−�w + λw = K (x)w−s, w > 0 in �k,
∂w

∂xN
= 0 on ∂�k ∩ ∂RN+ ,

w(x) = W on ∂�k ∩ R
N+ .

(2.31)

Then W is a subsolution to (2.31) while W is a supersolution. Thus, by the sub- and
supersolution method (see [28, Section 3.2]) we deduce the existence of a solution
wk ∈ C2,ν(�k) ∩ C1,ν(�k) to (2.31) for some ν ∈ (0, 1), such that W ≤ wk ≤ W in
�k . Using Lemma 2.4 we have that for all k ≥ 1 the following inequality holds:

W ≤ wk ≤ wk+1 ≤ W in �k . (2.32)

Thus, {wk}k≥1 is an increasing and bounded sequence, so there exists w(x) :=
limk→∞ wk(x), x ∈ R

N+ . Now, if D ⊂ R
N+ is a smooth and bounded open set with

HN−1(∂D ∩ ∂RN+) > 0, by the standard elliptic arguments (see [2, 3] or even [28,
Section 3.1] where relevant results in the elliptic regularity theory are recalled) one
has that {wk}k≥1 is uniformly bounded in W 2,r (D) for all r > 1. In particular, for
r > N one has that {wk}k≥1 converges to w in C1(D) which yields

∂w

∂xN
(x) = lim

k→∞
∂wk

∂xN
(x) = 0 for all x ∈ ∂RN+ .

This shows that

w ∈ C1(RN+) and
∂w

∂xN
= 0 on ∂RN+ .

Standard elliptic interior estimates (see [2, Section 7]) imply also that w ∈ C2(RN+)

is a solution of (2.31). We claim that w ∈ C2(RN+). Indeed, we should first note
that w > 0 on ∂RN+ . If x0 ∈ ∂RN+ was a point at which w(x0) = 0, then x0 would
be a minimum point for w. By Hopf boundary point lemma (see, e.g., [12, Section

9.5]) we would have ∂w
∂xN

(x0) > 0, contradiction. This means that w > 0 in R
N+ and

thus K (x)w−s ∈ Cloc(R
N+). By local elliptic regularity it follows that w ∈ C2(RN+).

The uniqueness of such a solution follows immediately from Lemma 2.5. Finally,
the asymptotic behaviour (2.23) follows by letting k → ∞ in (2.32) from which we
deduce w � W � W � Za,b in RN+ . ��

Lemma 2.9 Let f ∈ C(RN+) be such that

ZA,B(x) � f (x) � Za,b in RN+ , (2.33)

where Za,b, ZA,B are given by (1.11), 0 < b ≤ B and 0 ≤ a ≤ A.
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Then, for all λ > 0, there exists a unique solution w ∈ C2(RN+) of the problem

⎧
⎪⎪⎨

⎪⎪⎩

−�w + λw = f (x), w > 0 in RN+ ,
∂w

∂xN
= 0 on ∂RN+ ,

w(x) → 0 as x ∈ R
N+ , |x | → ∞.

(2.34)

Proof Replacing a and b by two smaller and positive numbers a′ and b′, then inequality
(2.33) still holds. Therefore, we may assume 0 ≤ a ≤ N−1

2 and 0 < b <
√

λ, so
that (a, b) satisfies (2.12a) in Lemma 2.6. Using the asymptotic (2.33), we may find
C > c > 0 such that

cZA,B(x) ≤ f (x) ≤ CZa,b in RN+ .

Set

M := C

λ − b2
> m := c

λ + N 2 + A2 + B2 > 0

and define w = MZa,b, w = mZA,B . We then have w,w ∈ C2(RN+), w ≥ w in
R

N+ and by the estimates (2.13) in Lemma 2.6(i) (recall that the pair (a, b) satisfies
(2.12a)), one has

−�w + λw ≥ M(λ − b2)Za,b(x) = CZa,b(x) ≥ f (x) in RN+ .

Also, from the estimate (2.20) we have

−�w + λw ≤ m(λ + N 2 + A2 + B2)ZA,B(x) = cZA,B(x) ≤ f (x) in RN+ .

It is also straightforward to check that

∂w

∂xN
= ∂w

∂xN
= 0 on ∂RN+

and w(x), w(x) → 0 as x ∈ R
N+ , |x | → ∞. This means that (w,w) is an ordered

pair of sub and supersolution to (2.34). We next proceed as in the proof of Lemma

2.8 to deduce the existence of a solution w ∈ C2(RN+) to (2.34). The uniqueness
follows similarly to the proof of Lemma 2.5. Precisely, if w1, w2 are two solutions of
(2.34), then, for all ε ∈ (0, 1) one shows by contradiction that w1 + ε > w2 in R

N+
and w2 + ε > w1 in R

N+ . Then, letting ε → 0 one derives w1 ≡ w2, whence the
uniqueness of the solution to (2.34). ��

We finish this section with a recall of a useful result from [25] (see also [5]).

Lemma 2.10 (See [25, Theorem 1.2])
Let R > 0. Then, for all 1 ≤ p ≤ N+1

N−1 there are no positive functions u ∈ C2(RN+)

such that −�u ≥ u p in RN+ \ BR.
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3 Proof of Theorem 1.1

The proof of Theorem 1.1 relies on the following result.

Lemma 3.1 Let f ∈ C(RN+), f > 0, and w ∈ C2(RN+) be such that

⎧
⎪⎪⎨

⎪⎪⎩

−�w + λw = f (x), w > 0 in RN+ ,
∂w

∂xN
= 0 on ∂RN+ ,

w(x) → 0 as x ∈ R
N+ , |x | → ∞.

(3.1)

Then,

w(x) =
∫

R
N+

Gλ(x, y) f (y)dy for all x ∈ R
N+ . (3.2)

In particular,

w(x) � |x |− N−1
2 e−√

λ|x | in RN+ \ B1. (3.3)

Proof For x = (x ′, xN ) ∈ R
N we define

f (x) =
{
f (x) if xN ≥ 0

f (x) if xN < 0
and w(x) =

{
w(x) if xN ≥ 0

w(x) if xN < 0.

It is easy to check that w ∈ C2(RN\∂RN+) ∩ C(RN ) and f ∈ C(RN ). Furthermore,
from (3.1) it follows that w(x) → 0 as x ∈ R

N\∂RN+ , so w is bounded in RN \ ∂RN+ .
Thus, w satisfies (2.4). To summarise, we have:

{
−�w = f , w > 0 in RN \ ∂RN+ ,

w fulfills the condition (2.4).
(3.4)

We claim that

− �w = f in D′(RN ). (3.5)

Let ϕ ∈ C∞
c (RN ) and � = suppϕ ⊂ R

N . Replacing � in our current argument with
a larger set in R

N , we may assume that �+ = � ∩ R
N+ and �− = � ∩ R− have C2

boundary. From (3.4) we have

∫

�

f ϕ = −
∫

�

ϕ�w = −
∫

�+
ϕ�w −

∫

�−
ϕ�w. (3.6)
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Denote by ν+ and ν− the outer unit normal vector to ∂�+ and ∂�− respectively.

Since w ∈ C2(RN+), by Green’s Theorem we find

−
∫

�+
ϕ�w = −

∫

�+
ϕ�w

= −
∫

�+
w�ϕ +

∫

∂�+

(

w
∂ϕ

∂ν+ − ϕ
∂w

∂ν+

)

= −
∫

�+
w�ϕ +

∫

�∩∂RN+

(

−w
∂ϕ

∂xN
+ ϕ

∂w

∂xN

)

= −
∫

�+
w�ϕ −

∫

�∩∂RN+

w
∂ϕ

∂xN
.

(3.7)

In the above calculations we used the fact that

ϕ = ∂ϕ

∂ν+ = 0 on ∂� ∩ R
N+ and

∂w

∂ν+ = − ∂w

∂xN
= 0 on ∂RN+ .

Similarly we have

−
∫

�−
ϕ�w = −

∫

�−
w�ϕ +

∫

∂�−

(

w
∂ϕ

∂ν− − ϕ
∂w

∂ν−

)

= −
∫

�−
w�ϕ +

∫

�∩∂RN+

w
∂ϕ

∂xN
.

(3.8)

Adding (3.7) and (3.8) and using (3.6) we find

∫

�

f ϕ = −
∫

�

w�ϕ

which proves (3.5). By Proposition 2.2 we now deduce that for all x ∈ R
N+ we have

w(x) = w(x) =
∫

RN

�λ(x − y) f (y)dy

=
∫

R
N+

�λ(x − y) f (y)dy +
∫

R
N−

�λ(x − y) f (y)dy. (3.9)
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With the change of variable y = z, z ∈ R
N+ we have dy = −dz and thus

∫

R
N−

�λ(x − y) f (y)dy =
∫

RN−1

0∫

−∞
�λ(x − y) f (y) dy′dyN

=
∫

RN−1

∞∫

0

�λ(x − z) f (z) dz′dzN .

Since �λ is radially symmetric, one has �λ(x − z) = �λ(x − z) so that

∫

R
N−

�λ(x − y) f (y)dy =
∫

R
N+

�λ(x − z) f (z)dz.

Using this last equality in (3.9) we deduce that for all x ∈ R
N+ one has

w(x) = w(x) =
∫

R
N+

�λ(x − y) f (y)dy +
∫

R
N+

�λ(x − z) f (z)dz =
∫

R
N+

Gλ(x, y) f (y)dy.

This finishes the proof of Lemma 3.1. ��
Proof of Theorem 1.1 completed. We first check that the functions

f = u p

vq
+ ρ(x) and g = um

vs

satisfy f , g ∈ C(RN+). By elliptic regularity, this entail u, v ∈ C2(RN+) and we are
thus entitled to apply Lemma 3.1. To do so, we only need to check that f and g are

continuous on ∂RN+ . Indeed, u, v ∈ C1(RN+) are positive in R
N+ and if u(x0) = 0 at

some point x0 ∈ ∂RN+ , then, x0 would be a minimum point of u. By Hopf boundary
point lemma (see, e.g., [12, Section 9.5]) this yields ∂u

∂xN
(x0) > 0 which contradicts

the boundary condition on u. Thus, u > 0 and similarly v > 0 on ∂RN+ . In particular

this yields f , g ∈ C(RN+). This implies, via standard elliptic regularity arguments, that

u, v ∈ C2(RN+). The integral representation (1.4) follows now by a direct application
of Lemma 3.1. ��

4 Proof of Theorem 1.2

(i) We could use a similar approach to that in the proof of Theorem 1.1 in [15] which
relies on the asymptotics of the eigenvalues of the Laplace operator subject to Dirichlet
boundary conditions on someannular domains. Instead,weprovide here a shorter proof
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that uses Lemma 2.10. Suppose 0 < p ≤ 1 and there exists a positive solution (u, v)

of (1.1). Observe that

u p

vq
− λu = u

(
u p−1v−q − λ

)
in RN+ . (4.1)

Since p ≤ 1 and u(x), v(x) → 0 as x ∈ R
N+ , |x | → ∞, one has

u p−1v−q − λ → ∞ as x ∈ R
N+ , |x | → ∞.

We can now find R > 0 such that

u p−1v−q − λ ≥ 1 for all x ∈ R
N+ \ BR . (4.2)

By (4.1) and (4.2) we now deduce that u satisfies

− �u ≥ u
(
u p−1v−q − λ

) ≥ u in RN+ \ BR . (4.3)

By Lemma 2.10, the above inequality has no positive solutions. Hence, (1.1) has no
solutions either.
(ii1) Assume by contradiction that (u, v) is a positive solution to (1.1). Then, using
the condition on ρ(x) we deduce

ρ(x) ≥ (λ + 1)u in RN+ \ BR,

for some R > 0 large. It follows that u satisfies (4.3) and this contradicts the conclusion
of Lemma 2.10. Thus, (1.1) has no solutions in this case.
(ii2) Assume (u, v) is a positive solution of (1.1), where u satisfies (1.5). Since by
(3.3) we have u(x) � �λ(x) in R

N+ \ B1, it follows that b ≤ √
λ. Let 0 < ε < b be

small. Then, from (1.5) we find u � e−m(b−ε)|x | in R
N+ . From the second equation of

(1.1) we see that v satisfies

⎧
⎪⎪⎨

⎪⎪⎩

−�v + λv ≤ Ce−m(b−ε)|x |v−s , v > 0 in RN+ ,
∂v

∂xN
= 0 on ∂RN+ ,

v(x) → 0 as x ∈ R
N+ , |x | → ∞,

(4.4)

where C > 0 is a constant. Let

w(x) = e−m(b−ε)
s+1

√
1+|x |2 , x ∈ R

N+ .

In terms of the notation given by (1.11) one has w = Z0,m(b−ε)
s+1

. With the calculations

in Lemma 2.6(i) we deduce

− �w + λw ≥
{

λ −
(
m(b − ε)

s + 1

)2
}

w ≥ cεe
−m(b−ε)|x |w−s in RN+ . (4.5)
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If C and cε are the constants from (4.4) and (4.5), define

Cε =
(
C

cε

) 1
s+1

.

Then, a direct calculation yields that v = Cεw satisfies

⎧
⎪⎪⎨

⎪⎪⎩

−�v + λv ≥ Ce−m(b−ε)|x |v−s , v > 0 in RN+ ,
∂v

∂xN
= 0 on ∂RN+ ,

v(x) → 0 as x ∈ R
N+ , |x | → ∞,

(4.6)

where C > 0 is the constant from (4.4). Using (4.4), (4.6) and Lemma 2.5 we find

v(x) ≤ v(x) ≤ Cεe
−m(b−ε)

s+1 |x | in RN+ .

Using the above estimate and (1.5) we derive

u p(x)

vq(x)
≥ C1(1 + |x |)−ape−

(
bp−(b−ε)

mq
s+1

)
|x |

≥ C2e
−
(
ε+bp−(b−ε)

mq
s+1

)
|x | in RN+ .

(4.7)

In the above estimate we used the fact that (1 + |x |)ap ≤ C̃εeε|x | for all x ∈ R
N+ and

for some constant C̃ε > 0. The constants C1 and C2 in the estimate (4.7) depend on
ε as well. Now, from the integral representation (1.4) in Theorem 1.1, Lemma 2.1(i)
and (4.7), for all x ∈ R

N+ we find

u(x) ≥
∫

RN

Gλ(x, y)
u p(y)

vq(y)
dy

≥
∫

RN

�λ(x − y)
u p(y)

vq(y)
dy

�
∫

|x−y|>1

|x − y|− N−1
2 e−√

λ|x−y| e−B|y|dy,

(4.8)

where

B = ε + bp − (b − ε)
mq

s + 1
. (4.9)
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If B ≤ 0 then −B|y| ≥ −B|x | + B|x − y| and we can further estimate from (4.8) as
follows:

u(x) � e−B|x |
∫

|x−y|>1
|x − y|− N−1

2 e−(
√

λ−B)|x−y| dy

� e−B|x |
∫

|z|>1
|z|− N−1

2 e−(
√

λ−B)|z| dy

� e−B|x |.

We found u(x) ≥ Ce−B|x | and since B ≤ 0, we raise a contradiction since u(x) → 0
as |x | → ∞.
If B > 0 then −B|y| ≥ −B|x | − B|x − y| and then from (4.8) we estimate

u(x) � e−B|x |
∫

|x−y|>1

|x − y|− N−1
2 e−(

√
λ+B)|x−y| dy

� e−B|x |
∫

|z|>1

|z|− N−1
2 e−(

√
λ+B)|z| dy

� e−B|x |.

Combining the above estimate with (1.5) we have

e−B|x | � u(x) � (1 + |x |)−ae−b|x | inRN+ .

In particular, this yields B ≥ b, and from (4.9) we derive

ε + bp − (b − ε)
mq

s + 1
≥ b.

We now let ε → 0 in the above inequality. Since b > 0 and p > 1 we obtain

bp − b
mq

s + 1
≥ b �⇒ p − mq

s + 1
≥ 1 �⇒ p − 1 ≥ mq

s + 1
�⇒ σ ≤ 1.

This contradicts our hypothesis σ > 1 and thus concludes the proof. ��

5 Proof of Theorem 1.3

(i) Since u(x) � �λ(x) and u satisfies (1.5), it follows that b ≤ √
λ. By Theorem

1.2(ii2) we also have σ ≤ 1. Assume in the following that b <
√

λ and let us show
that σ = 1.

From the second equation of (1.1) we have

− �v + λv = K (x)v−s in RN+ , (5.1)
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where

K (x) = um(x) � (1 + |x |)−ame−bm|x | in RN+ . (5.2)

Observe that K satisfies the asymptotic behaviour (2.21) with (α, β) = (am, bm).
Note that β = bm < m

√
λ ≤ (s + 1)

√
λ, so (2.22a) holds. By Lemma 2.8 it follows

that

v(x) � (1 + |x |)−Ae−B|x | for all x ∈ R
N+ , (5.3)

where

A = am

s + 1
and B = bm

s + 1
. (5.4)

We now use (1.5) and (5.3) in the first equation of (1.1). We note that

f (x) = u p

vq
+ ρ(x) � (1 + |x |)−αe−β|x | + ρ(x), (5.5)

where
{

α = ap − Aq = ap − amq
s+1 = a + a(p − 1) − aσ(p − 1)

β = bp − Bq = bp − bmq
s+1 = b + b(p − 1) − bσ(p − 1)

which implies

{
α = a + a(p − 1)(1 − σ)

β = b + b(p − 1)(1 − σ).
(5.6)

If β ≥ √
λ then (5.5) and the hypothesis (1.6) on ρ(x) yield

f (x) � (1 + |x |)−αe−√
λ|x | for all x ∈ R

N+ .

By Lemma 2.3 we have u(x) � e−√
λ|x | log(1 + |x |) for x ∈ R

N+ \ B1. Combining
this estimate with (1.5) it follows that b ≥ √

λ, contradiction. Hence, β <
√

λ. We
apply again Lemma 2.3 this time using (5.5) for β <

√
λ and we deduce

u(x) � |x |−min
{

N−1
2 ,α

}

e−β|x | for all x ∈ R
N+ \ B1.

Combining the above estimate with the assumption (1.5) one derives b ≥ β, so by
(5.6) it follows that b = β and then σ = 1.

(ii) Assume m < s + 1 and σ < 1. As above, v satisfies the Eq. (5.1) and K
satisfies the asymptotic behavior described in (5.2) where (α, β) = (am, bm) satisfies
(2.22a). Then, by Lemma 2.8 one has that v satisfies (5.3) where the exponents A, B
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are defined in (5.4). Let f (x) by given by (5.5). Since σ < 1, it follows by part (i)
above that b = √

λ. Then, with α and β defined by (5.6) one has β >
√

λ. Apply now
Lemma 2.3 for β >

√
λ to deduce

u(x) � |x |−min
{

N−1
2 ,α

}

e−√
λ|x | for all x ∈ R

N+ \ B1.

By (1.7) and the definition of the exponentα in (5.6)wehaveα ≥ N−1
2 . Thus, the above

asymptotic estimate reads u(x) � �λ(x) for all x ∈ R
N+ \ B1. Since u(x) � �λ(x)

also holds, it follows that u(x) � �λ(x), so a = N−1
2 and b = √

λ. With these values

of the exponents a and b, (5.3) and (5.4) yield v(x) � �
m
s+1
λ (x) for all x ∈ R

N+\B1
which completes the proof of (1.8).

(iii) Assume m = s + 1 and σ < 1. Then, condition σ < 1 is equivalent to
p−q > 1. Since σ < 1, by part (i) above we have b = √

λ. We show in the following
that a = N−1

2 . Assume by contradiction that a < N−1
2 . First, we note that as before v

satisfies (5.1) where

K (x) = um(x) � (1 + |x |)−ame−m
√

λ|x | for all x ∈ R
N+ .

Thus, since m = s + 1 and a < N−1
2 , one has that (α, β) = (ma,m

√
λ) satisfies

(2.22b). Indeed, we have

β = m
√

λ = (s + 1)
√

λ and α = am = a(s + 1) < 1 + (s + 1)
N − 1

2
.

By Lemma 2.8 one has

v(x) � (1 + |x |)−a+ 1
m e−√

λ|x | for all x ∈ R
N+ . (5.7)

This further implies

f (x) = u p

vq
+ ρ(x) � (1 + |x |)−a(p−q)− q

m e−√
λ|x | + ρ(x) for all x ∈ R

N+ .

On the other hand, our assumption (1.6) on ρ(x), namely ρ(x) = o(e−γ |x |) for some
γ >

√
λ implies

ρ(x) � (1 + |x |)−a(p−q)− q
m e−√

λ|x | for all x ∈ R
N+ .

From the above estimates and Lemma 2.3 in which we take

α = a(p − q) + q

m
> N and β = √

λ,

we deduce

u(x) � |x |− N−1
2 e−√

λ|x | = �λ(x) for all x ∈ R
N+ \ B1.
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Since we also have u(x) � �λ(x), it follows that u(x) � �λ(x), so a = N−1
2 and

b = √
λ. This contradicts our assumption a < N−1

2 . Thus, a = N−1
2 and indeed we

have u(x) � �λ(x) in R
N+ \ B1. Finally, we recall that v satisfies (5.1) where K (x)

fulfills (2.21) and

(α, β) =
(

m
N − 1

2
,m

√
λ

)

satisfies (2.22c).

In light of the estimate (2.23) it follows that v(x) � |x | 1
m �λ(x) and this completes

the proof of Theorem 1.3. ��

6 Proof of Theorem 1.4

6.1 Proof of Theorem 1.4(i)

We first need the following elementary but technical result.

Lemma 6.1 Assume (1.14) holds and let λ0 be given by (1.13). Then, for all λ ≥ λ0
there exist four constants M1 > M1 > 0 and M2 > M2 > 0 such that

M1 = α

4λ
, (6.1a)

λ

4
Mq

2 = M
p−1
1 and

λ

4
M1 ≥ β , (6.1b)

λ

2
M

s+1
2 = M

m
1 and 4λMs+1

2 = Mm
1 . (6.1c)

Proof We develop (6.1a)–(6.1c) and explain how to define the four constants M1 >

M1 > 0 and M2 > M2 > 0. From (6.1c)2 we find

Ms+1
2 = 1

4λ
Mm

1

so that, (6.1a) yields

M2 = α
m
s+1

4
m+1
s+1

· λ−m+1
s+1 . (6.2)

From (6.1b)1 and (6.2) we deduce

M1 = ασ

4
1

p−1+σ
(
1+ 1

m

) · λ
1

p−1−σ
(
1+ 1

m

)

. (6.3)
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From (6.1c)1 we have

M
s+1
2 = 2

λ
M

m
1

which combined with (6.3) yields

M2 = α
σm
s+1

4
1

s+1

(
− 1

2+ m
p−1+σ(m+1)

) · λ
1

s+1

(
−1+ m

p−1−σ(m+1)
)

. (6.4)

It remains to show that for λ ≥ λ0, the inequality (6.1b)2 holds. Indeed, in virtue of
(6.3), condition λ

4M1 ≥ β is equivalent to

λ
p

p−1−σ
(
1+ 1

m

)

≥ 4
p

p−1+σ
(
1+ 1

m

)

· β

ασ
,

which in light of (1.13) is further equivalent to

λτ ≥ 4
p

p−1+σ
(
1+ 1

m

)

· β

ασ
⇐⇒ λ ≥ λ0.

Finally, let us observe that from β > α > 0, (6.1a) and (6.1b)2 we have

λM1 ≥ 4β > 4α = 16λM1 so, M1 > M1.

Similarly, from (6.1c)1 and (6.1c)2 we deduce

λM
s+1
2 = 2M

m
1 > Mm

1 = 4λMs+1
2 so, M2 > M2.

This concludes the proof of Lemma 6.1. ��
Proof of Theorem 1.4(i) Let A, B be defined by (5.4) and let λ0, λ∗ be given by (1.13)
and (1.15) respectively. Let also M1 > M1 > 0 and M2 > M2 > 0 be the constants
obtained in Lemma 6.1. Define the set

� =
{

u, v ∈ C(RN+) : M1Za,b ≤ u ≤ M1Za,b

M2ZA,B ≤ v ≤ M2ZA,B
in RN+

}

. (6.5)

For (u, v) ∈ � and λ ≥ λ0, let Tu, T v ∈ C2(RN+) ∩ C(RN+) be the unique solutions
of

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

−�Tu + λTu = u p

vq
+ ρ(x) in RN+ ,

−�T v + λT v = um

(T v)s
in RN+ ,

∂Tu

∂xN
= ∂T v

∂xN
= 0 on ∂RN+ ,

Tu, T v → 0 as x ∈ R
N+ , |x | → ∞.

(6.6)
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The existence and uniqueness of T v follows directly from Lemma 2.8 with

K (x) = um(x) � Zam,bm(x) � (1 + |x |)−ame−bm|x | in RN+ .

Observe that K (x) satisfies (2.21) where (α, β) = (am, bm) fulfils the condition
(2.22a). Also, the existence and uniqueness of Tu follows from Lemma 2.9 for

f (x) = u p

vq
+ ρ(x) , x ∈ R

N+ .

Notice that f ∈ C(RN+) and by (1.12) one has f (x) ≥ ρ(x) � Za,b(x) in R
N+ . From

the definition of the set � one has

f (x) = u p(x)

vq(x)
+ ρ(x) ≤ M

p
1 M

−q
2 Z p

a,bZ−q
A,B + βZa,b

= M
p
1 M

−q
2 Zap−Aq,bp−Bq + βZa,b in RN+ .

(6.7)

Since 0 < σ ≤ 1 < p we have

ap − Aq = ap − a
mq

s + 1
= ap − a(p − 1)σ ≥ ap − a(p − 1) = a (6.8)

and similarly,

bp − Bq = bp − b
mq

s + 1
= bp − b(p − 1)σ ≥ bp − b(p − 1) = b. (6.9)

Hence, from (6.7) we deduce

f (x) ≤
(
M

p
1 M

−q
2 + β

)
Za,b(x) in RN+ . (6.10)

This implies f (x) � Za,b(x) inRN+ .We are now entitled to apply Lemma 2.9 to derive

the existence and the uniqueness of Tu ∈ C2(RN+). This means that the mapping

F : � → C(RN+) × C(RN+), F(u, v) = (Tu, T v) is well defined. (6.11)

In order to apply the Schauder Fixed Point Theorem we need the following result.

Lemma 6.2 For all λ ≥ λ∗, the set � is invariant to F , that is, F(�) ⊆ �.
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Proof From the definition of Tu in (6.6), (6.1a), (1.12) and the estimates (2.13) (note
that (a, b) satisfies (2.12a)) we have

−�Tu + λTu ≥ ρ(x) ≥ αZa,b

≥ α

2λ + N 2

(
− �Za,b + λZa,b

)

≥ α

4λ

(
− �Za,b + λZa,b

)

= M1

(
− �Za,b + λZa,b

)
in RN+ .

(6.12)

Thus,

⎧
⎪⎪⎨

⎪⎪⎩

( − � + λI
)(
Tu − M1Za,b

) ≥ 0 in RN+ ,
∂

∂xN

(
Tu − M1Za,b

) = 0 on ∂RN+ ,

Tu − M1Za,b → 0 as x ∈ R
N+ , |x | → ∞.

With a standard comparison argument as in the proof of Lemma 2.5 it follows that
Tu ≥ M1Za,b in RN+ . From (6.1b) we find

λ

4
M1 = M

p
1 M

q
2 and

λ

4
M1 ≥ β.

Adding the above estimates we have

λ

2
M1 ≥ M

p
1 M

−q
2 + β. (6.13)

The definition of Tu in (6.6) yields

− �Tu + λTu = u p(x)

vq(x)
+ ρ(x) ≤ M

p
1 M

−q
2 Zap−Aq,bp−Bq(x)

+βZa,b(x) in RN+ . (6.14)

As in the calculations of (6.7)–(6.10) and using the estimates in Lemma 2.6 together
with (6.13) we deduce

−�Tu + λTu ≤
(
M

p
1 M

−q
2 + β

)
Za,b

≤ M
p
1 M

−q
2 + β

λ − b2

(
− �Za,b + λZa,b

)

≤ 2(M
p
1 M

−q
2 + β)

λ

(
− �Za,b + λZa,b

)

= −�(M1Za,b) + λ(M1Za,b) in RN+ .

(6.15)
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We now have
⎧
⎪⎪⎨

⎪⎪⎩

( − � + λI
)(
Tu − M1Za,b

) ≤ 0 in RN+ ,
∂

∂xN

(
Tu − M1Za,b

) = 0 on ∂RN+ ,

Tu − M1Za,b → 0 as x ∈ R
N+ , |x | → ∞.

A standard comparison principle (similar to that used in the proof of Lemma 2.5)
implies Tu ≤ M1Za,b in RN+ . It remains to prove

M2ZA,B ≤ T v ≤ M2ZA,B in RN+ . (6.16)

From the definition of T v in (6.6) we have

− �T v + λT v = um(T v)−s ≤ M
m
1 Zam,bm(T v)−s in RN+ . (6.17)

Let w = M2ZA,B . Then, by (6.1c)1 and the estimates (2.13) in Lemma 2.6(i) we find

−�w + λw ≥ (λ − B2)M2ZA,B

≥ λ

2
M2ZA,B = M

m
1 Zam,bmω−s in RN+ .

(6.18)

Using (6.17), (6.18) and Lemma 2.5 we deduce T v ≤ w = M2ZA,B in R
N+ and this

established the upper bound in (6.16). For the lower bound, we proceed similarly.
Firstly, from the definition of T v in (6.6) we have

− �T v + λT v = um(T v)−s ≥ Mm
1 Zam,bm(T v)−s in RN+ . (6.19)

Secondly, letting w = M2ZA,B and using (6.1c)2 together with Lemma 2.6(i) we
estimate

−�w + λw ≤ (2λ + N 2)M2ZA,B

≤ 4λM2ZA,B = Mm
1 Zam,bmω−s in RN+ .

(6.20)

Then (6.19), (6.20) and the comparison principle in Lemma 2.5 allow us to deduce
the lower bound in (6.16) and thus to conclude the proof of Lemma 6.2. ��
Proof of Theorem 1.4(i) completed. Lemma 6.2 states that � is an invariant set for

the mapping F : � → C(RN+) × C(RN+) defined in (6.11). We cannot use Schauder

Fixed Point Theorem yet as the underlying space C(RN+)×C(RN+) is not compact. To
overcome this difficulty, we fix the constants M1 > M1 and M2 > M2 > 0 defined
in Lemma 6.1 and used in (6.5). Let {�k}k≥1 be a sequence of smooth domains that
exhaust RN+ , see Fig. 1. Define

�k =
{

u, v ∈ C(�k) : M1Za,b ≤ u ≤ M1Za,b

M2ZA,B ≤ v ≤ M2ZA,B
in �k

}

.
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For any (u, v) ∈ �k we fix (̃u, ṽ) ∈ � a continuous extension of (u, v) to R
N+ where

� is defined in (6.5). Denote further (U , V ) = (T ũ, T ṽ), where T ũ and T ṽ are the
unique solutions of the system (6.6) in which u, v are replaced by ũ, ṽ respectively.
We now define

Fk : �k → C(�k) × C(�k) by Fk(u, v) :=
(
U |�k , V |�k

)
.

Let us first remark that by (6.6), the pair (U , V ) satisfies

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

−�U + λU = u p

vq
+ ρ(x) in �k,

−�V + λV = um

V s
in �k,

∂U

∂xN
= ∂V

∂xN
= 0 on ∂RN+ ∩ ∂�k .

Since F(�) ⊆ �, it follows that Fk(�k) ⊆ �k , for all k ≥ 1. Further, Fk maps �k

into C1(�k) × C1(�k) which is compactly embedded into C(�k) × C(�k). Thus,
for all k ≥ 1 the mapping Fk : �k → �k has compact image. Now, by the Schauder
Fixed Point Theorem there exists a fixed point (uk, vk) ∈ �k of Fk . Hence, (uk, vk)
satisfies

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

−�uk + λuk = u p
k

v
q
k

+ ρ(x) in �k,

−�vk + λvk = umk
vsk

in �k,

∂uk
∂xN

= ∂vk

∂xN
= 0 on ∂RN+ ∩ ∂�k,

M1Za,b ≤ uk ≤ M1Za,b in �k,

M2ZA,B ≤ vk ≤ M2ZA,B in �k .

(6.21)

Notice that 0 < σ ≤ 1 implies, as in (6.8) and (6.9), thatap−Aq ≥ a andbp−Bq ≥ b.
Thus, one has the following universal upper bounds

u p
k

v
q
k

≤ M
p
1 M

−q
2 Zap−Aq,bp−Bq ≤ C1Za,b

umk
vsk

≤ M
m
1 M

−s
2 Zam−As,bm−Bs ≤ C2ZA,B

in �k . (6.22)

The above constants C1,C2 > 0 are independent of k. From standard elliptic esti-
mates ( see, [2, 3] or [18, Theorem 9.11]), the sequence {(uk, vk)}k≥1 is bounded
in W 2,r (�1) × W 2,r (�1) for all r > 1. Hence, from the compact embedding
W 2,r (�1) ↪→ C1(�1) for r > N , there exists a subsequence {(u1k, v1k )}k≥1 of
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{(uk, vk)}k≥1 which converges in C1(�1) × C1(�1). Next, by standard elliptic esti-
mates, the sequence {(u1k, v1k )}k≥2 is bounded in W 2,r (�2) × W 2,r (�2) for all r > 1
and thus, by the compact embedding W 2,r (�2) ↪→ C1(�2) for r > N , it has a
convergent subsequence {(u2k, v2k )}k≥2 in C1(�2) × C1(�2).

Proceeding inductively, for all n ≥ 1 there exists a subsequence

{(unk , vnk )}k≥n ⊂ {(un−1
k , vn−1

k )}k≥n

which converges in C1(�n) × C1(�n). Consider now the diagonal sequence

{(ukk, vkk )}k≥1 which converges in C1
loc(R

N+) × C1
loc(R

N+). Its limit (u, v) is a weak
C1-solution of (1.1). Also, thanks to the universal estimates (6.22) one derives

u p

vq
≤ C1Za,b ,

um

vs
≤ C2ZA,B in RN+ .

By elliptic regularity theory one has (u, v) ∈ C2(RN+) × C2(RN+). Also, from the
definition of �k one has

M1Za,b ≤ ukk ≤ M1Za,b and M2ZA,B ≤ vkk ≤ M2ZA,B in �k .

Passing to the limit with k → ∞, it follows that (u, v) satisfies similar inequalities,
with the same bounds M1 > M1 > 0 and M2 > M2 > 0. This shows that (u, v) has
the prescribed behavior (1.16). This concludes our proof of part (i).

6.2 Proof of Theorem 1.4(ii): Casem < s+ 1

Weproceed as in the part (i) of Theorem 1.4with somemodifications that we underline
below.

Let a = m
s+1 · N−1

2 and b = m
s+1

√
λ. Since m < s + 1 we have a < N−1

2 and

b <
√

λ. Define

� =
{

u, v ∈ C(RN+) :
M1Z N−1

2 ,
√

λ
≤ u ≤ M1Z N−1

2 ,
√

λ

M2Za,b ≤ v ≤ M2Za,b

in RN+

}

,

where M1 > M1 > 0 and M2 > M2 > 0 are the constants from Lemma 6.1. For

(u, v) ∈ � and λ ≥ λ0, let Tu, T v ∈ C2(RN+) be the unique solutions of (6.6) and
define F by (6.11). As before, we want to show that F(�) ⊂ � for all λ ≥ λ∗∗. By
the estimate (2.15) in Lemma 2.6 one has

λZ N+3
2 ,

√
λ

≤ −�Z N−1
2 ,

√
λ

+ λZ N−1
2 ,

√
λ

≤ (λ + N 2)Z N+3
2 ,

√
λ

in RN+ .

(6.23)
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Using the upper bound in (6.23), as in the estimates (6.12) we have

−�Tu + λTu ≥ ρ(x) ≥ αZ N+3
2 ,

√
λ

≥ M1

(
− �Z N+1

2 ,
√

λ
+ λZ N+1

2 ,
√

λ

)
in RN+ .

This allows us to conclude that Tu ≥ M1Z N−1
2 ,

√
λ
in R

N+ . Now, using the definition
of � we have

− �Tu + λTu ≤ M
p
1 M

−q
2 Zp N−1

2 −aq,p
√

λ−bq(x) + βZ N+3
2 ,

√
λ
(x) in RN+ .

(6.24)

To proceed further, we claim that

Zp N−1
2 −aq,p

√
λ−bq ≤ Z N+3

2 ,
√

λ
in RN+ . (6.25)

Observe first that

p
N − 1

2
− aq = N − 1

2

(
p − mq

s + 1

)
= N − 1

2

(
p − σ(p − 1)

)

and

p
√

λ − bq = √
λ
(
p − mq

s + 1

)
= √

λ
(
p − σ(p − 1)

)
.

Thus, (6.25) is equivalent to

t
N+3
2 − N−1

2

(
p−σ(p−1)

)

≤ e
√

λ(p−1)(1−σ)t for all t = (1 + |x |2)1/2 ≥ 1. (6.26)

In virtue of fact that p > 1 > σ > 0 and of the standard inequality et ≥ t , (6.26)
holds if

N + 3

2
− N − 1

2

(
p − σ(p − 1)

)
≤ √

λ(p − 1)(1 − σ),

which we arrange it as

2 − N − 1

2
(p − 1)(1 − σ) <

√
λ(p − 1)(1 − σ)

and which clearly holds since

λ ≥ λ∗∗ ≥ 4

(p − 1)2(1 − σ)2
.
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This yields (6.26) and thus (6.25). Now, with the estimate (6.25) in hand, we return to
(6.24). Using the lower bound in (6.23) we derive

−�Tu + λTu ≤
(
M

p
1 M

−q
2 + β

)
Z N+3

2 ,
√

λ

≤ M
p
1 M

−q
2 + β

λ

(
− �Z N−1

2 ,
√

λ
+ λZ N−1

2 ,
√

λ

)

≤ 2(M
p
1 M

−q
2 + β)

λ

(
− �Z N−1

2 ,
√

λ
+ λZ N−1

2 ,
√

λ

)

≤ M1

(
− �Z N−1

2 ,
√

λ
+ λZ N−1

2 ,
√

λ

)

= −�
(
M1Z N−1

2 ,
√

λ

) + λ
(
M1Z N−1

2 ,
√

λ

)
in RN+ .

The above inequality is similar to (6.15) and as in the part (i) of the proof, it implies
Tu ≤ M1Z N−1

2 ,
√

λ
in RN+ . From now on, we follow line by line the proof of Theorem

1.4(i) to reach the conclusion.

6.3 Proof of Theorem 1.4(ii): Casem = s+ 1

We need the following result which will replace Lemma 6.1 in our argument.

Lemma 6.3 Assume m = s + 1, (1.14) holds and let λ0 be given by (1.13). Then, for
all λ ≥ λ∗∗ there exist four constants M1 > M1 > 0 and M2 > M2 > 0 such that

M1 = α

4λ
, (6.27a)

λ

4
Mq

2 = M
p−1
1 and

λ

4
M1 ≥ β , (6.27b)

2
√

λ

m
M

m
2 = M

m
1 and 4λMm

2 = Mm
1 . (6.27c)

Proof With elementary calculations, as in Lemma 6.1 we find

M1 = α

4λ
, M2 = α

41+ 1
m

λ
−
(
1+ 1

m

)

M1 = ασ

4
1

p−1+σ
(
1+ 1

m

) λ
1

p−1−σ
(
1+ 1

m

)

M2 = m
1
m ασ

4
1
2m + 1

p−1+σ
(
1+ 1

m

) λ
− 1

2m + 1
p−1−σ

(
1+ 1

m

)

.

Since λ ≥ λ∗∗ ≥ λ0, one can easily check that λ
4M1 ≥ β. Finally, from β > α > 0,

(6.27a) and (6.27b)2 we have

λM1 ≥ 4β > 4α = 16λM1 so, M1 > M1.
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Similarly, from (6.27c)1, (6.27c)2 and m > 1, λ > 1 we deduce

2
√

λ

m
M

m
2 = M

m
1 > Mm

1 = 4λMm
2 so, M2 > M2.

This concludes our proof. ��
To complete the proof of Theorem 1.4(ii) in this case we define

� =
⎧
⎨

⎩
u, v ∈ C(RN+) :

M1Z N−1
2 ,

√
λ

≤ u ≤ M1Z N−1
2 ,

√
λ

M2Z N−1
2 − 1

m ,
√

λ
≤ v ≤ M2Z N−1

2 − 1
m ,

√
λ

in RN+

⎫
⎬

⎭
,

where M1 > M1 > 0 and M2 > M2 > 0 are the constants from Lemma 6.3. Let
(Tu, T v) be the unique solution of (6.6) and define F by (6.11). We should note that

the existence and uniqueness of Tu ∈ C2(RN+) follows from Lemma 2.9.
We want to show that F(�) ⊂ � for all λ ≥ λ∗∗. The only delicate estimate is the

one which yields Tu ≤ M1Z N−1
2 ,

√
λ
inRN+ . Using the definition of �, as in (6.24) we

have

− �Tu + λTu ≤ M
p
1 M

−q
2 ZA,B(x) + βZ N+3

2 ,
√

λ
(x) in RN+ , (6.28)

where

A = p
N − 1

2
− q

(
N − 1

2
− 1

m

)

= N − 1

2
(p − q) + q

m

B = (p − q)
√

λ.

Now, since m = s + 1 we have σ = q
p−1 < 1 and in the same way we derived (6.25)

we claim that ZA,B ≤ Z N+3
2 ,

√
λ
in RN+ . Then, we follow a similar argument to that in

part (i) above. ��
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A Appendix: Proof of Lemma 2.3

Let x ∈ R
N+ , |x | > 1. From (1.3) and the fact that the fundamental solution �λ is

radially symmetric and decreasing (see Lemma 2.1), we have

Gλ(x, y) ≤ 2�λ(x − y) for all y ∈ R
N+ .

Using the estimates in Lemma 2.1(i) and (2.8) we find

u(x) ≤ 2
∫

R
N+

�λ(x − y) f (y) � I1 + I2, (A.1)

where

I1 =
∫

|x−y|<1

�λ(x − y)(1 + |y|)−αe−β|y|dy

I2 =
∫

|x−y|>1

|x − y|− N−1
2 (1 + |y|)−αe−√

λ|x−y|−β|y|dy.
(A.2)

Let us first estimate I1. If |x − y| < 1 then

{
|y| ≥ |x | − |x − y| > |x | − 1 �⇒ |y| + 1 > |x |
|y| ≥ |x | − |x − y| �⇒ −β|y| ≤ −β|x | + β|x − y|.

Using the above inequalities we find

I1 ≤ |x |−αe−β|x |
∫

|x−y|<1
�λ(x − y)eβ|x−y|dy

� |x |−αe−β|x |
∫

|z|<1
�λ(z)e

β|z|dz

� |x |−αe−β|x |.

(A.3)

To estimate I2 we use the following inequalities

• If β ≤ √
λ then |y| ≥ |x | − |x − y| so

− √
λ|x − y| − β|y| ≤ −β|x | − (

√
λ − β)|x − y|; (A.4)

• If β >
√

λ then |x − y| ≥ |x | − |y| so

− √
λ|x − y| − β|y| ≤ −√

λ|x | − (β − √
λ)|y|. (A.5)
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We decompose I2 = I21 + I22 where

I21 =
∫

|x−y|>1
|y|> |x |

2

|x − y|− N−1
2 (1 + |y|)−αe−√

λ|x−y|−β|y|dy

I22 =
∫

|x−y|>1
|y|≤ |x |

2

|x − y|− N−1
2 (1 + |y|)−αe−√

λ|x−y|−β|y|dy.

If β <
√

λ we deduce from (A.4) that

I21 ≤
( |x |
2

)−α

e−β|x |
∫

|x−y|>1

|x − y|− N−1
2 e−(

√
λ−β)|x−y|dy

� |x |−αe−β|x |
∫

|z|>1

|z|− N−1
2 e−(

√
λ−β)|z|dz

� |x |−αe−β|x |.

Similarly, if β >
√

λ we deduce from (A.5) that

I21 ≤
( |x |
2

)−α

e−√
λ|x |

∫

|x−y|>1

|x − y|− N−1
2 e−(β−√

λ)|y|dy

� |x |−αe−√
λ|x |

∫

RN

e−(β−√
λ)|y|dy

� |x |−αe−√
λ|x |.

If β = √
λ then,

I21 � |x |−α

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

∫

|x−y|>1
|y|>2|x |

+
∫

|x−y|>1
|x |
2 <|y|≤2|x |

⎫
⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎭

|x − y|− N−1
2 e−√

λ|x−y|−√
λ|y|dy.
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If |y| > 2|x | then |x − y| ≥ |y| − |x | > |x | so

∫

|x−y|>1
|y|>2|x |

|x − y|− N−1
2 e−√

λ|x−y|−√
λ|y|dy ≤ e−√

λ|x |
∫

|x−y|>1
|y|>2|x |

|x − y|− N−1
2 e−√

λ|y|dy

≤ e−√
λ|x |

∫

|x−y|>1
|y|>2|x |

e−√
λ|y|dy

≤ e−√
λ|x |

∫

|y|>1

e−√
λ|y|dy

� e−√
λ|x |.

Also, by (A.4) we have

∫

|x−y|>1
|x |
2 <|y|≤2|x |

|x − y|− N−1
2 e−√

λ|x−y|−√
λ|y|dy ≤ e−√

λ|x |
∫

|x−y|>1
|x |
2 <|y|≤2|x |

|x − y|− N−1
2 dy

≤ e−√
λ|x |

∫

1<|x−y|≤3|x |
|x − y|− N−1

2 dy

� e−√
λ|x |

3|x |∫

1

t
N−1
2 dt

� |x | N+1
2 e−√

λ|x |.

Hence,

I21 �

⎧
⎪⎨

⎪⎩

|x |−αe−β|x | if 0 < β <
√

λ

|x |−αe−√
λ|x | if β >

√
λ

|x | N+1
2 −αe−√

λ|x | if β = √
λ.

(A.6)

It remains to estimate I22. If |y| ≤ |x |
2 then

|x − y| ≥ |x | − |y| ≥ |x |
2

. (A.7)
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If β <
√

λ, by (A.4) and (A.7) we find

I22 ≤
( |x |

2

)− N−1
2

e−β|x |
∫

|x−y|>1

(1 + |y|)−αe−(
√

λ−β)|x−y|dy

� |x |− N−1
2 e−β|x |

∫

|z|>1

e−(
√

λ−β)|z|dz

� |x |− N−1
2 e−β|x |.

If β >
√

λ, by (A.5) and (A.7) we find

I22 ≤
( |x |

2

)− N−1
2

e−√
λ|x |

∫

|x−y|>1

(1 + |y|)−αe−(β−√
λ)|y|dy

� |x |− N−1
2 e−√

λ|x |
∫

RN

(1 + |y|)−αe−(β−√
λ)|y|dy

� |x |− N−1
2 e−√

λ|x |.

If β = √
λ, then by (A.5) and (A.7) we obtain

I22 ≤
( |x |

2

)− N−1
2

e−√
λ|x |

∫

|y|≤ |x |
2

(1 + |y|)−αdy

� |x |− N−1
2 e−√

λ|x |
{ ∫

|y|<1/2

(1 + |y|)−αdy +
∫

1/2≤|y|≤ |x |
2

|y|−αdy

}

� |x |− N−1
2 e−√

λ|x |
{

1 +
∫ |x |/2

1/2
t N−α−1dt

}

�

⎧
⎪⎪⎨

⎪⎪⎩

|x | N+1
2 −αe−√

λ|x | if α < N

|x |− N−1
2 e−√

λ|x | log(1 + |x |) if α = N

|x |− N−1
2 e−√

λ|x | if α > N .

Hence,

I22 �

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

|x |− N−1
2 e−β|x | if 0 < β <

√
λ

|x |− N−1
2 e−√

λ|x | if β >
√

λ

|x | N+1
2 −αe−√

λ|x | if β = √
λ and α < N

|x |− N−1
2 e−√

λ|x | log(1 + |x |) if β = √
λ and α = N

|x |− N−1
2 e−√

λ|x | if β = √
λ and α > N .

(A.8)
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The estimate (2.9) follows now from (A.1)–(A.3), (A.6) and (A.8). ��
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