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Abstract
We study the existence, nonexistence and asymptotics of positive solutions to the
Gierer—-Meinhardt system

4
—Au+)»u=u—q+p(x),u>0 inRﬁ::RN*]x(O,oo),
v
Mm . N
—AU+)»U=F,U>0 in RY,

where N > 3, A > 0Oand p € C(@), p > 0. The solutions (u, v) are assumed to

d d
satisfy the homogeneous Neumann boundary condition L 0 on 0R
0x N 0x N

and u(x) - 0, v(x) > Oasx € Rﬁ, |x| = o0. Under various conditions on the
exponents m, p,q,s > 0 and the data p(x) we obtain qualitative properties of the
solutions (u, v). In particular, we derive the existence of a solution (u, v) with u(x)
having the minimal asymptotic behaviour u(x) ~ &, (x) as |x| — oo, where ®,
denotes the fundamental solution of —A + A7 in Ri’ . The approach combines integral
representations of solutions and various integral estimates with fixed point arguments.
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M. Ghergu

1 Introduction and the main results

The celebrated Gierer—Meinhardt system [17] was introduced in 1972 to account
for morphogenesis in hydra. The model aims at describing the tissues regeneration
process through controlling the spatial distribution of cells and consists of two coupled
reaction-diffusion equations as follows:

p
utszu—ku+u—q+,o(x) inQ x (0, 7),

v

m
v = DAv — pv + — inQ x (0, 7),
ou v v
—=—=0 ond2 x (0, 7),
v ov
u(x,0) =ugx), vix,0) = vg(x) in Q.

In the above, ©  R¥ is a smooth and bounded domain, v denotes the outer unit normal
vector at 32, A, . > 0 and p € C(R) is a positive function. The positive functions
u,v e CX(Q) NCclQ) represent the concentration of two chemicals, respectively
the activator and the inhibitor. It is assumed that the activator diffuses slowly while
the inhibitor diffuses fast, so D > d > 0. From biological arguments, the exponents
p.q,m,s > 0 satisfy

p—1 q
— <
m s+ 1

0<

so that

mq
o=——"9——>1
(p—DG+1)

There are by now a great number of works [7, 9—11, 13-15, 19-24, 26, 27, 29, 30] that
investigate the above model and its various forms. The purpose of the present article
is to study the existence, nonexistence and asymptotics of the steady-states (that is,
solutions which are time independent) of the Gierer—Meinhardt system when 2 is the
upper half-space in RY, N > 3. To the best of our knowledge, this is the first study of
the stationary Gierer—Meinhardt system in a half-space.

Let N > 3 and R_ZZ = {x = (x1,x2,...,xn) : xy > 0}. In this paper we shall be
concerned with the system

p
—Au+)\u=u—q+p(x),u>0 inRﬁ,
v
u™ . oN
—8AU+A;;:F,U>0 inRY, .0
v
_u=_=0 ona]Rﬁ,
8)CN 8)CN
u(x) =0, v(x) > 0 as x e RY ,|x| - oo,
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where p € C (@), p > 0and p,q,m,s, A > 0. We are looking for positive classical
solutions of (1.1), that is, functions u, v € Cz(Rﬁ) N Cl(Rﬁ) such that u,v > 0

in Rﬁ and (u, v) satisfies (1.1) pointwise in ]Rﬁ. As it will follow from the proof of
Theorem 1.1 in Sect. 3 (see also the proof of Lemma 2.8), such solutions have the

regularity u,v € C 2(Rﬁ ). We should also point out that ;’x—‘;] = Bi_l;)v = 0on BRf
is nothing but the homogeneous Neumann boundary condition at B]Rﬁ since the unit
outer normal vector to EﬂRﬁ is —en, where ey = (0,0,...,0,1) € RV,
Before we state the main results of this article, let us introduce some notations.
° Rﬁ = {x = (x1,x2,...,x5) : xy > 0} and RY = {x = (x1,x2,...,xn) :
xy < 0}
e By denotes the open ball in RV centred at the origin and having radius R > 0.
e Anyelementx = (x1,x2,...,XN) € RY is identified as x = (x/, xy) € RV~ x
R, where x/ = (xl, X2y ouny xN_l).

o If x = (x/, xy) € RV, we denote ¥ = (x/, —xy) its reflection with respect to the
hyperplane {xy = 0}.

e If D C RV, we write D™ = DNRY and D~ = DNRY.

o HYN~L(E) denotes the (N — 1)-dimensional Hausdorff measure of E C RY .

o If f,g: D — (0, 00) are two functions, then f < g means f(x) < Cg(x) forall
x € D, where C > 0 is a constant whose value is not relevant in the context. In a
similar manner, f >~ g means f < gand g < f.

e C,C1,C,,... and ¢, c1, c3, ... denote various positive constants whose value
may change on every occurrence.

Let @, be the fundamental solution of the operator —A + AJ in RV (see (2.2) in
Sect. 2) in the sense that it satisfies

(= A+A)D, =8 inD'®RY), (1.2)

where &g is the Dirac delta measure in RN concentrated at the origin. Then, the Green
function of —A + A/ in Rﬁ is given by

Gi(x,y) =P (x —y)+ Dp(x —y) forall (x,y) e RY xRY.  (1.3)
It satisfies

(= A+A)G(.y) =8, inD'RLY)
0Gy,
M(" y) =0 on dRY

forall y € RN,

where 8, is the Dirac delta measure in RY concentrated at the origin.
Our first result states that any solution of (1.1) admits an integral representation
over Ri\_’ , with kernel G;,. Precisely, we have:
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Theorem 1.1 (Integral representation) If (u, v) is a positive solution of (1.1) then

p
v = [ 6w {5 4o
RN

N
W (y) forall x € RY. (1.4)

vi(y)

X
v(x)=fo<x,y> dy

RY

Combining the above integral representation of solutions with other techniques we
deduce the following nonexistence result.

Theorem 1.2 (Nonexistence)

(1) If0 < p < 1, then (1.1) has no positive solutions.
@ii) If p > 1 and one of the following conditions hold:
(iil) liminfxeRszlxl_)oop(x) > 0;
(ii2) o > landm <s+1;

then (1.1) has no positive solutions (u, v) such that the activator u(x) satisfies the
prescribed growth condition

u(x) >~ (14 |x)"%e PH in Ri\_] for some a > 0 and b > 0. (1.5)

Theorem 1.2(ii2) states that under certain conditions on p, o or p(x), the system
(1.1) has no positive solutions when the activator u(x) satisfies the prescribed growth
condition (1.5). We shall further be concerned with solutions (#, v) which satisfy (1.5)
and examine the conditions on a, b such that the asymptotic (1.5) occurs. Our next
result discusses this matter in more precise terms.

Theorem 1.3 (Asymptotic behavior)
Assume p > 1, m < s + 1 and for some y > /A we have

p(x) =0 ") asx e RY, x| > oo. (1.6)
Let (u, v) be a solution of (1.1) such that u satisfies (1.5).

s+1 N-— ) )
S then the following alternative holds:

) f0<ac=<
(il) either b = VA and o <1;
(i2) orb < /Aando = 1.

) Ifm<s+1,0 <1and

N-1 < <_N_1 (1.7)
20+ (p-Dl-0) = 2 " '
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then a = # and b = /A and thus

ulx) >~ d,(x) and v(x)x~ CIJ){:1 (x) forallx € Rﬁ \ Bi. (1.8)

(iii) Ifm=s5s+1> w25, 0 < land

pqu<N—i><a<N_1, (1.9)

then a = % and b = ﬁ and thus

ux) >~ d,(x) and v(x)~ |x|%®k(x) forall x € RZ \ B;. (1.10)

From Theorem 1.3 we deduce the following:

e If (1.1) has a solution (u, v) where the activator # decays exponentially at infinity,
then the rate of decay is slower than or equal to e~V**_If the activator has an

exponential decay which is slower than e“/ﬂx', then 0 = 1 which means mqg =
(p — )(s + 1). This follows from Theorem 1.3(i) by taking a = 0.

e Some conditions on the exponent a (see (1.7) and (1.9) in Theorem 1.3(ii)—(iii))
imply that the activator u(x) has the minimal decay u(x) ~ &, (x) in Rﬁ \ Bi.
In such a case the rate of decay of v(x) can be determined precisely as stated in
(1.8) and (1.10). Observe that in both (1.8) and (1.10) the inhibitor v(x) decays
slower than the activator and this matches with the mechanism of the activator and
inhibitor as emphasised by Gierer and Meinhard in their seminal work [17].

We are next concerned with the existence of a solution to (1.1) which satisfies a
prescribed asymptotic as |x| — oco. For any @ > 0 and b > 0 define

Zap(x) = (1+ |x[2) "2 PVIFE forall x € RY (1.11)
and assume that
aZp(x) < p(x) < BZ,p(x) in Rﬁ, for some 8 > a > 0. (1.12)

We introduce the parameter 1o > 0 by

1/t

. 1 1

Ao = {4ﬂp1+"(1+m) . ﬁ} , where t©= L (1 + —) .
m

aO’

Theorem 1.4 (Existence)
Assume p > 1 and

g(m—+1)
> .

1.14
s+ 1 ( )
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(1) Suppose 0 < o < 1 and p(x) satisfies (1.12) for some 0 < a < smil . % and
b > 0. Then, for all
bm \* N2
Aot =max {2022 () B st (1.15)
s+ 1 2

the system (1.1) has a positive solution (u, v) which for all x € RQ_/ satisfies

u@) ~ 1+ xD"% " and v(x) ~ u(@)FE ~ (1 + |x|)" e HTR

(1.16)
(i) Suppose 0 <o < 1, and
ith 1 = 1>
either m < s + or m=s-+ = N1
and p(x) satisfies (1.12) for (a, b) = (52, /). Then, for all
. 4 N?
A=A i=maxy ————, — Aoy, (1.17)
(p—D*1—-0)?" 2

the system (1.1) has a positive solution (u, v) which for all x € Rﬁ \ B satisfies

m

v(x) 2~ & (x) ifm<s+1

i (1.18)
v(x) = |x|m Py (x) ifm=s+41.

u(x) ~ &, (x) and {

The following observations emerge from Theorem 1.4:

e Condition (1.14) is equivalent to T > 0, where 7 is defined in (1.13).

e Theorem 1.4(i) states that if p(x) has a specific asymptotic behavior given by
(1.12), then, for A > A* the system (1.1) admits a positive solution.

e More importantly, Theorem 1.4(ii) establishes the existence of a positive solution
(u, v) where the activator u(x) has a minimal growth at infinity: u(x) >~ &, (x)
in RN \ Bji. Observe from (1.18) that the inhibitor v(x) decays slower than the
activator u(x) as x € RY, x| — oo.

e The existence of a positive solution to (1.1) is obtained provided A is sufficiently
large. We were able to provide the precise value of the thresholds A* and A** that
imply the existence of such a solution to (1.1).

The remaining part of this article is organised as follows. First, in Sect. 2 we
collect some preliminary results related to the integral representation for solutions of
semilinear PDEs. Another crucial tool in our approach is the study of the problem
(2.10); this is done in Sect. 2.2. Next, Sects. 3—6 contain the proofs of Theorems
1.1-1.4 respectively. Finally, the proof of a technical result stated in Lemma 2.3 is
provided in the Appendix.

@ Springer



The stationary Gierer-Meinhardt system in the...

2 Preliminaries
2.1 The Green function and integral representations

For any real number s and any z € C\{w € C : Rew < 0, Imw = 0}, let I;(z)
denote the modified Bessel function of the first kind (see [1, Section 9.6, page 374])
which is given by

s 1 7\ 2k+s
b= Y e ) en

where I"(z) denotes the standard Gamma function. With the help of I;(z) we consider
the modified Bessel function K (z) of the second kind (see [1, Section 9.6, page 374])
given by

w 15(z) — I(2)

Ki(z) == ———— foralls e R\ Z
2 sin(7s)

For an integer n, we define K,,(z) = lim_,,, K(z). The two functions /;(z) and K, (z)
are the linearly independent solutions w = w(z) of the second order ODE:

For A > 0, the function

AN=2 Ky 121x)
(zﬂ)N/Z |x|N/2—1

;. (x) = for all x € RV \ {0}, (2.2)

is the fundamental solution of the operator —A + AT (see [6, Section 3]) in the sense
that it satisfies (1.2). The properties of ®, required in our approach are stated below.

Lemma 2.1 (See [4, Chapter 4, pag. 416], [8, Section 2])
Let ). > 0. The following hold true:

(i) We have

Dy (x) = x|~ T e VA iRV By.
(i1) We have

() = x*NV N =3

2
(D)\(x):hlﬁ lfN=2
X

in By \ {0}.

(iii) D, (x) is a decreasing function of |x| and ®; € LYRM).
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(iv) We have
[V, ()| > |x|7 T e VX inRN \ By.

A recent result established in [8] discuses the relationship between the distributional
solutions of

—Au+iu= f(x) in D'RY), N >3, (2.3)

and their integral representation with the kernel ®;. A particular case of Theorem 1.7
in [8] is provided next.

Proposition 2.2 (See [8, Theorem 1.7]) Let A > O and f € L} (RN), f > 0. If

loc
u e Lllac (RN) is a distributional solution of (2.3) which satisfies
lim inf R (e ™Y dy =0 for almost all x € R,
— 00
R=|x—y|=2R
2.4)
then
ulx) = / O, (x —y)f(y)dy foralmost all x € RV, 2.5)
RN
where ®, is the fundamental solution of —A + Al as given in (2.2).
Conversely, if
f D) (x —y)f(y)dy < oo foralmostall x € RV, (2.6)
RN
then the function u given by (2.5) is a distributional solution of (2.3).
Furthermore, if u is a solution of (2.3), then
u(x) > x| eV RV By 2.7

Observe that if the solution u(x) of (2.3) is bounded, or more generally has a
polynomial growth at infinity, then (2.4) holds and thus u(x) admits the representation
(2.5).

We conclude this part of the preparatory material with a result that establishes useful
integral estimates which extends those on Riesz potentials obtained in [16, Lemma
3.7].
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Lemma23 Leta > 0, B > 0 be real numbers and [ € L}OC(@), f > 0 be such
that

F) S A+ x) e P inRY. 2.8)

Let G, be the Green function of —A + Al in Ri’ as given in (1.3) and define

ulx) = / G, (x,y)f(»)dy forall x e@.

RY

Then, for all x € Ri’ \ B one has

|x|—min{¥,a}e—ﬂ|)€| if0< B < ﬁ,
|x|—min{%,d}e—ﬁlxl if B > «/X,

u(x) < |x|%—ae—ﬁlﬂ ifB=+handa < N, 29)
x| T eV og(1 4 1x])  iff =i anda =N,
x|~ e VAl iff=+randa > N.

The proof of Lemma 2.3, which relies on technical integral estimates, is postponed to
the Appendix.

2.2 The single problem

In this subsection we discuss the single problem

—Aw+iw=Kx)w >, w>0 inR_’;f,

d

W9 on JRY (2.10)
8xN

w(x) — 0 as xeRﬁ, |x] = oo,

where s > 0O and K € C (@), K > 0. We start first with the following elementary
comparison principle.

Lemma 2.4 Let Q@ C RY be a C? bounded domain such that HN~1(3Q N aRY) > 0.
Assume K € C(Q), K > 0and wy, wy € C2(Q) N CY(Q) are such that

—Aw; 4wy — K@w* > 0> —Aw + Awy — K@w,*  in L,

wi, wy >0 in 2,
0 0
v o on 3Q N IRY,
8xN BxN
wi > wy on IQNRY.

Then, wi > wy in Q.
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Proof Suppose by contradiction that w; > wj does not hold in €2. This means that the
set D = {x € Q: wy(x) > wi(x)} is nonempty. Observe that w = wy — w; satisfies

— Aw +Aw < K@) (w;* @) —wi*(x)) <0 inD. @2.11)

Since the operator —A + Al obeys the maximum principle (see [12, Section 6.4.1])
it follows that w achieves its maximum in D at a point xo € dD. According to our
assumption, we have w(xp) > 0, so that xo € QU (a2 N BRﬁ).

e If xg € 2, then w continuous and w(xp) > 0 implies the existence of a small ball
B, (x0) C Q2 such that w > 0 in B, (xp). This further implies B, (xo) C D so xg is
not a boundary point of D, contradiction.

e If xo € Q2 N B]Rﬁ then, by the Hopf boundary point lemma (see [12, Section
9.5]) it follows that i—“}i}(xo) < 0 (since the outer normal to d D at x( points in the

direction —ey = (0,0,,...,0,—1) € RN). This contradicts our hypothesis on
w and wy since

Jw dwa

(x0) x0) = 2L (1) = 0
— (X = — (X — — (X .
oxN 0 oxn 0 XN 0=

Hence, w; > w; in Q. O
A similar comparison result to Lemma 2.4 holds in Rf . This is stated below.

Lemma 2.5 Let K € C(RY), K > 0 and w1, wy € C2(RY) N C'(RY) be such that

—Aw; + 2w — K@w* = 0> —Awx +iwy — K(x)w,®  in Rﬁ,

wi, wy >0 in Rﬁ,
ow dwa

< —= on BRﬁ,
3)6]\/ 3XN

liminf (w;(x) — wa(x)) > 0.
xeRY, |x|—o0

Then, w; > wy in Rﬁ.

Proof The proof is very similar to that of Lemma 2.4. Suppose the conclusion does
not hold. Then, one can find & > 0 small such that the set D = {x € Rﬁ T wy(x) >
wi(x) + e} is nonempty. Since

liminf  (w;(x) — wa(x)) > 0,
xeRﬁ,|x|—>oo

it follows that D is bounded. Also w = wy — w satisfies (2.11) in D. Now, if xo € D
is a maximum point of w in D, by the maximum principle we have xo € 3D and two
cases may occur: either xg € Rﬁ or xq € 8Rﬁ which are handled exactly the same as
above in order to raise a contradiction. O
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Lemma 2.6 Leta > 0 and b, ) > 0 satisfy one of the conditions below:

N -1

0<b<+i and 0<a< — (2.12a)
N-—1
b=+A and 0<a < - (2.12b)
N-—1
b=+ and a=——. (2.12¢)

Let 2, j, be the function defined in (1.11). Then, there exists two constants C; > C1 > 0
depending on N, A, a, b such that:

(1) If (2.12a) holds, then

C1Z4p < —AZap+r20p < C2Z,p inRY. (2.13)
(i) If (2.12b) holds, then
Ci1Zat1bp < —AZap+2Z0p < C2Zap15 inRY. (2.14)
(iii) If (2.12¢) holds, then
C1Zat26 < —AZap+ 220 < Cr24405 inRY. (2.15)
Furthermore, we have
A —b? if (2.12a) holds
Ci={VAN —2a—1) if(2.12b) holds and Cay <2x+ N?. (2.16)
A if (2.12¢) holds

Proof Let¢(r) = (1+r%)'/2,r > 0,and note that Z,, ,(x) = ¢ (r) % ") r = |x|.

Since Z—‘f = % we find
dZ
B d—a'b =r(a+bp)p~ e,
r
and
dzzfl»b b —a—2 2 —a—3 2 —a—4
7 ¢ =@t b T+ br (1 —a—bg)¢T T — (@ + D(a +bd)yrig™ .

Then, from r2 = ¢2 — 1 and

d*z, dZ,
5~ (N = D= 220,

_AZa,b + )"Za,b = - ,
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we obtain
- AZa.b + )\«Za,b
b(N—=2a—1) b 4a(N—a—-2) bQRa+1) aa+?2)
_ 2
= {A—b + ) + e + e e }Za,b-
(2.17)
From (2.17) we deduce
—AZup+AZ4p
> (A —b0HZ4p +b(N —2a — D Zar1p+ {b* +a(N —a—2)} 2412 inRY.
(2.18)

Let us note that since N > 3 and a, b satisfy (2.12a)—(2.12c), all the coefficients in
(2.18) are nonnegative. Thus, we have:

e If (2.12a) holds, then (2.18) yields —AZ, p +AZ4p > (A—b*) 2, in RY, which
proves the lower bound in (2.13).

e If (2.12b) holds, then A = b% and (2.18) yields —AZ, p + 1245 > VAN —2a —
1)Z441,5 in RY, which proves the lower bound in (2.13).

e If (2.12b) holds, then A = b% and a = % Now, (2.18) reads

A+(N—1)(N—3)

_Aza,b + )\Za,b = ( 4

) > 224125 inRY,

which proves the lower bound in (2.13).

We next derive the upper bounds in (2.13)—(2.15).
If (2.12a) holds, then, from (2.17) we deduce

—AZ4p+AZ0p
b(N—=2a—1) b 4alN—-a—-2) bRa+1) ala+2)
<{n-b*+ + + + }za,
{ ¢ ¢? é ¢? b
o4 2 4
:{x b2+b(N 2a 1)+b(2a+1)+b +a(N —a 22)+a(a+2)}za,b
] ¢
bN  b*+aN
:lk_b2+?+ P2 }Z“”’
< {)\+bN+aN}Za,b.
(2.19)
Since a < NT_I and b < /A from the above estimate we deduce

N2
—AZup+rZap < {)\ + VAN + 7} Zup < (20 + N2, inRY.
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Similarly, if (2.12b) holds, then, from (2.17) we deduce

—AZup+AZ00
MN—=2a—1) r+4+a(N—a-2 A(2a + 1 +2
g VA( a-1)  rta( 2a >+f<a )+a(a2 ) Z,
é é ¢ )
«/XN A +aN
= - T Zah
{)»+x/_N+aN}Za+],b
< (224 N?)Zas15-

Finally, if (2.12c) holds, as before from (2.17) we estimate

—AZup+AZap < { pe T T

N(N —1
< {)\-’-\/XN-F%}Z“_%Z,},

< (2% + N?)Zu32,.

This completes the proof of the estimates (2.13)—(2.15).

’+ (N—1)4(N—3) \/XN (N—1)4(N+3)
Zab

m}

Remark 2.7 The calculations in (2.17) and the estimates in (2.19) hold true for all

a > 0and b > 0. More precisely, we have

~AZup+AZ20p <+ N +a* +b%)2,), inRY, foranya >0,b > 0.

Lemma 2.8 Assume K € C (@) is positive and such that
K(x) >~ (1+x])"%e P in RY

where («, B) fulfills one of the following conditions

N —1
0<B<(s+DVr and Ofaf(s—i—l)T,

N -1
B=1+(s+DVr and l<a<l+G+Dh—

N -1
B=(s+DVr and l<a<2+(6+D—.

(2.20)

2.21)

(2.222)
(2.22b)

(2.22¢)
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Then, the problem (2.10) has a unique solution w € C 2(}Rﬁ ync'! (@). Furthermore,
w satisfies

(1 + |x))" 7T~ if(2.22a) holds
wx) > 31+ xS e ir(2.00b) holds  inRY. (2.23)
(1 + x5 e~HH £ (2.22¢) holds

Proof Let
o .

if (2.22a) holds

s+1

a—1 ) B

a = if (2.22b) holds and b= . (2.24)

s+1 s+1

o—2 .
if (2.22¢) holds

s+ 1

Observe now that (a, b) defined in (2.24) satisfies one of the conditions (2.12a)—
(2.12¢). Thus, by Lemma 2.6, exactly one of the estimates (2.13)—(2.15) holds.

Next, by the definition of Z, , in (1.11) and the asymptotic behavior of K (x) given
in (2.21) we have

K@Z300) = Zap()Z,5(0) = Zaaspops () mRY.  (225)

On the other hand, from (2.24) we have

e o —as =aand B — bs = bif (a, b) satisfies (2.12a).
e @ —as=a+ 1and 8 — bs = b if (a, b) satisfies (2.12b).
e @ —as=a+ 1and B — bs = b if (a, b) satisfies (2.12¢c).

Hence, from (2.25) we deduce

Z4.p(X) if (2.12a) holds
K(X)Z, ()~ Zy—as.pbs(X) = { Za415(x) if (2.12b) holds ~ in RY.
Z442.p(x) if (2.12¢) holds
(2.26)

This means that K (x) Z b ¥ (x) behaves like the lower and upper bound of the estimates
in (2.13)—(2.15). Hence, for some constant ¢ > 1 we have

1
~K(MWZ5 < —AZ,p+22, <cK(xX)Z, inRY. (2.27)
C ’ ’
Let now
M > c* 1> c_ﬁ >m > 0, (2.28)
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where ¢ > 1 is the constant from (2.27). Define next
W=mZ,, and W =M2Z,,.
Clearly,
EfW in ]Ri\_] and a—:——zo on aM.
Furthermore, from (2.27)—(2.28) we deduce
—AW + AW < mcK(x)Za_j, < K(x)(mZa,b)fs =KxX)W™ in Rﬁ.
Hence, W = m 2, ) satisfies

—AW +2W < K@x)W™  inRY,

ow 2.29
— =0 on BRﬂ . ( )
8)CN

In exactly the same manner, we have that W=M Zg4 b satisfies
—~AW +2AW > Kx)W ~ inRY,
ow (2.30)

A aRY.
BxN on +

Let {Q%}r>1 be a sequence of smooth subdomains of Rﬁ that satisfies

QlCQzC~-~CQkCQk+1C---CR$ and Uﬁk:@.
k>1

We may take for instance {€2;}x>1 as a sequence of rounded corners rectangles that
sit on aM as shown in the Fig. 1 below.

TN

Qpyo

Qk:+1

Fig. 1 The sequence {2 };>1 of subdomains that exhaust R_‘AZ
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For any k > 1 consider the problem

—Aw+iw=Kx)w>,w>0 in Qy,
ow

— =0 on 9 N ARY, (2.31)
8)61\/

wix) =W on % NRY.

Then W is a subsolution to (2.31) while W is a supersolution. Thus, by the sub- and
supersolution method (see [28, Section 3.2]) we deduce the existence of a solution
wr € C2Y(Q) N CHY(Q) to (2.31) for some v € (0, 1), such that W < wy < W in
Q. Using Lemma 2.4 we have that for all k > 1 the following inequality holds:

W<w <wgpr =W in Q. (2.32)

Thus, {wi}r=1 is an increasing and bounded sequence, so there exists w(x) :=

limg— 00 wr(x), x € ]Rﬁ. Now, if D C Rf is a smooth and bounded open set with
HN-I @b N 8Rﬁ) > 0, by the standard elliptic arguments (see [2, 3] or even [28,
Section 3.1] where relevant results in the elliptic regularity theory are recalled) one
has that {wg}x>1 is uniformly bounded in W27 (D) for all r > 1. In particular, for
r > N one has that {wy};>1 converges to w in C (D) which yields

ow ow N
—(x) = lim —(x) =0 forallx € IR}
axN k— 00 axN

This shows that

0
weC'®Y) and —— =0 ondRY.
axN
Standard elliptic interior estimates (see [2, Section 7]) imply also that w € C 2(]M )

is a solution of (2.31). We claim that w € C 2(IRﬁ). Indeed, we should first note
that w > 0 on BRQ’ fxg € 8Rﬁ was a point at which w(xp) = 0, then xo would
be a minimum point for w. By Hopf boundary point lemma (see, e.g., [12, Section

9.5]) we would have Frow w. (x09) > 0, contradiction. This means that w > 0 in ]RN and

thus K(x)w™ € Cye (Rﬁ ). By local elliptic regularity it follows that w € C 2(]Rﬁ ).
The uniqueness of such a solution follows immediately from Lemma 2.5. Finally,
the asymptotic behaviour (2.23) follows by letting k — oo in (2.32) from which we
deducewNE:W_ZameN O

Lemma 2.9 Let f € C(@) be such that
Zap(0) S f@) S Zap inRY, (2.33)
where Z,,, Za,p are given by (1.11),0 < b < Band(0 < a < A.
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Then, for all . > 0, there exists a unique solution w € C 2(@) of the problem

—Aw+Aiw = f(x),w >0 inRﬁ,

ow

=0 aRY, 2.34
axN on * ( )

wkx) >0 as x ERﬁ, |x] = oo.

Proof Replacing a and b by two smaller and positive numbers a” and b’, then inequality
(2.33) still holds. Therefore, we may assume 0 < a < % and 0 < b < /A, so
that (a, b) satisfies (2.12a) in Lemma 2.6. Using the asymptotic (2.33), we may find
C > ¢ > 0 such that

cZap(x) < f(x) < CZ,p inRY.

Set

._C c

= — = 0
=2 T rNTr AT B

and define w = MZ, ), w = mZ4 . We then have w, w € Cz(M), w > win
Rﬁ and by the estimates (2.13) in Lemma 2.6(i) (recall that the pair (a, b) satisfies
(2.12a)), one has

— AW+ A0 > M — b2, 5(x) = CZ45(x) = f(x) inRY.
Also, from the estimate (2.20) we have
—Aw 4w <mO.+ N>+ A*+ BHZ, p(x) = cZ4 5(x) < f(x) inRY.
It is also straightforward to check that

ow a
220 on BR_’X
3XN 8)61\/

and w(x), w(x) — 0as x € RY, |x| — oo. This means that (w, w) is an ordered
pair of sub and supersolution to (2.34). We next proceed as in the proof of Lemma
2.8 to deduce the existence of a solution w € CZ(JR_’X ) to (2.34). The uniqueness
follows similarly to the proof of Lemma 2.5. Precisely, if wy, wy are two solutions of
(2.34), then, for all ¢ € (0, 1) one shows by contradiction that w; + & > w; in Rﬁ
and wy + & > w; in Ri’ . Then, letting ¢ — 0 one derives w; = wj, whence the
uniqueness of the solution to (2.34). O

We finish this section with a recall of a useful result from [25] (see also [5]).

Lemma 2.10 (See [25, Theorem 1.2])
Let R > 0. Then, forall1 < p < %—ﬂ there are no positive functionsu € C 2(Rﬁ )

such that —Au > u? in R{X \ Bg.
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3 Proof of Theorem 1.1
The proof of Theorem 1.1 relies on the following result.

Lemma3.1 Let f € CRY), f > 0, and w € C2(RY) be such that

—Aw+rw=f(x),w>0 inRY,

Jw

— =0 aRY 3.1
axN on + ( )

wkx) >0 as x eRﬁ, |x] = oo.

Then,
w(x) =/Gx(x,y)f(y)dy forall x e RY. (3.2)
RY
In particular,
wx) 2 x| e VA i RY \ By (3.3)

Proof For x = (x/, xy) € RY we define

fx) ifxy >0 _ wkx) ifxy >0
_ . and w(x) = _ .
fx) ifxy <0 w(x) if xy <O.

foo) = I
It is easy to check that w € Cz(RN\BRf) N C(RN) and f € C(RY). Furthermore,

from (3.1) it follows that w(x) — 0 as x € R¥\dRY, so w is bounded in RY \ 9RY.
Thus, w satisfies (2.4). To summarise, we have:

—Aw=f,w>0 inRV\JRY, (3.4)
w fulfills the condition (2.4). '
We claim that
—Aw=f inD®RY). (3.5)

Let ¢ € C°(RY) and Q = suppp C R". Replacing Q in our current argument with
a larger set in RY, we may assume that QT = QN Rﬁ and Q7 = Q NR_ have C?
boundary. From (3.4) we have

/?gﬂ:—/g{)AE:—/(pAﬁ—/(pAw. 3.6)
@ Q Qt Q-
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Denote by v and v~ the outer unit normal vector to Q" and 9Q™ respectively.
Since w € CZ(R_’X ), by Green’s Theorem we find

—/(pAE:—/(pAw

Q+ Q-+
/ Ao+ / I Jw
=—f|w W— —Q—
¢ o Vot
Q-+ QT+
3o qw 3.7
z—/wA<p+ f —w— 4+ ¢—
axN 8)61\/
Qt QNIRY
ad
axN
Q* QnaRY

In the above calculations we used the fact that

0 N ow  dw N
@—8])—_"_—0 0n8§2ﬂR+ and av—_'_——a—o 0H8R+.

Similarly we have

Q- Q- A~
/ / 3¢ (3.8)
=— | wA¢+ w—
3xN
Q- QnaRY

Adding (3.7) and (3.8) and using (3.6) we find

/Qﬂ):—fgwmp

which proves (3.5). By Proposition 2.2 we now deduce that for all x € Rﬁ we have

w(x) = W) = / ®;(x — »Fdy

RN

= / Py(x — ) f(y)dy + / @5 (x — y) f()dy. (3.9

RY RN
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With the change of variable y =7,z € Rf we have dy = —dz and thus

0
/ Oy(x — ) f(y)dy = f / @, (x —y) f() dy'dyy

RY RN—] —00
o
= / /@A(x—f)f(z)dz/dZN.
RN-1 0

Since @, is radially symmetric, one has @, (x —z) = &, (x — z) so that

/ @ (x — y) f()dy = / Py (x — 2) f(2)dz.

RY RY
Using this last equality in (3.9) we deduce that for all x € Rﬁ one has

w(X)=@(X)=/%(x—y)f(y)dy-i—/<I>A(Y—Z)f(1)d1= /Gx(x,y)f(y)dy-

RY RY RY
This finishes the proof of Lemma 3.1. O

Proof of Theorem 1.1 completed. We first check that the functions

uP mn

u
f=—+4+pk) and g=—
ve v¥

satisfy f, g € C(@). By elliptic regularity, this entail u, v € C%@) and we are
thus entitled to apply Lemma 3.1. To do so, we only need to check that f and g are
continuous on B]Rﬁ . Indeed, u,v € C! (@) are positive in Rﬁ and if u(xg) = 0 at
some point xo € BR_’X, then, xo would be a minimum point of #. By Hopf boundary
point lemma (see, e.g., [12, Section 9.5]) this yields £C—’fv(xo) > 0 which contradicts
the boundary condition on u. Thus, # > 0 and similarly v > 0 on 8Rﬁ. In particular
thisyields f, g € C (@). This implies, via standard elliptic regularity arguments, that
u,veC 2(@). The integral representation (1.4) follows now by a direct application
of Lemma 3.1. O

4 Proof of Theorem 1.2
(1) We could use a similar approach to that in the proof of Theorem 1.1 in [15] which
relies on the asymptotics of the eigenvalues of the Laplace operator subject to Dirichlet

boundary conditions on some annular domains. Instead, we provide here a shorter proof
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that uses Lemma 2.10. Suppose 0 < p < 1 and there exists a positive solution (u, v)
of (1.1). Observe that
up

v—q—Au:u(up_lv_q—A) inRﬁ. 4.1)

Since p < 1 and u(x), v(x) > Oasx € Rﬁ, |x] — o0, one has
uP™ Tl A > 00 asx e Ri’, |x| — oo.
We can now find R > 0 such that
uP v —x>1 forallx € RY \ Bg. 4.2)
By (4.1) and (4.2) we now deduce that u satisfies
— Au zu(upflqu—)\) >y inRﬁ\BR. 4.3)

By Lemma 2.10, the above inequality has no positive solutions. Hence, (1.1) has no
solutions either.

(iil) Assume by contradiction that (u, v) is a positive solution to (1.1). Then, using
the condition on p(x) we deduce

p(x) = (b + Du  inRY \ Bg,

for some R > (large. It follows that u satisfies (4.3) and this contradicts the conclusion
of Lemma 2.10. Thus, (1.1) has no solutions in this case.

(ii2) Assume (u, v) is a positive solution of (1.1), where u satisfies (1.5). Since by
(3.3) we have u(x) 2 @, (x) in Rﬁ’ \ Bj, it follows that b < VA LetO < & < bbe
small. Then, from (1.5) we find u < e=¢=8)¥l ip R_’X . From the second equation of
(1.1) we see that v satisfies

—Av+ Av < CeMb=OIX,=s 5 5 in ]R_]X,

v _y IR (4.4)
— = on , )
BxN +

v(x) >0 as x € Rﬁ, |x| = oo,
where C > 0 is a constant. Let

_ m(b—e) 2 v
w(x) = e s VIR oy e RY.

0,

In terms of the notation given by (1.11) one has w = Z, np—e . With the calculations
s+1

in Lemma 2.6(i) we deduce

b — 2
— Aw +Aw > {/\ - (%) } w > cee MmO i RY. (4.5)
S

@ Springer



M. Ghergu

If C and ¢, are the constants from (4.4) and (4.5), define

C\ 1
c8:<_> .
Ce

Then, a direct calculation yields that v = C.w satisfies

—AT+ AT > Ce M=y 55 0 in Rﬁ,

e
Yo on JRY, (4.6)
axN

v(x) > 0 as x € RY, [x| = oo,
where C > 0 is the constant from (4.4). Using (4.4), (4.6) and Lemma 2.5 we find

m(b—e)
V() < T() < Cee S M inRY,
Using the above estimate and (1.5) we derive

mgq

L) o (1 4y ere (ool

mq
> Cze—(s+bp—(b—£)m)|x\ i Rﬁ.

In the above estimate we used the fact that (1 + |x[)*” < Cseg I for all x € RN and
for some constant Cg > 0. The constants C; and C; in the estimate (4.7) depend on
¢ as well. Now, from the integral representation (1.4) in Theorem 1.1, Lemma 2.1(i)
and (4.7), for all x € Rﬁf we find

u(x) > Ey;
]RN
(y)
/ Bax =)y (“8)
]RN
> / =y VA =Bl gy
—yl>1

where

B=ct+bp—(b—e—4 (4.9)
S

+1
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If B < 0then —B|y| > —B|x| + B|x — y| and we can further estimate from (4.8) as
follows:

N-1 i
u Z e [y e By
—yl>1
>e—B|x|/ 2| e VBl g
|z]>1
> o~ Blxl

We found u(x) > Ce B and since B < 0, we raise a contradiction since ux) — 0
as |x| — oo.
If B > Othen —B|y| > —B|x| — B|x — y| and then from (4.8) we estimate

u(x) 2 e BH f =y~ e VA gy

lx—y[>1
N-1
> =Bl |Z|—Te—(ﬁ+3)|z| dy
|z|>1

> o Blxl

~

Combining the above estimate with (1.5) we have
e B < u(x) = (14 x]) e ?H inRY.
In particular, this yields B > b, and from (4.9) we derive

mq>

bp — (b —
e+bp—( 8)s+1—

We now let ¢ — 0 in the above inequality. Since » > 0 and p > 1 we obtain

—b—— - — — o .
P s+1 7~ P +1 = P s+ -
This contradicts our hypothesis o > 1 and thus concludes the proof. O

5 Proof of Theorem 1.3
(1) Since u(x) = ®;(x) and u satisfies (1.5), it follows that b < V. By Theorem
1.2(ii2) we also have o < 1. Assume in the following that b < A/ and let us show

thato = 1.
From the second equation of (1.1) we have

—Av+rv=K@v* inRY, (5.1)
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where
K(x) = u™(x) = (1 + |x)"me~bmixljn RY, (5.2)
Observe that K satisfies the asymptotic behaviour (2.21) with (o, 8) = (am, bm).

Note that 8 = bm < mv/A < (s + 1)v/4, so (2.22a) holds. By Lemma 2.8 it follows
that

v(x) = (1 + x4 B forall x € RY, (5.3)
where
am bm
A= and B = . 5.4
s+ 1 s4+1

We now use (1.5) and (5.3) in the first equation of (1.1). We note that

p
fu)=%;+pu):(b+uwﬂfﬂ”+pax (5.5)

where

a:ap—Aq:ap—ng‘f=a+a(p—l)—aa(p—1)
B=bp—Bq=bp— 3t =b+b(p—1)—ba(p—1)

which implies

{a=a+Mp—Dﬂ—0> (5.6)

B=b+b(p—1)(1—-o0).
Ifg > VA then (5.5) and the hypothesis (1.6) on p(x) yield
fx) S+ I)cl)_"‘e_*/)w| forall x € RY.

By Lemma 2.3 we have u(x) < e”V** log(1 + |x|) for x € Rﬁ \ B;. Combining
this estimate with (1.5) it follows that b > ﬁ, contradiction. Hence, 8 < VA, We
apply again Lemma 2.3 this time using (5.5) for 8 < +/A and we deduce

u(x) < |x|_mi“{¥’a}e’ﬁ|x| forall x e RY \ By.

Combining the above estimate with the assumption (1.5) one derives b > f, so by
(5.6) it follows that b = § and then o = 1.

(i) Assume m < s + 1 and 0 < 1. As above, v satisfies the Eq. (5.1) and K
satisfies the asymptotic behavior described in (5.2) where («, ) = (am, bm) satisfies
(2.22a). Then, by Lemma 2.8 one has that v satisfies (5.3) where the exponents A, B
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are defined in (5.4). Let f(x) by given by (5.5). Since o < 1, it follows by part (i)
above that b = +/A. Then, with « and 8 defined by (5.6) one has 8 > +/A. Apply now
Lemma 2.3 for 8 > +/A to deduce

u(x) < |x|_min{¥'“}e_ﬁ|x| forall x € Rﬁ \ B;.

By (1.7) and the definition of the exponent « in (5.6) we have o > NT*] . Thus, the above
asymptotic estimate reads u(x) < @, (x) for all x € Rﬂ \ Bi. Since u(x) 2 @, (x)
also holds, it follows that u(x) >~ @, (x),soa = N74 and b = +/A. With these values

of the exponents a and b, (5.3) and (5.4) yield v(x) =~ CD/{? (x) for all x € Ri’\Bl
which completes the proof of (1.8).
(iii)) Assume m = s + 1 and ¢ < 1. Then, condition 0 < 1 is equivalent to

p—q > 1.Since o < 1, by part (i) above we have b = +/A. We show in the following

at a = =5—. Assume by contradiction that a < “5—. First, we note that as before v
that Nl A by contradiction that N-1 First te that as bef

satisfies (5.1) where
K(x)=u"(x)~ 1+ le)_“me_m‘/xl)‘| forall x € Ri\_’.

Thus, sincem = s +1and a < NT_l, one has that («, ) = (ma, m\/x) satisfies
(2.22b). Indeed, we have

ﬁ:m«/x:(s—i—l)\/x and a=am=a(s+1) < l+(s+1)¥.
By Lemma 2.8 one has
v(x) = (1+ Jx)"“Fme VA forall x € RY. (5.7)
This further implies

14
fx) = ”_q + o) S (A + |x)) PO VA 4 px) forall x € RY.
v

On the other hand, our assumption (1.6) on p(x), namely p(x) = o(e~" ") for some
y > JX implies

p(x) S (14 x4 P~ D= w1 forall x € RY.
From the above estimates and Lemma 2.3 in which we take
ot:a(p—q)—i—% > N and ,6:«/1,
we deduce

u(x) < |x|—%e—«/ﬂx| = @, (x) forallx e RY \ By.
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Since we also have u(x) = @, (x), it follows that u(x) >~ ®,(x), soa = % and

b = \/X This contradicts our assumption a < NT_I Thus, a = NT_I and indeed we

have u(x) >~ @, (x) in ]Rﬁ \ Bj. Finally, we recall that v satisfies (5.1) where K (x)
fulfills (2.21) and

(o, B) = <m¥ mﬁ) satisfies (2.22¢).

In light of the estimate (2.23) it follows that v(x) ~ |x| a @, (x) and this completes
the proof of Theorem 1.3. O

6 Proof of Theorem 1.4
6.1 Proof of Theorem 1.4(i)
We first need the following elementary but technical result.

Lemma 6.1 Assume (1.14)_holds and let Ao be_given by (1.13). Then, for all > > g
there exist four constants M1 > M| > 0 and M, > M, > 0 such that

M, =— 6.1
Ba | 4 ) ( a)
Aog _ 5l A—

A—stl  —

EM; =M, and M5 =MT. (6.1¢)

Proof We dexglop (6.1a)—(6.1c) and explain how to define the four constants M >
M, >0and M, > M, > 0. From (6.1c), we find

My = Ly
= Ly

so that, (6.1a) yields

+1
— AT (6.2)

From (6.1b); and (6.2) we deduce

M= () 6.3)
arrro(1+4)
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From (6.1c); we have

which combined with (6.3) yields

WMy = ol o (F1H e man) 6.4)
4ﬁ(7%+%+a(m+l))

It remains to show_that for A > Ao, the inequality (6.1b), holds. Indeed, in virtue of
(6.3), condition %M 1 > B is equivalent to

AP%*(T(]‘F%) > 4p%l+n(1+%) B

’

aO'
which in light of (1.13) is further equivalent to
AT > gt (1+3) ﬁa = 1> ho.
o

Finally, let us observe that from 8 > « > 0, (6.1a) and (6.1b), we have
AMy > 4B > da = 16AM, so, M;> M,.
Similarly, from (6.1c); and (6.1¢); we deduce

WM, =2MY > MY = 4M5T so, My > My,

This concludes the proof of Lemma 6.1. O

Proof of Theorem 1.4(i) Let A, B_be defined by (5.4)E1d let Ag, A* be given by (1.13)
and (1.15) respectively. Let also M| > M| > O and M, > M, > 0 be the constants
obtained in Lemma 6.1. Define the set

Alyzﬁﬁ 51455371221

Y =3u,ve C(@) : _
MyZap <v<MiZsp

inRY . (6.5)

For (u,v) €e Y and A > Ag,let Tu, Tv € Cz(Rﬁ) N C(@) be the unique solutions
of

P
—ATu +ATu = u—q—i—p(x) inRY

v

m

ATV +ATv = — inRY,

(Tv)* (6.6)
0Tu oTv N

= — = O on 8R+,

3)61\/ 3)CN
Tu, Tv— 0 asx GR_ZX, |x| = oo.
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The existence and uniqueness of 7'v follows directly from Lemma 2.8 with
K(x) = u"™(x) =~ Zap pm (x) = (1 + [x[) """ in RY.

Observe that K (x) satisfies (2.21) where («, 8) = (am, bm) fulfils the condition
(2.22a). Also, the existence and uniqueness of 7T'u follows from Lemma 2.9 for

ub =
f(x):v—q+,0(x), x e RY.

Notice that f € C(RY) and by (1.12) one has £(x) > p(x) > Z,5(x) in RY. From
the definition of the set X one has

D 4 o) < TIMGIZ, 20 + B
X) T (6.7)

= M1M2 Zap—Aq,bp—Bq + ,BZu,b in Rﬁ

ub
fo) =
ve

Since 0 < o0 <1 < p we have

ap — Aq =ap —a 4 =ap—a(p—1)o>ap—a(p—1)=a (6.8)

s+ 1
and similarly,
mq
bp—Bq:bp—b?=bp—b(p—1)asz—b(p—1)=b. (6.9)
s
Hence, from (6.7) we deduce

f(x)<(MpM2 +,3) Zap(x) inRY. (6.10)

This implies f(x) =~ Z, 5(x)in Rﬁ . We are now entitled to apply Lemma 2.9 to derive

the existence and the uniqueness of Tu € C 2(@). This means that the mapping

F ¥ — C(R ) X C(R ), F(u,v) = (Tu,Tv) iswelldefined. (6.11)

In order to apply the Schauder Fixed Point Theorem we need the following result.

Lemma 6.2 For all A > \*, the set ¥ is invariant to F, that is, F(X) C X.
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Proof From the definition of Tu in (6.6), (6.1a), (1.12) and the estimates (2.13) (note
that (a, b) satisfies (2.12a)) we have

—ATu+ATu > p(x) > aZ,yp

o
>———| - AZ L2 )
_2A+N2< ab T AZa b
o
ﬁ( —AZgp+ /\Za,b)

- Ml( —AZup+ Aza,,,) inRY.

6.12)

v

Thus,

(= A+ (Tu—M2,5) >0 inRY,

9 N
—(Tu—MZ,)=0 on dRY,
3xN
Tu—-—MZ,, — 0 asxeRﬁ,|x|—>oo.

With a standard comparison argument as in the proof of Lemma 2.5 it follows that
Tu>MZ,)in Rf. From (6.1b) we find

A =po g At
~M;=M{M; and —M;>§B.
4 4
Adding the above estimates we have
SMy = MMy . (6.13)

The definition of Tu in (6.6) yields

u? (x) —p . g
— ATu+ ATu = 7 (x) +o(x) =M M," Zqp—pq,bp—Bq(X)
+BZap(x) inRY. (6.14)

As in the calculations of (6.7)—(6.10) and using the estimates in Lemma 2.6 together
with (6.13) we deduce

—ATu+2Tu < (Mfﬂz_q + ﬂ)ZH,b

MM+ B
< ——(—-AZ b+/\Zab)
A — b2 ( ¢ ’ 6.15
2MIM5 + B) o
<2MMLTAD (5,4 0z,0)

=AM 1Z,p) + MM 2,5) inRY.
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We now have

(= A+AI)(Tu—M2,5) <0 inRY,
—(TM—M]Za,b) =0 on BRﬁ,

3)6]\/ o

Tu—MiZ,,— 0 asxeRﬁ,|x|—>oo.

A standard comparison principle (similar to that used in the proof of Lemma 2.5)
implies Tu < M1 2,5, in RY. It remains to prove

M,Zsp <Tv<MyZsp inRY. (6.16)

From the definition of T'v in (6.6) we have
— ATV +ATv = u"™(Tv)™ < M} Zam pm(Tv)™*  inRY. (6.17)
Letw = MQZA’B. Then, by (6.1c); and the estimates (2.13) in Lemma 2.6(i) we find

—AW+ AW > (A — BHYM2Z 4 p

A— — (6.18)
> EMZZA’B = M’InZam’me_s in Rﬁ.

Using (6.17), (6.18) and Lemma 2.5 we deduce Tv < w = MZZA,B in Rﬁ and this
established the upper bound in (6.16). For the lower bound, we proceed similarly.
Firstly, from the definition of 7Tv in (6.6) we have

— ATv+ATv = u"™(Tv) ™ > M} Zam pm(Tv) ™ inRY. (6.19)

Secondly, letting w = M,Z4 p and using (6.1c), together with Lemma 2.6(i) we
estimate

—Aw+Aw < QA+ N)M,Z4 B

(6.20)
<AAM>Zp 5 = MV Zampmw*  inRY.

Then (6.19), (6.20) and the comparison principle in Lemma 2.5 allow us to deduce
the lower bound in (6.16) and thus to conclude the proof of Lemma 6.2. O
Proof of Theorem 1.4(i) cglpleted.iemma 6.2 states that X is an invariant set for
the mapping F : ¥ — C (RN ) x C (RN ) defined in (6.11). We cannot use Schauder

Fixed Point Theorem yet as the underlying space C (]RN ) X C(RN ) is not compact. To
overcome this difficulty, we fix the constants M; > M, and M > M, > 0 defined
in Lemma 6.1 and used in (6.5). Let {2 }x>1 be a sequence of smooth domains that
exhaust Rﬁ, see Fig. 1. Define

Si=1du,veCQ:

M Zap <u<MiZ4p .
_ in
MyZap <v=<MyZsp
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For any (u, v) € Ik we fix (&, 7) € X a continuous extension of (u, v) to Rﬁ where
¥ is defined in (6.5). Denote further (U, V) = (Tu, Tv), where Tu and T7 are the
unique solutions of the system (6.6) in which u, v are replaced by u, U respectively.
We now define

Fe: Sk — C@Q0) x C(Qu) by Felu,v) = (Umk, ars )

Let us first remark that by (6.6), the pair (U, V) satisfies

—AU + U = ”—q o) inQy,
e ,
—AV+)\.V = F mn Qk,
U vV
—=—=0 on dRY N Q.
8)61\/ 3)CN

Since F(X) C %, it follows that Fi (X;) C %, for all £ > 1. Further, F; maps X
into C'(Q) x C'(Q)) which is compactly embedded into C(Q;) x C (). Thus,
for all kK > 1 the mapping Fj : ¥ — X has compact image. Now, by the Schauder
Fixed Point Theorem there exists a fixed point (ug, vy) € Xk of Fi. Hence, (ug, vi)
satisfies

14

u
—Aug+hug = —- +p(x)  inQy,

U

um
—Avg + Ave = & in Q,

Vg

6.21)

0 9 (
T _ % on RY N3y,
8XN axN
M] Za,b <ugp < Mlza,b in Q,
MyZap <vi <M2Zap in Q.

NoticethatO) < o < limplies,asin(6.8)and (6.9),thatap—Ag > aandbp—Bq > b.
Thus, one has the following universal upper bounds

p

Ui
q

Uk
m
k —m, ¢

F =< M1 Mz sZam—As,bm—Bs
k

< MfM;anp_Aq,bp—Bq <CiZ4p
in Qk. (6~22)
< CZZA,B

The above constants Cy, C> > 0 are independent of k. From standard elliptic esti-
mates ( see, [2, 3] or [18, Theorem 9.11]), the sequence {(ux, vi)}k>1 is bounded
in W2"(Q1) x W>"() for all » > 1. Hence, from the compact embedding
W2r(Q1) — CYQ)) for r > N, there exists a subsequence {(u,l, v/i)}kzl of
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{(ug, vi)}k=1 which converges in C' (1) x C'(R)). Next, by standard elliptic esti-
mates, the sequence {(u}, v})}x>2 is bounded in W' (€2) x W' () forall r > 1
and thus, by the compact embedding W27 (Q;) < C'(Q,) for r > N, it has a
convergent subsequence {(u3, v7)}i=2 in C'(Q22) x C1(Qy).

Proceeding inductively, for all n > 1 there exists a subsequence

n—1 _n—1

{(MZ, Uz)}an C {(Mk > Uk Vk=n

which converges in C!'(Q,) x C! (§n_). Consider now the diagonal sequence
{(u’,i, v];f)}kzl which converges in C}OC(Rf) X Clloc(Rﬁ). Its limit (u, v) is a weak
C!-solution of (1.1). Also, thanks to the universal estimates (6.22) one derives

u? u™ N
— =<Ci1Z4p, — ZCr2Zap inRY.
v4 ’ Vs ’

By elliptic regularity theory one has (u,v) € C 2(@) X Cz(@). Also, from the
definition of ¥; one has

M Z.p <uf <MiZ,;, and M,Zsp <vi <M>Zsp in.

Passing to the limit wit_h k — oo, it follmﬁ that (u, v) satisfies similar inequalities,
with the same bounds M| > M| > 0 and M, > M, > 0. This shows that (u, v) has
the prescribed behavior (1.16). This concludes our proof of part (i).

6.2 Proof of Theorem 1.4(ii): Casem < s + 1

We proceed as in the part (i) of Theorem 1.4 with some modifications that we underline

below.
Leta = 5 - %andb = snﬁﬁ Since m < s + 1 we have a < _Nz_l and

b < +/X. Define

M Zxn p=u =2 gy

®={u.veCRY): _ inRY ¢,
MyZ,p <v=MyZyp

where M} > M, > 0 and My > M, > 0 are the constants from Lemma 6.1. For

(u,v) €e and A > Ag, let Tu, Tv € Cz(@) be the unique solutions of (6.6) and
define F by (6.11). As before, we want to show that 7(X) C X for all A > A**. By
the estimate (2.15) in Lemma 2.6 one has

2 . N
)\.ZNTH’\/XS—AZNT—I’«/X—F)\,ZNT—I’\/XS()\,—FN)ZNT-#}’\/X lnR+.
(6.23)
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Using the upper bound in (6.23), as in the estimates (6.12) we have
N
—ATu+ ATu > p(x) > QZ#’\/X EMI(— AZ%,«/X—F)‘Z%,\/I) IHRJr.

This allows us to conclude that Tu > M Z N R in Rﬁ . Now, using the definition
of X we have

~ ATu+ATu < MMy " Z 51 /@) + BZug f(x) inRY.
(6.24)

To proceed further, we claim that
. N
ZpNz_l—aq,p«/X—bq SZN;’3,«/X 1nR+. (6.25)

Observe first that

= 21(,,_0(,,_1))

and

pVA—bg = «/X(p— %) = ﬁ(p—ff(p— 1))-

Thus, (6.25) is equivalent to
P (o (1) < VEG-DU=00 il = (14 2212 > 1. (626)

In virtue of fact that p > 1 > o > 0 and of the standard inequality e’ > 1, (6.26)
holds if

N+3 N-1
S - (p o= D) = Vi - D -0,

which we arrange it as
2- NT_I(p — Dl —0) < Vralp - 11 —0)
and which clearly holds since
$2E 2
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This yields (6.26) and thus (6.25). Now, with the estimate (6.25) in hand, we return to
(6.24). Using the lower bound in (6.23) we derive
—ATu+ATu < (M{’M;q +ﬁ)ZNT+3’ﬁ
—p
= W( - AZag g +AZs )
= %( - AZia i+ 42 5)

Sﬁl(—AZNT—l’ﬁ-i-)»ZNT_l!ﬁ)

=AM 2y ) +M(M1 250 7)) inRE

The above inequality is similar to (6.15) and as in the part (i) of the proof, it implies
Tu <M Zy Jiin R . From now on, we follow line by line the proof of Theorem
1.4(i) to reach the concluswn

6.3 Proof of Theorem 1.4(ii): Casem = s + 1

We need the following result which will replace Lemma 6.1 in our argument.

Lemma 6.3 Assumem = s + 1, (1. 14) holds and let Lo be glven by (1.13). Then, for
all A > 1** there exist four constants M| > M, > 0and My > M, > 0 such that

* (6.27a)

=—, 27a
=17
A e P
ZMQI:M{’ V' and M= 8. (6.27b)
2 h—m  —
L_M'; =M and 4AMY =M. (6.27¢)
m

Proof With elementary calculations, as in Lemma 6.1 we find

Mlzi, M2: o )\,_(l+ml)

- 4 _ 4l+%

()
grr+o(1+2)

Wym M gtolind),

Since A > A** > A¢, one can easily check that %Ml > . Finally, from 8 > o > 0,
(6.27a) and (6.27b), we have

AM| > 4B > da = 16AM,; so, M| > M,.
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Similarly, from (6.27¢)1, (6.27¢); and m > 1, L > 1 we deduce

2 A —, — 7
L_Mgl =M] > M} =4MY so, My > M,.
m

This concludes our proof. O

To complete the proof of Theorem 1.4(ii) in this case we define
_N 1 5
X =1qu,ve CRY):

where My > M, > 0 and M, > M, > 0 are the constants from Lemma 6.3. Let
(Tu, Tv) be the unique solution of (6.6) ar@eﬁne F by (6.11). We should note that

the existence and uniqueness of Tu € Cz(Rﬁ ) follows from Lemma 2.9.

We want to show that 7 (%) C X forall A > A**. The only delicate estimate is the
one which yields Tu < M, Z%ﬁ in Rﬁf. Using the definition of X, as in (6.24) we
have

—ATu+ATu§ﬁﬂ@5ﬂ3“%w+ﬂzﬁgdﬂk)inRﬁ (6.28)

where

L Nl Nol DY NZL
AU

B=(p—q)h

Now, since m = s + 1 we have 0 = % < 1 and in the same way we derived (6.25)

we claim that Z4 p < Zn+3 NG in Rﬁ. Then, we follow a similar argument to that in
2 £
part (i) above. O
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A Appendix: Proof of Lemma 2.3

Let x € Rﬁ , |x| > 1. From (1.3) and the fact that the fundamental solution ®, is
radially symmetric and decreasing (see Lemma 2.1), we have

Gi(x,y) <2d;(x —y) forally e RY.
Using the estimates in Lemma 2.1(i) and (2.8) we find
u) <2 [ 0= SO S 1+ I (A1)
RY
where

I = f ) (x — (1 + [y]) e~ dy

lx—yl<1 (A2)
I = f b= ¥ 7F (4 [y eV A gy,
[x—yl>1
Let us first estimate /7. If [x — y| < 1 then
Iyl = Ixl=lx =yl > x| -1 = [y[+ 1> [x]
Iyl = x| = |x =yl = =BIy| = =Blx| + Blx — yl.
Using the above inequalities we find
I < |x|[~%e P / @5 (x — y)ePdy
[x—yl<1
< |x|*"‘e*ﬁ|x|/ ®; (2)ePlldz (A3)
lz]<1
< |x| %A
To estimate I, we use the following inequalities
o If g < +/Athen |y| > [x| — |x — y| s0
—Vlx =yl = Blyl < =Blx| = (V& — B)lx — yI; (A4)
o If B > +/Athen |x — y| > |x| — |y| so
—Vlx =yl = Blyl < =Vlx| = (B = VR)lyl. (A5)
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We decompose I = I + 1> where

I = / |x — y|—%4(1 + |y|)—ﬂte—ﬁ|x—yl—ﬁ\yldy

Jx—y|>1

x|
|y|>7

I = f |x—y|_NT_1(1+|y|)_ae_‘/x|x_.\’|_ﬁ\y|dy_

[x—y|>1
lyl<il

Ifp < VA we deduce from (A.4) that

x|\ —« _
by < (%) Bl / vy~ WAyl gy

lx—y[>1

< x| e Pl / 2|~ e VAPl g
|z|>1

< |x|_°’e—ﬁ|x‘.
Similarly, if 8 > +/A we deduce from (A.5) that

e ,
by < (%) PRV / x— y| = e BVl gy,

lx—y|>1
< |x|_ae—ﬁ|x|/e—(ﬁ—ﬁ>|y\dy
RN
< |x|7"‘ef‘/x|x|.
If B = /A then,
Ly S x| / + v — y| T e VARG,
Jx—y|>1 [x—y|>1

[y[>2]x]| %<|y|52|x
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If |y| > 2[x| then [x — y| > |y[ — |x[ > |x]so

/ lt — y| =2t VA==Vl gy < o=Vl / =y~ VA gy

lx—y[>1
[y1>2]x]

< oVl / e~V gy

Jx—y|>1
[yI>2]x]|

< oVl / e~V gy
Iyi>1

< e—ﬁlX\.

Jx—y|>1
[y1>2]x]

Also, by (A.4) we have

Vb = Valx=y 1=Vl gy < o=Vl / i — y T dy

=y
[x—y[>1 [x—yl>1
Blapyi<2ix| Ll jyj<2)x]
N-1
o[ e
1<lx—y|<3]x|
3|x]|
ge_ﬁ""/t#dt
1
S x| eV,
Hence,
x|~ @e P! if0 < B <a
IR N if g > /7 (A.6)

N+l .
x| e VRl g — /2
It remains to estimate /2. If |y| < % then

|x]
x =yl = |x|—|y|27. (A7)
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If B < /2, by (A.4) and (A.7) we find

N—
X
Iy < (%) Bl / (1 + [y])~e= V=Pl gy

le—yl|>1
< x| T e Al e Wr=Plzl g,
Iz|>1

N-1
N2 Blx
<xlT T e Blxl

Ifg > VA, by (A.5) and (A.7) we find

Nt
x Y
Iy < <%) *flxl / a+ |y|)*ae*(/3*~/x)|)\dy

lx—y|>1

< |x|—NTfle—\/X|x| /(1 + |y|)—ae—(ﬁ—ﬁ)\y|dy
RN
< |x| f|x|

If B = /A, then by (A.5) and (A.7) we obtain

N
I < (%) e / (14 [y)~dy

lyl<kl
< f'X'{ f (1 + [y)~%dy + / |y|“dy}
Iyl<1/2 1/2=lyl< 4!
_ |x]/2
S IXI_N216_‘/X""{1 +/ tN‘“‘ldt}
12
x| eVl ifo <N
Sy lxl =N f'x'log(lJrlxl) ifa =N
|)€|_77€_‘le| ifa > N.
Hence,
lx|="2 Pl if0 < B </n
x|~ T e f'*‘ if g > VA
In < lew“" —Vx| ifg=vianda <N  (A8)
|~ T eV og(1 + 1x)  iff=+Eanda = N
x|~ T e~V iff=+Aanda > N.
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The estimate (2.9) follows now from (A.1)-(A.3), (A.6) and (A.8). m]
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