
Geom. Funct. Anal. Vol. 34 (2024) 512–528
https://doi.org/10.1007/s00039-024-00661-2
© The Author(s) 2024

CAT(0) SPACES OF HIGHER RANK I

Stephan Stadler

Abstract. A CAT(0) space has rank at least n if every geodesic lies in an n-flat.
Ballmann’s Higher Rank Rigidity Conjecture predicts that a CAT(0) space of rank at
least 2 with a geometric group action is rigid – isometric to a Riemannian symmetric
space, a Euclidean building, or splits as a metric product. This paper is the first in
a series motivated by Ballmann’s conjecture. Here we prove that a CAT(0) space of
rank at least n≥ 2 is rigid if it contains a periodic n-flat and its Tits boundary has
dimension (n− 1). This does not require a geometric group action. The result relies
essentially on the study of flats which do not bound flat half-spaces – so-called Morse
flats. We show that the Tits boundary ∂TF of a periodic Morse n-flat F contains a
regular point – a point with a Tits-neighborhood entirely contained in ∂TF . More
precisely, we show that the set of singular points in ∂TF can be covered by finitely
many round spheres of positive codimension.
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1 Introduction

1.1 Main results. A Hadamard manifold is a complete simply connected Rie-
mannian manifold of non-positive sectional curvature. It has higher rank if every
complete geodesic line is contained in an isometrically embedded Euclidean space of
dimension at least two, a so-called flat. The structure of manifolds of non-positive
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curvature and higher rank was clarified in the eighties, in the series of papers
[BBE85, BBS85], culminating in Ballmann’s celebrated Higher Rank Rigidity The-
orem [Bal85, BS87, EH90]: If a higher rank Hadamard manifold admits quotients
of finite volume, then it is either a Riemannian symmetric space or splits as a met-
ric product. So in the presence of enough symmetry, higher rank implies special
geometry. In particular, the theorem identifies higher rank as the exceptional case.

The modern theory of non-positive curvature focuses on metric spaces instead
of manifolds, where the curvature condition is expressed by triangle comparison.
The definition is due to Alexandrov, already in the early fifties, and later gained
considerable momentum from Gromov’s seminal paper [Gro87]. Nowadays, CAT(0)
spaces – the synthetic versions of Hadamard manifolds – play an important role in
mathematics beyond geometry and topology. They appear in many different fields
such as geometric group theory, representation theory, arithmetic and optimization.
For an account of the huge amount of literature on metric spaces with synthetic
curvature bounds, see the bibliographies in [AKP19, Bal04, BH99]. The following
conjecture, formulated by Ballmann and Buyalo in [BB08], predicts a generalization
of the Higher Rank Rigidity Theorem from Hadamard manifolds to CAT(0) spaces.
It is the main motivation for the present paper.

Conjecture (Higher Rank Rigidity). Let X be a locally compact geodesically com-

plete CAT(0) space. Suppose that Γ is a group of isometries of X with limit set

Λ(Γ) = ∂∞X . Then diam(∂TX) = π implies that X is a Riemannian symmetric

space or a Euclidean building of rank at least 2, or that X non-trivially splits as a

metric product.

The condition on the diameter expresses higher rank, as it is equivalent to saying
that any complete geodesic bounds a flat half-plane, cf. Sect. 2.4. If a group Γ acts
on a CAT(0) space X , then its limit set Λ(Γ) is the set of accumulation points of a
Γ-orbit in the ideal boundary ∂∞X . The main example of group actions on CAT(0)
spaces with full limit set are geometric actions, meaning cocompact and properly
discontinuous actions by isometries.

For singular spaces, Higher Rank Rigidity is wide open. It has only been estab-
lished in the following short list of special cases:

– for a 2-dimensional simplicial complex with a piecewise smooth CAT(0) metric
and a geometric group action [BB96];

– for a 3-dimensional simplicial complex with a piecewise Euclidean CAT(0) met-
ric and a geometric group action [BB00];

– for a finite dimensional CAT(0) cube complex with a geometric group action
[CS11];1

1 For cube complexes, the statement of Higher Rank Rigidity takes the form of a splitting result,
since neither irreducible symmetric spaces nor irreducible Euclidean buildings are cube complexes.
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– for a locally compact and geodesically complete CAT(0) space such that its full
isometry group does not fix a point at infinity and which supports a cocompact
isometric action by an amenable locally compact group [CM15];

– for a locally compact and geodesically complete CAT(0) space with 1-
dimensional Tits boundary which supports a geometric group action Γ � X

such that the induced action on the ideal boundary is not minimal, i.e. ∂∞X

contains a proper closed Γ-invariant subset [Ric19].

The paper [Ric19] in the last item relies heavily on [GS13] where the authors
developed a general strategy to approach Ballmann’s conjecture based on analyzing
the dynamics of the induced action at infinity Γ� ∂∞X .

Note also that the interesting case in the next to last item concerns non-discrete
groups since the only locally compact geodesically complete CAT(0) space which
admits a cocompact isometric action by an amenable discrete group is the flat Eu-
clidean space [AB98, Corollary C].

Theorem A. Let X be a locally compact CAT(0) space whose Tits boundary has

dimension n−1 ≥ 1. Suppose that every geodesic in X lies in an n-flat. If X contains

a periodic n-flat, then X is a Riemannian symmetric space or a Euclidean building,

or X splits as a metric product.

If the isometry group of X acts cocompactly, then the condition on the dimension
of the Tits boundary simply means that X does not contain an (n+ 1)-flat [Kle99,
Theorem C]. Thus, we obtain:

Corollary B. Let X be a locally compact CAT(0) space whose isometry group acts

cocompactly. Suppose that every geodesic in X lies in an n-flat but X does not admit

(n + 1)-flats. If X contains a periodic n-flat, then X is a Riemannian symmetric

space or a Euclidean building, or X splits as a metric product.

Another consequence of Theorem A is the following.

Corollary C. Let X be a locally compact CAT(0) space whose Tits boundary has

dimension n−1 ≥ 1. Suppose that every geodesic in X lies in an n-flat. If X contains

a periodic n-flat, then X has a unique decomposition into irreducible factors

X =R
j ×X1 × · · · ×Xk × Y1 × · · · × Yl ×M1 × · · · ×Mm

where Xa are rank 1 spaces, Yb are irreducible Euclidean buildings of higher rank

and Mc are irreducible Riemannian symmetric spaces of higher rank.

Note that the assumptions above imply that the factors Xa are not only rank 1
but have discrete Tits boundaries. Thus if X admits a cocompact group action, then
every Xa is Gromov-hyperbolic.

Recall that in the smooth case, the higher rank property can be expressed by ask-
ing that every complete geodesic admits n linearly independent parallel Jacobi fields
for some n≥ 2. In the presence of a geometric group action these Jacobi fields can



GAFA CAT(0) SPACES OF HIGHER RANK I 515

then be “integrated” to n-flats [Bal95, Section IV.4]. Hence, in the context of metric
spaces, the assumption on the existence of n-flats in Theorem A is natural.2 Recall
that a flat is periodic, if its stabilizer in the isometry group of the surrounding space
contains a subgroup acting geometrically on it. By [BH99, Flat Torus Theorem 7.1],
the existence of a periodic n-flat in X is equivalent to the presence of a subgroup
Z
n < Isom(X). We point out that Theorem A does not assume any symmetries be-

sides the existence of a single periodic n-flat. Also, if X is a rank n symmetric space
or Euclidean building, and Γ acts cocompactly on X , then X contains a periodic n-
flat [BB96, Theorem 8.9], [Mos73, Lemma 8.3], [PR72, Theorem 2.8]. We emphasize
that some symmetry is required in order for the conclusion of Higher Rank Rigidity
to hold true, since a geodesically complete CAT(0) space whose Tits boundary ∂TX

has diameter π does not have to be a product or a Euclidean building [BB00].
We now discribe the main novelty of the present paper. Recall that a point in a

metric space is called regular, if it has a neighborhood homeomorphic to an open set
in a Euclidean space. The crucial ingredient behind Theorem A is a contribution to
the following general conjecture which has been completely open.

Conjecture (Lytchak’s Regular Point Conjecture). Let X be a locally compact

CAT(0) space with a geometric group action. Then ∂TX contains a regular point.

Gromov first raised the question which CAT(1) spaces do contain regular points
[Gro93, p.90]. A general CAT(1) space does not have to contain any regular points.
On the other hand, locally compact and geodesically complete CAT(1) spaces al-
ways do, as shown by Lytchak-Nagano in [LN19], following ideas of Burago-Gromov-
Perelman [BGP92]. However, the Tits boundary of a locally compact CAT(0) space
with a geometric group action is typically not locally compact.

Recall that a flat in a CAT(0) space is called Morse if it does not bound a flat
half-space. We prove:

Theorem D. [Theorem 4.10] Let X be a locally compact CAT(0) space. Suppose that

X contains a periodic Morse flat F . Then the complement in ∂TF of the set of

regular points is a finite union of round spheres of positive codimension.

In particular, the singular set in the Tits boundary of a periodic Morse (n+1)-flat
is given by a union of finitely many hyperspheres and a closed set of finite (n− 2)-
dimensional Hausdorff measure. In this sense the Tits boundary of a periodic Morse
flat resembles a Coxeter complex. This will be used in [Sta221] in order to control
the geometry of certain submetries of the Tits boundary. Let us emphasize again
that Theorem D does not assume any symmetry besides the periodic Morse flat, no
geometric group action is required.

The present article is the first in a series motivated by the Higher Rank Rigidity
Conjecture. The sequels all rely on the crucial new idea on how to find regular points

2 See [OR22] for a definition of rank for CAT(0) spaces whose isometry groups satisfy the duality
condition.
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at infinity presented here. In [Sta221] we prove the following rigidity result which
generalizes the Higher Rank Rigidity Theorem for Hadamard manifolds.

Theorem 1.1 ([Sta221, Main Theorem]). Let X be a locally compact CAT(0) space

with a geometric group action Γ �X . Suppose that there exists n≥ 2 such that every

geodesic in X lies in an n-flat. If X contains a periodic Morse n-flat, then X is a

Riemannian symmetric space or a Euclidean building or X non-trivially splits as a

metric product.

In [Sta222] we confirm Higher Rank Rigidity as well as the Closing Lemma for
spaces without 3-flats. More precisely, we obtain

Theorem 1.2 ([Sta222, Theorems A and B]). Let X be a locally compact geodesically

complete CAT(0) space without 3-flats. Suppose X admits a geometric group action

Γ �X . If X contains a complete geodesic which does not bound a flat half-plane,

then it also contains a Γ-periodic geodesic which does not bound a flat half-plane.

If every complete geodesic in X bounds a flat half-plane, then X is a Riemannian

symmetric space, a Euclidean building or non-trivially splits as a metric product.

2 Preliminaries

2.1 Metric spaces. We assume that the reader is familiar with the geometry
of metric spaces with upper curvature bound, as references we mention [AKP19,
Bal04, BH99, KL97]. For the required preliminaries on buildings we refer the reader
to [KL97, Lee00].

Here we only want to agree on notation and collect some basic facts that will be
used later.

Euclidean n-space with its flat metric will be denoted by R
n. The unit sphere

Sn−1 ⊂ R
n equipped with the induced metric will be referred to as a round sphere.

Its intersection with a half-space R
n−1 × [0,∞) is called a round hemisphere. We

denote the distance between two points x and y in a metric space X by |x, y|. For
x ∈X and r > 0, we denote by Br(x) and B̄r(x) the open and closed r-ball around x,
respectively. Similarly, Nr(A) and N̄r(A) denote the open and closed r-neighborhood
of a subset A⊂X , respectively. A geodesic is an isometric embedding of an interval.
It is called a geodesic segment, if it is compact. The endpoints of a geodesic segment
c are denoted by ∂c.

A branch point is a point through which a certain geodesic can be extended in
more than one way. More precisely, a point b is a branch point if there are geodesic
segments c, c+ and c− such that c∪ c± is a geodesic and c+ ∩ c− = {b}. In a geodesic
metric space any pair of points is connected by a geodesic. Such a space is geodesically
complete if every geodesic segment is contained in a complete local geodesic.

2.2 Spaces with an upper curvature bound. For any CAT(κ) space X , the angle
between each pair of geodesics starting at the same point is well defined. Let x, y, z
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be three points at pairwise distance less than π√
κ

in a CAT(κ) space X . Whenever
x �= y, the geodesic between x and y is unique and will be denoted by xy. For y, z �= x,
the angle at x between xy and xz will be denoted by ∠x(y, z). The space of directions
or link at a point x ∈X will be denoted by (ΣxX,∠), its elements are called directions
(at x).

The dimension dim(X) of a CAT(κ) space X refers to Kleiner’s geometric dimen-
sion [Kle99]. It vanishes precisely when the space is discrete. In general, it is defined
inductively:

dim(X) = sup
x∈X

{dim(ΣxX) + 1}.

2.3 CAT(1) spaces. For two CAT(1) spaces Z1 and Z2 we denote by Z1 ◦ Z2
their spherical join. It is a CAT(1) space of diameter π. A pair of points ξ−, ξ+ in a
CAT(1) space Z are called antipodes, if their distance is at least π.

A subset A⊂ Z is called spherical, if it embeds isometrically into a round sphere.
A (spherical) n-lune of angle θ ∈ [0, π] in a CAT(1) space is a closed convex subset
λ isometric to Sn−1 ◦ [0, θ]. Bigons in CAT(1) spaces lead to spherical lunes [BB99,
Lemma 2.5]. We will use the following more general result which follows immediately
from [BB99, Lemma 2.5] and [Lyt05, Lemma 4.1].

Lemma 2.1 (Lune Lemma). Let ξ and ξ̂ be antipodes at distance π in a CAT(1)

space Z. If γ± are geodesics from ξ to ξ̂, then γ− ∪ γ+ is a spherical subset in Z.

More precisely, if ∠ξ(γ−, γ+) ≥ π, then γ− ∪ γ+ is a round 1-sphere in Z; and if

∠ξ(γ−, γ+) = θ < π, then γ− ∪ γ+ bounds a spherical lune of angle θ. Similarly, let

τ± ⊂ Z be round n-hemispheres with ∂τ− = ∂τ+ and let ζ± ∈ Z denote their centers.

If |ζ−, ζ+| ≥ π, then τ− ∪ τ+ is a round n-sphere in Z; and if |ζ−, ζ+| = θ < π, then

τ− ∪ τ+ bounds a spherical (n+ 1)-lune of angle θ.

Definition 2.2. Let Z be a CAT(1) space. We call a point ξ ∈ Z k-regular, if it
has a neighborhood homeomorphic to an open set in R

k. The point ξ is called k-
spherical, if there exists a radius r > 0 such that Br(ξ)⊂ Z is isometric to an r-ball
in Sk. In both definitions, if it’s clear from the context, we neglect the quantification
and speak of regular respectively spherical points.

Lemma 2.3 ([BL06, Lemma 2.1]). Let Z be a CAT(1) space of dimension n. If σ ⊂ Z

is a round n-sphere, then every point ξ ∈ Z has an antipode in σ.

This implies the following well-known criterion for geodesic completeness.

Lemma 2.4. Let Z be a CAT(1) space of dimension n. If every point ξ ∈ Z is con-

tained in a round n-sphere in Z, then Z is geodesically complete.

Proof. If ξ is a point in Z contained in a round n-sphere σ ⊂ Z, then any local
geodesic ending in the point ξ can be extended beyond ξ by a geodesic in σ, since
any direction in ΣξZ has an antipode in Σξσ ∼= Sn−1 by Lemma 2.3. �
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A simple but useful property in CAT(1) spaces with a geodesically complete link
is the following.

Lemma 2.5. Let Z be a CAT(1) space and z ∈ Z a point where the link ΣzZ is

geodesically complete. Then for every pair of directions v,w ∈ ΣzZ there exists an

antipode ŵ ∈ΣzZ of w, such that

∠z(ŵ, v) = π−∠z(w,v).

Proof. If ∠z(v,w) = π, then we can take ŵ = v. Otherwise, we extend the geodesic
from w to v up to distance π. The endpoint ŵ is then an antipode of w with the
required property. �

The proof of Theorem A relies on the following rigidity result of Lytchak.

Theorem 2.6 ([Lyt05, Main Theorem]). Let Z be a finite dimensional geodesically

complete CAT(1) space. If Z has a proper closed subset A containing with each point

all of its antipodes, then Z is a spherical join or a spherical building.

2.4 CAT(0) spaces. The ideal boundary of a CAT(0) space X , equipped with the
cone topology, is denoted by ∂∞X . If X is locally compact, then ∂∞X is compact.
The Tits boundary of X is denoted by ∂TX , it is the ideal boundary equipped with
the Tits metric |·, ·|T . Recall that the Tits metric is the intrinsic metric associated
to the Tits angle.

If C is a closed convex subset, then it is CAT(0) with respect to the induced
metric. In this case, C admits a 1-Lipschitz retraction πC :X →C. If C1 and C2 are
closed convex subsets, then the distance function d(·,C1)|C2 is convex; and constant
if and only if πC1 restricts to an isometric embedding on C2. We call C1 and C2
parallel, C1‖C2, if and only if d(·,C1)|C2 and d(·,C2)|C1 are constant. Let Y ⊂X be
a geodesically complete closed convex subset. Then we define the parallel set P (Y )
as the union of all closed convex subsets parallel to Y . The parallel set is closed,
convex and splits canonically as a metric product

P (Y )∼= Y ×CS(Y )

where the cross section CS(Y ) is a closed convex subset [KL97, Sect. 2.3.3].
If X1 and X2 are CAT(0) spaces, then their metric product X1 ×X2 is again a

CAT(0) space. We have ∂T (X1×X2) = ∂TX1 ◦∂TX2 and Σ(x1,x2)(X1×X2) = Σx1X1 ◦
Σx2X2. If X is a geodesically complete CAT(0) space, then any join decomposition of
∂TX is induced by a metric product decomposition of X [KL97, Proposition 2.3.7].

The Tits boundary of a closed convex subset Y ⊂X embeds canonically ∂TY ⊂
∂TX . If two closed convex subsets Y1 and Y2 intersect in X , then

∂T (Y1 ∩ Y2) = ∂TY1 ∩ ∂TY2.

For points ξ ∈ ∂∞X and x ∈X we denote the Busemann function centered at ξ

based at x by bξ,x. If ρ : [0,∞) →X denotes the geodesic ray asymptotic to ξ and



GAFA CAT(0) SPACES OF HIGHER RANK I 519

with ρ(0) = x, then

bξ,x(y) = lim
t→∞

(|y, ρ(t)| − t).

It is a 1-Lipschitz convex function whose negative gradient at a point y ∈X is given
by logy(ξ). We denote the horoball centered at a point ξ ∈ ∂∞X and based at the
point x ∈X by

HB(ξ, x) := b−1
ξ,x((−∞,0]).

It is a closed convex subset with

∂THB(ξ, x) = B̄π
2
(ξ)⊂ ∂TX.

A n-flat F in a CAT(0) space X is a closed convex subset isometric to R
n. In

particular, ∂TF ⊂ ∂TX is a round (n− 1)-sphere. On the other hand, if X is locally
compact and σ ⊂ ∂TX is a round (n− 1)-sphere, then either there exists an n-flat
F ⊂X with ∂TF = σ, or there exists a round n-hemisphere τ+ ⊂ ∂TX with σ = ∂τ+

[Lee00, Proposition 2.1]. Consequently, if ∂TX is (n−1)-dimensional, then any round
(n− 1)-sphere in ∂TX is the Tits boundary of some n-flat in X . Moreover, a round
n-hemisphere τ+ ⊂ ∂TX bounds a flat (n + 1)-half-space in X if and only if its
boundary ∂τ+ bounds an n-flat in X . A flat is called Morse, if it does not bound a
flat half-space.3

The following basic fact will be used repeatedly throughout the paper.

Lemma 2.7 ([Lee00, Sublemma 2.3]). Let F be a flat in a CAT(0) space and let

C ⊂X be a closed convex subset so that ∂∞F ⊂ ∂∞C. Then C contains a flat F ′

parallel to F .

A flat (n-dimensional) half-space H ⊂X is a closed convex subset isometric to
a Euclidean half-space R

n
+. Its boundary ∂H ⊂ X is an (n − 1)-flat and its Tits

boundary is a round (n − 1)-hemisphere ∂TH ⊂ ∂TX . Flat half-spaces will play a
central role in our arguments later, and we agree to denote them by H and their
boundaries by ∂H = h.

We define the parallel set of a round sphere σ ⊂ ∂TX as

P (σ) = P (F )

where F is a flat in X with ∂TF = σ, if such a flat exists.
The proof of Theorem A relies on the following rigidity result of Leeb.

Theorem 2.8 ([Lee00, Main Theorem]). Let X be a locally compact, geodesically

complete CAT(0) space. If ∂TX is a connected thick irreducible spherical building,

then X is either a symmetric space or a Euclidean building.

3 For a motivation of the term and further context see [HKS22, HKS23].
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3 Recognizing a building at infinity

The aim of this section is to prove the following result.

Theorem 3.1. Let X be a locally compact CAT(0) space where every geodesic lies

in an n-flat. Suppose that dim(∂TX) = n − 1. If ∂TX contains an open relatively

compact subset U , then ∂TX is a spherical building.

Note that the assumptions imply that X is geodesically complete since we can
extend every geodesic segment inside a suitable n-flat to a complete geodesic line.

The result is similar to [BL06, Theorem 1.6] and builds on Theorem 2.6 in the
same way. Note that if we would know that any pair of antipodes in ∂TX lies in a
round (n− 1)-sphere, then we could directly apply [BL06, Theorem 1.6].

Using the structure theory of locally compact and geodesically complete spaces
with upper curvature bounds [LN19], one can deduce Theorem 3.1 from the following
similar result which will suffice for our proof of Theorem A.

Theorem 3.2. Let X be a locally compact CAT(0) space where every geodesic lies

in an n-flat. Suppose that dim(∂TX) = n− 1. If ∂TX contains an (n− 1)-spherical
point, then ∂TX is a spherical building.

We need some preparation before we can provide the proof of Theorem 3.1.
Recall that a pair of antipodes in the Tits boundary of a CAT(0) space X does not

have to bound a complete geodesic in X . Nevertheless, for locally compact geodesi-
cally complete spaces we have the following.

Lemma 3.3. Let X be a locally compact, geodesically complete CAT(0) space. Let ξ

and ξ̂ be antipodes in ∂TX . Then there exists a sequence of complete geodesics ck in

X with ∂∞ck = {ξ̂, ξk} and ξk → ξ in ∂∞X .

Proof. If |ξ, ξ̂|> π, then there is a complete geodesic c in X with ∂∞c = {ξ, ξ̂} [Lee00,
Proposition 2.1]. Hence, we may assume |ξ, ξ̂| = π. Fix a base point o ∈X and let
ρ : [0,∞)→X be a parametrization of the geodesic ray oξ. Since X is locally compact
and geodesically complete, all links in X are geodesically complete [LN19, Corol-
lary 5.8, Corollary 5.9]. By Lemma 2.5, we can choose for each k ∈ N a complete
geodesic ck extending the geodesic ray ρ(k)ξ̂ and such that

∠ρ(k)(ξ̂, ξ) = π−∠ρ(k)(ξ, ξk)

where ξk := ck(+∞). Now for every p ∈ oξ we have

∠p(ξk, ξ)≤∠ρ(k)(ξk, ξ) = π−∠ρ(k)(ξ, ξ̂)→ 0.

Since ∠ρ(k)(ξ, ξ̂) → |ξ, ξ̂| = π. As p ∈ oξ was arbitrary, this shows ξk → ξ in ∂∞X .
Indeed, by local compactness, we may assume ξk → ξ′ after passing to a subsequence.
In particular, ∠x(ξk, ξ′)→ 0 for all x ∈X . Now if ξ �= ξ′, then there exists q ∈ oξ such
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that ∠q(ξ, ξ′) > 0. But

∠q(ξ, ξ′)≤∠q(ξ, ξk) +∠q(ξk, ξ′)→ 0. �

Lemma 3.4. Let X be a locally compact CAT(0) space. Suppose that every geodesic

in X lies in an n-flat. If ξ ∈ ∂TX is an (n−1)-spherical point, then for every antipode

ξ̂ of ξ there exists a round (n− 1)-sphere σ ⊂ ∂TX containing ξ and ξ̂.

Proof. Let ξ ∈ ∂TX be an (n−1)-spherical point, cf. Definition 2.2. Then there exists
s > 0 such that Bs(ξ) is contained in any (n−1)-sphere which contains ξ. If ξ̂ ∈ ∂TX

is an antipode of ξ, then by Lemma 3.3, there exists a sequence of complete geodesics
(ck) in X with ∂∞ck = {ξ, ξ̂k} and ξ̂k → ξ̂. By assumption, there exists n-flats Fk with
ck ⊂ Fk. Hence, if η ∈ ∂TX is a point with |η, ξ|= s, then |η, ξ̂k| = π− s for all k ∈N.
Thus,

π = |ξ, ξ̂| ≤ |ξ, η|+ |η, ξ̂| ≤ s+ lim inf
k→∞

|η, ξ̂k|= π,

by lower semi-continuity of the Tits metric. We obtain |η, ξ̂| = π− s for every point η
at distance s from ξ. In particular, through every such point runs a geodesic from ξ

to ξ̂. Denote by σ ⊂ ∂TX the union of all these geodesics. It follows from Lemma 2.1
that σ is a round (n− 1)-sphere. �

Proposition 3.5. Let X be a locally compact CAT(0) space where every geodesic lies

in an n-flat. Suppose dim(∂TX) = n− 1. Then the set O ⊂ ∂TX of (n− 1)-spherical
points is closed under taking antipodes.

Proof. Let ξ be a (n − 1)-spherical point in ∂TX and let ξ̂ be an antipode. By
Lemma 3.4, there exists a round (n− 1)-sphere σ ⊂ ∂TX which contains ξ and ξ̂.
Since ξ is spherical, there exists s > 0 such that Bs(ξ)⊂ σ. We claim that Bs(ξ̂)⊂ σ

holds as well. Let η̂ be a point in Bs(ξ̂). Since dim(∂TX) = n − 1, we can extend
the geodesic η̂ξ̂, as in the proof of Lemma 2.4, up to an antipode η of η̂ in σ.
Then |η, ξ| = |η̂, ξ̂|< s and therefore η is spherical. By Lemma 3.4, we find a round
(n− 1)-sphere σ′ ⊂ ∂TX which contains η and η̂. Because η ∈Bs(ξ), we must have
Bs(ξ)⊂ σ ∩σ′. By construction, ξ̂ also lies in σ ∩σ′. Now convexity of σ ∩σ′ implies
σ = σ′ and therefore η̂ ∈ σ as required. �

Lemma 3.6. Let X be a locally compact CAT(0) space with dim(∂TX) = n− 1 and

where every geodesic lies in an n-flat. Suppose X splits as a non-trivial metric prod-

uct X ∼= X1 ×X2. Then we have n = n1 + n2 where dim(∂TXj) = nj − 1, j = 1,2,
and every complete geodesic in Xj is contained in an nj-flat.

Proof. It is clear that the rank is additive. So let cj be a complete geodesic in Xj

and let c̃ = (c1, c2) be the diagonal geodesic in c1 × c2 ⊂X1 ×X2. If F̃ is an n-flat in
X which contains c̃, then by [KL97, Lemma 2.3.8] there are flats Fj ⊂Xj such that
F̃ ⊂ F1 × F2. In particular, dim(Fj) = nj and cj ⊂ Fj . �
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Proof of Theorem 3.2. By assumption, dim(∂TX) = n− 1 and every point ξ in ∂TX

lies in a round (n− 1)-sphere. Hence, Lemma 2.4 implies that ∂TX is geodesically
complete.

We proceed by induction on the dimension of ∂TX . If the dim(∂TX) is 0, then
∂TX is discrete and there is nothing to show. So let’s assume dim(∂TX) ≥ 1. Recall
that two antipodes ξ, ξ̂ in ∂TX at distance > π bound a complete geodesic in X

[Lee00, Proposition 2.1]. Since every complete geodesic in X lies in an n-flat, we
conclude that the diameter of ∂TX is π.

Suppose X splits as a non-trivial metric product X ∼= X1 × X2. Then by
Lemma 3.6, the factors are subject to the induction hypothesis and we may assume
that X is irreducible.

By assumption, the set of (n − 1)-spherical points O ⊂ ∂TX is non-empty. If
O = ∂TX , then X is isometric to R

n. So let us assume that O is a proper subset
of ∂TX . By Proposition 3.5, the set ∂TX \O is a non-empty, closed proper subset
which contains with every point also all its Tits antipodes. Since ∂TX is irreducible,
Theorem 2.6 implies that it is a spherical building. �

Proof of Theorem 3.1. By Theorem 3.2, it is enough to find an (n − 1)-spherical
point in ∂TX . If U is an open relatively compact subset of ∂TX , then U contains an
open subset U ′ homeomorphic to an n-manifold [LN19, Theorem 1.2]. Hence, for a
point ξ ∈ U ′ there exists an ε > 0 such that Bε(ξ)⊂ U ′. If σ ⊂ ∂TX denotes a round
(n− 1)-sphere with ξ ∈ σ, then σ ∩Bε(ξ) =Bε(ξ). Hence ξ is (n− 1)-spherical. �

4 Rank n spaces with periodic n-flats

4.1 From branch points to orthogonal half-planes.

Definition 4.1. Let F ⊂X be a flat in a CAT(0) space. Then we call a flat half-
space H ⊂X a flat half-space orthogonal to F , or, if the respective flat is clear from
the context, an orthogonal flat half-space if

H ∩ F = ∂H and ∠(H,F )≥ π

2
where the angle is measured in the cross section of the parallel set P (∂H). In case
H is 2-dimensional, we adjust to flat half-plane orthogonal to F and orthogonal flat
half-plane, respectively.

Definition 4.2. Let X be a locally compact CAT(0) space and F ⊂X a flat. Let
Isom(X) denote the isometry group of X . We say that F is periodic, if its stabilizer
Stab(F ) := {γ ∈ Isom(X)| γ(F ) = F} contains a subgroup acting geometrically on
F .

Lemma 4.3. Let X be a locally compact CAT(0) space and let F ⊂X be a periodic

n-flat with n ≥ 2. Suppose that F = F− × F+ is a metric product decomposition

into flats F± of dimension n±. Then F± is a periodic n±-flat in the cross section

CS(F∓).
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Proof. By Bieberbach’s theorem, the stabilizer of F contains a free abelian sub-
group A of rank n which acts cocompactly on F by Euclidean translations. Since
A preserves ∂TF pointwise, it also preserves P (F∓) and the splitting P (F∓) ∼=
F∓ × CS(F∓). Hence its projection to CS(F∓) contains a free abelian subgroup
of rank n± = n − n∓ which acts geometrically by Euclidean translations on F± ⊂
CS(F∓). �

The following result implies that a branch point in the ideal boundary of a periodic
flat leads to an orthogonal flat half-plane.

Lemma 4.4 ([HK05, Lemma 2.3.1]). Let X be a locally compact CAT(0) space. Let

F ⊂X be a periodic flat. Let ξ ∈ ∂TF be a point such that there exists a sequence (ξk)
in ∂TX \∂TF which converges to ξ with respect to the Tits metric. Then there exists

a flat half-plane H ⊂X asymptotic to ξ and orthogonal to F (cf. Definition 4.1).

Proof. Since F is periodic, it is enough to find for every R > 0 a flat strip S ∼=
R× [0,R] which is asymptotic to ξ and orthogonal to F . We fix a base point o ∈ F .
For every k ∈ N we choose xk ∈ oξk such that |xk, F | = R. Denote by x̄k ∈ F the
nearest point to xk. Choose isometries γk ∈ Stab(F ) such that all points γk(x̄k) lie
in a fixed compact set. After passing to a subsequence, we obtain a limit geodesic
c∞ which is parallel to F and spans the required flats strip. More precisely, we have
the convergence γk(oξk, xk) → (c∞, x∞) with respect to pointed Hausdorff topology.
The complete geodesic c∞ is asymptotic to ξ since |γkξk, ξ| = |ξk, ξ| → 0. Because
xko⊂ N̄R(F ), also c∞ is contained in the R-neighborhood of F and has even distance
R from F since |x∞, F |=R. Denote by c̄∞ ⊂ F the complete geodesic which contains
the point x∞ and is asymptotic to ξ. Then c∞ and c̄∞ span the required flat strip
by [KL97, Lemma 2.3.5]. �

Corollary 4.5. Let X be a locally compact CAT(0) space. Let F̂ ⊂X be a periodic

(n + 1)-flat with ∂T F̂ = σ̂. Denote by λ ⊂ ∂TX a spherical (k + 1)-lune with k ≤ n

bounded by round k-hemispheres τ±. Suppose that λ ∩ σ̂ = τ−. Then there exists a

round (k + 1)-hemisphere τ̂ ⊂ ∂TX such that ∂τ̂ ⊂ σ̂ and τ− ⊂ ∂τ̂ . Moreover, τ̂ is

the ideal boundary of a flat half-space Ĥ orthogonal to F̂ .

Proof. Set σ = ∂τ± and write σ̂ = σ◦σ⊥. Let F̂ = F ×F⊥ be a corresponding product
splitting. We have λ = σ ◦ [0, θ]. By Lemma 4.3, F⊥ is a periodic flat in the cross
section CS(F ). Denote by ζ− the center of τ−. Then the cross section of λ provides
a path in ∂TCS(F ) which intersects ∂TF

⊥ only in ζ−. Thus, by Lemma 4.4, there
exists an orthogonal flat half-plane H ⊂ CS(F ) for F⊥ which is asymptotic to ζ−.
Hence, Ĥ := F ×H ⊂ P (F ) and τ̂ := ∂T Ĥ define an orthogonal flat half-space and
round (k + 1)-hemisphere, respectively, as required. �

4.2 Orthogonal half-spaces from a sequence of lower dimensional ones. In this
section we prove the following key result which allows us to understand the singular
set in the Tits boundary of a periodic Morse flat. The responsible geometric prop-
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erty behind the proof is flatness of intersecting parallel sets, similar as in [Sta15,
Theorem 2].

Proposition 4.6. Let X be a locally compact CAT(0) space. Let F̂ be a periodic

n̂-flat in X with ∂T F̂ = σ̂. Suppose that there is a sequence of flat half-spaces (Hk)
of dimension d ≤ n, all orthogonal to F̂ , such that their boundary flats hk := ∂Hk

are pairwise non-parallel. Then there exists a (d+ 1)-dimensional flat half-space Ĥ

orthogonal to F̂ . Moreover, if the sequence of round spheres σk = ∂∞hk converges to

a round sphere σ ⊂ σ̂ and for every k ∈ N the convex hull of σk and σ is a round

sphere of dimension d̂− 1, then we can arrange Ĥ to have dimension d̂+1 and such

that σ ⊂ ∂∞Ĥ .

Proof. Since F̂ is periodic, we may assume that we have a convergent sequence of
pairwise distinct pointed flat half-spaces (Hk, pk) → (H∞, p∞), where pk ∈ Fk. The
limit H∞ with boundary flat h∞ := ∂H∞ is then still orthogonal to F̂ . Set ∂THk = τ+

k ,
∂TH∞ = τ+

∞ and denote by ζk and ζ∞ the respective centers. Because p∞ ∈ h∞ and
H∞ is orthogonal to F̂ , the Busemann function bζ∞,p∞ is non-negative on F̂ . Since
the geodesic rays pkζk converge to p∞ζ∞, we find a sequence tk → ∞ and points
xk ∈ pkζk such that bζ∞,p∞(xk)≤−tk. The geodesic ray pkζk lies in Hk and therefore
xk lies in P (hk). Thus HB(ζ∞, xk)∩P (hk) is a non-empty closed convex set and we
have

∂∞(HB(ζ∞, xk)∩ P (hk)) = B̄π
2
(ζ∞)∩ ∂∞P (hk).

As F̂ ⊂ P (hk), we see ∂∞h∞ ⊂ ∂∞(HB(ζ∞, xk)∩ P (hk)). From Lemma 2.7 we infer
that there is a (d− 1)-flat Ek ⊂HB(ζ∞, xk)∩ P (hk) with ∂∞Ek = ∂∞h∞. Since the
flats hk are pairwise non-parallel and Ek ⊂ P (hk), we see that there is a flat Fk in
P (hk) of dimension at least d which contains Ek and such that ∂∞hk ⊂ ∂∞Fk. Note
that bζ∞,p∞ is bounded above on Ek by −tk since Ek ⊂HB(ζ∞, xk). As bζ∞,p∞ is
non-negative on F̂ we conclude Ek ∩Ntk(F̂ ) = ∅. Hence if F ′

k ⊂ F̂ denotes the closest
parallel flat to Fk, then |Fk, F

′
k|H ≥ tk. In particular, Fk and F ′

k bound a flat strip
of dimension ≥ d+ 1, orthogonal to F̂ and of width at least tk. Since F̂ is periodic
and tk →∞, we obtain a flat half-space Ĥ orthogonal to F̂ and of dimension at least
d+ 1 as a limit.

To prove the finer statement, simply note that in the argument above the flat
Ek ⊂ P (hk) spans a flat Fk ⊂ P (hk) of dimension d̂ if and only if the convex hull of
the spheres ∂∞Ek = ∂∞h∞ and ∂∞hk is a round sphere of dimension d̂− 1 in σ̂. The
rest of the argument stays the same. �

4.3 Tits boundary of a periodic Morse flat. In this final section we provide
proofs of our main results.

Definition 4.7. Let X be a locally compact CAT(0) space. Let F̂ ⊂X be a periodic
flat with ∂T F̂ = σ̂. A round sphere σ ⊂ σ̂ is called singular, if there exists a round
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hemisphere τ+ ⊂ ∂TX with ∂τ+ = σ and τ+ ∩ σ̂ = σ such that the union τ+ ∪ τ− is
a round sphere for every round hemisphere τ− ⊂ σ̂ with ∂τ− = σ. We call a singular
sphere σ ⊂ σ̂ maximal, if it is not contained in a singular sphere in σ̂ of strictly larger
dimension.

Note that if F̂ is not Morse, then σ̂ itself is singular.

Corollary 4.8. Let X be a locally compact CAT(0) space. Let F̂ be a periodic

(n + 1)-flat in X with ∂T F̂ = σ̂. Then the set of maximal singular spheres in σ̂ is

finite.

Proof. Proposition 4.6 implies that a maximal singular sphere σ ⊂ σ̂ has to be iso-
lated in the following sense. If (σk) is a sequence of singular spheres which converges
to a sphere σ∞ ⊂ σ, then we must have σk ⊂ σ for almost all k ∈N. This yields the
claim. �

Recall that a point in σ̂ is regular, if it has a Tits-neighborhood which is entirely
contained in σ̂. Otherwise we call it singular.

Lemma 4.9. Every singular point in σ̂ is contained in a singular sphere.

Proof. If ξ ∈ σ̂ is a singular point, then there exists a sequence (ξk) in ∂TX \ σ̂

with ξk → ξ. By Lemma 4.4, there exists a flat half-plane H orthogonal to F̂ and
with ξ ∈ ∂∞H . Set τ+

1 := ∂∞H . If ∂τ+
1 is not singular, then by the Lune Lemma

(Lemma 2.1) we can find a half-circle τ−1 ⊂ σ̂ with ∂τ+
1 = ∂τ−1 such that τ+

1 and τ−1
span a 2-dimensional spherical lune λ2. By Corollary 4.5, there exists a 2-dimensional
round hemisphere τ+

2 ⊂ ∂TX with τ+
2 ∩ σ̂ = ∂τ+

2 and τ−1 ⊂ ∂τ+
2 , in particular ξ ∈ ∂τ+

2 .
If ∂τ+

2 is not singular, we repeat the argument to produce a 3-dimensional round
hemisphere τ+

3 ⊂ ∂TX with ξ ∈ ∂τ+
3 . After at most (n− 1) steps we end up with a

singular sphere that contains the point ξ. �

Now we obtain the following refinement of Theorem D.

Theorem 4.10. Let X be a locally compact CAT(0) space. Suppose that X contains

a periodic Morse flat F . Then the complement in ∂TF of the set of regular points is

a finite union of singular spheres of positive codimension.

Proof. Immediate from Corollary 4.8 and Lemma 4.9. �

Proof of Theorem A. Let F ⊂X be a periodic n-flat. By Theorem D, σ = ∂TF con-
tains a dense subset of spherical points. Then, by Theorem 3.2, ∂TX is a spherical
join or a spherical building. Since X is geodesically complete and locally compact,
the claim follows from Theorem 2.8 and [KL97, Proposition 2.3.7]. �

Proof of Corollary C. By Theorem A, Lemma 3.6 and Lemma 4.3, we can produce
a product decomposition of X as claimed. Since every such decomposition induces
a corresponding join decomposition of ∂TX . The uniqueness statement follows from
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the uniqueness of such join decompositions [Lyt05, Corollary 1.2] or alternatively
from [FL08, Theorem 1.1]. �

Acknowledgements

I would like to use this opportunity to thank Bernhard Leeb and Alexander Lytchak
for pointing out several mistakes in a late version of this article. Their insightful
comments led to substantial improvements. I also want to thank Bruce Kleiner for
several inspiring discussions. In addition, I want to thank the anonymous referee for
helpful comments. I was supported by DFG grant SPP 2026.

Funding information

Open Access funding enabled and organized by Projekt DEAL.

Open Access. This article is licensed under a Creative Commons Attribution 4.0 Inter-
national License, which permits use, sharing, adaptation, distribution and reproduction in
any medium or format, as long as you give appropriate credit to the original author(s) and
the source, provide a link to the Creative Commons licence, and indicate if changes were
made. The images or other third party material in this article are included in the article’s
Creative Commons licence, unless indicated otherwise in a credit line to the material. If
material is not included in the article’s Creative Commons licence and your intended use is
not permitted by statutory regulation or exceeds the permitted use, you will need to obtain
permission directly from the copyright holder. To view a copy of this licence, visit http://
creativecommons.org/licenses/by/4.0/.

References

[AB98] Adams, S., Ballmann, W.: Amenable isometry groups of Hadamard spaces. Math. Ann.
312(1), 183–195 (1998).

[AKP19] Alexander, S., Kapovitch, V., Petrunin, A.: Alexandrov geometry: preliminary ver-
sion no. 1 (2019). arXiv:1903.08539.

[Bal85] Ballmann, W.: Nonpositively curved manifolds of higher rank. Ann. Math. (2) 122(3),
597–609 (1985).

[Bal95] Ballmann, W.: Lectures on Spaces of Nonpositive Curvature. DMV Seminar., vol. 25.
Birkhäuser, Basel (1995). With an appendix by M. Brin.

[Bal04] Ballmann, W.: On the geometry of metric spaces (2004). Preprint, lecture notes http://
people.mpim-bonn.mpg.de/hwbllmnn/archiv/sin40827.pdf.

[BB96] Ballmann, W., Brin, M.: Orbihedra of nonpositive curvature. Publ. Math. Inst. Hautes
Études Sci. 82, 169–209 (1995).

[BB99] Ballmann, W., Brin, M.: Diameter rigidity of spherical polyhedra. Duke Math. J. 97(2),
235–259 (1999).

[BB00] Ballmann, W., Brin, M.: Rank rigidity of Euclidean polyhedra. Am. J. Math. 122(5),
873–885 (2000).

http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
http://arxiv.org/abs/arXiv:1903.08539
http://people.mpim-bonn.mpg.de/hwbllmnn/archiv/sin40827.pdf
http://people.mpim-bonn.mpg.de/hwbllmnn/archiv/sin40827.pdf


GAFA CAT(0) SPACES OF HIGHER RANK I 527

[BB08] Ballmann, W., Buyalo, S.: Periodic rank one geodesics in Hadamard spaces. In: Ge-
ometric and Probabilistic Structures in Dynamics. Contemp. Math., vol. 469, pp. 19–27.
Am. Math. Soc., Providence (2008).

[BBE85] Ballmann, W., Brin, M., Eberlein, P.: Structure of manifolds of nonpositive curvature.
I. Ann. Math. (2) 122(1), 171–203 (1985).

[BBS85] Ballmann, W., Brin, M., Spatzier, R.: Structure of manifolds of nonpositive curvature.
II. Ann. Math. (2) 122(2), 205–235 (1985).

[BGP92] Burago, Yu., Gromov, M., Perelman, G.: A.D. Aleksandrov spaces with curvatures
bounded below. Usp. Mat. Nauk 47(2(284)):3–51, 222 (1992).

[BH99] Bridson, M., Haefliger, A.: Metric Spaces of Non-positive Curvature. Grundlehren der
Mathematischen Wissenschaften, vol. 319. Springer, Berlin (1999).

[BL06] Balser, A., Lytchak, A.: Building-like spaces. J. Math. Kyoto Univ. 46(4), 789–804
(2006).

[BS87] Burns, K., Spatzier, R.: Manifolds of nonpositive curvature and their buildings. Publ.
Math. Inst. Hautes Études Sci. 65, 35–59 (1987).

[CM15] Caprace, P.-E., Monod, N.: An indiscrete Bieberbach theorem: from amenable CAT(0)
groups to Tits buildings. J. Éc. Polytech. Math. 2, 333–383 (2015).

[CS11] Caprace, P.-E., Sageev, M.: Rank rigidity for CAT(0) cube complexes. Geom. Funct.
Anal. 21(4), 851–891 (2011).

[EH90] Eberlein, P., Heber, J.: A differential geometric characterization of symmetric spaces
of higher rank. Publ. Math. Inst. Hautes Études Sci. 71, 33–44 (1990).

[FL08] Foertsch, T., Lytchak, A.: The de Rham decomposition theorem for metric spaces.
Geom. Funct. Anal. 18(1), 120–143 (2008).

[Gro87] Gromov, M.: Hyperbolic groups. In: Essays in Group Theory. Math. Sci. Res. Inst. Publ.,
vol. 8, pp. 75–263. Springer, New York (1987).

[Gro93] Gromov, M.: Asymptotic invariants of infinite groups. In: Geometric Group Theory, Sus-
sex, 1991. London Math. Soc. Lecture Note Ser., vol. 2, pp. 1–295. Cambridge University
Press, Cambridge (1993). 182.

[GS13] Guralnik, D., Swenson, E.: A ‘transversal’ for minimal invariant sets in the boundary
of a CAT(0) group. Trans. Am. Math. Soc. 365(6), 3069–3095 (2013).

[HK05] Hruska, G.C., Kleiner, B.: Hadamard spaces with isolated flats. Geom. Topol. 9,
1501–1538 (2005). With an appendix by the authors and M. Hindawi.

[HKS22] Huang, J., Kleiner, B., Stadler, S.: Morse quasiflats I. J. Reine Angew. Math. 784,
53–129 (2022).

[HKS23] Huang, J., Kleiner, B., Stadler, S.: Morse quasiflats II. Adv. Math. 425, 109075 (2023).
[KL97] Kleiner, B., Leeb, B.: Rigidity of quasi-isometries for symmetric spaces and Euclidean

buildings. Publ. Math. Inst. Hautes Études Sci. 86, 115–197 (1997).
[Kle99] Kleiner, B.: The local structure of spaces with curvature bounded above. Math. Z. 231,

409–456 (1999).
[Lee00] Leeb, B.: A Characterization of Irreducible Symmetric Spaces and Euclidean Buildings

of Higher Rank by Their Asymptotic Geometry. Bonner Mathematische Schriften [Bonn
Mathematical Publications], vol. 326. Universität Bonn, Mathematisches Institut, Bonn
(2000).

[LN19] Lytchak, A., Nagano, K.: Geodesically complete spaces with an upper curvature bound.
Geom. Funct. Anal. 29(1), 295–342 (2019).

[Lyt05] Lytchak, A.: Rigidity of spherical buildings and joins. Geom. Funct. Anal. 15(3), 720–752
(2005).

[Mos73] Mostow, G.D.: Strong Rigidity of Locally Symmetric Spaces. Annals of Mathematics
Studies, vol. 78. Princeton University Press, Princeton (1973).



528 S. STADLER GAFA

[OR22] Ontaneda, P., Ricks, R.: Intrinsic Rank in CAT(0) Spaces (2022). arXiv:2205.04377.
[PR72] Prasad, G., Raghunathan, M.S.: Cartan subgroups and lattices in semi-simple groups.

Ann. Math. (2) 96, 296–317 (1972).
[Ric19] Ricks, R.: A rank rigidity result for CAT(0) spaces with one-dimensional Tits boundaries.

Forum Math. 31(5), 1317–1330 (2019).
[Sta15] Stadler, S.: An obstruction to the smoothability of singular nonpositively curved metrics

on 4-manifolds by patterns of incompressible tori. Geom. Funct. Anal. 25(5), 1575–1587
(2015).

[Sta221] Stadler, S.: CAT(0) spaces of higher rank II (2022a). Preprint.
[Sta222] Stadler, S.: Rank Rigidity for CAT(0) spaces without 3-flats (2022b). Preprint.

Publisher’s Note. Springer Nature remains neutral with regard to jurisdictional claims in
published maps and institutional affiliations.

Stephan Stadler
Max Planck Institute for Mathematics, Vivatsgasse 7, 53111 Bonn, Germany.

stadler@mpim-bonn.mpg.de

Received: 26 April 2023
Revised: 3 September 2023

Accepted: 5 September 2023

http://arxiv.org/abs/arXiv:2205.04377
mailto:stadler@mpim-bonn.mpg.de

	CAT(0) SPACES OF HIGHER RANK I
	Introduction
	Main results

	Preliminaries
	Metric spaces
	Spaces with an upper curvature bound
	CAT(1) spaces
	CAT(0) spaces

	Recognizing a building at infinity
	Rank n spaces with periodic n-flats
	From branch points to orthogonal half-planes
	Orthogonal half-spaces from a sequence of lower dimensional ones
	Tits boundary of a periodic Morse flat

	Acknowledgements
	References


