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CAT(0) SPACES OF HIGHER RANK I

STEPHAN STADLER

Abstract. A CAT(0) space has rank at least n if every geodesic lies in an n-flat.
Ballmann’s Higher Rank Rigidity Conjecture predicts that a CAT(0) space of rank at
least 2 with a geometric group action is rigid — isometric to a Riemannian symmetric
space, a Fuclidean building, or splits as a metric product. This paper is the first in
a series motivated by Ballmann’s conjecture. Here we prove that a CAT(0) space of
rank at least n > 2 is rigid if it contains a periodic n-flat and its Tits boundary has
dimension (n — 1). This does not require a geometric group action. The result relies
essentially on the study of flats which do not bound flat half-spaces — so-called Morse
flats. We show that the Tits boundary OrF of a periodic Morse n-flat F' contains a
reqular point — a point with a Tits-neighborhood entirely contained in 0rF. More
precisely, we show that the set of singular points in dr F' can be covered by finitely
many round spheres of positive codimension.
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1 Introduction
1.1 Main results. A Hadamard manifold is a complete simply connected Rie-

mannian manifold of non-positive sectional curvature. It has higher rank if every
complete geodesic line is contained in an isometrically embedded Euclidean space of
dimension at least two, a so-called flat. The structure of manifolds of non-positive
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curvature and higher rank was clarified in the eighties, in the series of papers
[BBES&5, BBS85], culminating in Ballmann’s celebrated Higher Rank Rigidity The-
orem [Bal85, BS87, EH90]: If a higher rank Hadamard manifold admits quotients
of finite volume, then it is either a Riemannian symmetric space or splits as a met-
ric product. So in the presence of enough symmetry, higher rank implies special
geometry. In particular, the theorem identifies higher rank as the exceptional case.

The modern theory of non-positive curvature focuses on metric spaces instead
of manifolds, where the curvature condition is expressed by triangle comparison.
The definition is due to Alexandrov, already in the early fifties, and later gained
considerable momentum from Gromov’s seminal paper [Gro87]. Nowadays, CAT(0)
spaces — the synthetic versions of Hadamard manifolds — play an important role in
mathematics beyond geometry and topology. They appear in many different fields
such as geometric group theory, representation theory, arithmetic and optimization.
For an account of the huge amount of literature on metric spaces with synthetic
curvature bounds, see the bibliographies in [AKP19, Bal04, BH99]. The following
conjecture, formulated by Ballmann and Buyalo in [BB08], predicts a generalization
of the Higher Rank Rigidity Theorem from Hadamard manifolds to CAT(0) spaces.
It is the main motivation for the present paper.

CONJECTURE (Higher Rank Rigidity). Let X be a locally compact geodesically com-
plete CAT(0) space. Suppose that T' is a group of isometries of X with limit set
A(T) = 0o X. Then diam(9rX) = 7 implies that X is a Riemannian symmetric
space or a Buclidean building of rank at least 2, or that X non-trivially splits as a
metric product.

The condition on the diameter expresses higher rank, as it is equivalent to saying
that any complete geodesic bounds a flat half-plane, cf. Sect. 2.4. If a group I' acts
on a CAT(0) space X, then its limit set A(T") is the set of accumulation points of a
[-orbit in the ideal boundary d.,X. The main example of group actions on CAT(0)
spaces with full limit set are geometric actions, meaning cocompact and properly
discontinuous actions by isometries.

For singular spaces, Higher Rank Rigidity is wide open. It has only been estab-
lished in the following short list of special cases:

— for a 2-dimensional simplicial complex with a piecewise smooth CAT(0) metric
and a geometric group action [BB96;

— for a 3-dimensional simplicial complex with a piecewise Euclidean CAT(0) met-
ric and a geometric group action [BB00];

— for a finite dimensional CAT(0) cube complex with a geometric group action
[CS11];t

! For cube complexes, the statement of Higher Rank Rigidity takes the form of a splitting result,
since neither irreducible symmetric spaces nor irreducible Euclidean buildings are cube complexes.
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— for a locally compact and geodesically complete CAT(0) space such that its full
isometry group does not fix a point at infinity and which supports a cocompact
isometric action by an amenable locally compact group [CM15];

— for a locally compact and geodesically complete CAT(0) space with 1-
dimensional Tits boundary which supports a geometric group action I' ~ X
such that the induced action on the ideal boundary is not minimal, i.e. 0y X
contains a proper closed I'-invariant subset [Ric19].

The paper [Ricl9] in the last item relies heavily on [GS13] where the authors
developed a general strategy to approach Ballmann’s conjecture based on analyzing
the dynamics of the induced action at infinity I' » 050 X.

Note also that the interesting case in the next to last item concerns non-discrete
groups since the only locally compact geodesically complete CAT(0) space which
admits a cocompact isometric action by an amenable discrete group is the flat Eu-
clidean space [AB98, Corollary CJ.

Theorem A. Let X be a locally compact CAT(0) space whose Tits boundary has
dimension n—1 > 1. Suppose that every geodesic in X lies in an n-flat. If X contains
a periodic n-flat, then X is a Riemannian symmetric space or a Fuclidean building,
or X splits as a metric product.

If the isometry group of X acts cocompactly, then the condition on the dimension
of the Tits boundary simply means that X does not contain an (n + 1)-flat [Kle99,
Theorem C]. Thus, we obtain:

COROLLARY B. Let X be a locally compact CAT(0) space whose isometry group acts
cocompactly. Suppose that every geodesic in X lies in an n-flat but X does not admit
(n+ 1)-flats. If X contains a periodic n-flat, then X is a Riemannian symmetric
space or a Euclidean building, or X splits as a metric product.

Another consequence of Theorem A is the following.

COROLLARY C. Let X be a locally compact CAT(0) space whose Tits boundary has
dimension n—1 > 1. Suppose that every geodesic in X lies in an n-flat. If X contains
a periodic n-flat, then X has a unique decomposition into irreducible factors

X=RIxX; X XXy xYi X - xXY,x My x--+x M,

where X, are rank 1 spaces, Y, are irreducible Euclidean buildings of higher rank
and M, are irreducible Riemannian symmetric spaces of higher rank.

Note that the assumptions above imply that the factors X, are not only rank 1
but have discrete Tits boundaries. Thus if X admits a cocompact group action, then
every X, is Gromov-hyperbolic.

Recall that in the smooth case, the higher rank property can be expressed by ask-
ing that every complete geodesic admits n linearly independent parallel Jacobi fields
for some n > 2. In the presence of a geometric group action these Jacobi fields can
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then be “integrated” to n-flats [Bal95, Section IV.4]. Hence, in the context of metric
spaces, the assumption on the existence of n-flats in Theorem A is natural.? Recall
that a flat is periodic, if its stabilizer in the isometry group of the surrounding space
contains a subgroup acting geometrically on it. By [BH99, Flat Torus Theorem 7.1],
the existence of a periodic n-flat in X is equivalent to the presence of a subgroup
Z™ < Isom(X). We point out that Theorem A does not assume any symmetries be-
sides the existence of a single periodic n-flat. Also, if X is a rank n symmetric space
or Euclidean building, and I" acts cocompactly on X, then X contains a periodic n-
flat [BB96, Theorem 8.9], [Mos73, Lemma 8.3], [PR72, Theorem 2.8]. We emphasize
that some symmetry is required in order for the conclusion of Higher Rank Rigidity
to hold true, since a geodesically complete CAT(0) space whose Tits boundary dpX
has diameter 7 does not have to be a product or a Euclidean building [BB00].

We now discribe the main novelty of the present paper. Recall that a point in a
metric space is called regular, if it has a neighborhood homeomorphic to an open set
in a Euclidean space. The crucial ingredient behind Theorem A is a contribution to
the following general conjecture which has been completely open.

CONJECTURE (Lytchak’s Regular Point Conjecture). Let X be a locally compact
CAT(0) space with a geometric group action. Then OrX contains a regular point.

Gromov first raised the question which CAT(1) spaces do contain regular points
[Gro93, p.90]. A general CAT(1) space does not have to contain any regular points.
On the other hand, locally compact and geodesically complete CAT(1) spaces al-
ways do, as shown by Lytchak-Nagano in [LN19], following ideas of Burago-Gromov-
Perelman [BGP92]. However, the Tits boundary of a locally compact CAT(0) space
with a geometric group action is typically not locally compact.

Recall that a flat in a CAT(0) space is called Morse if it does not bound a flat
half-space. We prove:

Theorem D. [Theorem 4.10] Let X be a locally compact CAT(0) space. Suppose that
X contains a periodic Morse flat F'. Then the complement in OrF of the set of
reqular points is a finite union of round spheres of positive codimension.

In particular, the singular set in the Tits boundary of a periodic Morse (n+ 1)-flat
is given by a union of finitely many hyperspheres and a closed set of finite (n — 2)-
dimensional Hausdorff measure. In this sense the Tits boundary of a periodic Morse
flat resembles a Coxeter complex. This will be used in [Sta221] in order to control
the geometry of certain submetries of the Tits boundary. Let us emphasize again
that Theorem D does not assume any symmetry besides the periodic Morse flat, no
geometric group action is required.

The present article is the first in a series motivated by the Higher Rank Rigidity
Conjecture. The sequels all rely on the crucial new idea on how to find regular points

2 See [OR22] for a definition of rank for CAT(0) spaces whose isometry groups satisfy the duality
condition.
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at infinity presented here. In [Sta221] we prove the following rigidity result which
generalizes the Higher Rank Rigidity Theorem for Hadamard manifolds.

Theorem 1.1 ([Sta221, Main Theorem]). Let X be a locally compact CAT(0) space
with a geometric group action I' ~ X. Suppose that there exists n > 2 such that every
geodesic in X lies in an n-flat. If X contains a periodic Morse n-flat, then X is a
Riemannian symmetric space or a Fuclidean building or X non-trivially splits as a
metric product.

In [Sta222] we confirm Higher Rank Rigidity as well as the Closing Lemma for
spaces without 3-flats. More precisely, we obtain

Theorem 1.2 ([Sta222, Theorems A and B|). Let X be a locally compact geodesically
complete CAT(0) space without 3-flats. Suppose X admits a geometric group action
'~ X. If X contains a complete geodesic which does not bound a flat half-plane,
then it also contains a I'-periodic geodesic which does not bound a flat half-plane.
If every complete geodesic in X bounds a flat half-plane, then X is a Riemannian
symmetric space, a Euclidean building or non-trivially splits as a metric product.

2 Preliminaries

2.1 Metric spaces. We assume that the reader is familiar with the geometry
of metric spaces with upper curvature bound, as references we mention [AKP19,
Bal04, BH99, KL.97]. For the required preliminaries on buildings we refer the reader
to [KL97, Lee00].

Here we only want to agree on notation and collect some basic facts that will be
used later.

Euclidean n-space with its flat metric will be denoted by R™. The unit sphere
S~ C R™ equipped with the induced metric will be referred to as a round sphere.
Its intersection with a half-space R™"™! x [0,00) is called a round hemisphere. We
denote the distance between two points z and y in a metric space X by |z,y|. For
z € X and r > 0, we denote by B,(x) and B,(x) the open and closed r-ball around z,
respectively. Similarly, N,.(A) and N,.(A) denote the open and closed r-neighborhood
of a subset A C X, respectively. A geodesic is an isometric embedding of an interval.
It is called a geodesic segment, if it is compact. The endpoints of a geodesic segment
¢ are denoted by Jc.

A branch point is a point through which a certain geodesic can be extended in
more than one way. More precisely, a point b is a branch point if there are geodesic
segments ¢, ¢ and ¢~ such that cUcT is a geodesic and ¢ Nc¢™ = {b}. In a geodesic
metric space any pair of points is connected by a geodesic. Such a space is geodesically
complete if every geodesic segment is contained in a complete local geodesic.

2.2 Spaces with an upper curvature bound. For any CAT (k) space X, the angle
between each pair of geodesics starting at the same point is well defined. Let z, y, 2
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be three points at pairwise distance less than % in a CAT(k) space X. Whenever
K

x # 1, the geodesic between x and y is unique and will be denoted by xzy. For y, z # x,
the angle at x between zy and xz will be denoted by Z,(y, z). The space of directions
or link at a point x € X will be denoted by (X, X, /), its elements are called directions
(at x).

The dimension dim(X) of a CAT (k) space X refers to Kleiner’s geometric dimen-
sion [Kl1e99]. It vanishes precisely when the space is discrete. In general, it is defined
inductively:

dim(X) = sup{dim(X,X) + 1}.
zeX

2.3 CAT(1) spaces. For two CAT(1) spaces Z; and Z; we denote by Z; o Zs
their spherical join. It is a CAT(1) space of diameter . A pair of points £, £ in a
CAT(1) space Z are called antipodes, if their distance is at least .

A subset A C Z is called spherical, if it embeds isometrically into a round sphere.
A (spherical) n-lune of angle 0 € [0, 7] in a CAT(1) space is a closed convex subset
A isometric to S"7! o [0,6]. Bigons in CAT(1) spaces lead to spherical lunes [BB99,
Lemma 2.5]. We will use the following more general result which follows immediately
from [BB99, Lemma 2.5] and [Lyt05, Lemma 4.1].

LEMMA 2.1 (Lune Lemma). Let & and € be antipodes at distance w in a CAT(1)
space Z. If v+ are geodesics from & to é, then v~ U~" is a spherical subset in Z.
More precisely, if Ze(y~,yT) > m, then v~ U~T is a round 1-sphere in Z; and if
Le(v7,vT)=0<m, then v~ U~T bounds a spherical lune of angle 6. Similarly, let
7+ C Z be round n-hemispheres with Ot~ = 01" and let (* € Z denote their centers.
If |, (T > 7, then 7= UTT is a round n-sphere in Z; and if |¢~,(T| =60 <, then
77 U7t bounds a spherical (n+ 1)-lune of angle 6.

DEFINITION 2.2. Let Z be a CAT(1) space. We call a point £ € Z k-regular, if it
has a neighborhood homeomorphic to an open set in R¥. The point £ is called k-
spherical, if there exists a radius r > 0 such that B,.(§) C Z is isometric to an r-ball
in S*. In both definitions, if it’s clear from the context, we neglect the quantification
and speak of reqular respectively spherical points.

LEMMA 2.3 ([BLO6, Lemma 2.1]). Let Z be a CAT(1) space of dimensionn. If o C Z
s a round n-sphere, then every point £ € Z has an antipode in o.

This implies the following well-known criterion for geodesic completeness.

LEMMA 2.4. Let Z be a CAT(1) space of dimension n. If every point £ € Z is con-
tained in a round n-sphere in Z, then Z 1is geodesically complete.

Proof. If £ is a point in Z contained in a round m-sphere ¢ C Z, then any local
geodesic ending in the point £ can be extended beyond £ by a geodesic in o, since
any direction in X¢Z has an antipode in X¢o = S"! by Lemma 2.3. O
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A simple but useful property in CAT(1) spaces with a geodesically complete link
is the following.

LEMMA 2.5. Let Z be a CAT(1) space and z € Z a point where the link ¥.Z is
geodesically complete. Then for every pair of directions v,w € 3,7 there exists an
antipode W € ¥,7Z of w, such that

L (w,v) =1 — 2L, (w,v).

Proof. It Z,(v,w)=m, then we can take 1 = v. Otherwise, we extend the geodesic
from w to v up to distance w. The endpoint w is then an antipode of w with the
required property. O

The proof of Theorem A relies on the following rigidity result of Lytchak.

Theorem 2.6 ([Lyt05, Main Theorem]). Let Z be a finite dimensional geodesically
complete CAT(1) space. If Z has a proper closed subset A containing with each point
all of its antipodes, then Z is a spherical join or a spherical building.

2.4 CAT(0) spaces. The ideal boundary of a CAT(0) space X, equipped with the
cone topology, is denoted by 0,,X. If X is locally compact, then 0, X is compact.
The Tits boundary of X is denoted by dr X, it is the ideal boundary equipped with
the Tits metric |-, -|p. Recall that the Tits metric is the intrinsic metric associated
to the Tits angle.

If C is a closed convex subset, then it is CAT(0) with respect to the induced
metric. In this case, C' admits a 1-Lipschitz retraction no : X — C. If C} and Cy are
closed convex subsets, then the distance function d(-,Ch)|¢, is convex; and constant
if and only if mo, restricts to an isometric embedding on Cy. We call C; and Cy
parallel, C1]|Cy, if and only if d(-,C1)|c, and d(-,Cs)|c, are constant. Let Y C X be
a geodesically complete closed convex subset. Then we define the parallel set P(Y)
as the union of all closed convex subsets parallel to Y. The parallel set is closed,
convex and splits canonically as a metric product

P(Y)2Y x CS(Y)

where the cross section CS(Y') is a closed convex subset [KL97, Sect. 2.3.3].

If X; and X, are CAT(0) spaces, then their metric product X; x X, is again a
CAT(0) space. We have 0p(X; x Xo) = 0rX100r Xz and X, 5,) (X1 X Xa) =¥, Xj 0
Y., Xo. If X is a geodesically complete CAT(0) space, then any join decomposition of
OrX is induced by a metric product decomposition of X [KL97, Proposition 2.3.7].

The Tits boundary of a closed convex subset Y C X embeds canonically 0rY C
orX. If two closed convex subsets Y7 and Y5 intersect in X, then

or(Y1nYs) =0rY, NorYs.

For points ¢ € 0,X and z € X we denote the Busemann function centered at &
based at x by be . If p:[0,00) = X denotes the geodesic ray asymptotic to £ and
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with p(0) =z, then
b (y) = lim (|y, p(t)| = 7).

It is a 1-Lipschitz convex function whose negative gradient at a point y € X is given
by log,(£). We denote the horoball centered at a point § € 9, X and based at the
point z € X by

HB({,x) = b;;((foo,O]).

It is a closed convex subset with

A n-flat F in a CAT(0) space X is a closed convex subset isometric to R™. In
particular, OpF C rX is a round (n — 1)-sphere. On the other hand, if X is locally
compact and o C 9rX is a round (n — 1)-sphere, then either there exists an n-flat
F C X with 07F = o, or there exists a round n-hemisphere 7+ C 97X with o =07™"
[Lee00, Proposition 2.1]. Consequently, if 97X is (n— 1)-dimensional, then any round
(n — 1)-sphere in 97X is the Tits boundary of some n-flat in X. Moreover, a round
n-hemisphere 7+ C 97X bounds a flat (n + 1)-half-space in X if and only if its
boundary O7F bounds an n-flat in X. A flat is called Morse, if it does not bound a
flat half-space.?

The following basic fact will be used repeatedly throughout the paper.

LEMMA 2.7 ([Lee00, Sublemma 2.3]). Let F' be a flat in a CAT(0) space and let
C C X be a closed convex subset so that O F C 0,,C. Then C contains a flat F’
parallel to F.

A flat (n-dimensional) half-space H C X is a closed convex subset isometric to
a Euclidean half-space R’} . Its boundary 0H C X is an (n — 1)-flat and its Tits
boundary is a round (n — 1)-hemisphere OrH C 0rX. Flat half-spaces will play a
central role in our arguments later, and we agree to denote them by H and their
boundaries by 0H = h.

We define the parallel set of a round sphere o C 9r X as

where F' is a flat in X with OrF = o, if such a flat exists.
The proof of Theorem A relies on the following rigidity result of Leeb.

Theorem 2.8 ([Lee00, Main Theorem]). Let X be a locally compact, geodesically
complete CAT(0) space. If OrX is a connected thick irreducible spherical building,
then X 1is either a symmetric space or a Fuclidean building.

3 For a motivation of the term and further context see [HKS22, HKS23].
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3 Recognizing a building at infinity

The aim of this section is to prove the following result.

Theorem 3.1. Let X be a locally compact CAT(0) space where every geodesic lies
in an n-flat. Suppose that dim(0rX) =n — 1. If OrX contains an open relatively
compact subset U, then OrX is a spherical building.

Note that the assumptions imply that X is geodesically complete since we can
extend every geodesic segment inside a suitable n-flat to a complete geodesic line.

The result is similar to [BL06, Theorem 1.6] and builds on Theorem 2.6 in the
same way. Note that if we would know that any pair of antipodes in OrX lies in a
round (n — 1)-sphere, then we could directly apply [BLO6, Theorem 1.6].

Using the structure theory of locally compact and geodesically complete spaces
with upper curvature bounds [LN19], one can deduce Theorem 3.1 from the following
similar result which will suffice for our proof of Theorem A.

Theorem 3.2. Let X be a locally compact CAT(0) space where every geodesic lies
in an n-flat. Suppose that dim(0rX)=mn — 1. If 0pX contains an (n — 1)-spherical
point, then OrX is a spherical building.

We need some preparation before we can provide the proof of Theorem 3.1.

Recall that a pair of antipodes in the Tits boundary of a CAT(0) space X does not
have to bound a complete geodesic in X. Nevertheless, for locally compact geodesi-
cally complete spaces we have the following.

LEMMA 3.3. Let X be a locally compact, geodesically complete CAT(0) space. Let &
and & be antipodes in OrX. Then there exists a sequence of complete geodesics ¢ in
X with Osock, ={&, &k} and § — € in 00X

Proof. 1f |€, f[ > 7, then there is a complete geodesic ¢ in X with dsc = {¢, f} [Lee00,
Proposition 2.1]. Hence, we may assume | N3 | = 7. Fix a base point o € X and let
p:[0,00) — X be a parametrization of the geodesic ray o. Since X is locally compact
and geodesically complete, all links in X are geodesically complete [LN19, Corol-
lary 5.8, Corollary 5.9]. By Lemma 2.5, we can choose for each k € N a complete
geodesic ¢, extending the geodesic ray p(k)éC and such that

Lo (&,6) =1 — Lyay (€, &)
where &, := cx(400). Now for every p € o€ we have
ép(fk’g) < Zp(kr) (é-k‘a 5) =T = lp(kt) (57 é) —0.

Since Zp(k)(g,f) — |£,€| = 7. As p € of was arbitrary, this shows & — £ in s X.
Indeed, by local compactness, we may assume &, — £ after passing to a subsequence.
In particular, Z,(&,&’) — 0 for all z € X. Now if £ # £, then there exists ¢ € o€ such



GAFA CAT(0) SPACES OF HIGHER RANK I 521
that Z,(¢,¢) > 0. But

lq(fvfl)Séq(fvfk)+4q(€kvfl)—>o~ Ol

LEMMA 3.4. Let X be a locally compact CAT(0) space. Suppose that every geodesic
m X lies in ann-flat. If € € Or X is an (n—1)-spherical point, then for every antipode
& of € there exists a round (n — 1)-sphere o C OpX containing £ and §

Proof. Let £ € 97X be an (n— 1)-spherical point, cf. Definition 2.2. Then there exists
s> 0 such that B,(¢) is contained in any (n — 1)-sphere which contains &. If £ € 97X
is an antipode of ¢, then by Lemma 3.3, there exists a sequence of complete geodesics
(cr) in X with Osocr = {&, ék} and fk — é By assumption, there exists n-flats Fj, with
¢k C Fy. Hence, if n € 0rX is a point with |n,{| = s, then \n,ék\ =m—s forall keN.
Thus,

m= &€l <&l + |n, €] < s+ liminf [, E =7

by lower semi-continuity of the Tits metric. We obtain |7, é | =7 — s for every point 7
at distance s from &. In particular, through every such point runs a geodesic from &
to f . Denote by ¢ C 07X the union of all these geodesics. It follows from Lemma 2.1
that o is a round (n — 1)-sphere. O

PROPOSITION 3.5. Let X be a locally compact CAT(0) space where every geodesic lies
in an n-flat. Suppose dim(0rX) =n —1. Then the set O C OrX of (n —1)-spherical
points is closed under taking antipodes.

Proof. Let £ be a (n — 1)-spherical point in dpX and let € be an antipode. By
Lemma 3.4, there exists a round (n — 1)-sphere o C 9rX which contains ¢ and é.
Since ¢ is spherical, there exists s > 0 such that B,(£) C 0. We claim that B,(€) C o
holds as well. Let 7 be a point in By(£). Since dim(87X) =mn — 1, we can extend
the geodesic ﬁé, as in the proof of Lemma 2.4, up to an antipode n of 7 in o.
Then |n,{| = V],é| < s and therefore 7 is spherical. By Lemma 3.4, we find a round
(n — 1)-sphere ¢/ C 9rX which contains 7 and 7. Because n € Bs(§), we must have
B,(€) C o No’. By construction, £ also lies in o No’. Now convexity of o N o’ implies
o =o' and therefore 7 € o as required. O

LEMMA 3.6. Let X be a locally compact CAT(0) space with dim(0rX)=n—1 and
where every geodesic lies in an n-flat. Suppose X splits as a non-trivial metric prod-
uct X = Xy x Xo. Then we have n =ny + ng where dim(0rX;)=n; — 1, j=1,2,
and every complete geodesic in X; is contained in an n;-flat.

Proof. 1t is clear that the rank is additive. So let ¢; be a complete geodesic in X
and let ¢ = (¢1,¢2) be the diagonal geodesic in ¢ X ¢o C X7 x Xo. If F is an n-flat in
X which contains ¢, then by [KL97, Lemma 2.3.8] there are flats F; C X; such that
F C Fy x Fy. In particular, dim(F}) =n; and ¢; C Fj. O
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Proof of Theorem 3.2. By assumption, dim(drX) =n — 1 and every point £ in 9r X
lies in a round (n — 1)-sphere. Hence, Lemma 2.4 implies that X is geodesically
complete.

We proceed by induction on the dimension of drX. If the dim(drX) is 0, then
OrX is discrete and there is nothing to show. So let’s assume dim(drX) > 1. Recall
that two antipodes &, f in 0pX at distance > 7 bound a complete geodesic in X
[Lee00, Proposition 2.1]. Since every complete geodesic in X lies in an n-flat, we
conclude that the diameter of 97X is .

Suppose X splits as a non-trivial metric product X = X; x X5. Then by
Lemma 3.6, the factors are subject to the induction hypothesis and we may assume
that X is irreducible.

By assumption, the set of (n — 1)-spherical points O C 9pX is non-empty. If
O = 0rX, then X is isometric to R™. So let us assume that O is a proper subset
of 0rX. By Proposition 3.5, the set 9rX \ O is a non-empty, closed proper subset
which contains with every point also all its Tits antipodes. Since 0r X is irreducible,
Theorem 2.6 implies that it is a spherical building. O

Proof of Theorem 3.1. By Theorem 3.2, it is enough to find an (n — 1)-spherical
point in 0 X. If U is an open relatively compact subset of Or X, then U contains an
open subset U’ homeomorphic to an n-manifold [LN19, Theorem 1.2]. Hence, for a
point £ € U’ there exists an € > 0 such that B.({) CU’. If 0 C 9rX denotes a round
(n — 1)-sphere with £ € o, then 0 N B.(§) = B.(§). Hence ¢ is (n — 1)-spherical. [

4 Rank n spaces with periodic n-flats

4.1 From branch points to orthogonal half-planes.

DEFINITION 4.1. Let F' C X be a flat in a CAT(0) space. Then we call a flat half-
space H C X a flat half-space orthogonal to F', or, if the respective flat is clear from
the context, an orthogonal flat half-space if

HNF=0H and Z(H,F)> g
where the angle is measured in the cross section of the parallel set P(OH). In case

H is 2-dimensional, we adjust to flat half-plane orthogonal to F' and orthogonal flat
half-plane, respectively.

DEFINITION 4.2. Let X be a locally compact CAT(0) space and F' C X a flat. Let
Isom(X) denote the isometry group of X. We say that F' is periodic, if its stabilizer
Stab(F') := {7y € Isom(X)| v(F) = F'} contains a subgroup acting geometrically on
F.

LEMMA 4.3. Let X be a locally compact CAT(0) space and let F C X be a periodic
n-flat with n > 2. Suppose that F = F~ x F* is a metric product decomposition

into flats F* of dimension n*. Then F* is a periodic n™-flat in the cross section
CS(FT).



GAFA CAT(0) SPACES OF HIGHER RANK I 523

Proof. By Bieberbach’s theorem, the stabilizer of F' contains a free abelian sub-
group A of rank n which acts cocompactly on F' by Euclidean translations. Since
A preserves OpF pointwise, it also preserves P(FT) and the splitting P(FT) =
FT x CS(FT). Hence its projection to C'S(FT) contains a free abelian subgroup
of rank n* =n — nT which acts geometrically by Euclidean translations on F* C

CS(FF). O

The following result implies that a branch point in the ideal boundary of a periodic
flat leads to an orthogonal flat half-plane.

LEMMA 4.4 ([HKO05, Lemma 2.3.1]). Let X be a locally compact CAT(0) space. Let
F C X be a periodic flat. Let & € OpF' be a point such that there exists a sequence (&)
in Or X \ OrF which converges to & with respect to the Tits metric. Then there exists
a flat half-plane H C X asymptotic to & and orthogonal to F' (cf. Definition 4.1).

Proof. Since F' is periodic, it is enough to find for every R >0 a flat strip S =
R x [0, R] which is asymptotic to £ and orthogonal to F'. We fix a base point o € F.
For every k € N we choose xj € 0§, such that |z, F'| = R. Denote by z € F' the
nearest point to xp. Choose isometries 7, € Stab(F') such that all points ~x(zy) lie
in a fixed compact set. After passing to a subsequence, we obtain a limit geodesic
Coo Which is parallel to F' and spans the required flats strip. More precisely, we have
the convergence i (0&k, k) — (Coo, Too) With respect to pointed Hausdorff topology.
The complete geodesic co is asymptotic to £ since |Viék,&| = |k, €| — 0. Because
zx0 C Ng(F), also cs is contained in the R-neighborhood of F' and has even distance
R from F since |z, F| = R. Denote by ¢, C F' the complete geodesic which contains
the point x4 and is asymptotic to £. Then ¢y, and ¢y span the required flat strip
by [KL97, Lemma 2.3.5]. O

COROLLARY 4.5. Let X be a locally compact CAT(0) space. Let F c X be a periodic
(n +1)-flat with dpF = 6. Denote by X C drX a spherical (k + 1)-lune with k <n
bounded by round k-hemispheres 7. Suppose that AN & = 7~. Then there exists a
round (k + 1)-hemisphere 7 C OrX such that 07 C & and 7~ C 07. Moreover, T is
the ideal boundary of a flat half-space H orthogonal to E.

Proof. Set o = 0r* and write & = ooot. Let F=FxFlbea corresponding product
splitting. We have A = ¢ 0 [0,60]. By Lemma 4.3, F- is a periodic flat in the cross
section C'S(F’). Denote by ¢~ the center of 7~. Then the cross section of A provides
a path in OpCS(F) which intersects 7 F+ only in (. Thus, by Lemma 4.4, there
exists an orthogonal flat half-plane H C C'S(F) for F+ which is asymptotic to (™.
Hence, H := F x H C P(F) and # := 87 H define an orthogonal flat half-space and
round (k + 1)-hemisphere, respectively, as required. O

4.2 Orthogonal half-spaces from a sequence of lower dimensional ones. In this
section we prove the following key result which allows us to understand the singular
set in the Tits boundary of a periodic Morse flat. The responsible geometric prop-
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erty behind the proof is flatness of intersecting parallel sets, similar as in [Stalb,
Theorem 2.

PROPOSITION 4.6. Let X be a locally compact CAT(0) space. Let F be a periodic
ni-flat in X with orF =6. Suppose that there is a sequence of flat half-spaces (Hy)
of dimension d <n, all orthogonal to E', such that their boundary flats hy := OHy,
are pairwise non-parallel. Then there exists a (d 4 1)-dimensional flat half-space H
orthogonal to F'. Moreover, if the sequence of round spheres o, = Oxhy, converges to
a round sphere o C & and for every k € N the convex hull of o and o is a round
sphere of dimension d— 1, then we can arrange H to have dimension d+ 1 and such
that o C O H.

Proof. Since F' is periodic, we may assume that we have a convergent sequence of
pairwise distinct pointed flat half-spaces (Hy,pr) = (Hoo, Poo), Where pi € F. The
limit Ho, with boundary flat hs := 0H is then still orthogonal to F. Set OrH = T]:r ,
OrHo = 71, and denote by (; and (. the respective centers. Because poo € hoo and
H,. is orthogonal to E', the Busemann function b¢.. p.. is non-negative on F'. Since
the geodesic rays pp(r converge to poo(s, We find a sequence t; — oo and points
xi, € prCr such that b, (z1) < —ty. The geodesic ray pp( lies in Hj, and therefore
zy, lies in P(hy). Thus HB((eo, xx) N P(hy) is a non-empty closed convex set and we
have

Ooo(H B(Coo, 1) N P(hi)) = Bz (Goo) M e P(hi).

As F'C P(hy,), we see Osohioo C oo (HB(Co, 1) N P(hy)). From Lemma 2.7 we infer
that there is a (d — 1)-flat E, C HB((so, k) N P(hg) with Ouo B = Ooohoo. Since the
flats hy are pairwise non-parallel and Ej C P(hy), we see that there is a flat Fj, in
P(hy) of dimension at least d which contains Ej and such that Osohg C O F). Note
that bc_ ,.. is bounded above on Ej by —tj since Ey C HB((oo, k). AS b p.. 18
non-negative on F' we conclude Ej, N Ny, (F') = 0. Hence if F} C F' denotes the closest
parallel flat to Fy, then |Fy, F}|g > t;. In particular, F} and F} bound a flat strip
of dimension > d + 1, orthogonal to F and of width at least #;. Since F' is periodic
and t; — oo, we obtain a flat half-space H orthogonal to F and of dimension at least
d+1 as a limit.

To prove the finer statement, simply note that in the argument above the flat
By C P(hy) spans a flat Fj, C P(hy) of dimension d if and only if the convex hull of
the spheres Os Ep = Osohoo and O, hy is a round sphere of dimension d—11in &. The
rest of the argument stays the same. ]

4.3 Tits boundary of a periodic Morse flat. In this final section we provide
proofs of our main results.

DEFINITION 4.7. Let X be alocally compact CAT(0) space. Let F C X be a periodic
flat with d7F = 6. A round sphere o C & is called stngular, if there exists a round
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hemisphere 77 C 9rX with 977 = ¢ and 77 N6 = o such that the union 77 U7~ is
a round sphere for every round hemisphere 7~ C 6 with 97~ = ¢. We call a singular
sphere o C & mazimal, if it is not contained in a singular sphere in & of strictly larger
dimension.

Note that if F' is not Morse, then & itself is singular.

COROLLARY 4.8. Let X be a locally compact CAT(0) space. Let F be a periodic
(n+1)-flat in X with OrF = 6. Then the set of mazimal singular spheres in & is
finite.

Proof. Proposition 4.6 implies that a maximal singular sphere ¢ C & has to be iso-
lated in the following sense. If (o) is a sequence of singular spheres which converges
to a sphere 04, C 0, then we must have o3, C ¢ for almost all k € N. This yields the
claim. 0

Recall that a point in & is regular, if it has a Tits-neighborhood which is entirely
contained in . Otherwise we call it singular.

LEMMA 4.9. Fvery singular point in & s contained in a singular sphere.

Proof. If £ € & is a singular point, then there exists a sequence (&) in OpX \ &
with & — €. By Lemma 4.4, there exists a flat half-plane H orthogonal to F and
with € € O H. Set 77 := O, H. If O7;" is not singular, then by the Lune Lemma
(Lemma 2.1) we can find a half-circle 7; C & with d7;” = 07, such that 7" and 7
span a 2-dimensional spherical lune As. By Corollary 4.5, there exists a 2-dimensional
round hemisphere 7,7 C 97X with 77 N6 =75 and 7, C 975", in particular £ € 975"
If O7, is not singular, we repeat the argument to produce a 3-dimensional round
hemisphere 757 C 07X with £ € 975", After at most (n — 1) steps we end up with a
singular sphere that contains the point &. O

Now we obtain the following refinement of Theorem D.

Theorem 4.10. Let X be a locally compact CAT(0) space. Suppose that X contains
a periodic Morse flat F. Then the complement in OpF of the set of reqular points is
a finite union of singular spheres of positive codimension.

Proof. Immediate from Corollary 4.8 and Lemma 4.9. U

Proof of Theorem A. Let F C X be a periodic n-flat. By Theorem D, ¢ = dpF' con-
tains a dense subset of spherical points. Then, by Theorem 3.2, dr X is a spherical
join or a spherical building. Since X is geodesically complete and locally compact,
the claim follows from Theorem 2.8 and [KL97, Proposition 2.3.7]. O

Proof of Corollary C. By Theorem A, Lemma 3.6 and Lemma 4.3, we can produce
a product decomposition of X as claimed. Since every such decomposition induces
a corresponding join decomposition of 97X . The uniqueness statement follows from
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the uniqueness of such join decompositions [Lyt05, Corollary 1.2] or alternatively
from [FLO8, Theorem 1.1]. O
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