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Abstract: In this article, we consider the global and local well-posedness of the mild solutions to the Cauchy
problem of fractional drift diffusion system with higher-order nonlinearity. The main difficulty comes from
the higher-order nonlinearity. Instead of the convention that people always focus on the properties of the
solution in critical spaces, here we are interested in non-critical spaces such as supercritical Sobolev spaces
and subcritical Lebesgue spaces. For the initial data in these non-critical spaces, using the properties of
fractional heat semigroup and the classical Hardy-Littlewood-Sobolev inequality, we obtain the existence
and uniqueness of the mild solution, together with the decaying rate estimates in terms of time variable.
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1 Introduction

In this article, we consider the well-posedness to the Cauchy problem of fractional drift diffusion system with
higher-order nonlinearity

o + Av = -V-(vV¢), t>0, x€R",
ow + AMw = V-(wmVg), t>0, x€R", e
Ap=v-w, t>0,x €ER", '

v(x, 0) = vo(x), w(x,0) = wy(x), x € R",

where m > 1 is an integer, v(x, t) and w(x, t) are the densities of negatively and positively charged particles
and ¢(x, t) is the electric potential determined by the Poisson equation A¢ = v — w. A = /-4 is the Calderén-
Zygmund operator [1]. The difficulties mainly come from higher-order nonlinear couplings.

In the physical literature, such fractal anomalous diffusions have been recently enthusiastically embraced
by a slew of investigators in the context of hydrodynamics, acoustics, trapping effects in surface diffusion,
statistical mechanics, relaxation phenomena, and biology. For instance, astrophysics is a source of mean-field
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models of gravitationally attracting particles going back to the famous Chandrasekhar equation for the
equilibrium of radiating stars [2,3]. Another source of related models is mathematical biology where chemo-
taxis (haptotaxis, angiogenesis, etc.) phenomena for populations of either cells or (micro)organisms are
described by various modifications of the Keller-Segel systems [4-15].

In our previous study [16], we considered the global existence, regularizing decay rate, and asymptotic
behavior of mild solutions to the Cauchy problem of fractional drift diffusion system [17-23] with power-law
nonlinearity, we only studied the problem in the critical Besov spaces, and we obtained the global well-
posedness since the critical index provides the minimal regularity for the initial data to ensure the existence
of the mild solutions. But in this article, we are interested in the Cauchy problem of the drift-diffusion equation
in non-critical spaces such as supercritical Sobolev spaces and subcritical Lebesgue spaces. Using the proper-
ties of fractional heat semigroup and the classical estimates of fractional heat kernel, we first proved the
global-in-time existence and uniqueness of the mild solutions in the frame of mixed time-space Besov space
with multi-linear continuous mappings. Then, we showed the asymptotic behavior and regularizing-decay rate
estimates of the solution to equations with power-law nonlinearity by the method of multi-linear operator and
the classical Hardy-Littlewood-Sobolev inequality.

But now we are interested in the well-posedness of solution to the Cauchy problem (1.1) with the initial
data in some non-critical spaces, such as local solutions in supercritical Sobolev spaces H,(R™) and global
solutions in subcritical Lebesgue spaces LP(R™).

By the fundamental solution of Laplacian

—1|x| n=1
Z b sl
1
@,(x) = —Eln |x], n=2, (1.2)
1
>3
n(n - wmpr? 1

where w(n) denotes the volume of the unit ball in R", the electric potential ¢ can be expressed by the
convolution

6 = (-AYw - v) = B 5w - v) = [(x - y)w - vI()dy.
[Rn

A = =4 is the Calderén-Zygmund operator, and the fractional Laplacian A* = (-A)z with 1 < a < 2n is a non-
local fractional differential operator defined as

A0 = FHEFV),

where # and # ! are the Fourier transform and its inverse [1].

In probabilistic terms, replacing the Laplacian A by its fractional power —A? = —(-A)z, it leads to inter-
esting and largely open questions of extensions of results for Brownian motion-driven stochastic equations to
those driven by Lévy a-stable flights [24].

An important technical difficulty is that the densities of the semigroups generated by A% = —=(-A)z do not
decay rapidly in x € R™ as is the case of the heat semigroup S(t) = ¢ (a = 2), the Gauss-Weierstrass kernel
Ki(x) = F (e ") decays exponentially, while the densities 7 ¥e #/)(0 < a <2) of non-Gaussian Lévy
a-stable semigroups Sy(t) = e‘““‘)% have only an algebraic decay rate |x|™ “ For the fractional operator
and the fractional heat kernel, we can also refer [25-31].

By the fractional heat semigroup e*A" and the well-known Duhamel principle, we rewrite System (1.1) as a
system of integral equations

v(t) = ey + B(v, ...,v, w),

a 1.3)
w(t) = e™Mwy + B(w, ...,w, V),



DE GRUYTER Well-posedness of Cauchy problem of fractional drift diffusion system == 3

t
BV, v, W) = je-<f-T>A"v~(vmV(—A)-1(w — V)(D)dr. (1.4)

m 0

A solution of (1.3) and (1.4) is called a mild solution of the Cauchy problem (1.1).
As usual, the fractional Sobolev spaces and their homogeneous versions are defined by

HyRM = {f€ S'RM : Af € LP}, H;([R") ={f€ S'(R") : A;f € LP},
where A and A are the operators with symbols Ay(&) = (1 + |€[2)¥/2 and A = |€|* (these spaces are sometimes
also denoted LPS(R™), see [32]).
If (v(x, t), w(x, t)) is a solution of the Cauchy problem (1.1), then for any A > 0,
W, 1), wa(x, 1)) = [ﬁv@x, A%t), Anw(Ax, )t“t)]

is also a solution of the Cauchy problem (1.1) with the initial data

(na(x, 0), wi(x, 0)) = [A%Vo(ﬁx ), A wo(Ax)

(n(x, t), wy(x, t)) is called the self-similar solution. We can verify that Hlff([R”) (s = % - %) is a critical space
for the Cauchy problem (1.1), i.e., the self-similar initial data (vo(x), wo(x)) are invariant under the norm ||| e
thus the solution (vy(x, t), wy(x, t)) of System (1.1) too. This means that the index s, provides the minimal
regularity for the initial data to ensure the well-posedness of the Cauchy problem (1.1).

To obtain the local existence of the solutions in supercritical Sobolev spaces, we need the following two
assumptions on s:
(H1) There exists m > 1 such that

mn 1
§< - .
pim+1) m+1

(H2) There exists m > 1 such that

mn_ LMy
pm+1) m+1 ’ ‘

<s<min£+
p(m +1) p

To avoid technical problems, we will assume that

(15

and that
$=0. 1.6)

We want to solve the Cauchy problem (1.1) in supercritical spaces H,(R"); the main idea is to counter-
balance the loss of smoothness coming from the nonlinear terms by the smoothing effects of the
heat kernel. To measure the loss of smoothness on the H,(R") scale coming from the composition by

F(v, w) = v™V(-A)"(v - w), we give the following theorem.
Theorem 1.1. Let p € (0, ©) and s satisfy that

[ n n+1
maxj0, — -
p m+1

s<_1q 1.7
p

Denote sp, = (m + 1)s - % + 1. If (H1) or (H2) is fulfilled, then for all (v, w) € H,(R"), F(v, w) € H;"(R™).

Furthermore, there exists a constant C independent of (v, w) such that
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I, W)l < ClViigsllv = Wil

Remark 1.1.

(1) Note that the condition s < —— —L_in assumption (H1) is equivalent to s, < 0. In the same way, the

p(m+1) T m+1

mn 1
p(m+1) m+1

condition < s < min in assumption (H2) is equivalent to 0 < s, < m.

mn n
pm+n Ty 1

n+1
m+1

ensures that F(v, w) is well defined as an element of tempered

(2) The hypothesis s > max[O, % -

distribution space.
(3) The value of s, given by Theorem 1.1 is optimal. To see this, we have just to consider the example of
v(x) = w(x) = Y(x)xF, where ¢ is a truncation function near 0, and § is an arbitrary nonnegative constant.

Using the nonlinear estimates given by Theorem 1.1 and the fixed point theorem, we prove the following
result about the local Cauchy problem in supercritical Sobolev spaces H,(R").

Theorem 1.2. (Local existence in H;) Let p € (1, ©). Assume that (1.5) and (1.6) hold, and (H1) or (H2) is
fulfilled.

(D) If the initial data (vo, wp) € Hy(R") with s > s = %, there exists a unique solution (V(t, x), W(t, x)) of

n
p
s—Sc

1.1) in C([0, Tpp), H;) with Ty, 2 %H(vo, w0)||;}1’§ withv = —=. If Ty < +, then
lm (v (e, ), Wt X)) =+

(2) Furthermore, we have the following smoothing effect: B(V, W) € C([0, Tp,), H;”’) for all 6 < m(s - s)
ifs<n/p-1

(3) Let (V, W) € (|0, T)), H;) and (V, W) € C([0, T, H,f) be two solutions of (1.1) for the respective initial
data (v, wy) and (Vy, Wy). Then, for all T < min{T;, T},

IV = 7, W = W)lleqomag < CTXAVo = Follif + lIwo = wol -

Because of the definition of s., we see that LP(R") is supercritical for the Cauchy problem (1.1) if and only if
p > p., where p, is defined as p, = % coming from s, = 0.

Next, we give the local (respectively, global) well-posedness of the solution of the Cauchy problem (1.1)
with the initial data in supercritical (respectively, critical) spaces. The similar results have been proved by
Weissler [33] for nonlinear heat equations, by Kato [34] for the Navier-Stokes equations, and by Giga and
Sawada [35] for the general problems.

Theorem 1.3. (Global and local existence in LP) (1) (Existence) Let

(m+ 1)n]

B = max[l, D> —

Suppose (vo, wp) € L™ for a fixed r > p, or r = p, > 1. Then, there exist a constant T > 0 and a solution
(V(t,x), W(t,x)) of 1.1) on|0, Ty) such that

7V (0), t°W(t)) € BC([0, Tp), LP), (1.8)
withr<p<n,0<0g< 1) OrM S p <o, gm+ g[% - %] <1, Wherea=§%— %].And
ENW @I, WD) » 0, ast—0, (1.9)

1 <p<o +E1—1<1
S Orn<p<oom+ - )

withr<p<n,0<o<
m
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(2) (Estimate for Ty) If r > p. and B(r) = % we have

Ty > Cl|(ve, wo)l,~ =0 (1.10)

(3) (Global existence for small initial data) If there exists a positive constant & small enough such that
[|(vo, Wp)||2e < €, then Ty = » if p. > 1 and we have

V@), W(e)|lw < Ct™°, VO <t< o, (11D

with C independent of t, provided that p = p,.

(4) (Uniqueness) Solutions of (1.1) satisfying (1.8) and (1.9) for some0 < g < ! > nd o = "[1 - 1]

m+1’ p n+l ’ alr D
are unique. If r > p., 0 may equal zero and (1.9) is not necessary to guarantee the uniqueness. In particular if
r > p,, solutions are unique in BC([0, Ty), L"), provided thatr > m + 1.

We can also prove a slight improvement result if we consider the initial data in critical space LP(R™).

Corollary 1.1. Assume that a > m and p, > 1. Let y(q) = —(— - 3) If there exists a constant A such that
(v, wp) € LE(R™) with ||(vo, Wo)||rre < A, then there is a unlque global solution (V(t, x), W(t, x)) of (1.1) such
that for all q € [p,, »),

V(L ), WL, )le < CEYDO(|vgl|ee + [[wollzee). (1.12)

Then, using Corollary 1.1, we will consider the case of the initial data with arbitrary high norm in
subcritical spaces LP(R™) and small norm in critical spaces LZ%(R"™).

Proposition 1.1. Let (vo, wp) € LP(R™ N LP(R™) with p < p. and assume that ||(vo, wp)||r». < A. Let us consider
(V(t, x), W(t, x)) the global solution of (1.1) given by Theorem 1.3. Then,

(V(t, x), W(t, x)) € BC(R*, LP) N BC(R*, L¥.), (1.13)
IV, ), W(E, Dl < CEZE DIl + [[wollze), 114

forallr 2 pandt > 0.

Using Proposition 1.1, we will prove the following result on the global Cauchy problem with the initial data
in supercritical spaces H,(R™).

Theorem 1.4. Assume that p, > 1 and p € (p,m’, p,].

(1) There exists a constant A’ such that, for all (vo, wy) € HSC([R") with ||(vy, W0)||H;c < A’, there is a unique
global solution (V(t,x), W(t,x)) of (11) in C([0, +), Hgf), which satisfies (1.8)—(1.9). Furthermore,
(V(t, x), W(t, x)) satisfies (1.13) and (1.14).

(2) Let (v, wp) € H;([R") with s > s.. If ||(vy, w0)||H;c < A’, then for the local solution (V(t, x), W(t, x)) of (1.1

given by Theorem 1.3, we have t~50/%(V, W) € BC(R", H,) and satisfy (1.13) and (1.14).

Remark 1.2. There is no restriction on the size of ||(vo, Wo)||s; in Part (2) of Theorem 1.4: we just assume that
the initial data are small enough in the critical spaces H;*(R").

The outline of the rest of the article is as follows. In Section 2, we give several useful lemmas such as the
classical Hardy-Littlewood-Sobolev inequality and L? — L7 and Hj*" - Hj, estimates for the semigroup operator
et In Section 3, we establish the local existence and uniqueness of mild solution in supercritical spaces Hy(R™),

together with the smooth effects and continuous dependence with respect to the initial data. In Section 4, we discuss
the local and global Cauchy problem of the mild solution in supercritical spaces L"(R"™). In Section 5, we prove the
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improvement result Corollary 1.1 and consider the global Cauchy problem with the initial data in L%(R™) N LP(R")
and Hy*(R™) N Hy(R™), respectively. Finally, we prove Theorem 1.1 in Appendix with tedious calculation.

2 Preliminaries

For the Laplacian operator 4 and the Calderén-Zygmund operator A = -4, we have the following classical
Hardy-Littlewood-Sobolev inequality.

Lemma 2.1. [36,37] Let 1 < p < n, and the nonlocal operator (-A “2 is bounded from LP(R™) to LHHFP(R”), ie.,
Vf € LP(RM),
1
=21l 2, < DI larerny,
VA e < C, Pl -

Li=p(R™)

For the fractional power operator A% = (-A)z and the semigroup operator e **, we first consider the
Cauchy problem for the homogeneous linear fractional heat equation:

ou+ANu=0, t>0,x€R"
u(x, 0) = up(x), x € R™

By the Fourier transform, the solution can be written as
u(t, x) = e ®ug = F e R Fug(€)) = F e M) ug(x) = Ke(x)*uo(x),
where the fractional heat kernel

K(x) = (zn)-ﬁj'eixfe-ﬂfl“df = SR (),
R"
the function K(x) € L*(R™) N Cp(R™), where Cy(R™) denotes the space of functions f € C(R") satisfying
that limyg«f (x) = 0.
For the semigroup operator e, we have L? - L7 and H;”’ - Hj estimates [38].

Lemma 2.2. (@) Let1 < p < q < o, a > 0, and there exists C such that

_n|1_1
lle”Ff||e < C(n, a)t ”[” q]|[f||Lp, Vf e LP([R").
(b) Let1<p<q< oo a>0,andy > 0. There exists C such that

_Y_nf1_1
||AVe“Aaf||Lq < C(n,a)t [” "]|[f||Lp, Vf € LP(R").
(c)Let®=0,a >0, andt € (0, T]. There exists C such that
e llgzes < CCOAfllsz,  Vf € HyR).
(d) Let@ = 0,a >0, and t € (0, T]. There exists C such that

—t\¢ -6
lle ‘Afllgg*f’ < COalfllgs,  Vf € HR).

Lemma 2.3. Let p € (1, +»), 0 €ER, and s € R. Then,

FIs < Clfllgeollf o, ¥f € H™(R).
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3 Local Cauchy problem in supercritical space H,(R")

In this section, we prove Theorem 1.2. We first prove the existence of solution in Section 3.1 and then unique-
ness in Section 3.2. In Section 3.3, we study the smoothing effects for (1.1), and in Section 3.4, we consider the
continuous dependence of the solutions with respect to the initial dada.

3.1 Existence

First, we assume that all conditions in Theorem 1.1 hold true and the initial data (vo, wy) belong to subcritical
space H;(R™. In the sequel, C will denote a positive constant that may be changed from one line to another. To
simplify the notations, we have

B, w)(t, x) = je-<f-f>A“v-(vmV(—A)-1(v — w))(0)dr.
0

We introduce the exponent p given by% = % - % and by (1.8) and (1.9). Since s > s., we have p = n(r':':ll) and

P > p.. We define the spaces Y = C([0, T), Hlf) and X = C([0, T), LP). Hence, by the Sobolev embedding the-
orem, ¥ = X. Now, let us consider the sequence of functions:

v = ety (x),  vitl =0 + B(W, wi),

a . o (3.1)
w0 = e Wywe(x), wl=wd+ B(w/, v)).

First, we are going to prove that {(v/, w/)} converges strongly in X to a limit (V, W), which verifies (1.7) (this
proof follows closely Giga’s proof but we detail it for the reader’s convenience), and second, using the new
estimates given by Theorem 1.1, we will show that (V, W) belongs also to Y. By Part (1) of Lemma 2.2, we have

(V% wOllx < [[vo, wollzz < Cllvo, ol (2

For (v, w) and (V, W) in X,
t
B(v,w) - B(V,w) = Ie‘(“T)AaV~(vmV(—A)‘1(V - w) = IMV(-A)1( - W))(t)d7 = By + By, (3.3
0
where
t
By = [0 T (@ ~ 5mT(-4) 1w - w))(D)dr,

0
t

By = Je‘(t‘f)AaV-(ﬁmV(—A)‘l(v — ¥ - (w - W)))(7)dr.
0

Since we are working in the whole Euclidian space R”, the operators e’ and V are some Fourier multipliers,
and so we have

et'y = yetl' = pth'/2ypth/2,

Furthermore, by Lemmas 2.2 and 2.3 and Holder’s inequality, we obtain
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t
IBullyr < [|le ¥ v - IMV(-2) 1w = WD) ypdr
0

t
< [t - oBem - M9y - wyD)udr
0

t
< [ - oAl - DT+ B HTEaY W - w)(@)sed
0

t
< [t = OB = Sl AVIEs™ + 91 DIN-A) 2w - w)O)]| » do
0 Ln-p

t
< = o = A + 1BIETDIY - wl - de,
0

1_m_ n-p -1 . nl _1]_m
whereg =5 + nﬁ and by s > s, B = < a[q 5| = @ < 1. Then,
IBallx < CTAlv = Bllx(IvIF ™ + [191F DIlv - wllx. 34
Similarly, we have
IBallx < CT |[9][%[lv =V = (w - W)|lx. (3.5)

Combining (3.3)-(3.5), we have
IB(v, w) = B, W)|[x < CTP{|jv = b|[x(IvI[g™" + VI DIV - wllx + [IFI[E[[v -7 - w - W)lx}. (B6)
Due to B(0,0) = 0 and (3.2) and (3.6), we have

V" lx < [vollg + CTAIIV/|[% ]IV = Wiy,

lV*1 = vi|ly < CTYAYv = v x (V][ + VROV = willx + VYRV - vt = (W) - wih)||x
Similarly,

W lx < lwollgs + CTA|W/|E IV = w]lx,

W/t = willy < CTA{Iw! = w2l (/)i + W IRTDIV = willx + w7 [F [ - v/t = (] = wi DI}

Then, a standard fixed point argument shows that, for

C 1 S-S
T Sionwoliy’ [v = ) 67
the sequence {(v/, w/)} converges strongly in X to limit (V, W), which obviously solves (1.1) since j > "(:':11) b
Dz —n(:[" :11) and p > p,.

Now, we must prove that the limit solution belongs also to Y. Let (v, w) € Y; using Theorem 1.1, we have

t
1B, Wl < [l COFT-0m(=4) 1w - w))(D)llsde
0

t
<c [ - oyeiemymy-a) 1w - w)(©)lgzde
0

t
<c - Py - wikds,
0

where § =  + (s = sn) = g5, then | B, w)lly < CT*F|[v|[F'|[v = w]ly, and so, by (3.2),

V" ly < [[volleg + CT PV IV = wlly. (3.8)



DE GRUYTER Well-posedness of Cauchy problem of fractional drift diffusion system == 9

Similarly, we have

Wl < [lwoll; + CT W7 IV = wlly. 3.9)

If T satisfies (3.7), thanks to (3.8)(3.9), we see that ||(v/, w/)||y remains bounded; thus, we can extract a
subsequence (v, wi), which converges weakly-* to a limit (V, W) € Y. Now, the (vi, wk) converges to
(V, W) and converges to (V, W) in Y and so (V, W) agrees with (V, W). Thus, we have proved the existence
of a solution in C([0, T), Hp).

Sc

The estimate for T;, comes from (3.7), which gives T, > %H(vo, w0)||;}’; withv = S_T
If T, < +oo, this explicit lower bound obviously allows us to show the blow-up in H; norm (one can prove
the blow-up in L?(R") when it holds in Hp).

3.2 Uniqueness
Let(V, W) € Y and (V, W) € Y be two solutions for the same initial data (vo, wg) and T < min{T,(V, W), Tn(V, W)}.
Then, since (V, W) and (V, W) solve (L1), respectively, we have ||V - V||x = ||B(V, W) - B(V, W)||x. Denote

M= sup {||(V, W)l|z, |(V, W)||s},
te[0,T]

by (3.6), we obtain
|V = V]ix < CTVAM™(|V = V|ly + |W - W[lx),
|W = W||x < CT*™PM™(||V = Vl|x + ||[W - W||x).
So,
V- V]x + ||W-W|x < CT"PM™(|V - V||x + ||[W - W||x).

For T small enough, we have
- o 1 . o
V= Vix + W= Wilx < (V= Viix + IW = Wilx),

and so (V, W) = (V, W) on |0, T]. To conclude, we just have to prove that T,,(V, W) = T,(V, W); otherwise, we
can assume that T,(V, W) < T,,(V, W). By iteration, we can obtain that (V, W) = (V, W) on[0, T,,(V, W)], then

too = lim [|(V(L, ), W(E, )y = TlimW)II(V(t, 0 Wt Dy <,

t->T(V, W) t=Tn(V,

which is an apparent contradiction. This ends the proof of uniqueness.

3.3 Smoothing effects

Let (V, W) be a solution of (1.1). Using Lemma 2.2, we easily obtain that

t
V() = e vl < Cf (6 = )44V |V - Wijgede,
0

and so, for all 8 < a(1 - B) = m(s - s.), we obtain
V() = € Avollggo S CTIF-8| VIRV = W]y,

Similarly,
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- _g-9
[W(t) = e Awollggeo < CT P e[ W[V = Wiy

Then, we prove the smoothing effects.

3.4 Continuous dependence with respect to the initial data

Let (V, W) and (V, W) be two solutions of (1.1) for the initial data (vo, wo) and (i, W), respectively. Let

T < min{Tm(Vs W)s Tm(Vs W)}s M = Sup {”(V: W)”H;: ”(‘75 W)”H;}
te[0,T]

mn _ 1
p(m+1) m+1’
t

IV = Vllgg < [Ivo = Vollug + CI(t - V=AYV - W) - VY2V - W)|jggmd.
0

Assume that s, < 0, i.e,, s < one obtains

np
n=3Smp

Since s, < 0 and q = , we can use the Sobolev embedding LI(R") = H;'"([R"), which leads to

t
IV = Plsg < [Ivo = Gollg + €[t = DFVmI-2Y1V = W) = V™I(-2) 1V = W)]|ped.
0

By L? — L1 estimate, we have

VP-4 YV = W) = V™"(=2) YV = W)||zs

< J(Vm = VAUV = W)l + [V YV = V = (W = W)«

< (V= D)V + [ TDOVAYY = W)l + ([VIBIV = 7 = (W = W)l
< V= Vip(IVIES™ + IVIES DIV = Wl + [[VIFAIV = Vil + [W = W]|pp)
< IV = Pl AIVIE" + VDIV = Wil + 171GV = Pl + [1W = Wilkp).

Thus,
IV = Vlly < |Ivo = Voll; + CTPM™(|[V = Vlly + [W = W]ly).
Similarly,
IV =Vl + |W = Wlly < Ivo = Vollus + [lwo = Wollus + 2CT PM™(||V = V]ly + [|[W = W]ly).
Taking T small enough such that 2CT'"AM™ < 1/2, we obtain that
|V = Vlly + |W = Wlly < 2(||vo = Vol + [lwo = Wolls)- (3.10)
To conclude, we have to relax our assumption on s. Since (V, W) and (17, W) are the solutions of (1.1),
IV = Vil < [lvo = Dolla + 1BV, W) = B(V, W)}y
By Lemma 2.3, we see that

1BV, W) = BV, Wz < (IBCV, W)llggeo + BCV, W)lggeo)"IBCV, W) = BV, W)y

50
HP

One can choose 6 < m(s - s.) such that

< mn 1
pm+1) m+1

Se<s-0 (3.11)

Using the smoothing effects, the first term in the left-hand side of the last inequality is bounded by
T2l V]ly + [W]ly )32 s C(TIMTDP2,
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Using (3.10) and (3.11), we bound the second term by

1/2

7 ~ 111/2
Ivo = Dollgss + 11V = Vllgg-s < CClIvo = Volfy

1/2 ~ 11/2 1/2
o+ 1w = wollso) < CCIvo = Golly + [[w = woll¥*).

Hy0
Combining these two inequalities, we obtain that
IV = Plly < CCT)(Ivo = Dol + [lw = woll*).
Thus,
1V = Plly + [1W = Wlly < C(T)(Ivo = Dol + [|w = wolli™).

The proof of Part (3) is complete.

4 Cauchy problem in supercritical space L"(R")

In this section, we prove Theorem 1.3, i.e., we describe the local and global Cauchy problem in supercritical
spaces L'(R™).
We begin with estimate for e ¢~V (vmy(-A)"1(v - w))(7).

le"DRY(WmY(=A) v - w)) = (TMV(-AY1F = WD)l

< C(t - oy @G = FMV(-2)1W = W)l + [TV(-4)1W - § - (w = W)||1} @D
< PPy - VIILP(IIVII’L’% L+ GO = wile + ([0 Iv = ¥ = (w = W)||ee},
where % = % % == B(p)=-—,and 6 = —[— - —] (v, w) and (V, w) belong to LP, provided that p > "(m+ 11)
and s > h.
Next for Ty > 0, we derive a priori estimates for
K = K(T) = sup t°||(v/, w)||r, Vj 20,
0<t<Ty
where (v/, w/) is defined in (3.1) and ¢ and p satisfy that
nll1 1 1 n(m +1)
=—|=-=|0<0og< > ,D2TI,D#DP. 4.2
o p], O< P> PP ED (42)

Remark 4.1. It is easy to find a nonempty set of numbers g, p meeting (4.2). Indeed, the definition of p. shows
that m+l _ 1 n+1

=—+— Wthh gives (f " wme) S med
there ex1st o and p satisfying (4.2).

for r = p, > 1. If r > p,, this is obvious. This shows that
Pe

To estimate K;, let us recall the scheme
Vit =0 + B, wd), wi*l = w® + B(w/, v/),j €N, (4.3)

Applying (4.1) with (v, w) = (v/, w/) and (¥, W) = (0, 0) to the second term B(v/, w/), we obtain
t
(B, whlr < et = DI v - will (),
0

( )

where p > is used. This gives an iterative estimate

K < Ko + CBKMIT, PO, vjeN, 4.4)
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1
m+1

1
where B = fo(l - )y FP)7olm e, Since B(r) = B(p) + om, the assumptions o <
convergence of B since B(p,) = 1.
For a technical reason, we use a less sharp estimate essentially same as (4.4):

and p > p/ ensure the

Kjn < Ko + 2CBK™ T, 70, vjen. 4.5)
If K, or Ty satisfies that
1-B(r) 1
K'Ty ™ < g (4.6)

due to (4.5), an elementary calculation shows that
_ 1

Ki<2K, Vj€N and 2CBK'T, P" < 2 ViENU{O) @.7

We thus have a priori estimate for K; under Condition (4.6).
We next study what conditions on T and (v, wp) can guarantee (4.6). First, we prove that for g > 0,
t9)|e ¥ (vo, wo)||p = 0 as t — 0. 4.8)
Since C.(R™ N L'(R™) is dense in L", there is a sequence {v[’j} in C.(R") such that v¢ - vg in L. Then,
t%)leXvg||zr < t0)le" Ny = v)||e + tolle XVl < Cllvo = Vil + t0]le" NI,
where the constant C is independent of i and . Since v} € L?, we have
lle™vsle < Clivgllze-

Thus, t%||e**v{||,» = 0 as t — 0 since g > 0. A similar result is valid for wy, and we then have (4.8), which
particularly implies that for g > 0,

Ko = sup to||(v°, w)||p = sup t°)|e ¥ (vg, wp)|lr = 0, as Ty — 0. 4.9)
0<t<Tp 0<t<Ty

If r > p/ (consequently B(r) < 1), then Condition (1.10) ensures (4.6) since Ko/||(vo, wo)||" is bounded indepen-
dent of (v, wp) and Tp. In the case r = p,, (4.9) shows that for small Tj, we have (4.6) for every Ty > 0. Moreover,
if B(p.) = 1, (4.6) does not contain Ty explicitly, so K; is bounded on (0, T) even if T = . Therefore, (4.6) holds
under the assumptions on (v, wy) and Ty in (1)—(3) of Theorem 1.3.

To see the existence, it remains to prove the convergence of {(v/, w/)} as j — . Actually, we shall first
prove that t°(vJ/, w/) converges in BC([0, T), L?) provided that p and o satisfy (4.2). Note that (4.7) implies that
to(v/, w) € BC([0, Ty), LP). Moreover, from (4.6), (4.7), and (4.9), it follows that if g > 0, t°(v/, w/) tends to zero
ast — 0. To show the convergence, we consider the successive difference of (v/, w/) constructed by (4.3):

vt = vl = B, wi) - B, i),
witl — wi = Bw/, v)) - B(wi1, viD),

Just like deriving (4.4), applying (4.1) with s = p, we have

tO)|vI*t = Vil + tol|wi*t - wi|p < 2CBTy POK™

A4 sup 79||v/ - v + sup 7%||w/ - wiTY i,
0<7<Ty 0<7<T)

where p > p, is used. Since 2CBT3_B (r)K}" < 1/2 < 1, this shows that there is a pair of functions (V, W) such that
limj_ot (v, w) = t°(V, W) in BC([0, Tp), L?), which solves

V=v+ BV, W) and W=w’+B(W,V).

Also, if o > 0, t°||(V, W)||» tends to zero as t — 0 since each t°(v/, w/) have the same property.
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To complete the proof of (1.8) and (1.9), we have to relax the condition on p. Let p’ € [r, p] and
o' =2 - %). We shall prove that ¢ (v/, w/) converges in BC([0, T), L”) and that t°||(V, W)||,» tends to
zero ast — 0 if 0’ > 0. Applying (4.1) with s = p’ yields

£Vt = Vil + ¢ witt = wil| < 20Ty POKT

. . . . (4.10)
4 sup 7OV = v + sup 79w/ — wiTY |,
0<7<Th 0<7<Th

with a different constant C’. Since t"'(vf, w’) converges in BC([0, Ty), LP), this implies
t(v, w)) - t°(V, W) in BC([0, To), L").

Thus, we have proved (1.8). Since t9]|(v/, w/)||;» and t7 ||(v°, w®)||,» both tend to zero as t — 0 by (4.8), (4.10)
implies (1.9). The asymptotic behavior (1.11) comes from (4.5) if p and o satisfy (4.2). For general p in Theorem
1.3, it is not difficult to see that (1.11) also holds by using (4.8) and (4.10). Thus, we have proved (1)-(3) of
Theorem 1.3.

It remains to prove the uniqueness (4). Let (V, W) and (V, W) be two solutions of (1.1) satisfying assump-

tions of (4). We may assume that (V, W) and V, W) satisfy (1.8)-(1.9) for same ¢ and p such that0 < g < !

m+1’

n(m+1) n
p> n+1 ’ d E

% - %] Ifr > p/, 0 may equal zero and we assume (1.8) only. In fact, if (V, W) also satisfy

(1.8)-(1.9) for every ¢’ and p’ such that0 < ¢’ < 0,0’ = g(% - %). To see this, we just use the estimate
m

|V < €0l + CTy PO sup 79| V]|pe

0<7<Th

sup 7|V - W||rr

0<7<Th

]

which is proved similar to (4.10).
We first consider the case r > p/. Let K be a constant such that

to|(V, W|lgp,  tO(V, W)|jp <K, 0<t<T,

nl1 1
ando=;[———

where o and p satisfy 0 < g < —— p> LU . Since

m+1’ n+1 ’ r p

V-V=BV,W)-B(V,W),W-W=BW,V)-B(W,V),

by definition, we have the estimate for 0 < 7 < ¢,

|V = V|l + to|W = W||p < 2Ctg POK™ sup to(|V = V|| + ||W = W||zp), @11)
0<7<ty
which follows from (4.1) similar to (4.10). Since r > p., we can take tp small so that 2Ct§ POgm < 1, This implies
that V=V on [0, ty). Since (V, W), (V, W) € BC([ty, Tp), LP). The aforementioned argument with initial
data V(ty) = V(tp) and W(ty) = W(t,) shows that (V, W) = (V, W) on [ty t, + t;). By iterating, we have
(V, W) = (V, W) on [0, Tp).
It remains to discuss the case r = p,. Let K(¢;) be a constant such that

oV, W, 17, W)llr < K(to), 0=t <ty

1 n(m+1) _n
where0 <0< —7,p>—7,ando = _

for 0 < 7 < ty, we have

% - %] Here, by (1.9), K(t;) tends to zero as t, — 0. Instead of (4.11),

[V = Ve + | W = Wil < 2CK(to)™ sup °(|V = V|| + [|[W = W]|pp),
0<7<ty
since f(p,) = 1. Take t; > 0 small so that 2CK(t;)™ < 1. As is seen in the preceding paragraph, we have
(V, W) = (V, W) on [0, t). By iterating as earlier, we have (V, W) = (V, W) on [0, T). This concludes the
proof of uniqueness.
Finally, we prove that for p > n, the mild solution of the Cauchy problem (1.1) satisfies the estimates
(1.8)-(1.9), too. Of course, we first derive a priori estimate for
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K = Ki(Tp) = sup t°|(v/, w))|,j 2 0, T > 0,
0<t<Ty

the argument is similar as earlier, here o and p satisfy that

1 1] n(1
___’ O’rrl+____
r p a

n
a

o= <1, m<p,n<p.

r n

Thus, we obtain the existence of the solution. Then, we relax the index p = m as earlier. Combining with the
uniqueness of solution, we finish the proof of Theorem 1.3.

5 Global Cauchy problem in subcritical space L1(R")

In this section, we prove Theorem 1.4. We study the global Cauchy problem for small initial data in L%(R™).
First, in Section 5.1, we study the case of initial data that belong only to L”(R") and we prove Corollary 1.1. In
Section 5.2, we study the global Cauchy problem for initial data in LP(R™) N L”%(R"™) when LP(R") is subcritical
for (1.1) and we prove Proposition 1.1. Finally, in Section 5.3, we consider initial data in H,(R") space, and then,
we prove Theorem 1.4.

5.1 Initial data in LP(R")

Let us consider (vy, wy) € LE(R™). In Theorem 1.3, we have proved that there exists a non-negative absolute
constant A such that if ||(vg, wp)||» < A, then there exists a unique global solution (V, W) € BC(R", L) to
Problem (1.1), which satisfies

t > O|(V(L, ), W, )le € BCR), (5.1)
for all g and y(q) such that p, < g <n and 0 < y(q) < ﬁ, and
tlggl @YV(L, ), WL, )l =0, (5.2)
for all ¢ and y(q) such that
pc<q<n,q>% and 0<y(q)<m1+1. (5.3)
First, we are going to prove that for p, < g <nand 0 < y(q) < /7,
IV (E, =), Wt e < CEVD(|[vollzee + [[wollzre), G4

which is a little more precise than the estimate ||(V, W)||ze < Ct™V(@,

1+1 in this estimate. Indeed, when a < m(m + 1), it is

Second, we are going to relax the restriction y(q) <

1
m+1

m

easy to check that y(q) < is fulfilled for all ¢ € [p,, n) and so, the asymptotic estimate (5.4) too. On the

1
m+1

contrary, when a > m(m + 1), one must assume that q € holds.

l _ a
Pe; p.  nm+1)

-1
] ] to be sure that y(q) <

-1

So, when a < m(m + 1), the asymptotic estimates are proved only for g in the range and we

1 a
pC’ ;C n(m+1)
want to show that they hold for all exponents q € [p,, n).

To prove Corollary 1.1, let us come back to the proof of Theorem 1.3. In the critical case (when
(m+1n

(vo, wp) € LP(R™), to prove the existence of solutions for (1.1), one introduce, for p. < q<n, q > TR and

1
0 < y(q) < ;7> the Banach spaces
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X ={ft,x) : t » VD||f(t,x)|lz= € BCRM)},
Y ={f(t,x) : t = |If(t, )|z € BC(R*)}.

Then, for the sequence {(v/, w/)} defined in (3.1), we have the estimates

v lx, < GillvOllx, + GV, IV = wllx,, 55
Wy, < GIWllx, + GlW/II, IV = wllx,,

where||f (¢, X)|lx, = Sup;llf (¢, x)||ze. Then, when [|(vo, wp)||zr < A, using (5.5) and (5.2)—(5.3), one can prove that
the {(v/, w/)} converge in X, 10 (V(t, x), W(t, x)) the unique solution of (1.1) such that (5.2) and (5.3) are fulfilled.
Furthermore, to prove that (V(t, x), W(t, x)) also belong to BC(R*, L), one can easily check that

IBCV, Wl < CIIVII, IV - Wiix,

1 1
assoonasp,<q<n,q> (";:1)'1’ and 0 < y(q) < ——

Now, let us come back to the proof of Corollary 1.1. By (5.5), it is obvious that the sequence {(v/, w/)} stay in
the ball B(0, 2R) for the X, topology as soon as C;(2GiR)™! < C;R with R = max{||V'||x,, [[w°||x,}, which holds for

1(1)m
0 Ok} < || -
max{|[v9|x,, [[w’|lx,} 2C1[2C2]

Now, by Lemma 2.2, we have
||l0||X = C”“)”Lpf) ||”0||X < C””O”Lpfa
q q

and for

1/m
r = (o ey < 9. ’
max{]|vol|ee, [[wolle} 2CC, [2(‘2]

there exists a global solution (v(¢, x), w(t, x)) of (1.1), which belongs to the ball
B(0, 2CiR) C B(0, 2CCyr),

for the X, topology. Thus, the proof of Corollary 1.1 is completed for the exponent q such that p, < q < n,
(";11)", and 0 < y(q) < If we can deal with the special case of L%(R") norm, we finish the proof

completely.
Now, we are going to prove that the asymptotic estimates

m+1°

(VL ), W(E, )l < CEVO(||vgl e + [|wollzze)

hold also when y(q) = m1+1. First, for (vg, wyp) such that ||(vg, wp)||rz < A, let us consider (v(t, x), w(t, x)) the

solution of (1.1). Let us consider ¢, an exponent such that g, > p. and y(q,) = ﬁ (such a g, always exists since
p. > 1. see the remark after Theorem 1.3). Next, let us consider the sequence g; defined by

1 1

4 Gy

1
=6i<—m+1’ (56)

n
a

1
m+1°

and note that {g;} is increasing and there exists g, such that alqk <
Let us define

1
1(q;, §4y) = I(l - Ty wnr My,
0

Then, by (5.6), for all i > 0, I(g;, q;,,) < +«. Now, we pick ¢, > 0 and we consider (V’, W*) the solution of
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V(t,x) = eV + BV, W),
W'(t, x) = e™W; + B(W’, V"),

5.7
V’(O’ X) = %(X) = V(tOJ X))
W0, x) = Wy(x) = W(to, X).
Similar to the previous steps and y(q,) = ﬁ we have (Vj, W) € LZ&(R™ N L%(R™) with
IV, We)llzoo < CEVW(| Ve + | Whllzee)- (5.8)
Lemma 5.1. Let T = T(ty) such that
QO™ TP I (g, @) (| Vollzoo + [[Whllzoo) < 1, 6.9
then for allt € [0, T), we have
V(e ), Wt Dl < Ce%(|[ Vgl + [[Wllzo). (5.10)

Proof. Indeed, since (V5(x), W;(x)) € L%(R™ with g, > p,, following the proof of Theorem 1.3, we see that the
sequence

Py - . . .
V0 = e AV, vitt = v0 + B(v/, wi),

P . . .
w0 = e AW, witt = w® + B(w/, v)).

converges strongly to (V, W) in C([0, T), L%(R™)). By Lemma 2.2, (v°, w°) obviously satisfies (5.10) for all ¢ > 0.
Now, if v/ satisfies (5.10), then

t
)]z < Vel + C [¢ = 2RIV 107 = wzde
0

t
< )|Vl + C2mIC [Vl + ([ Wellzw)™ [ (¢ = o) Sz mdae
0

forallt € (0, T), and so

[V Ol < 20 (|| Vil + (| WEllzo)

1 e
ib + 2MCMH(| Voo + || Wo|zo0)™I(qp, ql)Tl"so], vte (0, T).

Hence, if T satisfies (5.9),
IV, ), Wi, )| < 2Ct%(|| Vgl + ||[Wpl|zo).

So, by introduction, (5.10) holds for all j € N, and thus, Lemma 5.1 is proved. O

Using the uniqueness result in the supercritical case and (5.7), we see that
V(t, x) = V(t+ ty, x), W'(t,x)=W(t+ ty,x),
due to Lemma 5.1, for each t € [0, T(ty)) and T(t) satisfies (5.9), we have
IVt + to, ), W(t + to, Dl < 2CE3(|V (o)l + [[W (to)]|z)-
Now, we claim that there exists an absolute constant A" such that, when ||(vy, wp)||z < A’, one can always take

T(ty) = % in the previous inequality. Indeed, by Lemma 5.1, we have only to make sure that

e[ to 1-pc/qo ) ) m
QO™ 1(qp, @)(|1 Vsl + [|Wollzo)™ <1,
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combining with (5.8) and following by

to

" 1-p./ qy=my(qo)
20)™
aor(3]

1(qo> q)(|[vollzee + [[wollzee)™ < 1,

and1 - (% - my(q,) = 0, it is sufficient to make sure that
QCY™ (g, q)(I[Vollzre + [[wollzre)™ < 1.

Thus, when (vg, wy) is small enough in L%(R"), (5.9) holds for each ¢, > 0, and so

) )

and since tg is arbitrary, then for all ¢ > 0, we have

14

8o, V()
< 4Ct5t " O (|Ivollzre + [wollzre),
JAS

_nf1_1
||(V(t), W(t))”L‘h < 4Ct “(pf ql)(”VOHch + ||W0||Ll7c).

Now, since I(g;, q;,;,) < * and the required estimate for ¢, defined by (5.6) is proved, we have just to iterate this
proof to obtain the required estimate in L%(R™)-norm. Thus, for each g;, the proof follows by induction. Now,
if q € (g;, q;.,), we obtain the result by interpolation. Thus, we have proved that the global solution
(V(t, x), W(t, x)) of (1.1) satisfies that

VO, WOl < CEVO([wollre + [[wollzr),  Vq € [P, 1)

For the case p € [n, +), the proof is similar as earlier, we omit the detail.

5.2 Initial data in L%(R™) N LP(R")

Let p < p,. For the initial data (vo, wp) € LE(R™) N LP(R™) such that ||(vo, wy)||re < A, (V(t, X), W(t, x)) is the
mild solution of (1.1), which belongs to BC(R*, L?) and satisfies Estimates (5.1)—(5.3). Using the slight improve-
ment about the decay of the LI(R"™) norms (Estimates (1.12) of Corollary 1.1) that we previously proved, we are
first going to show that the solution belongs to LP(R") for all ¢ (Step 1), then we will prove that (V, W) belongs
to BC(R™, LP(R™)) (Step 2) and next, (V, W) satisfies the asymptotic estimates (1.12).

Step 1. For (v, wy) € LE(R™) N LP(R™) and we want to prove that, for any T > 0,

I(V(), W) < C(T), Yt eE[0,T) (5.11)

First, assume that

pc
maxil, <p<p. (5.12)

Since (V(t), W(t)) is a solution for (1.1), for all T> 0 and t € [0, T],
IV (Ollzr < Cllwollze + ||B(V, W)|r

g _1_n(1_1) )
< Clugllr + € ¢ = oy E 0 ymuc-ay1(v - w)lrde
0

t
< Cllvollr + € [ = Ty VI |V - Wedr,
0

where% = pﬂm + % - % and p, < q < n.If we choose g such that g = n, by (5.12), pm > p,, using Estimate (1.12) of
Corollary 1.1, we obtain that
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n

t
IV(@®)llr < Cl|vollze + Cj(t - ) aar M Y@(||vg| e + |[wollpe)™HidT,
0

< Clwollze + CT)(|[vollzze + [[wollzee)™*?,

where p, < q < n, for all% < p <p, wehave 0 <my(pm) + y(q) <1 - % <1
Similarly,

IWOIl> < Clivollzr + CCT)([vollzre + [lwollzze )™,

Thus, we obtain Estimate (1.14) for p satisfying (5.12), and if p, < m, the proof is complete.
Assume now that

b

max =, (5.13)
m

p
1,;2]5p<

First, if (v, wp) € LE(R™) N LP(R™), then (v, wy) € LY(R™) for all [p,/m, p,), and then, by the previous result,
[|(v(®), w(t))||re < C(T, vy, wy) for all q in the range [p./m, p,).
Second, since (v(t, x), w(t, x)) is a solution of (1.1),

[IV(©O)|lr < Cl|volle + ||B(V, W)||rr

I ,;,3(1,1) 1
< Cl|vo|lr + CI(t =) ) |[VV(-AYH(V - W)||rdT
0

t
< Cllwllzr + € [t = Tyl VI [V - Wijsodr,
0

m 1

where % =mty % and p, < q < n. Choosing q such that g = n, by (5.13), pm € [%,pc). Hence, by the

previous result, we can use the bound ||(V(t, x), W(t, X))||Lm < C(T, vy, wy), which leads to
||V(t), W(t)”LP < C”VO, W()”LP + C(T, Vo, W()).

Thus, Estimate (5.11) holds for all p in the range [max{l, p.m™2}, p,).

Finally, for p € [p.m™1, p.m™), the proof of (5.11) follows easily by induction.

Step 2. In Step 1, we have proved that (V (¢, x), W(t, x)) is the solution of (1.1) that belongs to LP(R™) for all
t = 0 when (vo, wp) belongs to LP(R™) N LP(R™) and when (vy, wy) is small enough in LP%(R"). Now, we are going
to prove that (V(t, x), W(t, x)) belongs to BC(R*, LP(R™)). Let us consider T > 0 and ¢t in [0, T]. First, since
(V, W) is a mild solution of (1.1), by Lemma 2.2,

VOl < Cllvllzr + BV, W)
t
< Clvoller + € [ (¢ = D F@Vm(=4Y IV - W)pedr,
0

where ¢ is any exponent in [1, p) which will be fixed later, and where £(q) is defined by

1 1]. (5.14)
q Pp

1 n
— +
a a

§(q) =

Using Holder’s inequality, we obtain

t
IV@OIlr < Cllvollr + Cj(t = O @ V][ || V][ ion |V = WizesdT,
0

where é =l - L and p, < g, < n. Furthermore, we choose ¢, such that qq; = p to obtain

1
+ —
qq  qqm+1D) g



DE GRUYTER Well-posedness of Cauchy problem of fractional drift diffusion system == 19

t
IV@Oller < Cllvollze + CIIVIIL“<[o,w),LP>I(t = DOV |V = Wlpsdz,
0

Now, if we choose q such that q = p with q < p and choose g, such that g, = n with g, < n then, since qq, = p,
ie, q = 1and g, is large enough. Hence, it follows that qq,(m + 1) 2 p.. Next, for qq,(m + 1) 2 p,, by Corollary
1.1 and the L1%(-D(R")-norm, we have

IV(O)lamn-b < CEVERPDvg e + [[wollze),
and by L%(R™)-norm, we obtain

||V— W||Lli3 < Ct_y(q3)(||V0||LPc + ||W0||ch).

Thus,
t
IVOllr < Clvollzr + ClVIlz=o, oy (lere + Iwollee)™ [ (¢ = 1 8@70@dz,
0
where
nf 1 1 1
8(q) = (m -1 m - 1) + =1-——+=|=1-=, (5.15)
(@) =( (qqy( ) +y(gs) ol 94, qg] a

since g; = n and ¢, is large enough, when we choose ¢ = p. One can easily check that 0 < ¢(q) <1 and
0 < 6(q) <1 (since a > m = 1). Furthermore, £(q) + 6(q) = 1, and so,

IV(Ollze < Cloller + ClIVIIz=o,r1,.7) (I[Vollee + [[wollzre)™. (5.16)

Now, if||(vo, wp)||re is small enough, then C(||vo||ze + ||wo||z)™ < % then, by (5.16) and || V||z=(jo,r},7y < o for all
T > 0, we have

|[oll»
Vllz=qo,rL7y < < 2|[vol|z.

~ 1= C(l[vollzre + [lwollzre)™
To conclude, we have just to remark that the right-hand side of this estimate does not depend of T. Thus, we
have proved that (V, W), the mild solution of (1.1) that belongs to BC(R*, LP(R")).

Step 3. Now, we have to prove the L"(R") Estimate (1.14) of Proposition 1.1. They hold obviously for the
term (e‘“‘avo, e‘“‘awo) by Lemma 2.2; hence, we just deal with the nonlinear term B(V, W) and B(W, V). First,
let us suppose that

&m=%%—1k1—3 (517)

Then,

t
1BV, W)l = € [ (¢ = 2700 b0k (rmyc-ayiv - wy)| |, de
0

t
sCIa—nﬂﬁﬂmmewmﬁmmv—wmmn
0

S
Toaq T apm+D) g
q = p, then g, = 1, taking q, = n with p, < ¢, < n and qq,(m + 1) 2 p,, and so using Corollary 1.1, we obtain

whereq € [1,p), p. £ q; < n, % - %, and ¢(q) is given by (5.14). Now, taking qq, = p with

t
1BV, W)l < CCsup VIl )[vollzr + [wollzro)™ [ ¢ = )80 -4@7-0@dr,
teR* 0
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where 0(q) is given by (5.15). If (5.17) holds, then one can choose ¢q, q;, and ¢, such that 0 < 6(q) <1,
0 < 8(r) + &(q) < 1, and £(q) + 6(q) = 1, and 50

BV, Wi < €50 sup |V

teR*

(lIvollzee + [[wol[zre)™.

Then, since ||v||zz < C||vol|z» (by Step 2), we have || B(V, W)||r < Ct=5O)|vy|z».
Now, if (5.17) is not fulfilled, we build a sequence {r;} defined by

1 1

o hia

n

r0=p,a = §; < max

1
1-—m+1;
a

Now, if p < 1 <1, < p,, since (V, W) is bounded in L? N L%, then (V, W) is also bounded in L" for all 7 in[p, p,]
and for each t > 0.
Let to > 0 and (V’, W’) be the solution of (5.7). We have already proved that

(Vo, Wp) € LE(R™) N LA(R"™),
with [| Vgl < Cto®™l[vollze JIWgllzrs < Cto®Vl|wollze, and furthermore, (V(¢, -), W'(t, -)) is bounded in LE(R™) N
Li(R™). So we just have to iterate the previous proof to estimate V'(ty, x) = V(2ty, x) and W*(ty, x) = W(2tp, X) in
L(R™) norm with respect to V5(x) = V(ty, x) and Wy(x) = W(tp, x) in L'(R™ norm to obtain the required
estimate and we can do this until r; < p,.
Now, let us denote by N the first index such that ry = p,. We have proved that

VOl < CEW|vglly  and  [[WO)zg, < CE|fwo]lzr, (5.18)
where (V’, W) is the mild solution of (5.7) with the initial data replaced by
Vi(x) = V(N - Dty,x) and Wj(x) = W(N - Dy, x).
Then, we can choose ry+¢ such that p, < ry+1 < n. Followed by Corollary 1.1, we have

VOl < COW(|| Vg |gre + (| Wllzre),

] , (5.19)
WOl < COMWD(|[ Ve + [|Wellzeo),

where y(ry+1) is defined in Corollary 1.1 and (V'(t), W'(t)) is the mild solution of (5.7) with the initial data
replaced by Vj(x) = V(Nty, x) and Wy(x) = W(Nty, x). Then, combining (5.18)—(5.19), we have

IV (tV + D)l < GV (vollze + [[wollze),

W (to(N + D)o < Ci ™ V(| |vollze + [[wollze)-

This ends the proof of Proposition 1.1 since ¢ > 0 is arbitrary.

5.3 Initial data in Hg([R")

Let us consider an initial data (vo, wp) such that ||(vo, w0)||H5c < A’. Then, by the Sobolev embedding theorem,

(vo, wp) € LE(R™ N LP(R™) and if A’ is small enough, then ||(vy, wp)||re. < A. So, according to Proposition 1.1,
there exists a unique global solution (V (¢, x), W(t, x)) of (1.1), and this solution satisfies (1.13) and (1.14). Hence,
to prove that (V, W) belongs to BC(R", Hgf), we have only to check that (V, W) remains bounded in the

homogeneous space H;C(R"), thanks to the following well-known inequality:
IFlls; < CUFe + fllg), Vs 2 0.

Now, since (V, W) is a solution of (1.1),
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IV(@Ollgse < Cllvollge + 1BV, W)l[ggse

< Clvollie + cj(t - oyl ebesymy-ay iy - W)H dr
1
< Clvollg + cj(r = oy () vme-ay v - wrae

< Cllvollgs + cja - YOV - W]z,

where

with g € (p,, pm] and ¢, € [p,, n).

Since p > p,m™!, one can easily check that s, < a|1 - % <a-1(m<a). Taking q, = n with ¢; < n and

q = pm, one can always choose ¢ such that 0 < A(q) < 1. Then, for this choice of g, we obtain

m

IV (Ollge < Cllvollmge + €

sup 0V

‘| sup tY@||V - W||Lq1]j(t - D)MDT-m@-¥@dr
teER*

m

< Cllvollmg + C|sup tYD|| V||

teER*

sup Y @)||V - W||Lq1],
teER*

since y(q) + my(q) + y(q,) = 1andmy(q) + y(q,) € (0, 1). But by Corollary 1.1, we know that tY@|| V||« remains
bounded for all ¢ > 0 and so (V, W) belongs to BC(R", H;C). Thus, we have proved that (V, W) belongs to
BC(R*, Hy"). This ends the proof of Part (1).

Now, let (vo, wp) € H,(R) such that ||(vo, wo)||us= < A”. Then, according to Part (1) of Theorem 1.2 and to Part
(1) of Theorem 1.4, there exists a unique solution of (1.1) in C([0, Tp,), H;) N BC(RY, H;f) and so, to prove Part (2),
we must show that blow-up in H;([R") norm cannot occur when t > T,,,. But, like the proof of Part (1), one can
easily show that for T> 0,¢t € [T, T, + T,

IV(E) = evpllgseo < c_[(t - T 1O V|||V - Wjgedr, (5.20)
0

1+sg+6'

where n(0) = + ( ™,0< 0<% -1, and q = n with g < n. By Hj(R") = L%(R") and (5.4), we obtain
that the right- hand 31de of (5.20) is bounded by
t

€[ (& - D OV O + wellr)de
p
0

m t
< C[sup IVl I(t - 1) 1O Vg
tERM 0
m
< Ct¢|sup V15|
teERM

since0 < n(@) <1,0 <y(q) <1,andn(d) + y(q) =1+ - Where y(q) is given by Corollary 1.1. Hence, if blow-up
holds in ij*e([R"), itholds in Hy¢(R") norm, this contradlcts Part (1). Now since s > s, is arbitrary, we have just
to iterate like the proof of Part (2) of Theorem 1.2 with 6 < m(s - s.) replaced by 6 = m(s - s.).
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6 Proof of Theorem 1.1

In this section, we prove Theorem 1.1, the main part is the following nonlinear estimate:

I, Wl < ClVIigsllv = wils
that we used in a crucial way in the proof of Theorem 1.2 (our result about local existence and uniqueness for
the Cauchy problem (1.1)). First, we are going to consider the case (H1) (i.e., when s, < 0), Then, after recalling

a few results about Littlewood-Paley analysis, we will prove Theorem 1.1 when the assumption (H2) is ful-
filled (0 < sy < m).

6.1 Cases, <0

n+1l
m+1

Here, we suppose that maX[O, % - ’ < s and that (H1) is fulfilled, i.e. s,, < 0. Now, consider (v, w) € H;([R").

Then, by the Sobolev embedding theorem (s, < 0 and p € (1, +)), we have

np
LYR™ Hin(R"), = . .
(R") = H"R"), ¢ n=sip (6.1
Together with Holder’s inequality and Lemma 2.1, for all 0 < s < % -landr = n'_lps w’
I, w)lggn = VY-8 = W) lgn
< CVmV(-4 (v = w))ye 62

< CPIIFHIVEATW = )l e

< QI = wllr

Now, by the Sobolev embedding theorem (s > 0 and p € (1, +)), we have
HR™) = L'(RY),

Thus, with the estimate (6.2), we obtain

I, W)l < Clviigsllv = wilsg-

This implies our claim.

6.2 Littlewood-Paley analysis

Let us first recall the Littlewood-Paley dyadic decomposition for a tempered distribution. Let ¢, be a non-
negative radial test function such that @y(¢) =1 for |¢| < 3/4 and such that 9,(¢) =0 for |£| 2 1. Let
(pj(x) = 2, (2/x), ie., (ﬁj(x) = 9,(27x), and let us consider the partial sum operators §; associated with the
¢; and defined by

SO0 = §f ().

Now, define 1,(x) = ¢, and ¥;(x) = ¢,,,(x) - ¢;(x) and, in the same way as previously, consider the operators
4; defined by

4(FH)X) = Sa(FHX) = ) = hf ().

Thus,
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f= }imsj(f) = 4o + 2 4(). (6.3)
— 00 ]:0
More precisely, one can prove the following result [39].

Proposition 6.1. The convergence in (6.3) occurs in Hy(R") for all p in (1, +) and for all s in R. Furthermore,

. 1/2
1l ~ 140 (Pllee + ||| 247 |Aj(f)|2’ » VfE€ H;RM.
j=0

P

Now, we give some classical lemmas which will be of great use in the sequel.

Lemma 6.1. [40] (Bernstein’s inequalities) Let p € [1, «].
(1) Iff has its spectrum in the ball B(0, r), then there exists a constant C independent of f and r such that

IAsflle < CrolIflle, Vs > 0.

(2) Iff has its spectrum in the ring C(0, Ar, Br) = {& : Ar < |§| < Br}, then there exists some constants C; and C,
independent of f and r such that

Gri(flie < |1Asflle < Gril|flle, Vs > 0.

For the behavior of S;(u) and 4;(u) in L*(R™-norm when u € H;([R"), we give the following.

Lemma 6.2. [40] Let s, = S — %.
(D Foralls €R, |4 @)lr= < €27 |ul|gs;

2) If s < n/p, then ||SW)||r= < C275|u|s.
Lemma 6.3. [32] Let {f, }x-o be a sequence of functions in S’(R") such that
supp(fk) C B(0, C25).

Then, there exists a constant C such that

© 1/2 w 1/2
[Z Zm,»(w] <C [Zlfkv]
j=0k=0 v k=0

P

6.3 Paracomposition formula
To prove Theorem 1.1, we use the paracomposition technique (see [32,40-42]), which generalizes the para-
product technique introduced by Bony. We rewrite F(v, w) as the series
F(v, w) = F(So(v), Sow)) + (F($1(v), Si(w)) = F(So(v), So(W)))
++(F(Sies1(v); Sera(W)) = F(Si(v), S(w))) +-+-

= F(So(v), Sow)) + D Seea(W)™V(=A) 4y (v - w)
k=0

+ Y (St (W)™ = SW)™MV(=A)Si(v - w)
k=0

= F(So(v), Sow)) + Y SjrsW"™V(=A) 2 (v = w) + Y A (V)mye(v, w),
k=0 k=0
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where

1
mi(v, w) = mI(Sk(v) + th (W)™ W(-A)1S (v - w)dt.
0

Thus, we have

1

lImu(v, w)|lp= < mI||Sk(V) + W[ [[Skea(V(=4) S (v = w))||de
0

el s\ om— ket _E _ (6.4)
< c2 Mo ) Dok D uC-a) 1w - W)l

< cz'k(S'%)O"'%|v||§lglz"‘“”‘%)llv - Wl

To relocate the my(u) spectrums, we introduce a second Littlewood Paley’s partition of unity

[

£), 540 6.
) 2]

and mg(v, w) = my (v, w) + Z;Omk,p(v, w), where

my,-1(v, w) = 7:_1[7/21[ d ]]*mk(V, w),

A2k
e €
mk,p(vx W) - ,F[l/)[Azk+p]]*mk(V) W)
Thus,

2 M Wmgv, w) = Y A Wmye (v, w) + Y Y AWMy (v, w),
k=0 k=0 k=0p=0

and we want to prove that each of these terms belongs to H,"(R"), where s, > 0.
We now describe the fact that the series Z°k°=0Ak(v)mk,_1(v, w) belongs to Hg'". We first give the following
lemma.
Lemma 6.4. Under (H2), we have
< k[s‘ﬁ]('"‘l) m-1o-k(s+1-1)(|1, — k
[l 1 (v, w)||p= < C2 IVl "2 Pllv-wllgs, VkEN.

Proof. Since ¢, be a non-negative radial test function, we have

(lme, 2 (v, w)||= <

7:_1[@1 %]]*mk(‘h w)

| e )

< Cllmu(v, Wl

e

(v, w)|=
Ll

et gz eby - wiy
Together with (6.4) and Lemma 6.2, Lemma 6.4 is concluded. O

To prove that the series belongs to H;"(R"), it is then sufficient to show that the function
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21/2

> A (W)my1(v, w) e Lp.

k=0

4

o(x) =|) 4fm
j=0

By construction, the my, (v, w) spectrums are in the ball B(0, A2¥) and the 4,(v) spectrums are in the
rings C(0, 27'A2K, 2A2%). Taking A = 100 (for instance), then the composition My -1(v, W)Ak(v) spectrums are in
some extended balls B(0, A2¥) and so, there exists an integer N such that 4 (A (V)my -1 (v, w)) are disjointed.
So,

2 2

Y AWMy (v, w)
k=j-N

Y M (W)my (v, w)
k=0

4; 4

SC4Tm Y Ao | A (A (V)M (v, W),
k=j-N

by Cauchy-Schwartz inequality applied to the sequences
{2ksnfs; n} and  {2KmA; (A (VMg 4 (v, W) ksj-n}

(note that s, > 0 is needed). Then, by definition of g(x), we obtain

1/2
ax)<C

bl

Y D 14,@n A WMy (v, w)|?
j=0k=0

and Lemma 6.3 applied to the sequence {27%nJ;.;_y} leads to

1/2

0

¥ s A (V)M 4 (v, w)|2
k=0

loCOllr < €

LP
Now, using Lemma 6.4,

4 (WIMye1(v, W) < |4 (W) [ A V)M 1 (v, )|z

(m-1)

s+1—%]

<ca] g4 = wif )P,

and so,

©

1/2
XS |Ak(v)|2]

oGOl < ClIvIE v = wia
D 14
k=0

< Cl I - wis;.

P
Thus, the series belongs to H,"(R™) and its norm is bounded by C|[v|[zs|[v = w][xs.
D 14

Then, we describe the fact that the series Zz=OZ:=0Ak(v)mkyp(v, w) belongs to Hy"(R™).
For the fixed p = 0, we define

&(x) = ZAk(v)mk,p(v, w).
p=0

Taking the constant A large enough, one can check that the A (v)my p(v, w) spectrums are in some rings
{€: C2P*K < |&| < C,2P*K). So, there exists an integer K (which does not depend on p) such that those rings are
K to K disjointed. So, we can use the Littlewood-Paley analysis on the K partial sums ¢,,(x) defined by

0= Y AWMy, w), r €10, .. K - 1},
k=rmod(K)

and, by Proposition 6.1, we know that for all r € {0, ...,K - 1},
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1/2

[[€pllezzn < C > Ak A (V)my (v, W)

k=r mod(K) 17

Lemma 6.5. Under (H2), we have

—k[s—"]m—k _ -
1M p (v, Wllz= < €270 P22 PV IV = Wil

Proof. Let us define m = N + v, where N = [m] and v € [0, 1), and
PiW)(X) = SW)(x) + thk(W)(x).
By Lemma 6.1 applied with p = o,
[IMyep(v, W[ < C27EP™|Imy(v, wlcm, (6.5)
where C%(R™) denotes the Holder space of order § endowed with the norm:
IRllce = IIhll= +---+ [ID°hl|=, if 6 €N,

ID¥h(x) - DN (y)|
h||c6 = ||h||cy + su
lI”llcs = lIAllc |x—y|111 T

, ifO€&N.
So, by (6.5),

(M p(v, W[ < C27EPM Imy (v, w)|[p= + -+ +|[DNmy (v, w)||p=

(6.6)
+ sup [D¥my(v, w)(x) —DVNmk(v, w)(y)| .
Ix-yl<1 Ix =yl

The bound of ||m(v, w)||;= is easy to establish: we have just to argue as in the proof of Lemma 6.4 to obtain

—k[s—ﬂ](m—l) e _n
lImav, wllz= < €270 " Pl 2 KDy - wilg. 67

Next, we must bound ||D/my (v, w)||;= for j € {1, ...,N}. Let y be multi-index such thaty = y; +---+ y, with total
length [y[ = [y| +--+[y,| = j, then,
Ly
I w0 = Y [T Y DIPIOImMPLCx) - IPLX)INT(-AY ISV — W)L,
Y=Y @71yt + =y

By Lemmas 6.4 and 6.5,

IDT LY < CPECOIE " < 62”‘[3’%]"""1’”||v||25 “, (6.8)

0RO < CMBLGO < i v, (6.9)
and furthermore,

197V (=2) 18 = W)l < C2TK|[S (V=AY (w = w)) =
< C2MQ KD Y(=A) (W = )| (6.10)

< C2MRQHED| |y — .

Thus, for j € {1, ...,N},
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IDImy (v, w)||p= < C2/k2° [ ] |V||Hsl||V = Wl

To conclude, we must estimate

sup DYy (v, w)(X) — DVmy (v, W) _ D(X,y).
x-yl<1 =y

Let y be a multi-index of length N. Then,
o'my (v, w)(x) — a"my(v, w)(y) = I(x, y) + J(x,y) + K(x, ),
where

Ly
I6y)= Y [ 3 (D@ - Dreio)m

Y=Y a=lnt e+ =y

: ﬂanp,g(x) 91(V(=A)1Sk(v = w))(x)dt,

Lyl

q
Jey= Y [Y T pr@onny

y’+r]:y0 q:1y1+..+yq:y’ j=1

[10"P{(x)|[(@"PE0x) ~ 8%PE(Y))

i>j

x [[10%PE) [97(V(=2)1Sk(v = w))(x)dt,

i<j

Kooy)= Y IZ > DTR)" I'IaVPk(y)

YHN=EY o =1yt Y=y
V(=AY (Sk(v = w)(X) = Sk(v = w)(y))dt.

By definition of C5(R) and Lemma 6.2, we have
IDT(PO)™ = DEPL )™

be-yl<t =yl
o SO - B
< sup g
[x-yl|<1 |x _)’|
[PE(X) = PE()
< ¢ sup PLOZRON peoymea=z oy peyymea-2y

[x-y|<1 Ix =yl

-plm-q-1
ClIPer 1L 472 < c2kv2” o-tfm-a- vl

IA

and

|0%(P(M)(X) = PM)I

xyl<1 =yl

Similarly, we have

|a"V( A7 (S (v = w)(X) = Sk(v = w)())I
Ix y|<1 - yl”

< C2KUnHvIk(s+1=p) |y — ||,
14

Then, by (6.8)-(6.10) and (6.12)-(6.17), we have

< ||PEQ)||ehjiev < C2KW||PE(W)| | < czkﬂvj'”)z"‘[s'P]||v||H;.

-_— 27

(6.11)

(6.12)

(6.13)

(6.14)

(6.15)

(6.16)

6.17)
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I(x,y) + J(x,y) + K(x,y)

D(x,y)= sup
Ix-yl<1 Ix =yl (6.18)
oo ~K{s= Bk ety
< camy 73] VI IV = wilsg.-
Now, by (6.6), (6.7), (6.11), and (6.18), we have
S K5 nlm-k —k|s-L{m-k
I, Wl < C2-0mml Y 23k 4 g4 VI v = wilg
j=0
oS
< caemg U 3 290+ v - wilsg
j=0
_pma~K|s—p|m-k Ay .
<C27Pm [ p] VIl 11V = Wilss-
This ends the proof of Lemma 6.5. O

Then, by Lemma 6.5,

1/2
Il < C || X A% A WP Imy p(v, w)|
k=r mod(K) I
1/2
—k[s—ﬂ’m—k _ -1
scl| X g m@pdatr ] 27Pmarsn v v = Wil
k=r mod(K) 1
1/2
<Coon Ly - wil ||| Y 4 |Ak<v>|2]
k=r mod(K)

P
< C2Pom MR IV = Wil

Thus, for s, < m, the K series {¢)},en are uniformly convergent in H,"(R") and

2 g < CIVIIgI = wilas.
refo,...,K-1}
Thus, the series belongs to H,"(R") and its norm is bounded by C ||v||§;||v = W||gs.
To end the proof of Theorem 1.1, we need to prove that Y ,_Si+1(V)™V(-4) 4 (v — w) and F(Sy(v), So(w))
belong to H,"(R"); using the same methods as in Section 6.3, we can obtain that they are bounded
by Clvilgsllv = wils-
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