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Abstract

Tropospheric asymmetry is a crucial error term which needs to be considered for the

re�nement of tropospheric modeling in Precise Point Positioning (PPP). Wet asym-

metry can account for more than one-�fth of the wet delay, causing residuals rang-

ing from centimeters to decimeters at low elevation angles. Tropospheric asymme-

try signi�cantly impacts high-precision positioning applications and meteorological

research. First models of tropospheric asymmetry are based on the concept of tro-

pospheric horizontal gradient, which has prompted the development of many new

models, including the widely used two-axis gradient model. However, the tradi-

tional two-axis gradient model is insuf�cient to represent the complex azimuthal

variation of tropospheric delays. To address this issue, a directional mapping func-

tion based on cyclic B-spline functions, the so called the B-spline Mapping Function

(BMF), is proposed. BMF enables a continuous characterization of tropospheric de-

lay across any azimuth direction. The effectiveness of BMF has been validated using

both numerical weather model data and Global Navigation Satellite System (GNSS)

data from International GNSS Service (IGS) stations in Europe and Africa. Results

reveal that compared to the conventional gradient model, BMF improves coordinate

repeatability by approximately 10% horizontally and 5% vertically. The improve-

ment in 3D-RMSE can reach up to 15% under heavy rainfall conditions.

While the functional model of the asymmetric troposphere has been extensively

studied, the stochastic model of the asymmetric troposphere remains unexplored.

The absence of a suitable stochastic model for asymmetric troposphere reduces the

accuracy of positioning and Zenith Total/Wet Delay (ZTD/ ZWD) estimates. In this

work, an Azimuth-Dependent Weighting (ADW) scheme is introduced with the pur-

pose to adaptively weight GNSS observations affected by azimuth-dependent errors

using parameters from asymmetric mapping functions. Validated using NWP and

IGS data, ADW improves PPP solution coordinate repeatability by approximately

10% horizontally and 20% vertically. ADW also improves ZWD estimates during

the PPP convergence period and yields smoother results. Thus, this new weight-

ing scheme is recommended for PPP applications when the asymmetric mapping

functions are used.

In the currently used conventional PPP processing strategies, ZWD is usually

dynamically estimated as a stochastic parameter. During the convergence period,

ZWD could become negative due to the lack of physical constraints. This problem

increases the convergence time and reduces short-term accuracy of PPP. To address
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this issue, a method which incorporates physical constraints on ZWD using Non-

negative Least Squares (NNLS) methods and Karush–Kuhn–Tucker (KKT) condi-

tions is proposed. This method reduces ZWD outliers during the PPP convergence

period, and effectively improves the short-term accuracy for the Up component of

the position up to 20%.

Similar to tropospheric delays, there are some other systematic errors that also

have azimuth-dependent characteristics, such as multipath error. Consequently,

when using an asymmetric troposphere model, the gradient parameters may ab-

sorb some of the multipath error, leading to biases in ZWD/ZTD estimates. Due

to the site-speci�c nature of multipath errors, establishing a universal mathematical

model is challenging. Therefore, in this thesis, a commercial simulator is employed

to simulate multipath signals under different scenarios. The impact of multipath er-

rors on estimated ZTD time series and methods to mitigate this effect by adjusting

the process noise of ZWD are studied.

This thesis provides an in-depth exploration of asymmetric troposphere model-

ing in PPP from four perspectives: functional models, stochastic models, constraint

conditions, and systematic errors. It investigates methods for re�ning troposphere

modeling and analyzes their effectiveness in PPP and GNSS meteorology.
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Zusammenfassung

Die Asymmetrie der Troposphäre ist ein wesentlicher Fehlerterm, der bei der Ver-

feinerung der troposphärischen Modellierung bei der Positionierungsmethode Pre-

cise Point Positioning (PPP) berücksichtigt werden muss. Die Asymmetrie der feuch-

ten Komponente kann mehr als ein Fünftel der Verzögerung durch den feuchten

Anteil ausmachen und Restfehler im Bereich von Zentimetern bis Dezimetern bei

niedrigen Höhenwinkeln verursachen. Die Asymmetrie der Troposphäre hat er-

hebliche Auswirkungen auf Anwendungen, wie die hochpräzise Positionsbestim-

mung und die meteorologische Forschung. Erste Modelle für die Asymmetrie der

Troposphäre basieren auf dem Konzept des horizontalen Gradienten der Troposphä-

re, was die Entwicklung vieler neuer Modelle anregte, darunter das weit verbreit-

ete Zwei-Achsen-Gradientenmodell. Allerdings ist das traditionelle Zwei-Achsen-

Gradienten-modell unzureichend, um die komplexe azimutale Variation der tro-

posphärischen Verzögerungen darzustellen. Zur Lösung dieses Problems wird eine

richtungsabhängige Abbildungsfunktion auf Basis zyklischer B-Spline-Funktionen,

die sogenannte B-Spline-Mapping-Funktion (BMF), vorgeschlagen. Die BMF er-

möglicht eine kontinuierliche Charakterisierung der troposphärischen Verzögerung

in jeder Azimutrichtung. Die Wirksamkeit der BMF wurde sowohl mit Daten aus

numerischen Wettermodellen, als auch mit Daten des Globalen Navigationssatel-

litensystems (GNSS) von Stationen des International GNSS Service (IGS) in Europa

und Afrika validiert. Die Ergebnisse zeigen, dass im Vergleich zum konventionellen

Gradientenmodell die BMF die Koordinatenwiederholbarkeit horizontal um etwa

10% und vertikal um 5% verbessert. Die Verbesserung des dreidimensionalen Fehlers

(3D-RMSE) kann unter starken Regenbedingungen bis zu 15% betragen.

Während das funktionale Modell der asymmetrischen Troposphäre bislang in-

tensiv untersucht wurde, bleibt das stochastische Modell der asymmetrischen Tro-

posphäre unerforscht. Das Fehlen eines geeigneten stochastischen Modells für die

asymmetrische Troposphäre verringert die Genauigkeit der Positionsbestimmung

und der Schätzungen der Zenith Total/Wet Delay (ZTD/ZWD). In dieser Arbeit

wird ein azimutabhängiges Gewichtungsschema (Azimuth Dependent Weighting,

ADW) eingeführt, das zum Ziel hat, GNSS-Beobachtungen, die durch azimutab-

hängige Fehler beein�usst werden, adaptiv zu gewichten, indem Parameter asym-

metrischer Mapping-Funktionen verwendet werden.
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Die Validierung mit NWP- und IGS-Daten zeigt, dass ADW die Koordinaten-

wiederholbarkeit der PPP-Lösung um etwa 10% horizontal und 20% vertikal verbes-

sert. ADW verbessert auch die ZWD-Schätzungen während der PPP-Konvergenz-

phase und führt zu glatteren Ergebnissen. Daher wird dieses neue Gewichtungss-

chema für PPP-Anwendungen empfohlen, wenn asymmetrische Abbildungsfunk-

tionen verwendet werden.

In den derzeit verwendeten konventionellen PPP-Prozessierungs wird ZWD in

der Regel dynamisch als stochastischer Parameter geschätzt. Während der Kon-

vergenzperiode kann ZWD, aufgrund des Fehlens physikalischer Einschränkun-

gen negativ werden. Dieses Problem verlängert die Konvergenzzeit und verringert

die Kurzzeitgenauigkeit des PPP. Zur Lösung dieses Problems wird eine Methode

vorgeschlagen, die physikalische Einschränkungen für ZWD mit Hilfe von Metho-

den der nicht negativen kleinsten Quadrate (Non-negative least squares, NNLS)

und den Karush-Kuhn-Tucker-Bedingungen (KKT) mit einbezieht. Diese Methode

reduziert ZWD-Ausreißer während der PPP-Konvergenzphase und verbessert die

Kurzzeitgenauigkeit der Höhenkomponente um bis zu 20%.

Ähnlich wie bei den troposphärischen Verzögerungen weisen auch einige andere

systematische Fehler, wie etwa Mehrwegeffekte, azimutabhängige Eigenschaften

auf. Folglich können bei der Verwendung eines asymmetrischen Troposphärenmod-

ells die Gradientenparameter einen Teil des Mehrwegfehlers absorbieren, was zu

Verzerrungen bei den ZWD/ZTD-Schätzungen führen kann. Aufgrund der stan-

dortspezi�schen Natur von Mehrwegeffekten ist die Entwicklung eines universellen

mathematischen Modells schwierig. Daher wird in dieser Arbeit ein kommerzieller

Simulator eingesetzt, um Mehrwegeffekte in verschiedenen Szenarien zu simulieren.

Der Ein�uss von Mehrwegefehlern auf die geschätzten ZTD-Zeitreihen wird unter-

sucht, und es werden Methoden zur Minderung dieses Effekts durch Anpassung

des Prozessrauschens von ZWD vorgeschlagen.

Diese Dissertation bietet eine eingehende Untersuchung der Modellierung der

asymmetrischen Troposphäre in PPP-Prozessierungen aus vier Gesichtspunkten: funk-

tionale Modelle, stochastische Modelle, Randbedingungen und systematische Fehler.

Es werden Methoden zur Verfeinerung der Troposphärenmodellierung untersucht

und deren Wirksamkeit in der PPP und in der GNSS-Meteorologie analysiert.
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Chapter 1

Introduction

1.1 Introduction

In early days of space geodesy, theories and models aiming at correcting tropo-

spheric refraction effects are built on a common assumption: the spatial distribu-

tion of tropospheric refractivity is spherically symmetric (Saastamoinen 1972a). The

development of asymmetric troposphere models began in the 1980s when it was

discovered by Gardner (1976) that introducing tropospheric horizontal gradients in

Satellite Laser Ranging (SLR) could result in a discrepancy of approximately three

centimeters in residuals of satellite observations at a 10� elevation angle. Following

this, researchers started considering the azimuthal variations of tropospheric de-

lay and gradually applied horizontal gradients to space geodetic techniques such as

Very Long Baseline Interferometry (VLBI) (MacMillan 1995) and Precise Point Posi-

tioning (PPP) (Chen and Herring 1997).

So far, elevation-dependent tropospheric mapping functions have been well de-

veloped, yet studies describing azimuthal variations of tropospheric delays still re-

volve around horizontal gradients. Several studies have demonstrated that horizon-

tal gradients are insuf�cient to fully describe the complex azimuthal variations in

tropospheric delay (Masoumi et al. 2017; Zus et al. 2021). Moreover, the stochastic

models used to describe error distributions also lack handling of azimuth-dependent

errors (Hadas et al. 2020). These theoretical limitations inevitably impact the results

of space geodetic solutions and tropospheric studies. Therefore, the primary focus of

this thesis is to provide a comprehensive theoretical framework for asymmetric tro-

posphere modeling and extend some theories to overcome the existing limitations.

In the following section, the author will review the historical background of

asymmetric tropospheric modeling in the �eld of space geodesy.

1.2 Research background

Tropospheric delays

When electromagnetic waves traverse the neutral atmosphere, their propagation

path experiences a de�ection due to the changes in the refractive index at a non-

zero incident angle of air within the vertically strati�ed troposphere (Dockery 1988).
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The resulting geometric delay is known as tropospheric delay. Tropospheric delay

is a crucial error source for space geodetic techniques, in�uenced by meteorological

parameters such as temperature, pressure, and water vapor content along the path

of signal propagation. In the process of modeling tropospheric delay, it is a com-

mon concept to divide the delay into a hydrostatic and a wet components (Davis

et al. 1985). The hydrostatic delay is related to the dry aerosols and can be precisely

determined through empirical models, such as the Saastamoinen model. This de-

lay at Earth's surface typically ranges from 1.7 to 2.3 meters in the zenith direction

(Collins and Langley 1999) but can exceed 10 meters at low elevation angles (below

10� ). Conversely, the wet delay, which is attributed to water vapor, varies from a

few centimeters to three decimeters at zenith (Collins and Langley 1999). The rapid

and unpredictable �uctuations of wet refractivity make it dif�cult to model wet de-

lays accurately. Consequently, for high-precision applications, the Zenith Wet Delay

(ZWD) is usually estimated as an unknown parameter and projected onto arbitrary

directions as Slant Wet Delay (SWD) using mapping functions.

The earliest effort for modeling the tropospheric delays starts with global em-

pirical and semi-empirical models . Semi-empirical models require surface meteo-

rological parameters, such as the air pressure, to calculate Zenith Hydrostatic Delay

(ZHD) and Zenith Wet Delay (ZWD). The meteorological parameters usually can

not be directly acquired and need external data, thus such models are called "semi-

empirical" models. Hop�eld (Hop�eld 1969) and Saastamonien (Saastamoinen 1972b)

are most classic examples for semi-empirical models and have become the ground-

work for subsequent empirical models. The empirical models only requires to input

the geographical coordinates of the sites and the corresponding epoch (usually the

day of year) to calculate the tropospheric delays in zenith. Common empirical mod-

els include UNB3m (Leandro et al. 2008), EGNOS (Penna et al. 2001), IGGtrop (Li

et al. 2012) and GPT3 (Landskron and Böhm 2018b).

The ZWD is usually not subject to direct modeling but rather estimated as an

unknown parameter. Common stochastic models employed to characterize ZWD

include the Random Walk model or the �rst-order Gaussian Markov model (Tralli

and Lichten 1990). For some applications where the ZWD is assumed to be stable

during certain time intervals or the variation of ZWD is not of the user's interest,

the ZWD may be estimated as a constant over speci�ed intervals (Geng et al. 2019),

which is the so-called batch processing (Kleijer 2004). The process noise of ZWD is a

critical parameter in the stochastic model of tropospheric delay. Despite substantial

research efforts directed towards this topic, the optimal value of process noise re-

mains to be insuf�ciently investigated, with recommended reference values ranging

from 0.1 to 20 mm � h� 1/2 for static sites (Hadas et al. 2017; Lu et al. 2015). Such a

wide range can be attributed to the fact that the process noise of ZWD is in�uenced

not only by weather conditions but also by the choice of other stochastic parame-

ters. Furthermore, there is the potential for dynamic adjustment of process noise in

kinematic applications such as air-borne platforms (Zhang et al. 2023). These factors
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collectively make the proper setting of process noise a highly complex task.

Tropospheric mapping functions

The troposphere mapping function, serving as the scaling function that projects the

tropospheric delay from zenith to other elevation angles, determines the accuracy

of the troposphere model to a large extent. The formulation of the mapping func-

tion is initially standardized by Marini (1972) and modi�ed into a truncated form by

Herring (1992). This model is based on the sin� 1 #form and incorporates three coef-

fcients (am, bm, cm) related to atmospheric refractivity, establishing the foundational

framework for the subsequent mapping functions. Following this model, several

empirical mapping functions have emerged, such as the NMF (Niell 1996), as well

as the integration of global weather models like UNB3m and GPT3. Concurrently,

the advancement of NWP has also promoted the development of mapping func-

tions. IMF (Niell 2000) represents the earliest utilization of NWP and ray-tracing

techniques in this �eld, and has contributed to a leap in the model accuracy. Build-

ing on this, the Global Mapping Function (GMF) (Böhm et al. 2006a) and Vienna

Mapping Functions (VMF) (Böhm et al. 2006b) have been proposed. GMF and VMF1

overcome some limitations of IMF, and have been widely used in space geodesy. The

subsequent VMF3, proposed by Landskron and Böhm (2018b), is regarded as a high-

precision upgrade of VMF1, employing VieVS Ray-tracer (RADIATE) for more ac-

curately derived ray-traced delays, especially at low elevation angles. Additionally,

VMF3 includes empirical horizontal gradient parameters known as GRAD products

(Landskron and Böhm 2018a) to compensate for troposphere asymmetry. Conse-

quently, the combination of GPT3 and VMF3 is considered the most advanced strat-

egy for mapping functions nowadays.

Asymmetric mapping functions

To re�ne mapping functions, it is essential to consider the troposphere asymmetry,

indicating that the mapping function is dependent on both elevation angle and az-

imuth. The two-axis gradient model, initially introduced in VLBI, aims to compen-

sate for troposphere asymmetry (Chen and Herring 1997; MacMillan 1995). The gra-

dient model employs two gradient parameters gN and gE in a sinusoidal linear com-

bination, thereby also earning the name "tilt model." According to the International

Earth Rotation and Reference Systems Service (IERS) conventions, the integration of

the two-axis gradient model with mapping functions is recommended for modeling

tropospheric delays in space geodetic techniques. However, the gradient model has

also been identi�ed to have shortcomings, such as the mis�t in accurately represent-

ing the complex asymmetry of the troposphere, especially at low elevation angles

(Masoumi et al. 2017; Zus et al. 2021), and the potential to absorb systematic errors

(Meindl et al. 2004). In response to these challenges, substantial research efforts have

been undertaken. Landskron and Böhm (2018a) adopted a higher-order form of the
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gradient model (up to third order) within VMF3 and GRAD products, providing

empirical reference values for the gradient parameters. The tropospheric delays es-

timated with VMF3 has been validated to have good agreement with the ray-tracing

delays, indicating the capability of VMF3 to represent the azimuth-variation of tro-

pospheric delays (Xu et al. 2024). Additionally, Gegout et al. (2011) propose the AMF,

which utilizes up to 27 Fourier coef�cients to represent the tropospheric asymmetry,

with experiments suggesting improvements in observation accuracy at low eleva-

tion angles to the millimeter level. Masoumi et al. (2017) introduced the directional

model which combines the gradient model with an 8-parameter piecewise function.

This approach effectively transforms discrete gradient parameters into a continu-

ous function, and the experimental results have demonstrated its ef�ciency under

extreme weather conditions.

1.3 Motivation and objectives

This thesis aims to investigate and analyze unresolved issues in asymmetric tropo-

spheric modeling, speci�cally focusing on the following aspects:

• Asymmetric mapping function : So far, widely used tropospheric mapping

functions, whether continuous functions like NMF or discrete grids like the

VMF series, are generally elevation-dependent empirical models and use hor-

izontal gradients to characterize azimuthal errors (Petit et al. 2010). Despite

the limitations of gradient models being con�rmed by many studies, existing

asymmetric mapping functions such as AMF, PMF, and directional mapping

function have not yet been widely adopted (Gegout et al. 2011; Masoumi et al.

2017; Zus et al. 2014). Based on a thorough analysis of existing asymmetric

models, a new asymmetric mapping function should be proposed as the po-

tential candidate to replace gradient models.

• Stochastic model : There is currently no stochastic model speci�cally designed

for asymmetric tropospheric modeling. Scholars in the tropospheric �eld have

proposed various elevation-dependent weighting schemes, fully considering

the issue that might have impacts on the troposphere estimates, such as the site

altitude or receiver antenna errors (Hadas et al. 2020). However, there is a need

for a weighting scheme that considers azimuth-related errors. Therefore, it is

worth exploring the possibility of using parameters from asymmetric mapping

functions to establish stochastic models suiting for asymmetric tropospheric

modelling.

• Tropospheric Constraints : Tropospheric constraints are crucial aspects of GNSS

troposphere research. However, current studies lack discussions on the physi-

cal nature of troposphere delays, which leads to negative values of ZWD/ZTD

estimates during the PPP convergence period. These artifacts adversely affect

the ZWD/ZTD and positioning accuracy in time-sensitive applications. The
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author aims to explore the feasibility of establishing constraints based on the

physical and statistical properties of troposphere delays, and to address the is-

sue of ZWD outliers during the convergence period solely from the algorithm

level, without relying on external information.

• Analysis of existing issues : Asymmetric mapping functions have inherent

limitations, such as the potential absorption of unmodeled azimuth-dependent

errors in asymmetric parameters, e.g. tropospheric gradients (Meindl et al.

2004). These negative impacts prevents the comprehensive adoption of asym-

metric mapping functions. Therefore, the effects of such azimuth-related errors

on tropospheric studies should be studied.

1.4 Thesis outline

Focusing on the topic of Asymmetric Troposphere Modeling, the thesis provides

a detailed discussion from four perspectives: relevant technical foundations, func-

tional models, stochastic models, and existing limitations. The speci�c outline is as

follows:

In Chapter 2, relevant theories and technical foundations related to asymmetric

troposphere modeling are introduced, including the physical theory of radio-wave

propagation in space geodesy and modeling methodologies of tropospheric delays.

Additionally, an in-depth introduction to mainstream models of tropospheric delay

and mapping functions are provided, along with state-of-the-art studies on asym-

metric mapping functions. A brief introduction to PPP, on which most of tests and

analyses in this these are based, are also be included in this chapter.

In Chapter 3, the focus shifts to innovative research on asymmetric troposphere

modeling, and the B-spline Mapping Function (BMF) is proposed. Initially, the au-

thor demonstrates how to employ cyclic B-spline functions for BMF and its imple-

mentation in the PPP processing. Additionally, an in-depth study is conducted on

the selection of the knot number and order of B-spline functions. Subsequently, the

azimuthal variation of tropospheric delay at speci�c sites is investigated by using

the data from Numerical Weather Prediction (NWP) model. The capability of cyclic

B-spline functions to �t this variation is also examined. For empirical data, the per-

formance of BMF is validated using four weeks of observational data from 45 In-

ternational GNSS Service (IGS) stations located in Europe and Africa, with separate

analyses conducted under clear weather and rainy conditions. Finally, some tests on

re�ning the BMF are conducted.

In Chapter 4, the concept of Azimuth-Dependent Weighting (ADW) is intro-

duced. Considering the limitations in traditional Elevation-Dependent Weighting

(EDW) functions, ADW is proposed as a compensation mechanism, making the

stochastic model more suitable for asymmetric mapping functions. This chapter

validates the performance of ADW using NWP data from the ECMWF and GNSS

observations from the IGS, evaluating both the PPP positioning results and the ZWD
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estimates. Additionally, in this chapter the author also explores the smoothing effect

of ADW on ZWD time series.

In Chapter 5, the tropospheric constraints are discussed. Based on the potential

upper- and lower-bounds of ZWD, the author proposes a physical constraint method

for troposphere delays. This method is based on Non-Negative Least Squares (NNLS),

effectively prevents ZWD/ZTD outliers during convergence period, thereby accel-

erating PPP convergence and improving the short-term accuracy of ZWD/ZTD and

coordinate estimates. The author also explores the extension of boundary conditions

to �gure out precise boundaries for physical constraints and make the constraint

method more widely applicable. Finally, the author summarizes the existing tropo-

spheric constraint methods.

In Chapter 6, current challenges faced in asymmetric troposphere modeling are

presented, primarily focusing on multipath errors. Accurate mathematical model-

ing of multipath effects is highly challenging; therefore, this chapter employs the

commercial simulator to perform simpli�ed simulations of multipath echoes. In the

simulation tests, three different scenarios involving multipath errors are set up to

investigate the impact of the direction and number of multipath echoes on the accu-

racy of Zenith Tropospheric Delay (ZTD).

In Chapter 7, a summary of the results and analyses presented in this thesis is

given, highlighting existing problems and proposing topics for future research.
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Chapter 2

Theories and techniques in GNSS

tropospheric modelling

2.1 Consideration of tropospheric delays in microwave based

space geodetic techniques

2.1.1 Propagation of electromagnetic waves in the neutral atmosphere

Troposphere

The neutral atmosphere comprises neutral components such as oxygen, nitrogen,

carbon dioxide, and inert gases. It typically refers to the two atmospheric layers

closest to the Earth's surface, namely the troposphere and the stratosphere. These

two layers contain 99% of the neutral particles and extend to an altitude of less than

50 kilometers (Kumar and Krishnakumar 2003). The troposphere is the lowest layer

of Earth's neutral atmosphere, located between the Earth's surface and the strato-

sphere. The troposphere contains more than 80% of the atmosphere's mass and over

99% of its water vapor (Hobiger and Jakowski 2017), hence the term "tropospheric

delay" is considered to represent the total delay of signals in the neutral atmosphere.

Figure 2.1 is a schematic illustration of the Earth's mid and lower atmosphere, espe-

cially focusing on the neutral atmosphere and the key information related to GNSS

meteorology.

The troposphere is the atmospheric layer wherein convective processes occur,

hosting meteorological phenomena such as wind, precipitation, thunderstorms, and

lightning. The thermal dynamics of the troposphere is primarily governed by ter-

restrial heat, thus the temperature within the troposphere decreases as the altitude

increases, with an average lapse rate of� 6.5� C per kilometer (Calvert 1990). This

vertical temperature gradient results in frequent atmospheric convective activities

within the troposphere. National Aeronautics and Space Administration (NASA)

has proposed an empirical formulation of temperature T and air pressure p within

the troposphere in their RocketModeler simulator (Bishop 2003):

T(H ) = 15.04� 0.00649� H, (2.1)
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FIGURE 2.1: Schematic illustration of Earth's mid and lower atmo-
sphere.

p(T) = 101.29�
�

T + 273.1
288.08

� 5.256

, (2.2)

where T is given in Celsius degrees, p in kilo-Pascals, and H is the altitude in meters.

When the downward gravitational force g and the upward force caused by pres-

sure gradient dp within a unit area are balanced, the atmosphere is said to be in

hydrostatic equilibrium (Haltiner 1957). The presence of hydrostatic equilibrium

prevents the molecules in the Earth's atmosphere from escaping. Given the ideal

gas with density r , hydrostatic equilibrium is expressed as

g � r � dH + ( p + dp) = p. (2.3)

This equation can be interpreted as describing a slice of air with thickness dH within

a vertical air column of unit area. The left side of the equation represents the down-

ward force on the air slice, while the right side represents the upward force. By sim-

plifying Eq.(2.3), one can obtain the differential form of the hydrostatic equilibrium

equation

dp = � g � r � dH, (2.4)

or
dp
dH

= � gr . (2.5)

The wave equation

The wave equation is the common description in classical physics of natural wave

phenomena, including mechanical waves, sound waves, electromagnetic waves, and



2.1. Consideration of tropospheric delays in microwave based space geodetic
techniques

9

seismic waves. The wave equation describes the relationship between time t, posi-

tion x and the displacement d(x, t) of the points from their equilibrium positions.

The classical simplest form is given in the second-order partial differential equation

¶2d
¶t2 = c2 � r 2d, (2.6)

where c represents the wave speed, which depends on the type of wave, such as 343

m/s for sound waves (under conditions of 20 � C and standard atmospheric pressure)

and approximately 3 � 108 m/s for electromagnetic waves (the reference value being

the speed of light in a vacuum). r denotes the Nabla operator.

The general form of the one-dimensional wave equation is �rst introduced by

d'Alembert (Cannon and Dostrovsky 2012), represented as

�
¶
¶t

� c �
¶
¶x

� �
¶
¶t

+ c �
¶
¶x

�
d = 0. (2.7)

In this case, displacement d(x, t) and position x are both scalars. By expressing the

wave function d(x, t) as a combination of a right-traveling wave f (x � c � t) and a

left-traveling wave g(x + c � t), with f (x) and g(x) respectively represent their initial

values at time t = 0, one can obtain the general solution namely the d'Alembert's

traveling wave solution :

d(x, t) =
f (x + c � t) + f (x � c � t)

2
+

1
2 � c

�
Z x+ c�t

x� c�t
g(s)ds. (2.8)

The mathematician and physicist Leonhard Euler later proposed a wave equa-

tion in three-dimensional space (Wheeler and Crummett 1987), where the scalar

form is given in Eq.(2.6).

For a spherical wave, the function d(x, t) in the wave equation does not change

with translation in time and space, allowing for the construction of various types

of solutions through the translation and superposition of spherical waves. For the

standard form of the wave equation, assuming that d(x, t) is a separable function

d(x, t) = A(x) � t (t). (2.9)

Bringing into the wave equation Eq.(2.6) yields

r 2A
A

=
1

c2 � t
�

d2t
dt2

. (2.10)

Letting the right side of Eq.(2.10) equal to a constant � k2
w, i.e. r 2A

A = � k2
w. The

equation can be simpli�ed as

�
r 2 + k2

w

�
� A = 0, (2.11)

which is known as the Helmholtz equation , named after the renowned physicist

Hermann von Helmholtz, and is speci�cally used to describe the wave equation of



10 Chapter 2. Theories and techniques in GNSS tropospheric modelling

electromagnetic waves, where kw is the wave number and A is the amplitude.

Electromagnetic waves

Electromagnetic waves are composed of mutually perpendicular electric and mag-

netic �elds. They propagate in the form of plane-wave in free space at the speed of

light, and the propagation direction is orthogonal to the oscillation direction of the

electric and magnetic �elds, thus they are also known as Transverse Electromagnetic

(TEM) waves. According to electromagnetic wave theory, electromagnetic waves in

free space satisfy Maxwell's equations

r � E =
r
e0

, (2.12)

r � B = 0, (2.13)

r � E = �
¶B
¶t

, (2.14)

r � B = m0 � J+ m0 � e0 �
¶E
¶t

. (2.15)

Here, E is the Electric �eld strength, B is the magnetic �ux density, e0 is the vac-

uum permittivity, and m0 is the vacuum permeability. The four equations sequen-

tially describe the divergence of the electric �eld (Gauss's law), the divergence of

the magnetic �eld (Gauss's law for magnetism or Ampère's circuital law), how a

changing magnetic �eld generates an electric �eld (Faraday's law of electromagnetic

induction), and how a changing electric �eld generates a magnetic �eld (Maxwell-

Ampère's law).

The wave equations of electric and magnetic �elds are given in

r 2E = m0 � e0 �
¶2E
¶t2 , (2.16)

r 2B = m0 � e0 �
¶2B
¶t2 . (2.17)

When the oscillation direction of the electric �eld is de�ected by a certain an-

gle, the nature of the electromagnetic wave will also change, which is referred to as

polarization . For a polarized signal in the three-dimensional Cartesian coordinate,

the electric �eld vector in its propagation direction z can be decomposed into two

orthogonal vectors in the x and y directions, which can be written as

"
Ex

Ey

#

=

"
Ax � ej �(w�t+ j x)

Ay � ej �(w�t+ j y)

#

, (2.18)



2.1. Consideration of tropospheric delays in microwave based space geodetic
techniques

11

FIGURE 2.2: Electro-magnetic waves. Modi�ed from Oleson (2024).

where Ax and Ay are the amplitudes of the x and y components; w is the angular

frequency; j x and j y are the initial phases of the electric �eld of the x and y com-

ponents, respectively. When the amplitude and initial phase are changed through

modulation, the electromagnetic wave will have several special forms:

• When j x = j y, the electromagnetic waves are polarized transverse waves.

• When j x � j y equals 90� or � 90� and Ax = Ay, the electric �eld is called cir-

cular polarization . More speci�cally, 90 � , it is right-hand circular polarization

(RHCP), and at � 90� , it is left-hand circular polarization ( LHCP). This type

of polarization is very common in electrical engineering and is used in par-

ticular for the GNSS signal, which is a microwave band right-hand circularly

polarized electromagnetic wave.

• When the phase difference j x � j y is not an integer multiple of � 90� , the su-

perimposed polarized electric �eld is elliptically polarized. The elliptical po-

larization technique can be used to obtain the dielectric properties of thin �lms

(complex refractive index or dielectric constant) and is widely used in semi-

conductor physics, microelectronics, and biology.

Interaction of electromagnetic waves and neutral atmosphere

Electromagnetism has wave-particle duality, that is, manifesting wave-like proper-

ties at the macroscopic level while exhibiting particle characteristics at the micro-

scopic scale. The neutral atmosphere is �lled with neutral molecules and aerosol
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particles, leading to the inevitable in�uence of scattering, refraction, re�ection, and

absorption on electromagnetic waves as they traverse the atmosphere. In this sec-

tion, the author primarily discusses atmospheric refraction, which plays a dominant

role in the �eld of space geodesy.

James Clerk Maxwell derived the relationship between the propagation speed

vM of electromagnetic waves in a medium M and its permittivity mM and perme-

ability eM (Someda 2017)

vM =
1

p
mM � eM

. (2.19)

When substituting the vacuum permittivity m0 and permeability e0, one obtains the

speed of light in a vacuum c = 1/
p

m0 � e0. The ratio of c and vM represents the

refractive index n of the medium

n =
c

vM
. (2.20)

When electromagnetic waves pass through the interface of two media with different

refractive index, the difference in propagation speeds causes a change in direction,

which is known as the refraction .

As discussed in section 2.1, both the pressure and temperature of the neutral

atmosphere vary with altitude. This leads to a vertical gradient in the refractive in-

dex of the atmosphere. Consequently, EM waves are bent when they pass obliquely

through the strati�ed atmosphere. Such bending effect of the waves follows Snell's

law . Figure 2.3 shows Snell's law in a vertically strati�ed atmosphere, in terms of

both planar and spherical layers.

FIGURE 2.3: Illustration of Snell's law in the planar case (left) and
spherical case (right). Modi�ed from Kleijer (2004).

In the planar case, Snell's law has the following mathematical expression:

ni+ 1 � sin qi+ 1 = ni � sin qi , (2.21)

where qi represents the angle of incidence (zenith angle) of the EM wave reaching

the i-th atmospheric layer, and ni is the corresponding refractive index.
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In the case of spherical layers, spherical trigonometry is applied:

r i

sin q0
i

=
r i+ 1

sin(p � qi )
=

r i+ 1

sin qi
, (2.22)

where r i is the distance from any point Pi to the point M. Combining Eq.(2.19) with

Eq.(2.20), one can derive the spherical Snell's Law:

ni+ 1 � r i+ 1 � sin qi+ 1 = ni � r i � sin qi , (2.23)

or in its simpli�ed form

n � r � sin q = constant. (2.24)

On the other hand, anomalous temperature and humidity strati�cation can also

result in super-refraction or atmospheric ducting (Grabner and Kvicera 2011). In the

�eld of wireless communication, it is usually described by using the narrow-angle

parabolic equation (Dockery 1988), applicable to electromagnetic wave signals with

elevation angles less than 15� .

2.1.2 Tropospheric delay

In this section, the focus narrows from the entire electromagnetic spectrum to the

microwave band, which is commonly employed in GNSS techniques. Due to the ab-

sorption and re�ection of radiation by various particles in the Earth's atmosphere,

only EM waves within certain bands can travel through the atmosphere. These

bands that allow EM waves to pass through are called atmospheric windows . The

carriers of GNSS signals reside within the atmospheric window, and the predomi-

nant effect existing between GNSS signals and Earth's atmosphere isatmospheric

refraction , which bends the signal propagation path.

The author begins with the de�nition of excess propagation path and explores

the relationship between refractivity and propagation delay. Ultimately, the author

will present the conventional approach to modeling tropospheric delay in terms of

both hydrostatic delay and wet delay.

Excessive propagation path of the microwave

The refractive index of the troposphere is determined by atmosphere temperature,

air pressure and water vapor content. As previously discussed, the troposphere

has a distinct vertical strati�cation of both temperature and air pressure. Addition-

ally, the distribution of water vapor and condensation water in the horizontal direc-

tion is non-uniform, leading to anisotropy in the refractive index of the troposphere.

This phenomenon causes variations in the speed of microwave and de�ections in its

propagation path, thereby resulting in an excessive propagation path known as
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DT =
Z

P
n(s) ds�

Z

G
ds. (2.25)

Here P is the actual propagation path of the microwave signal, and n(s) is the re-

fractive index of the three-dimensional atmosphere in terms of the traveling distance

s along the path P . G is the straight-line path between the signal transmission and

reception points, referred to as geometric distance . The equation above can also be

written as

DT =
Z

P
[n(s) � 1] ds+ SP � SG, (2.26)

where SP =
R

P dsand SG =
R

G ds. Their difference SP � SG is usually referred to as

the geometric delay , which solely represents the difference between two propaga-

tion path P and G, while disregarding the variation of signal propagation velocity

caused by the change in refractive index. Empirical measurements indicate that the

geometric delay is approximately 3 cm at an elevation angle of 10 � and extends to

5 cm at 5� . In the zenith direction, the geometric delay is zero since there is no dif-

ference between both paths P and G. Converting the refractive index n into the

standard refractivity DN yields

DN = 10� 6 � (n � 1). (2.27)

Then Eq.(2.26) becomes the standard de�nition of tropospheric delay

DT = 106 �
Z

P
DN (s) ds+ SP � SG. (2.28)

Hydrostatic delay and wet delay

The refractivity DN is usually considered to be jointly determined by dry neutral

constituents and wet water vapor, leading to the following common expression (Owens

1967):

DN = k1 �
pd

T
� Z � 1

d + k2 �
e
T

� Z � 1
w + k3 �

e
T2 � Z � 1

w , (2.29)

where pd and erepresent the partial air pressure caused by dry and wet constituents,

respectively, measured in millibars (mbar). T is the temperature in Kelvin. Zd and

Zw are compressibility factors of dry air and water vapor, respectively. k1, k2 and k3

are empirical coef�cients, which can be determined in the laboratory. For example,

Boudouris (1963) has suggested setting the coef�cients to

8
>>><

>>>:

k1 = 77.593� 0.08 K� mbar � 1

k2 = 72 � 10 K � mbar � 1

k3 = ( 3.754� 0.03) � 105 K2 � mbar � 1

. (2.30)
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The �rst two terms are induced by the dipole moments of the dry constituents and

water vapour, respectively, and the third term represents the dipole orientation ef-

fects of the permanent dipole moment of the water vapor molecules (Schüler 2001).

Given the ideal gas i with mass m, molar mass M i , air pressure pi and gas con-

stant Ri , then the equation of state can be expressed as

pi � V =
m
M i

� Ri � T, (2.31)

In thermodynamics, compressibility factor re�ects how the real gas differs from the

ideal state. For an ideal gas, the compressibility equals to 1. For the gasi under real

state, the compressibility Zi is

Zi =
pi � M i � Ṽ
m � Ri � T

, (2.32)

where Ṽ is the gas volume under real conditions. The dimensionless inverse com-

pressibility factors for non-ideal gas are derived by Owens (1967):

Z � 1
d = 1 + pd �

�
57.97� 10� 8 �

�
1 +

0.52
T

�
� 9.4611� 10� 4 �

TC

T2

�
, (2.33)

Z � 1
w = 1 + 1650�

e
T3 �

�
1 � 0.01317� TC + 1.75� 10� 4 � T2

C + 1.44� 10� 6 � T3
C

�
. (2.34)

Here T and TC denote the temperature in K and � C, respectively.

Combining Eq.(2.31) and Eq.(2.32) and one has the equation of non-ideal state of

gas i with the density r i :

pi = r i �
Ri

M i
� T � Zi . (2.35)

Substituting the Eq.(2.35) in terms of both dry air and water vapor into Eq.(2.29) and

simplifying the result yields

DN = k1 �
R

Md
� r + k0

2 �
e
T

� Z � 1
w + k3 �

e
T2 � Z � 1

w , (2.36)

where the coef�cient k0
2 is de�ned as

k0
2 = k2 �

Mw

Md
� k1. (2.37)

The molar masses for dry air and water vapour are Md = 28.9644� 0.0014 g� mol � 1

and Mw = 18.0152 g� mol � 1, respectively. R is the universal gas constant, which

equals to 8.314463 J� kg � mol � 1. The detailed derivation process of Eq.(2.36) can be

referred to Schüler (2001).

As mentioned in section 2.1.1, the air pressure of dry air can be modeled based

on the hydrostatic equilibrium equation (see Eq.(2.5)). Given that the air density r
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and the gradient of Earth g are both the function of ellipsoidal height H, the pressure

gradient yields:

¶p
¶H

= � r (H ) � g(H ), (2.38)

The air pressure p0 at ellipsoid surface can be expressed through integration

p0 = gm �
Z

r (H ) dH, (2.39)

where the weighted mean gravity acceleration gm is de�ned as

gm =

R
r (H ) � g(H ) dH

R
r (H ) dH

. (2.40)

Incorporating the surface pressure p0 and the refractivity expression Eq.(2.36) into

the tropospheric delay Eq.(2.28), yields what is termed as the Zenith Hydrostatic

Delay (ZHD) in the Saastamoinen model (Saastamoinen 1972b):

DTz
h =

0.0022768� p0

1 � 0.00266� cos(2F ) � 0.00028� H
, (2.41)

Here, F is the geographic latitude in radians, and H is the ellipsoidal height of

the station in kilometers. The uncertainty is caused by the uncertainty of k1, the vari-

ation of gravitational acceleration and average molar mass of dry air, yet adheres to

the principles of hydrostatic equilibrium. The ZHD equation above is the modi�ed

version by Davis et al. (1985). The accuracy of the ZHD model in the zenith direc-

tion is about 0.01% of the delay (Holton 1973), equivalent to 0.2 mm. Under extreme

weather conditions, the accuracy might reach several millimeters (Hauser 1989).

The derivation of wet delay is relatively complicated. The ZWD can be approxi-

mately calculated according to the formula proposed by Askne and Nordius (1987)

DTz
w = 10� 6 �

�
k0

2 +
k3

Tm

�
�

Rd � e0

gm � ( l + 1)
, (2.42)

where Tm is the weighted mean temperature in K, and l is the water vapor decrease

factor. e0 is the water vapor pressure at surface.

Tm =

Z

P

e
T

� Z � 1
w ds

Z

P

e
T2 � Z � 1

w ds
. (2.43)

Compared to the dry delay, the wet delay is more challenging to model accu-

rately due to the absence of a hydrostatic equilibrium equation for the wet constitute,

making it dif�cult to precisely determine the partial water vapor pressure along the

signal path. The distribution of water vapor and condensed water changes fast and

is highly random, leading to the high variability of wet delays. Therefore, the mea-

surement of the water vapor distribution near the observation station is necessary to

calculate a more accurate wet delay.
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Tropospheric mapping function

The tropospheric mapping function is a projection function that converts tropo-

spheric zenith delays to arbitrary elevation angles. Davis et al. (1985) distinguishes

between dry and wet delay and de�nes the classical expression of tropospheric de-

lay DT(#) as the function of elevation angle #

DT(#) = DTz
h � m fh(#) + DTz

w � m fw(#), (2.44)

where m fh(#) and m fw(#) are hydrostatic and wet mapping functions, respectively.

Herein, only ZHD can be calculated using empirical functions, such as the Saasta-

moinen model Eq.(2.41), while the ZWD typically needs to be estimated as an un-

known parameter within the system. As for the mapping function, it adheres to the

continued fraction form proposed by Marini (1972), with Herring (1992) modifying

the model and introducing a truncated form, which has become the foundation for

all current tropospheric mapping functions

m f (#) =

1 +
am

1 +
bm

1 + cm

sin #+
am

sin #+
bm

sin #+ cm

. (2.45)

The coef�cients am, bm, and cm depend on integrals refractivity through the atmo-

sphere (Herring 1992). Dry and wet mapping functions possess distinct am, bm, and

cm coef�cients. When considering the dry and wet delays collectively, i.e., the tro-

pospheric total delay, a set of mapping coef�cients can also be derived for ZTD.

Furthermore, the mapping coef�cients also re�ect the thickness and uniformity of

the neutral atmosphere. As the thickness of troposphere decreases relative to the

radius of the Earth (as is the case at the poles for example), the coef�cient decreases

and the mapping function approaches sin #� 1 (Landskron and Böhm 2018b).

To determine the mapping coef�cients, it is typically necessary to �t them to

external data, such as standard atmospheric models (Chao 1974), radiosonde data

(Niell 1996), or Numerical Weather Prediction (NWP) models (Böhm et al. 2006b;

Landskron and Böhm 2018b). Depending on the type of data utilized, different map-

ping functions can be developed, which will be introduced in detail in the following

Chapter 3.

2.1.3 GNSS meteorology basis

Although tropospheric delay is an error source in space geodesy, it also contains

important atmospheric information. GNSS Meteorology refers to the science of ana-

lyzing Earth's atmosphere (including the neutral atmosphere and ionosphere) with

GNSS technique, which has the advantages of high accuracy, all-weather capabil-

ity, and near-real-time. Therefore, GNSS technique has become a signi�cant tool in
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atmospheric science research. This section will brie�y introduce two techniques in

GNSS meteorology, namely water vapor retrieval and tropospheric tomography.

Ray tracing technique

Ray tracing technique employs NWP models to model the propagation path of sig-

nals through the vertically strati�ed neutral atmosphere, calculating the correspond-

ing tropospheric delay. The theoretical foundation of ray tracing is the Eikonal equa-

tion, which can be derived from Maxwell's electromagnetic equations. The three-

dimensional form of the Eikonal equation is as follows (Hobiger et al. 2008):

3

å
i= 1

�
¶Y (x)

¶xi

� 2

= n2(x). (2.46)

Here, n(x) represents the refractive index as the function of position vector x, and

Y (x) indicates the direction of signal propagation. This equation describes the rela-

tionship between the propagation direction of the signal and the refractive index at

a given position within the neutral atmosphere. Figure 2.4 shows an illustration of

the Eikonal solution strategy in a spherical coordinate system (r, L , F ). In fact, the

Eikonal equation is a solution to the Helmholtz equation under the condition that

the electromagnetic waves propagate through a medium with slowly varying prop-

erties, where diffraction effects are negligible (Hofmeister and Böhm 2017). Solv-

ing the Eikonal equation involves handling of several partial differential equations,

making it time-consuming for practical applications (Hofmeister and Böhm 2017).

To solve the Eikonal equation in a fast and accurate way, Hobiger et al. (2008) and

Hofmeister (2016) proposed several improved ray tracing algorithms based on the

Thayer approximation. When appropriate numerical weather models are adopted,

the ray-tracing algorithms are capable of modeling slant tropospheric delays with

high precision, and depending on the choice of ray tracing modes, the tropospheric

delays can be determined for real-time applications (Hobiger et al. 2008). This en-

ables the ray tracing results to be the reference in PPP tropospheric research. De-

tailed derivations of various ray tracing algorithms can be found in Hofmeister's

doctoral dissertation (Hofmeister 2016).

Ray tracing technique plays a crucial role in various geodetic techniques, such as

GNSS, VLBI, and SLR. The mainstream ray tracing software includes TUW's RA-

DIATE (Hofmeister 2016), KARATS from Kashima, Horizon from CNES/GRGS,

and the bent3D from UNB (Na�si et al. 2011). In this thesis, the TUW's online

user interface version "Online ray-tracer" is used ( https://vmf.geo.tuwien.ac.at/

raytracer.html ), which employs the ECMWF's operational NWP model.

Water vapour retrieval via wet delay

Water vapor plays an important role in analyzing the state of the troposphere and is

of great signi�cance for numerical weather prediction and understanding extreme
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FIGURE 2.4: An illustration of the Eikonal solution strategy in a
spherical coordinate system. Modi�ed from (Hobiger et al. 2008).

weather events. As mentioned in section 2.1.2, the wet delay is highly correlated

with water vapour within the troposphere, thereby enabling the retrieval of water

vapor through ZWD estimates or measurements. According to Bevis et al. (1994), in

the zenith direction, the total water vapor and condensed water, usually referred to

as the Precipitable Water Vapor (PWV) or Integrated Water Vapor (IWV), is directly

proportional to ZWD

PWV = P � DTz
w, (2.47)

where the dimensionless proportionality constant P can be calculated by the follow-

ing equation

P =
106

r � Rw �
�

k3

Tm
+ k2 �

Mw

Md
� k1

� =
106

r � Rw �
�

k3

Tm
+ k0

2

� . (2.48)

Here r is the density of liquid water. Rw is the gas constant of water vapor. (k1, k2, k3)
are empirical coef�cients (see section 2.1.2 for speci�c discussion). Mw and Md are

the molar mass of water vapor and dry air, respectively. Tm is the weighted aver-

age temperature along the path in K, which has been de�ned in Eq.(2.40). Accurate

determination of Tm needs the external data such as radiosondes or NWP models,
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while the simpli�ed calculation based on the surface temperature Ts is also applica-

ble, such as the linear relationship proposed by Bevis et al. (1992)

Tm = 70.2+ 0.72� Ts. (2.49)

According to the error propagation law, the uncertainty of P without higher-

order terms can be expressed as

sP

P
�

s
s2

3

k2
3

+
T2

m � s2

k2
3

+
s2

T

T2
m

. (2.50)

The relative uncertainty sP / P is jointly determined by the uncertainty of the weighted

average temperature Tm and the empirical coef�cients (k1, k2, k3), which are usually

dif�cult to measure with high accuracy in the laboratory (Rüeger 2002). If the co-

ef�cients (k1, k2, k3) are measured accurately, sT / Tm will become the predominant

factor, rendering the uncertainty of P nearly equivalent to that of Tm. Upon evalu-

ating various empirical values of (k1, k2, k3) and Tm, the relative uncertainty sP / P

is found to be approximately 2% (Bevis et al. 1994). When the surface meteorologi-

cal parameters are unavailable, PW can also be approximately calculated from ZWD

using the equation PW � 0.16� DTz
w (Böhm and Vedel 2014).

Troposphere tomography

In tropospheric tomography technique, the troposphere within a certain area will be

segmented into three-dimensional (3D) cubes (voxels). Slant wet delays, as derived

from GNSS technique, will be used to calculate the Slant Water Vapor (SWV) and

later used to reconstruct the spatial variable 3D refractivity �eld within the area of

interest. The wet delay of the satellite signal contains the information about the wet

refractivity along the propagation path, thus it serves similarly as the "scan line"

in medical imaging modalities. Figure 2.5 shows a schematic illustration of four-

layer troposphere tomography. Consequently, an adequate density of observational

stations and satellites (Nilsson et al. 2013), as well as long observation periods are

needed to ensure such GNSS-derived "scan lines" pass through all voxels (Song et al.

2006). In voxel-based discrete troposphere, the wet delay can be expressed in a linear

summation form as follows (Flores et al. 2000)

DTi
w = 10� 6 �

nvox

å
j= 1

�
N j � di

j

�
. (2.51)

where i and j are the index of signal and voxel, respectively. DTi
w denotes the wet

tropospheric delay in i-th GNSS signal. N j denotes the refractivity within j-th voxel,

and dj
i represents the traveled distance of signal i through voxel j.

Further extending the Eq.(2.48), which describes the relation between PWV and
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ZWD, from zenith to arbitrary elevation angles #, yields the derivation of the rela-

tionship between the Slant Water Vapor (SWV) and SWD

SWVi = DTi
w(#) �

106

Rw �
�

k3

Tm
+ k0

2

� . (2.52)

Then the observation equations of 3D tropospheric tomography can be obtained

by introducing the Water Vapor Density (WVD) within voxel j (Song et al. 2006):

SWVi =
kvox

å
j= 1

�
WVD j � di

j

�
. (2.53)

On the other hand, tropospheric tomography is facing some challenges. For ex-

ample, the two-axis gradient model employed for modeling the tropospheric delay

is too simple and therefore insuf�cient to represent the azimuth-dependent tropo-

spheric asymmetry (Masoumi et al. 2017). In addition, the satellite constellation

geometries are not always quali�ed and have the potential to lead to ill-conditioned

systems. The dilemma can be mitigated by incorporating voxel constraints (Flo-

res et al. 2000), or adopting covariance strategies based on Extended Kalman Fil-

ter (EKF) and covariances from turbulence theory (Nilsson and Gradinarsky 2006;

Rohm et al. 2014). At present, the ongoing improvement of multi-constellation GNSS

and the denser network of ground-based observations are expected to address this

limitation (Bender et al. 2011).

FIGURE 2.5: Schematic illustration of four-layer troposphere tomo-
graphy. Modi�ed from (Haji-Aghajany et al. 2020).
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2.2 Empirical and semi-empirical tropospheric modelling

2.2.1 Numerical Weather Prediction models

The primary objective of Numerical Weather Prediction (NWP) is to provide weather

forecasts within a certain period after collecting historical and current meteorologi-

cal data, including temperature, air pressure, humidity, precipitation, wind velocity,

etc. Once an initial "snapshot" of time epoch has been determined, the meteorolog-

ical parameters for that time period can be used to de�ne the initial conditions for

subsequent prediction.

Since Abbe (1901)'s foundational contribution of long-range meteorological pre-

dictions, NWP theories have evolved over a century. Nowadays, NWP has been

robustly applied in sectors like scienti�c research, agriculture, energy, transporta-

tion and other �elds. According to the trends over the past 40 years, the forecasting

accuracy of NWP models for the next n days (n is between 3 and 10) is close to the

forecasting accuracy for the next n � 1 days a decade ago. For instance, today's 6-

day forecasts are as accurate as 5-day forecasts from ten years ago (Bauer et al. 2015).

See Figure 2.6 for details. As for the extreme weather events, the prediction results

are also encouraging. The 2012 Atlantic Hurricane Sandy and 2013 Paci�c Typhoon

Haiyan is predicted 11 days ahead of their occurrence (Xiang et al. 2015). The 2010

Russian heat wave and the 2013 American cold wave is predicted 1-2 weeks in ad-

vance (Bauer et al. 2015). El Niño/Southern Oscillation phenomena is predicted 3-4

months before their occurance (Sarachik and Cane 2010).

FIGURE 2.6: Forecasting accuracy for three-, �ve-, seven- and ten-
day ranges calculated for the extratropical Northern and Southern

Hemispheres (Bauer et al. 2015).
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However, NWP models also face challenges due to their chaotic nature. As

posited by Lorenz (1963), who proposed the butter�y effect, the NWP model is a

chaotic system, that is, an unstable system that has �nite, state dependent limits of

predictability (Bauer et al. 2015). The initial state of the model is crucial, with mi-

nor perturbations potentially leading to divergent forecast outcomes, and the uncer-

tainty of the system will increase dramatically with the forecast period (Bauer et al.

2015). In such complex, nonlinear systems, it is insuf�cient to merely employ statis-

tical methods to assign uncertainties. Instead, an ensemble of many complete, phys-

ical, nonlinear realizations of the system is needed for seamless analysis and pre-

diction, in which observational information are used to reduce uncertainties (Bauer

et al. 2015). This is a large challenge and requires the integration of mathematical

and statistical physics expertise (Palmer 2012).

NWP models usually contain thousands or even millions of data inputs, and

cover complex �uid dynamics differential equations, such as the Navier-Stokes and

mass continuity equations, the �rst law of thermodynamics and the ideal gas law.

Thus the realization of NWP models needs the support of supercomputers. There are

several organizations around the world that launch NWP products, such as the Inte-

grated Forecasting System (IFS) from European Center for Medium-Range Weather

Forecasts (ECMWF) and the Global Forecast System (GFS) from the US National

Oceanic and Atmospheric Administration (NOAA). IFS and GFS provide forecasts

up to 10 and 16 days ahead (Haiden et al. 2018; Yang 2022). In terms of the res-

olution and accuracy of forecasts, IFS has a better performance than GFS accord-

ing to the analysis of historical data (Hagedorn et al. 2008; Hamill et al. 2008). In

addition, mainstream NWP models also include the ICOsahedral Nonhydrostatic

(ICON) Model from Deutscher WetterDienst (DWD), the UKMO Uni�ed Model (UM)

from UK Met Of�ce, the Global Environmental Multiscale (GEM) Model from Cana-

dian Meteorological Center (CMC), the Australian Community Climate and Earth-

System Simulator (ACCESS) from Australian Bureau of Meteorology (BoM), etc.

With the development of Arti�cial Intelligence (AI) technique, recent years have

seen the emergence of large data-based NWP models such as Huawei's Pangu-

Weather and NVIDIA's FourCastNet, both of which have achieved good perfor-

mance in comparison with ECMWF's Integrated Forecasting System (IFS). The Pangu-

Weather even achieves better prediction accuracy than ECMWF in 7-day short-term

forecasts while being more than 10,000 times faster than operational IFS (Bi et al.

2023), validated by using the �fth generation of ECMWF reanalysis (ERA5) data

(Hersbach et al. 2020). Therefore, it is foreseeable that AI-based NWP has a huge

potential to become the future trend (Schultz et al. 2021).

2.2.2 Empirical modelling of hydrostatic and wet delay

Tropospheric models can be classi�ed into two categories based on the type of in-

put data: empirical and semi-empirical models . The former are comprehensive,
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encapsulated functional models that require only coordinates and time epochs (usu-

ally the doy of year) to provide corresponding zenith delays and mapping functions.

Therefore, it is also called the non-meteorological parameter model . The latter, in

addition to the basic information above, also rely on additional meteorological data.

Thus it is known as the meteorological parameter model . The most representative

semi-empirical models are Saastamonien model (Saastamoinen 1972a) (see Sec.2.1.2

for details) and Hop�eld model (Hop�eld 1969).

In this section, several commonly used empirical models are presented and dis-

cussed, including UNB3m, EGNOS and IGGtrop.

UNB3m

The UNB series model is a global empirical model developed by the University

of New Brunswick, currently including UNB1, UNB2, UNB3, UNB4, and UNB3m

(Collins et al. 1996; Leandro et al. 2006). The UNB3m builds on the Saastamonien

model and NMF and adjusts for annual �uctuations in meteorological parameters

to re�ect the latitudinal and seasonal variations in the behavior of the neutral atmo-

sphere. Notably, the performance of UNB3m has been validated using radiosonde

data from the North American region.

The UNB model innovatively uses a "look-up table" (Table 2.2), in which users

only need to provide the Day Of Year (DOY) and geographical latitude of the mea-

suring station to obtain �ve recommended empirical weather parameters, including

temperature, pressure, relative humidity, and annual average of pressure and wa-

ter vapor pressure changes with latitude and amplitude. These parameters are then

used as input parameters for the Saastamonien model and NMF (Niell 1996) to cal-

culate the tropospheric delay at arbitrary elevation angle. The dry and wet zenith

delays are given as follows

DTz
h =

10� 6 � k1 � Rd

gm
� p0 �

�
1 �

b0 � H
T0

� g
Rd�b

, (2.54)

DTz
w =

10� 6 � (Tm � k0
2 + k3) � Rd

gm � l 0 � b0 � Rd
�

e0

T0
�
�

1 �
b0 � H

T0

� �
l 0�g

Rd�b0

�
� 1

. (2.55)

Here g is the standard acceleration of gravity g � 9.80665 m� s� 2, and gm is the

weighted mean gravity acceleration de�ned as in Eq.(2.40). Rd is the gas constant

of the dry air Rd � 287.054 J� kg � mol � 1. k1, k0
2, k3 are refractivity constants (see

Eq.(2.30) and Eq.(2.37)). The discussion of these parameters can be found in Sec.2.1.2.

T0, p0, e0, b0 and l 0 are meteorological parameters, and can be calculated from

the"look-up table 2.2". The details can be found in literature documented by Le-

andro et al. (2006, 2008). The performance of the advanced UNB3m has been val-

idated using ray tracing analysis and radiosonde data over North America, with

experiments demonstrating an average zenith delay prediction bias of � 0.5 cm and
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TABLE 2.1: Important models in tropospheric �eld in the past 60
years. Models are sorted by year of publication. For models UNB,
GPT and VMF, only the latest versions are listed. The category in-

cludes: 1 for empirical, 2 for semi-empirical, 3 for non-empirical.

Model Author+year Type Category

Hop�eld Hop�eld (1969) tropospheric model 2

Saastamonien Saastamoinen
(1972a)

tropospheric model 2

NMF Niell (1996) mapping function 1

gradient Chen and
Herring (1997)

asymmetric mapping
function

3

IMF Niell (2000) asymmetric mapping
function

2

EGNOS Penna et al.
(2001)

tropospheric model 1

GMF Böhm et al.
(2006b)

mapping function 1

UNB3m Leandro et al.
(2008)

tropospheric model 1

AMF Gegout et al.
(2011)

asymmetric mapping
function

3

IGGTrop Li et al. (2012) tropospheric model 1

PMF Zus et al. (2014) asymmetric mapping
function

2

Directional
model

Masoumi et al.
(2017)

asymmetric mapping
function

3

GPT3 Landskron and
Böhm (2018b)

tropospheric model 1

VMF3 Landskron and
Böhm (2018b)

mapping function 2

GRAD Landskron and
Böhm (2018b)

gradient 2

BMF He et al. (2024a) asymmetric mapping
function

3
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a standard deviation (STD) of 4.9 cm (Leandro et al. 2008). Due to its accuracy and

broad applicability, UNB3m is widely used worldwide (Zhang et al. 2016).

TABLE 2.2: Meteorological parameters look-up table for UNB3m.
The data are from Leandro et al. (2006).

Average

F ( � ) p0 (mbar) T0 (K) RH (%) b0 (K � m � 1) l 0

15 1013.25 299.65 75.0 6.30� 10� 3 2.77

30 1017.25 294.15 80.0 6.05� 10� 3 3.15

45 1015.75 283.15 76.0 5.58� 10� 3 2.57

60 1011.75 272.15 77.5 5.39� 10� 3 1.81

75 1013.00 263.65 82.5 4.53� 10� 3 1.55

Amplitude

F ( � ) DP (mbar) DT (K) DRH (%) Db (K � m � 1) Dl

� 15 0.00 0.00 0.0 0.00� 10� 3 0.00

30 -3.75 7.00 0.0 0.25� 10� 3 0.33

45 -2.25 11.00 -1.0 0.32� 10� 3 0.46

60 -1.75 15.00 -2.5 0.81� 10� 3 0.74

� 75 -0.50 14.50 2.5 0.62� 10� 3 0.30

EGNOS tropospheric correction model

EGNOS is the European Satellite-Based Augmentation Service (SBAS), which uses

geostationary satellites (Geosynchronous Equatorial Orbit, GEO) to provide regional

enhancement services and broadcast satellite integrity information, as well as the

Wide Area Differential GPS (WADGPS) information to users. The WADGPS infor-

mation includes corrections for satellite orbit, satellite clock, ionospheric delays, and

tropospheric delays.

The EGNOS tropospheric correction model also employs a look-up table for me-

teorological parameters but differs in strategy from the UNB approach. Dodson et al.

(1999) pointed out that the meteorological parameter model recommended by Inter-

national Civil Aviation Organisation (ICAO) Standards and Recommended Practices

(SARP) (Collins and Langley 1997) , which is used in UNB3m, is only validated us-

ing North American data although it is known as a global model. Therefore, it is

necessary to propose a tropospheric correction model suitable for the typical climate

of the European region. The look-up table (see Table 2.3) of the EGNOS and UNB

series are basically the same, with a slight difference being that EGNOS uses water

pressuree0 and UNB uses relative humidity. On the other hand, the tropospheric de-

lay function of EGNOS is also identical with the those of UNB series as Eq.(2.54) and
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Eq.(2.55), but with some revisions to the mapping function, no longer using NMF.

The mapping function of EGNOS is as follows

m f (a) =
1.001

p
0.002001+ sin2 a

. (2.56)

The effectiveness of the EGNOS model has been validated using the radiosonde

data from �ve radio stations in UK. The results show that the zenith tropospheric

delay errors range on avarage between 4.0 and 4.7 cm, with maximum errors range

from 13.2 to 17.8 cm (Penna et al. 2001).

TABLE 2.3: Meteorological parameters look-up table for EGNOS. The
values are taken from (Penna et al. 2001)

Average

F ( � ) p0 (mbar) T0 (K) e0 (K) b0 (K � m � 1) l 0

� 15 1013.25 299.65 26.31 6.30� 10� 3 2.77

30 1017.25 294.15 21.79 6.05� 10� 3 3.15

45 1015.75 283.15 11.66 5.58� 10� 3 2.57

60 1011.75 272.15 6.78 5.39� 10� 3 1.81

� 75 1013.00 263.65 4.11 4.53� 10� 3 1.55

Seasonal Variation

F ( � ) p0 (mbar) T0 (K) e0 (K) b0 (K � m � 1) l 0

� 15 0.00 0.00 0.00 0.00� 10� 3 0.00

30 -3.75 7.00 8.85 0.25� 10� 3 0.33

45 -2.25 11.00 7.24 0.32� 10� 3 0.46

60 -1.75 15.00 5.36 0.81� 10� 3 0.74

� 75 -0.50 14.50 3.39 0.62� 10� 3 0.30

IGGtrop

The IGGTrop model, proposed by the Chinese Academy of Sciences (CAS), is a

global empirical model based on a three-dimensional grid (lat. × long. × height)

(Li et al. 2012). Studies show that the UNB3m and EGNOS models may have some

limitations for Asian users. For example, both models exhibit large biases in certain

areas where the ZTD deviates signi�cantly from the zonal average (Li et al. 2015a).

In addition, the validation data for both models are regionally biased, using North

American and Western European data (Leandro et al. 2008; Penna et al. 2001), re-

spectively, potentially making them less suitable for the Asian region (Li et al. 2012).
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Unlike the look-up table strategy of UNB3m and EGNOS, IGGTrop directly uses

the International GNSS Service (IGS) global ZTD series (Dow et al. 2009) and Na-

tional Centers for Environmental Prediction (NCEP) reanalysis II data (Kanamitsu

et al. 2002) to establish a global 3D grid. IGGtrop employs simple harmonic func-

tions to �t the ZTD variations in longitudinal and latitudinal directions, as well as

seasonal �uctuations. The speci�c formula is expressed as follows:

DTz(F , L , H, t) =
8
><

>:

mean(DTz(F , L , H )) � amp(DTz(F , L , H )) � cos
�

2p �
t � DOY0

365.25

�
jF j � 10�

mean(DTz(F , L , H )) jF j < 10�
.

(2.57)

Here mean(DTz) and amp(DTz) are the annual mean and seasonal amplitude of

ZTD in mm, respectively; DOY0 corresponds to the DOY when ZTD reaches its min-

imum, 28 for Northern Hemisphere and 211 for Southern Hemisphere.

IGGTrop has been tested by �ve years of GNSS-derived ZTDs at 125 IGS sites

around the world, and the results show that biases at those IGS sites have mean

value of � 0.8 cm and mean RMS errors of 4.0 cm. Compared to the EGNOS and

UNB3m models, the use of vertical grids signi�cantly improves accuracy at high

altitudes (Li et al. 2012), and the IGGTrop has been validated to be more effective

than UNB3m and EGNOS in China (Zhang et al. 2016).

FIGURE 2.7: Histogram that indicates the comparison of UNB3m,
EGNOS and IGGTrop at 4 stations in China (Zhang et al. 2016).
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2.2.3 Empirical mapping functions

NMF

Following Herring (1992)'s proposal of the continuous fraction form of tropospheric

mapping function:

m f (#) =

1 +
am

1 +
bm

1 + cm

sin #+
am

sin #+
bm

sin #+ cm

, (2.58)

a lot of efforts have been made to optimize the set of coef�cients (am, bm, cm) related

to the tropospheric refractivity in various ways, thus leading to different mapping

functions. The Niell Mapping Function (NMF) is an implementation that utilizes

annual radiosonde data from the Northern Hemisphere to calculate mapping coef�-

cients. NMF takes into account seasonal variations by using Table 2.4 and model the

periodic amplitude of the latitude by sinusoidal functions. Taking coef�cient am as

an example, it has the following expression

am(L i , t) = aavg(L i ) + aamp(L i ) � cos
�

2p �
t � DOY0

365.25

�
. (2.59)

DOY0 is 28 , which is the reference epoch in NMF. aavg and aamp are the annual

average and seasonal amplitude of the coef�cient a, respectively. aavg and aamp can

be calculated by using the look-up Table 2.4. Parametersb and c also have similar

expressions to a. In addition, NMF also considers the impact of altitude variation,

with the height correction Dm f (#) as follows

Dm f (#) =
¶m f (#)

¶H
� H, (2.60)

where
¶m f (#)

¶H
=

1
sin #

� f (#, aht, bht, cht). (2.61)

Here H is the station height above sea level. ah, bh, ch are height correction coef�-

cients, of which values can be calculated from the Table 2.4.

The NMF has been tested in Very Long Baseline Interferometry (VLBI) appli-

cations, showing that over baselines up to 10400km, the baseline length is only

changed by 5 mm when elevation angles of input data decrease from 12 � to 3� . Ow-

ing to its high precision and independence from external input data, the NMF has

been widely used in tropospheric models, such as UNB3m and EGNOS.(Leandro

et al. 2008; Penna et al. 2001).

On the other hand, Böhm et al. (2006a) pointed out two main de�ciencies in

the NMF, a) due to the fact that NMF's �tting data comes from the Northern Hemi-

sphere, there will be a systematic bias in the Southern Hemisphere, especially in high

latitudes; b) there is a lack of sensitivity to the longitude of sites, that is, systematic

distortions of estimated positions exist for some sites in certain regions, such as in
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China and Japan. In order to overcome these limitations, mapping functions based

on NWP have gradually become the mainstream (Böhm and Schuh 2004; Böhm et al.

2006b).

TABLE 2.4: Coef�cients of hydrostatic and wet mapping functions in
NMF (nmfh2.0). All coef�cients need to be scaled by �10� 3. The data

are from (Niell 1996).

Hydrostatic

Latitude( � ) 15 30 45 60 75

aavg 1.2769934 1.2683230 1.2465397 1.2196049 1.2045996

bavg 2.9153695 2.9152299 2.9288445 2.9022565 2.9024912

cavg 62.610505 62.837393 63.721774 63.824265 64.258455

aamp 0.00 1.2709626 2.6523662 3.4000452 4.1202191

bamp 0.00 2.1414979 3.0160779 7.2562722 11.723375

camp 0.00 9.0128400 4.3497037 84.795348 170.37206

Height

aht 2.53� 10� 2

bht 5.49

cht 1.14

Wet

Latitude( � ) 15 30 45 60 75

aw 0.5802190 0.5679485 0.5811802 0.5972754 0.6164169

bw 1.4275268 1.5138625 1.4572752 1.5007428 1.7599082

cw 43.472961 46.729510 43.908931 44.626982 54.736038

GMF

The GMF (Böhm et al. 2006a) is a representative empirical mapping function re-

alized through the NWP model. Similar to NMF, the GMF requires only the geo-

graphic latitude and the DOY as inputs; however, unlike the NMF, the GMF em-

ploys the ECMWF NWP model to provide global-scale data and utilizes ray-tracing

techniques to calculate the mapping coef�cients, signi�cantly reducing the height

bias and annual error of NMF in certain regions.

A new strategy is used in GMF to calculate the coef�cient set (a, b, c), that is,

b and c are determined through empirical formulas, and a is solved through least-

square adjustment. This algorithm is also used in VMF1 and VMF3 (Böhm et al.

2006b; Landskron and Böhm 2018b). The strategy begin with the coeffcientb, which

is consistently �xed as a constant,
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bh = 0.0029,bw = 0.00146. (2.62)

The new c coef�cient depends on the geographical latitude and annual DOY, but

unlike NMF, it is no longer symmetrical with respect to the equator

cm = c0 +
��

cos
�

DOY � 28
365

� 2p + F 0

�
+ 1

�
�

c11

2
+ c10

�
� (1 � cosF ), (2.63)

where c0, c10, c11 and F 0 are parameters related to the Northern and Southern Hemi-

spheres. These parameters are listed in the Table 2.5. The GMF utilizes data from a

15� � 15� global grid of monthly averages of pressure, temperature, and humidity

pro�les derived from 40 years of ECMWF reanalysis data (ERA40) over 36 months.

At each of the 312 grid points, the dry and wet delays are obtained from a single ray-

trace with an initial elevation angle of 3.3 � (Böhm et al. 2006b), and the coef�cient am

is estimated according to the following observation equations

am = �
m f (#) � sin #� 1

m f (#)

sin #+
bm

sin #+ cm

�
1

1 +
bm

1 + cm

. (2.64)

am = a0 + A � cos
�

DOY � 28
365

� 2p
�

, (2.65)

with

a0 =
9

å
i= 0

i

å
j= 0

A i j (sin F ) �
h
Ac

ij � cos( j � L ) + As
ij � sin ( j � L )

i
. (2.66)

Eq.(2.64) is based on the inverse formula of Eq.(2.45), and the latitude of each

grid point and corresponding DOY are used to establish the observation equation

Eq.(2.65) and Eq.(2.66). The linear parametersAc
ij , As

ij and A i j can be estimated by

solving the Least-square (LS) problem, and by substituting them into the Eq.(2.65)

and Eq.(2.66), the parameteram can be determined. The speci�c implementation of

the GMF can be found at the of�cial site of TU Wien: https://vmf.geo.tuwien.ac.

at/index.html .

2.2.4 Discrete mapping function

VMF

VMF models are semi-empirical, discrete models that rely on external products con-

tinuously updated on TU Wien server: https://vmf.geo.tuwien.ac.at/ . There are

both grid-based and site-speci�c VMF products. Commonly used mapping func-

tions in VMF series include VMF1 (Böhm et al. 2006b), VMF3 (Landskron and Böhm

2018b), VMF3o (Boisits et al. 2020), etc. VMF1 offers refractivity coef�cients for both

dry and wet delay mapping functions in a discrete grid format (e.g. 1 � � 1� , 5� � 5� ),
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TABLE 2.5: Parametersc0, c10, c11 and F 0 which are required for
computing coef�cient c in GMF. The data are from Böhm et al. (2006b).

Hydrostatic

Hemisphere c0 c10 c11 F 0

Northern 0.062 0.000 0.006 0

Southern 0.062 0.001 0.006 p

Total

Hemisphere c0 c10 c11 F 0

Northern 0.063 0.000 0.004 0

Southern 0.063 0.001 0.006 p

available at four daily epochs: 00:00, 06:00, 12:00, and 18:00 UTC. It allows users to

interpolate spatially and temporally for speci�c site and time requirements. The sub-

sequent VMF3 is regarded as a high-precision upgrade of VMF1. It relies on ECMWF

ERA-Interim Pressure-Level Data and utilizes the RADIATE ray-tracing software

(Hofmeister and Böhm 2017), offering improved accuracy in simulated raytrace at

elevation angles as low as 3� (Landskron and Böhm 2018b).

In terms of parameter modeling, the VMF series adopts basically the same strat-

egy as GMF for modeling the coef�cient (am, bm, cm) (see section 2.2.3 for details),

with the only difference being that VMF3 introduces a seasonal amplitude variation

in coef�cient b, described by the following equation

bh = A0 + Ac
1 � cos

�
DOY
365.25

� 2p
�

+ As
1 � sin

�
DOY
365.25

� 2p
�

+ Ac
2 � cos

�
DOY
365.25

� 4p
�

+ As
2 � sin

�
DOY
365.25

� 4p
�

.
(2.67)

A0 is the average amplitude; Ac is the amplitudes for cosine and As is for sine

term; A1 and A2 denote the annual and semiannual amplitude, respectively. The

coef�cient am will be solved by the LS strategy based on the observation equations

Eq.(2.64), Eq.(2.65), Eq.(2.66) and updated every 6 hours on the server. Furthermore,

the global grid of the VMF series is divided into three resolution levels : 5 � � 5� ,

2.5� � 2� , and 1� � 1� , with the 2.5 � � 2� only serving the VMF1 model. Users can

calculate mapping coef�cient for any given time and location using an interpolation

method based on the inverse distance weighting.

2.2.5 Asymmetric troposphere modelling

The tropospheric asymmetry can be categorized into two parts (Chen and Herring

1997): hydrostatic asymmetry caused by variations in the tropopause height, and

wet asymmetry resulting from the uneven distribution of integrated water vapor.
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Such asymmetries inevitably cause tropospheric delays to be azimuth-dependent.

Consequently, tropospheric mapping functions should depend not only on the el-

evation angle but also on the azimuth angle. In high-precision tropospheric delay

modeling, it is necessary to take the tropospheric asymmetry into account. In this

section, the author presents the characteristics of tropospheric asymmetry and intro-

duces commonly used horizontal gradient models as well as some state-of-the-art

asymmetric models.

Tropospheric asymmetry

The height of the tropopause, which is the upper boundary of the troposphere, is

not uniform but varies with seasons and geographical latitudes (Xia et al. 2021), as

illustrated in Figure 2.8. Near the equator, the mean tropopause altitude reaches

approximately 18 km, diminishing to around 12 km in mid-latitudes and further to

about 8 km in polar regions. This variation is assumed to be induced by different

atmospheric circulations (Reid and Gage 1985), with more vigorous Hadley circula-

tion at the equator and less intense polar circulation at high latitudes.

FIGURE 2.8: Mean global seasonal distributions of the tropopause
height obtained by refractivity covariance transformation from

January 2014 to December 2016 (Xia et al. 2021).

Furthermore, the distribution of water vapor and condensed water within the

troposphere is uneven and hard to predict, causing the wet tropospheric delay to be

asymmetric. Even though wet delays from different azimuths converge to a single

and unique value in the zenith direction, there is large asymmetry at low elevation

angles, usually with centimeter level. The speci�c discussion about the tropospheric

asymmetry will be presented in the next chapter (section 3.1.3). Under extreme

weather conditions, the wet asymmetry becomes even more pronounced and will



34 Chapter 2. Theories and techniques in GNSS tropospheric modelling

have a large impact on positioning results (Wilgan et al. 2023). Additionally, certain

geographical features, such as mountains and oceans, can also cause asymmetry in

tropospheric delays (Morel et al. 2021). The asymmetry of tropospheric delay has

complex causes and is closely related to season, weather and topography, which

make it an error that cannot be ignored in precise tropospheric modeling.

Gradient models

In order to compensate for the tropospheric asymmetry, gradient models have been

proposed as the re�nement to isotropic mapping functions (MacMillan 1995), and

have been validated to be effective in space geodetic techniques (Bar-Sever et al.

1998; Chen and Herring 1997). In addition, the gradient models are important in

GNSS meteorology because gradient parameters can serve as input for NWP anal-

yses (Lu et al. 2016). Consequently, the two-axis gradient model has been identi-

�ed by the International Earth Rotation and Reference Systems Service (IERS) as the

standard functional model in space geodesy (Petit and Luzum 2013). The model is

expressed as follows:

DT(#, a) = DTz
h � m fh(#) + DTz

w � m fw(#) + m fg(#) � (gN � cosa + gE � sin a). (2.68)

Here, gE and gN are horizontal gradient parameters representing the east-west and

north-south tropospheric asymmetry, respectively. m fg is the vertical gradient func-

tion, which can take various forms such as the Chen-Herring (CH) model (Chen

and Herring 1997), Bar-Server (BS) model (Bar-Sever et al. 1998) and Tilting model

(Meindl et al. 2004), which have following forms

m fg(#) =

8
>>>><

>>>>:

m f (#) � cot #, BS model
1

(sin #� tan #+ C)
, CH model

�
¶m f (#)

¶#
, Tilting model

, (2.69)

where the parameter C is related to the water vapor content and assumes signi�-

cance only at low elevation angles. For the hydrostatic delay, C is assigned a value

of 0.0031, whereas for wet delay, a smaller value of 0.0007 is recommended.

The ratio between the gradient MF and the tropospheric MF m fg(#)/ m f (#) in-

creases as the elevation angle decreases. According to the tilting model,m fg(#) ac-

tually approximates the negative rate at which m f (#) changes with elevation angle,

i.e., the vertical gradient of m f (#). Therefore, at low elevation angles, m fg(#) changes

faster than m f (#), leading to a rapid increase in the tropospheric asymmetry.

The two-axis gradient model, with its sinusoidal function form, is similar to the

projection function of a tilting plane, hence it is also referred to as the "Tilting Model".

It can effectively capture the �rst-order asymmetry of the troposphere, such as the

asymmetry caused by the variation of tropospheric thickness from north to south
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on a global scale. The effect of the gradient model has been validated by many

studies and is considered to signi�cantly improve the positioning accuracy of GNSS,

especially under extreme weather conditions (Ghoddousi-Fard et al. 2009).

On the other hand, some limitations of the gradient model have been identi�ed.

Masoumi et al. (2017) noted a mis�t problem at low elevation angles, which means

that the two-axis gradient model may not adequately represent the complex tropo-

spheric asymmetry, which is ampli�ed at low elevation angles. This problem has

also been validated by Zus et al. (2021), who uses harmonic functions to compen-

sate for the gradient model's errors at low elevation angles. This indicates that the

traditional approach of simply using a vertical gradient function m fg to correlate

asymmetries at different elevation angles is inadequate.

2.2.6 State-of-the-art azimuth-dependent mapping functions

VMF3 and GRAD products

Realizing the limitations of the two-axis gradient model, many studies on improving

the gradient model have been carried out. Landskron and Böhm (2018a) introduces

the empirical horizontal GRADient (GRAD) product, which includes the recom-

mended values of higher-order horizontal gradient parameters (up to the third or-

der), in conjunction with VMF3. GRAD products are globally applicable, empirical,

grid-based and discrete. Similar to the VMF3, GRAD is also updated every six hours.

The gradient model utilized by GRAD is as follows:

DT(a, #) = DT0(#) + m fg(#) �
K

å
k= 1

[gNk � cos(k � a) + gEk � sin (k � a)] , (2.70)

where DT0(#) is the symmetric part of the tropospheric delay; K is the highest order

of the gradient model, e.g. K = 2 leads to "GRAD-2" and K = 3 leads to "GRAD-3".

There are two main advantages of the GRAD product. Firstly, it overcomes the

shortcomings of the two-axis gradient model in representing complex asymmetries

through the use of higher-order sinusoidal functions. Secondly, it is highly compati-

ble with VMF3 because they share the same foundation, speci�cally the same NWP

model and ray-tracing technique (Landskron and Böhm 2018b). The effect of the

GRAD model has been validated through the Vienna VLBI and Satellite Software

(VieVS) (Böhm et al. 2012), demonstrating a 5% improvement in baseline repeatabil-

ity compared to the usecase with the normal gradient model (Landskron and Böhm

2018a). Figure 2.9 presents distribution maps of gradient norm and ZWD on a global

scale, with the spatial resolution of 1 � � 1� . These results are derived directly from

GRAD and VMF3 products.

On the other hand, the limitations of GRAD are also obvious. It is not attractive

for applications that require estimation of tropospheric gradients, or applications of
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FIGURE 2.9: Gradient (top) and ZWD (bottom) global map derived
from GRAD and VMF3 products, respectively.

real-time usage. For such applications, the development of functional models, rather

than empirical models, is essential to compensate for tropospheric asymmetry.

AMF

The Adaptive Mapping Function (AMF) (Gegout et al. 2011) introduces a novel ap-

proach by incorporating the azimuth angle as a variable within the recursive func-

tions of the mapping function, and then use multi-scale Fourier series to approxi-

mately �t highly nonlinear mapping coef�cients after the expansion. Unlike main-

stream mapping functions, which are based on a third-order truncated fractional

form proposed by Herring (1992), as in Eq.(2.58), AMF is derived from the contin-

uous fractional form proposed by Marini (1972), with constant coef�cients replaced

by the function of azimuth (Gegout et al. 2011)

m f (a, #) = F(a, #) =
1 + � � �

sin #+
a1(a)

sin #+
a2(a)

sin #+ � � �

, (2.71)

which can be expanded as
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m f (a, #) =
1

sin #
�

F1(a)
sin3 #

+
F2(a)
sin5 #

� . . . . (2.72)

AMF employs Fourier expansion to approximate function Fi (a)

Fi (a) = A i0 +
J

å
j= 1

h
Ac

ij � cos( j � a) + As
ij � sin ( j � a)

i
. (2.73)

where j refers to the Fourier series number and i refers to the fraction level. Ac
ij and

As
ij are coef�cients of the cos ja and sin ja term, respectively.

AMF includes tens of coef�cients and has been validated using data from thou-

sands of atmospheric ray-tracing delays. The results indicate that due to the decreas-

ing impact of mapping coef�cients with each recursion, the third term of truncated

fraction and the fourth term of the Fourier-series are generally suf�cient under nor-

mal meteorological conditions, ensuring millimeter-level accuracy in tropospheric

delay at low elevation angles.

Directional model

The Directional Model , as proposed by Masoumi et al. (2017), serves as a re�nement

to conventional gradient models. Its main idea is to change the discrete horizontal

gradient into a continuous function of azimuth angles. Speci�cally, it uses a linear

piecewise function to connect horizontal gradients across various azimuth angles.

The gradient at each node will be estimated as unknown parameter in the system.

The Directional Model is de�ned as follows

DTa(a, #) =
K

å
k= 1

DT(#) � m fa(#) � m fk
PW(a). (2.74)

where DTa(a, #) is the azimuth-dependent part of the tropospheric delay DT(#) and

m fa(#) is the corresponding mapping function that only relies on elevation angle.

m fk
PW(a) represents for the mapping function of the azimuth, which has the piece-

wise form

• for k = 1:

m fk
PW(a) =

8
>>><

>>>:

a � (2p � a� )
a� , if a > 2p � a�

a� � a
a� , if a < a�

0, otherwise

. (2.75)

• for 2 � k � K:

m fk
PW(a) =

8
>>><

>>>:

a � (k � 1) � a�

a� , if (k � 2) � a� < a � (k � 1) � a�

k � a� � a
a� , if (k � 1) � a� < a � k � a�

0, otherwise

. (2.76)
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Here, a� = 2p / K, which is the interval width between two neighboring nodes. Fig-

ure 2.10 shows the piecewise function of the directional model with eight nodes in

full azimuth range. Each GNSS observation contributes to the estimate of the gra-

dient at two neighboring azimuthal nodes, so that the level of contribution depends

linearly on the angular distance between observation direction and the direction of

the estimated node (Masoumi et al. 2017). Moreover, the resolution of the Directional

Model can be improved by increasing the number of nodes, thereby improving the

model's performance.

The ef�ciency of the directional model has been tested under extreme weather

conditions, demonstrating signi�cant improvements in coordinate repeatability un-

der highly asymmetric troposphere conditions, with an average improvement of

� 31% (Masoumi et al. 2017). Under calm weather conditions, the Directional Model

also contributes to slight improvement in the positioning accuracy.

FIGURE 2.10: Comparison between the conventional gradient model
(a) and directional model (b) (Masoumi et al. 2017).

2.2.7 Processing strategy of wet delay

As discussed in previous section 2.1.2, due to the complexity in modeling the water

vapor pressure of integrated water, ZWD is usually estimated as an unknown pa-

rameter. Typically, the stochastic process of ZWD are regarded as a Random Walk
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(RW) process or a �rst-order Markov process (Tralli and Lichten 1990), which are

both used to capture the variations of natural phenomena and apply time-correlated

constraints to the system, which is typically achieved by adjusting the process noise.

According to the random walk process, the expected distance dk after k-th epoch is

given by (Bharucha-Reid 1997)

E(jdkj) = s �
p

k. (2.77)

where s is the step size, indicating the Random Walk Process Noise (RWPN) in the

system. Replace epochk with the time interval dt and distance jdkj with the ZWD

change jDTz
w(t + dt) � DTz

w(t)j, then the RWPN can be estimated as

s =
E(jDTz

w(t + dt) � DTz
w(t)j)

p
dt

. (2.78)

It can be seen that RWPN is supposed to re�ect the expected rate of ZWD change,

thus, it is often treated as an empirical parameter. There are many discussions

about the optimal setting of RWPN. For example, Kouba and Héroux (2001) adopts

a value of 5 mm � h� 1/2 for RWPN in the IGS's PPP products, while a broader range

of 5 � 20 mm � h� 1/2 has also been acceptable, as supported by Lu et al. (2015) and

Pacione et al. (2009). Figure 2.11 shows a global empirical model of ZWD RWPN as

suggested by Hadas et al. (2017). Such empirical maps can provide valuable refer-

ence for users dealing with post-processing applications. In fact, the choice of RWPN

is in�uenced by various factors such as weather conditions, geographical locations

and seasons, all of which are highly correlated with the speci�c site and time. More-

over, different application scenarios require different strategies, such as airborne dy-

namic positioning and static positioning on the ground (Zhang et al. 2023). Because

of these issues, the optimal choice for RWPN remains an open question.

On the other hand, the weighting function (observation noise model) is also an

important part of the stochastic model, as the weighting function needs to represent

the uncertainty of GNSS observations. In standard PPP applications where observa-

tion conditions are good, the noise is mainly caused by propagation path errors and

receiver noise. The weighting functions are typically de�ned as

s =
s0

sin #
, (2.79)

or

s =

s

s2
1 +

s2
2

sin2 #
, (2.80)

In scenarios with limited observation conditions such as urban canyons, low el-

evation angles observation will usually contain greater multipath noise. Multipath

error is site-dependent and generally dif�cult to be modelled. Hence, Carrier-to-

Noise ratio (C/ N0)-dependent weighting models are also employed
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FIGURE 2.11: Recommended RWPN grids for both hydrostatic and
wet zenith delays, in annual (left) and seasonal scales (right) (Hadas

et al. 2017).

s = s0 � 10

max(CNmax � CN0, 0)
20 , (2.81)

where CNmax is a reference value set to be 40 dBHz). This model is often used in low-

cost receivers (Wang et al. 2021), for which the noise from multipath and hardware

is often greater than the uncertainty of the ephemeris product and error model.

2.3 Precise Point Positioning

The potential of GNSS technique in geodesy, environmental science and engineering

has been validated (Bisnath and Gao 2009; Bossler et al. 1980). Before the 21st cen-

tury, GNSS positioning primarily involved Single Point Positioning (SPP) and Dou-

ble Differential (DD) GNSS. Zumberge et al. (1997) proposed the PPP technique,

which is a non-differential positioning method that adopts both code and carrier

phase measurements. Unlike the traditional DD system that requires the corporation

of multiple receivers, PPP can operate independently with a single receiver. Con-

sequently, PPP relies on high-quality ephemeris and accurate error models, which

should adhere to IERS conventions (Petit et al. 2010). PPP can generally achieve

centimeter-level or even millimeter-level accuracy if error models are fully applied
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and high-quality ephemeris are adopted. However, the remaining ambiguities of

the carrier phase observations will impact on the positioning results, thus it usually

takes more than 15 minutes for the positioning solution to converge to centimeter-

level accuracy. Further resolution of PPP integer ambiguities, known as PPP with

Ambiguity Resolution (PPP-AR), can improve positioning accuracy and reduce con-

vergence time (Ge et al. 2008; Geng et al. 2010). Figure 2.12 is the �owchart of the

standard PPP/PPP-AR.

This section will cover the fundamentals of PPP in section 2.3.1, including obser-

vation equations and linear combinations, followed by a discussion about various

error models in section 2.3.2, and the general procedure of PPP-AR in section 2.3.3.

In the end, the extended Kalman �lter is brie�y introduced in section 2.3.4.

2.3.1 PPP basics

Observation equations

The standard PPP Undifferenced-Uncombined (UU) observations (Schönemann 2014)

can be expressed as follows

P = d0 + c � (dtr � dts + ISBS
G) + DT + DI + ( br,P � bs

P) + DP + eP, (2.82)

L = d0 + c � (dtr � dts + ISBS
G) + DT � DI + ( br,L � bs

L) + l � N + DL + eL, (2.83)

where P and L represent the code and carrier phase observations, respectively; d0

represents the geometric distance between the receiver and satellite;dtr and dts are

the clock offsets of the receiver and satellite, respectively; ISBS
G denotes the inter-

system signal bias between GPS (G) and other systems (S), e.g. GLONASS, Galileo,

and Beidou; DT is the tropospheric delay; DI is the ionospheric delay; br,P and bs
P are

the pseudorange hardware delays between the receiver and satellite, respectively;

br,L and bs
L are the corresponding phase delays; N is the phase integer ambigu-

ity; l is the corresponding wavelength; DP and DL indicate other terms of errors

and effects that should be accounted in PPP, for code and carrier phase observa-

tions, including a) signal propagation errors and antenna-related errors: relativistic

effects, phase center offset, phase center variation, phase wind-up (only for L); b)

site-displacement effects (only when positioning in ITRF): solid Earth tides, ocean

loading, and pole tides. eP and eL denotes unmodelled errors and noises in PPP, for

code and carrier phase, respectively.
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FIGURE 2.12: Flowchart of the standard PPP/PPP-AR, including
necessary steps and external products.
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Linear combination of observations

There are different types of linear combinations in PPP processing, which can be

used in different situations. The standard form of linear combination for dual-

frequency bands f1 and f2 is as follows

OLC = k1 � O1 + k2 � O2. (2.84)

O1 and O2 are the observations of the same type in the unit of meter, i.e. both code

or both carrier phase. OLC denotes the linear combination of two observations. Here

the author lists some commonly used linear combinations in PPP and gives brief

discussions.

• Undifferenced and uncombined (UU)

According to the law of error propagation, most of linear combinations (except

for NL) will amplify the random noise in observations, which is a trade-off for

systematic errors elimination. The UU, even though retaining all error terms,

preserves the original noise level of the observations, thus it is frequently used

in high-precision applications.

• Ionosphere-free (IF)

The ionosphere is a dispersive medium, resulting in the ionospheric delay of

satellite signals DI being inversely proportional to the square of the signal's

frequency f

DI =
40.3� 1016

f 2 �
Z

P
Neds, (2.85)

where P is the actual propagation path of the satellite signal, and Ne is the

electron density.
R

P Neds is the Total Electron Content (TEC) along the signal

propagation path. The equation above implies that when there are two or more

frequency bands, the ionospheric delay term can be removed through a linear

combination.

Standard dual-frequency IF combination yields

8
>><

>>:

kIF
1 = f 2

1
f 2
1 � f 2

2

kIF
2 = � f 2

2

f 2
1 � f 2

2

. (2.86)

However, it should be noted that the ionospheric-free combination will am-

plify the noise of the observations. Taking GPS frequency bands L1 ( fL1 =
1575.42 MHz) and L2 (fL2 = 1227.60 MHz) as an example, the ampli�cation

is about three. The IF combination cannot eliminate the high-order terms of

ionospheric delay, which can lead to range bias of several centimeters (Fritsche

et al. 2005).
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• Geometry-free (GF)

The GF combination, de�ned as the subtraction of observations at different

frequencies, can remove geometric distance, satellite and receiver clock bias,

tropospheric delay, and preserve frequency-related errors such as ionospheric

delay, ambiguity, hardware delay, inter-system bias. The parameters for the

GF combination are as follows

8
<

:
kGF

1 = 1

kGF
2 = � 1

. (2.87)

Since there are no longer receiver state variables (position and clock bias) and

tropospheric delays in the GF combination, it cannot be used for positioning.

The remaining errors are relatively stable, making the GF combination suitable

for cycle-slip detection and ionospheric analysis.

• Wide-lane/narrow-lane (WL/NL)

The WL and NL combinations are speci�cally designed for carrier phase ob-

servations, and the coef�cients are set as follows

– WL combination: 8
><

>:

kWL
1 = f1

f1 � f2
kWL

2 = � f2
f1 � f2

. (2.88)

– NL combination: 8
><

>:

kNL
1 = f1

f1 + f2
kNL

2 = f2
f1 + f2

. (2.89)

The wavelengths of WL and NL combinations are 86.2 cm and 10.7 cm, respec-

tively, which explains the origin of such names. The noise of the WL combina-

tion is ampli�ed by a factor of 6.41, making it unsuitable for positioning, but its

longer wavelength makes it commonly used for ambiguity resolution. As for

NL combination, the noise is only 0.795 times of the original signal, thus it can

be used for precise positioning. The cycle number of carrier phase observation

is de�ned as the ratio between the observation and wavelength f = L/ l . The

cycles of WL/NL combinations have a more straightforward relationship

8
<

:
f WL = f 1 � f 2

f NL = f 1 + f 2

, (2.90)

where f 1 and f 2 are cycles of carrier observations in two different frequency

bands. Eq.(2.90) actually implies a corresponding relationship between the in-

teger ambiguities of the two frequencies. Therefore, WL/NL combinations are
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often used to resolve ambiguities in the IF combination, which will be dis-

cussed in further detail in the following section 2.3.3.

• Melbourne-Wübbena (MW)

The MW combination is a unique combination that requires both pseudorange

and carrier phase observations covering two frequency bands. It can be re-

garded as the difference between the WL phase observation and the NL code

observation:

OMW =
f1 � OL1 � f2 � OL2

f1 � f2
�

f1 � OP1 + f2 � OP2

f1 + f2
, (2.91)

with MW wavelength being

l MW =
c

f1 � f2
. (2.92)

MW combination eliminates geometric distance and almost all errors, leaving

only hardware delay and ambiguity. The noise level of MW observation is

not easy to accurately estimate, because it involves both phase and pseudor-

ange observations, of which the basic noise level differ by approximately 100

times. Since the MW combination is the difference between WL phase and

NL code observations, the MW noise can be approximated by the NL noise

of code observations. Such a large noise makes the MW not capable for pre-

cise positioning but it is commonly used for cycle slip detection and ambiguity

resolution.

2.3.2 PPP error models

There are four types of errors in PPP according to their sources: ephemeris error,

hardware error, signal propagation path error and site displacement effect. Ephemeris

errors primarily refer to the random errors caused by the uncertainty of satellite or-

bit and clock products, while the other three are considered modelable errors. This

section will focus on the principles and modeling methods of these errors.

Errors related to signal propagation

• Ionospheric delay

There are usually three strategies to deal with ionospheric delays: empirical

models, IF combinations, or estimation as unknown parameters. The empirical

model is suitable for single-frequency applications or low-precision SPP appli-

cations, with common models including Klobuchar and NeQuick (Klobuchar

1987; Nava et al. 2008). Solar activity is closely related to the degree of ion-

ization of the neutral atmosphere. Solar radiation causes the dissociation and

ionization of neutral particles in the ionosphere into ions and free electrons



46 Chapter 2. Theories and techniques in GNSS tropospheric modelling

TABLE 2.6: Overview of errors and effects that should be corrected
in a standard PPP frame. Modi�ed from Kouba et al. (2017).

Model
component

Errors & effects Magnitude Uncertainty

Satellite Center-of-mass
position

25 mm (GPS)

Antenna PCO 0.5-3 m 0.1 m

PCV 5-15 mm (GPS) 0.2-1 mm

Clock offset <1 ms (� 3 � 105 m) 75 ps (� 20 mm)
for GPS

Relativistic effects 10-20 m -

20 mm -

DCB up to 15 ns (� 5 m) 0.1-1 ns
(� 0.03-0.3 m)

FCB up to 0.5 cy (� 0.1 m) 0.01 cy (� 2 mm)

Atmosphere Troposphere (dry) 2.3 m (in zenith) 0.2 mm

Troposphere (wet) up to 0.3 m (in zenith) up to 100%

Ionosphere (1st-order) up to 30 m (in zenith) mm level for IF

Ionosphere
(higher-order)

<20 mm (in zenith) 1-2 mm

Site displacement Plate motion up to 0.1 m/y 0.3 mm/y

Solid Earth tide up to 0.4 m 1 mm

Ocean loading (tidal) 1-100 mm 1-2 mm

Ocean loading
(nontidal)

up to 15 mm 1 mm

Pole tide 25 mm -

Atmospheric loading
(tidal)

up to 1.5 mm -

Atmospheric loading
(nontidal)

up to 20 mm 15%

Receiver PCO 0.05-0.15 m -

PCV up to 30 mm 1-2 mm

Others Phase wind-up > 0.2 m -
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(Hobiger and Jakowski 2017). In addition to regular diurnal changes, seasonal

changes, and geographical changes depending on latitude, solar activities also

have irregular and sudden changes, lead to ionospheric disturbances, irregu-

larities, and scintillation (Kintner et al. 2007; Pi et al. 1997). This makes iono-

spheric empirical models less reliable than those of the troposphere, and often

lead to errors exceeding one meter in zenith.

In PPP, the IF combination (see previous section 2.3.1 for details) is preferred

rather than using empirical ionospheric models.

If UU is used, the slant ionospheric delay for each satellite has to be estimated

as an unknown parameter, and external ionospheric products can be used as

constraints to accelerate PPP convergence (Banville et al. 2014). Commonly

used ionospheric products include IGS's Global Ionospheric Maps (GIM)

and Rate of TEC Index (ROTI) (Roma-Dollase et al. 2018), where the former

provides global Vertical Total Electrion Content (VTEC) maps in the IONo-

sphere map EXchange (IONEX) format and the latter characterizes features of

ionospheric irregularities in the Northern Hemisphere. These products can be

found on the IGS of�cial server: https://igs.org/products/#ionosphere .

• Relativisitc effects

Relativistic effects can be categorized into two types: those associated with

special relativity such as the time dilation effect and variations in orbital eccen-

tricity, and those related to general relativity, namely spacetime curvature ef-

fect (Ashby 2003). The �rst category is due to the huge relative speed difference

between the satellite clock and the ground receiver clock, and the second cate-

gory is related to the Earth's gravitational �eld. These effects caused by special

and general relativity lead to a frequency offset of the onboard clock with re-

spect to a ground-based clock (Hauschild 2017), thus the oscillation frequency

of the onboard clock needs to be modi�ed. However, noncircular satellite or-

bits cause deviations from the mean frequency offset (Hauschild 2017). The

effect due to the orbit eccentricity is also known as the Sagnac effect, which

can cause errors up to tens of meters. The correction for such effect needs to be

applied as follows:

DSagnac= � 2 �
rs � vs

c2 , (2.93)

where rs and vs represent the satellite's position and velocity vectors, respec-

tively. c is the speed of light.

The Shapiro effect is the path delay caused by the spacetime curvature of the

Earth's gravitational �eld. Error caused by Shapiro effect is approximately

60 ps (� 18 mm) for GPS and 70 ps (� 21 mm) for Beidou (Hauschild 2017)

and therefore only considered in high-accuracy positioning. The correction

equation is given by
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DShapiro=
2GM �

c2 � ln
rs + rr + rs

r

rs + rr � rs
r
, (2.94)

where rs and rr are the Euclidian norms of satellite's and receiver's positions in

geocentric coordinate, respectively. rs
r is the distance between the satellite and

the receiver. mrepresents the Earth's gravitational constant, with GM � being

the gravitational constant times Earth mass GM � = 3.986004418� 1014 m3 � s� 2.

Errors related to hardware

• PCO and PCV

The Antenna Reference Point (ARP) is the reference position of an antenna

for measurements and computations; while the Antenna Phase Center (APC)

is the effective center for signal transmission and reception, which is in many

cases not �xed but varies with the signal's direction (including azimuth and

elevation angle) and frequency. The lever arm between the ARP and APC

is denoted as DAPC. The deviation between the mean APC and the ARP is

de�ned as Phase Center Offset (PCO). The PCO for a particular frequency

is given in ENU components relative to the ARP. Moreover, the APC of an

individual measurement, the so called Instantaneous Phase Center (IPC), and

the mean APC are not identical. Such deviations are de�ned as Phase Center

Variations (PCV) .

The magnitude of PCO can vary from centimeters to meters, depending on

the antenna type. PCO corrections need to be applied to both the satellite and

receiver sides. Usually antenna manufacturers will provide technical informa-

tion about the reference DAPC. For the receiver end, PCO correction can be

simply modelled by projecting DAPC onto the signal direction

Dr
PCO = DAPC �

rs
r

k rs
r k

. (2.95)

The PCO correction at satellite side is more complicated because the attitude of

the satellite in space needs to be considered. Let the rotation matrix between

the satellite-�xed coordinate system and Earth Centered Earth Fixed (ECEF)

be R = [ i , j , k ], and e be the unit vector from the satellite towards the center

of the Sun. Then one has

Ds
PCO = R � DAPC �

rs
r

k rs
r k

, (2.96)

with
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8
>>><

>>>:

i = j � k

j = k � e

k = � rs

k rs k

. (2.97)

The PCV magnitudes are typically around 1 cm or smaller. The IGS started to

use absolute antenna PCV patterns with GPS week 1400, and has integrated

and published IGS antenna model �les (ANTEX format). The ANTEX �le

includes technical information for both receiver and satellite antennas in a

directional grid format allowing users to interpolate as needed. The com-

monly used version is igs14.atx, which should be used together with the ref-

erence frame IGS14 and the corresponding ephemeris products (Rebischung

and Schmid 2016). It can be accessed on the IGS server:https://igs.org/wg/

antenna/#files .

• Antenna phase wind-up

Satellite needs to keep the orientation of solar panels perpendicular to the di-

rection of the Sun, and maintain its antenna pointing toward the Earth's cen-

ter. Thus the satellite needs continuous maneuvering to adjust its attitude.

This process will cause the rotation of the satellite antenna. Given that satellite

signals are characterized by Right-Hand Circular Polarization (RHCP), the ro-

tation of the antenna induces changes in the original phase of the signal, which

is referred to as Phase Wind-up (PWU) effect. The PWU does not affect pseu-

doranges, but only carrier phase observations. The correction for the PWU

reads as follows (Wu et al. 1992)

DPWU = 2 � N � p + dj . (2.98)

where

– the fractional part dj

dj = sign(z) � arccos
�

ds � d r

k ds k � k d r k

�
, (2.99)

with

z = k � (ds � d r ), (2.100)

– The integer part Dj

Dj = round
�

D0
PWU � dj

2p

�
. (2.101)
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D0
PWU is the PWU correction of the previous epoch. k is the unit vector from

satellite to receiver. ds and d r are effective dipole moments of the receiver and

transmitter, respectively, which are de�ned as

8
<

:
d r = e � k � (k � e) + k � n

ds = i � k � (k � i ) � k � j
, (2.102)

where e and n are unit vectors de�ned in local coordinate (ENU) that pointing

East and North, respectively. Unit vectors i and j are de�ned in satellite-�xed

coordinate and are the same as in PCO correction (see section 2.3.2).

• Differential Signal Bias

Differential Signal Bias (DSB) arises from the hardware delay of different signal

channels. DSB can typically be categorized into three types: Differential Code

Bias (DCB), Observable-speci�c Signal Bias (OSB), and Inter-system Signal Bias

(ISB).

DCB is the relative bias between pseudorange observations across different

signal channels, with both intra- (e.g. P1-C1, P2-C2) and inter- (e.g. P1-P2) fre-

quency biases. The conventional DCB correction involve P1-C1, P2-C2, P1-P2

products for GPS and GLONASS, and is for example released by the Center for

Orbit Determination in Europe (CODE), with a day-to-day repeatability of ap-

proximately 0.05 ns (Wang et al. 2016). These corrections are computed based

on IGS observations using IF combinations and corresponding IGS precise

ephemeris (Gao et al. 2001). The emergence of Galileo and Beidou systems in-

troduces challenges to DCB estimation. The current mainstream DCB products

are provided by Chinese Academy of Sciences (CAS) and Deutsche Zentrum

für Luft- und Raumfahrt (DLR), and are determined using IGS Multi-GNSS Ex-

periment (MGEX) observations and GIM products, with day-to-day repeata-

bility ranging from 0.05 to 0.3 ns (Montenbruck et al. 2014; Wang et al. 2016).

DCB products are available on the IGS server: https://igs.org/products/

#differential_code_bias_2237 .

In contrast to DCB, OSB directly quanti�es the hardware delays in measure-

ments. OSB is an absolute delay, thus it can be �exibly applied to observa-

tions across multiple systems and signal channels. Current estimation meth-

ods based on IGS MGEX and GIM offer OSB estimates with day-to-day re-

peatability between 0.06 and 0.15 ns (Wang et al. 2020).

ISB arises from inherent hardware delays across multiple systems. It is also rel-

atively stable and exists in both pseudorange and carrier phase measurements,

and may reach hundreds of nanoseconds (Nadarajah et al. 2013). A common

approach is to estimate ISB as inter-system clock biases, with each system cor-

responds to a clock offset parameter. All offset parameters should refer to a

base satellite clock, which is usually GPS clock (Liu et al. 2019).
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Site displacement effect

• Solid Earth tides

Earth solid tides refer to the periodic deformations of the solid Earth induced

by the tidal forces of the Sun and the Moon. The deformation caused by solid

tide is mainly in the vertical direction, and the maximum amplitude can reach

up to thirty centimeters. IERS suggests a second-degree tidal correction model

as follows, which can achieves an accuracy of a few millimeters (Petit and

Luzum 2013). The position correction vector in radial direction Dsolid is as

follows

Dsolid =
3

å
j= 2

GM j � R4
�

GM � � r3
j

�
h2 � r �

�
3
2

� (r j � r)2 �
1
2

�
+ 3 � l2 �

�
r j � r

�
�
�
r j � (r j � r) � r

�
�

,

(2.103)

where GM j is the lunar ( j = 2) and solar (j = 3) gravitational parameter, and

GM � is the gravitational parameter of the Earth. r j and r j are the unit vector

from Earth's center to the Moon or Sun and their absolute values. Re is the

Earth's radius. r and r are the unit vector from Earth's center to the receiver

and its absolute value. The second-order Love number and Shida number are

h2 = 0.6078 andl2 = 0.0847, respectively. It is also possible to consider using a

latitude-dependent model to adjust h2 and l2

8
<

:
h2(F ) = 0.6078� 0.0006�

�
(3 sin2 F � 1)/2

�

l2(F ) = 0.0847+ 0.0002�
�
(3 sin2 F � 1)/2

� . (2.104)

A more accurate third-degree correction model can be found in the IERS doc-

umentation (Petit and Luzum 2013).

• Ocean loading

Ocean loading is due to the elastic response of the Earth's crust to ocean tides,

producing sea�oor deformation and surface displacement of adjacent land-

masses. These corrections are typically more signi�cant in coastal areas, reach-

ing up to several centimeters, but are much smaller inland, with only a few

millimeters. Consequently, ocean tides effects can be disregarded for kinematic

PPP and inland sites (Héroux and Kouba 2001). According to IERS convention,

the ocean loading correction in local coordinates Docean can be expressed as fol-

lows Petit et al. (2010)

Docean=
11

å
j= 1

g j � Acj � cos
�
w j � t + c j + kj � F cj

�
, (2.105)

where j denotes 11 tidal waves. g j and kj are parameters related to the lon-

gitude of the Lunar node. w j is the initial tidal angular velocity. c j is the
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initial astronomical argument. Acj and F cj are station speci�c amplitude and

phase. More speci�c tidal coef�cients are available from the Ocean Tide Load-

ing Provider from Chalmers University of Technology: http://holt.oso.chalmers.

se/loading/ .

• Pole tides

Polar tides result from periodic movement of the Earth's rotation axis, with a

14-month period (Chandler Wobble). The maximum error of polar tides are

approximately 2 cm and changes slowly, but has to be taken into account if the

observations are carried out over periods longer than two months. According

to the IERS convention, the polar tide correction in geodetic polar coordinates

Dpole = ( Dr , DL , DF ) can be represented as

8
>>><

>>>:

Dr = � 32 � sin 2F � (x1 � cosL + x2 � sin L ) � r

DL = � 9 � sin F � (� x1 � sin L + x2 � cosL ) � L

DF = � 9 � cos 2F � (x1 � cosL + x2 � sin L ) � F

, (2.106)

where x1 and x2 are polar motion parameters, which can be obtained from

IGS's terrestrial reference frame products (Rebischung and Schmid 2016):https:

//igs.org/products/#terrestrial_frame .

For practical applications, it is usually necessary to convert the site displace-

ments from the geodetic coordinate frame to the ECEF coordinate system

2
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6
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Dz

3

7
7
7
7
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5

=

0
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@

cosL � cosF � sin L � cosL � sin F
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, (2.107)

2.3.3 PPP-AR

The process of resolving carrier phase ambiguities and retrieve their integer nature

within PPP is known as PPP with Ambiguity Resolution (PPP-AR) , which is a nec-

essary step in high-precision PPP. PPP-AR can improve both the positioning accu-

racy and convergence time of PPP (Ge et al. 2008), thus it is necessary for time-critical

applications.

Once the PPP error models (as listed in section 2.3.2) are fully applied, the resid-

ual errors in the carrier phase are referred to as Uncalibrated Phase Delays (UPD) ,

which includes two parts: integer ambiguities and hardware delays. The hardware

delays are relatively stable, so their integer cycle parts can be absorbed into the in-

teger ambiguities, while the fractional cycle part is called Fractional Cycle Biases

(FCB). Correction for this FCB relies on external products. For example, Centre
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national d'études spatiales-Collective Locallization Satellites (CNES-CLS) and Ge-

oForschungs Zentrum (GFZ) include FCB information for WL combinations in their

precise ephemerides, termed as Integer Recovery Clock (IRC) products (Geng et al.

2010; Loyer et al. 2012).

The improvement of PPP positioning accuracy by AR is mainly re�ected in the

East direction. When 80% of ambiguities are �xed, the improvement in East compo-

nent can reach 27%, according to the validation test carried out by Ge et al. (2008)

based on the one-week observations from 450 IGS stations. The improvement in the

North and the Up components are relatively small, only about 5%.

On the other hand, the impact of AR on ZWD and ZTD is currently a topic of

debate. Some work shows that the introduction of AR can improve the accuracy of

ZWD/ZTD estimates (Lu et al. 2018; Shi and Gao 2011), while other studies have

shown that AR cannot guarantee a stable and signi�cant improvement in time se-

ries of tropospheric parameters (Nistor and Buda 2017; Theodoro et al. 2022). Such

divergence might arise from different AR strategies. Therefore, the author cannot

make a conclusive statement whether AR can signi�cantly improve the accuracy of

ZWD and ZTD. But in any case, when evaluating the tropospheric model, it is nec-

essary to ensure the consistency of the ambiguity processing strategy, either use AR

for all test cases or not use it at all. In this thesis, the author adopts the AR strategy

for all tests.

Wide-lane/narrow-lane ambiguity resolution

There are three common ambiguity resolution methods: inter-satellite Single Dif-

ference (SD) (Ge et al. 2008), decoupled clock (Collins 2008) and Integer Recovery

Clock (IRC) method (Laurichesse et al. 2008) . All methods require IF and WL/NL

combinations. These methods are proven to have about equal performance and can

provide the same integer ambiguity solution (Geng et al. 2010; Shi and Gao 2014).

Here the author only introduces the IRC method in details.

The MW combination eliminates geometric distance and almost all error terms,

leaving only ambiguity and hardware delay (see section 2.3.1 for details). Substi-

tuting the observation equations Eq.(2.82) and Eq.(2.83) into the MW combination

Eq.(2.91), one can obtain

OMW = � l WL � NWL + ( br,OMW � bs
OMW

). (2.108)

The WL FCB for satellite bs
OMW

can be obtained from the IRC precise ephemeris, while

the average WL FCB for receiver b̄Or,MW can be computed as:

b̄Or,MW =
1
k

�
k

å
i= 1

�
�
OMW + bs

OMW

�
� l WL �

� OMW + bs
OMW

l WL

��

i
. (2.109)

Here the h�i is the average operator. Hence, the WL ambiguities can be calculated
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NWL =
OMW + bs

OMW
� b̄r,OMW

� l WL
. (2.110)

Next, use N1 to represent the narrow lane ambiguity, and substitute the IF ambiguity

with WL/NL ambiguities

LIF = d0 + ( c � dtr,LIF � c � dts
LIF

) + DT � l IF � (17 � N1 + 60 � NWL ) + eLIF , (2.111)

where 17 and 60 are approximate values of the coef�cients when representing N IF

in terms of N1 and NWL (Shi and Gao 2014). The NL ambiguity N1 can be solved by

N1 =
d0 + ( c � dtr,LIF � c � dts

LIF
) + DT + eLIF � LIF

17 � l IF
�

60
17

� NWL. (2.112)

Ambiguity �xing

The WL/NL ambiguities derived from Eq.(2.110) and Eq.(2.111) are �oating values,

and need to be retrieved to their integer nature. This process is known as ambigu-

ity �xing . The ambiguity �xing depends on the vector of the �oat ambiguities and

its covariance matrix. Common ambiguity �xing methods typically utilize informa-

tion from the covariance matrix to sequentially resolve the ambiguities according to

speci�c models.

There are several methods of ambiguity �xing: direct rounding, Integer Least

Squares (ILS) (Teunissen 1993), integer bootstrapping (Teunissen 2001) or Best Inte-

ger Equivariant (BIE) techniques (Teunissen 2003). Figure 2.13 shows the pull-in re-

gion of two-dimensional ambiguities for different methods, including direct round-

ing, integer bootstrapping, and ILS. From the shape of the pull-in regions, the ILS

method provides the most reasonable estimation results.

FIGURE 2.13: The shape of the ambiguity ellipse and the two-
dimensional pull-in regions of (left) integer rounding; (middle) in-
teger bootstrapping; and (right) integer least-squares. Modi�ed from

(Teunissen 2001).

The Least-squares Ambiguity Decorrelation Adjustment (LAMBDA) method is

an ambiguity �xing method (Teunissen et al. 1997). Its core goal is to improve the
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accuracy and reliability of ambiguity �xing by performing decorrelation between

ambiguities, thereby achieving fast and accurate ambiguity �xing. The criterion for

determining whether the ambiguity is �xed is that the Euclidean norm from the am-

biguity vector to the suboptimal solution r2 and the distance to the optimal solution

r1 has the ratio r2/ r1 > 3. A more speci�c description about ambiguity �xing can be

found in Teunissen (2017).

2.3.4 Extended Kalman �lter

Given a non-linear observation equation at epoch k in a dynamic system as follows

yk = h(xk) + vk, (2.113)

where the footnote k denotes the corresponding variable at the k-th epoch; yk is the

observation vector; h(xk) is the non-linear observation function with respect to state

vector xk; vk is the observation noise vector.

The Extended Kalman Filter (EKF) from the epoch k � 1 to epoch k can be repre-

sented in the following form (Julier and Uhlmann 1997):

• Prediction

x̂kjk� 1 = f ( x̂k� 1) + w k� 1. (2.114)

Qkjk� 1 = Fk � Qk� 1 � FT
k + Sk. (2.115)

• Update

K k = Qkjk� 1 � H T
k � (H k � Qkjk� 1 � H T

k + Rk) � 1. (2.116)

x̂k = x̂kjk� 1 + K k �
�
yk � h( x̂kjk� 1)

�
. (2.117)

Qk = ( I � K k � H k) � Qkjk� 1. (2.118)

with linearized design matrix H k and state transition matrix Fk being

H k =
¶h(xk)

¶xk
=

2

6
6
6
6
6
6
4

¶h1

¶x1
...

¶h1

¶xn
...

...
...

¶hm

¶x1
...

¶hm

¶xn

3

7
7
7
7
7
7
5

| {z }
m� n

. (2.119)
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Fk =
¶f (xk)

¶xk
=

2

6
6
6
6
6
6
4

¶f1
¶x1

...
¶ f1
¶xn

...
...

...

¶ fn

¶x1
...

¶ fn

¶xn

3

7
7
7
7
7
7
5

| {z }
n� n

. (2.120)

Here, x̂k� 1 and Qk� 1 are the estimated state parameter and corresponding variance-

covariance matrix at epoch k � 1; footnote (kjk � 1) represents the predicted variable

at epoch k based on the system state from epochk � 1; K k is the Kalman gain; Sk

is the process noise covariance matrix, and Rk is the observation noise covariance

matrix. In the �elds of geodesy and navigation, it is typically assumed that both the

process noise and the observation noise are zero-mean Gaussian white noise. The

linearization is usually achieved by using Taylor expansion.

The observation noise covariance matrix Rk is a crucial component in the system,

and is the focus of this chapter. It is generally necessary to assume that the GNSS

observations are independent of each other, thus leading R to be a diagonal matrix

Rk = diag(s2
1 , s2

2 , ..., s2
m), (2.121)

with each element being the square of the corresponding observation noise.
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Chapter 3

B-spline mapping function

Re�ecting on the limitations of existing and previously studied horizontal mapping

functions, the author identi�es the need for a new gradient mapping function that

is convenient in use and capable of improving troposphere estimates under severe

weather conditions. Therefore, a B-spline mapping function (BMF) for azimuthal

anisotropy of the troposphere is proposed, which avoids the concepts of gradient

and ZWD by estimating slant wet delay (SWD) at arbitrary azimuth and elevation

angle. This model employs a second-order cyclic B-spline function with four knot

parameters. In addition, the VMF3 is used as the mapping function to connect be-

tween different elevation angles.

In this Chapter the author presents the concept of BMF in section 3.1, and put

it in context to existing models currently being used. Furthermore, the author ex-

plains how to use our model in PPP processing and demonstrate its ease in terms of

parametrization and computational complexity. In section 3.2, the author con�rms

that station coordinate repeatability as well as post-�t residuals improve when ap-

plying our BMF based on IGS data. Then several re�ned versions of BMF against

different problems are discussed in section 3.3.

3.1 Concept of BMF

3.1.1 B-spline functions

The B-spline function is a special spline curve composed of piecewise functions,

which has the characteristics of continuous and high-order smoothness. The indus-

try has adopted the B-spline function as a standard (NURBS, in ISO STEP standard)

for industrial manufacturing (Gielingh 2008). In communication engineering, the

B-spline function has been validated to be suitable for representing electronic sig-

nal with continuous variation (Unser et al. 1993). B-spline functions have also been

widely adopted in geodesy, such as the ionosphere modelling (Schmidt et al. 2015),

sea-level altimetry (Geremia-Nievinski et al. 2020), troposphere tomography (Haji-

Aghajany et al. 2020), boundary geodesic quadrilateral (Yang and Wang 2015) and

hydrologic analysis (Nasri et al. 2017).

The B-spline function is the superposition of a series of basis functions B(t),
where each B(t) has a corresponding B-spline coef�cient p, which is the scaling
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parameter that controls the local shape of the B-spline function. Assuming that a

B-spline is de�ned over the interval t 2 [0, 1] and partitioned into m + 1 intervals by

m knots, then its standard form is as follows

C(t) =
m� 1

å
i= 0

pi � Bi ,n(t), t 2 [0, 1], (3.1)

where n denotes the order of the B-spline function, corresponding to the highest

order of polynomial terms in the basis function, and index i indicates the sequence

number. According to the Cox-de Boor formula, the order of the basis functions can

be recursively determined by (de Boor 1972)

Bi ,n(t) =
t � t i

t i+ n � t i
� Bi ,n� 1(t) +

t i+ n+ 1 � t
t i+ n+ 1 � t i+ 1

� Bi+ 1,n� 1(t), (n > 0). (3.2)

The initial condition is the zero-order basis function. Here, the basis functions up to

the second order are enumerated

• Zero-order

Bi ,0(t) =

8
<

:
1, t i < t < t i+ 1

0, else
. (3.3)

• First-order

Bi ,1(t) =

8
>>><

>>>:

t � t i

H
, t i � t < t i+ 1

t i+ 2 � t
H

, t i+ 1 � t < t i+ 2

0, else

. (3.4)

• Second-order

Bi ,2(t) =

8
>>>>>>>><

>>>>>>>>:

(t � t i )2

2 � H2 , t i � t < t i+ 1

1 �
(t � t i+ 1)2 + ( t � t i+ 2)2

2 � H2 , t i+ 1 � t < t i+ 2

(t � t i+ 3)2

2 � H2 , t i+ 2 � t < t i+ 3

0, else

. (3.5)

where H is the interval length between two neighbouring B-spline knots. For study-

ing tropospheric asymmetry, it is necessary to connect the �rst and the last B-spline

knots to represent azimuthal changes over a 360� range. This can be achieved by

replacing the variable t 2 [0, 1] with a 2 [0, 2p ]. Taking the second-order basis

function as an example, one can derive its cyclic form of by substituting t � t i+ k with

sinusoidal term sin a� k�H
2
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Bc
i,2(a) =

8
>>>>>>>>>>>>><

>>>>>>>>>>>>>:

sin2
� a

2

�

2 � H2 , (0 � a � i � H < H )

1 �
sin2

�
a � H

2

�
+ sin2

�
a � 2 � H

2

�

2 � H2 , (H � a � i � H < 2 � H )

sin2
�

a � 3 � H
2

�

2 � H2 , (2 � H � a � i � H < 3 � H )

0, else

.

(3.6)

When the order of the cyclic B-spline is set to be one, the basis function degener-

ates into a piecewise linear function, which is the compensation model used in the

directional model (Masoumi et al. 2017). The comparison between both models is

shown in Figure 3.1. Users have the �exibility to adjust the order of basis functions

and number of knots to meet different accuracy requirements.

FIGURE 3.1: Comparison between 2nd-order B-spline function
(BMF) and linear piecewise functions (directional model).

3.1.2 Discussion of B-spline functions parameters n and m

When parameterizing the B-spline functions, there are two crucial parameters: the

order of the B-spline function n and the number of knots m. How to choose these

parameters depends on the user's expectations on the �tting accuracy. However,

there are also some basic constraints aboutn and m that must also be considered.

This subsection will help �gure out two questions
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