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—— Abstract

In submodular k-secretary problem, the goal is to select k items in a randomly ordered input so
as to maximize the expected value of a given monotone submodular function on the set of selected
items. In this paper, we introduce a relaxation of this problem, which we refer to as submodular
k-secretary problem with shortlists. In the proposed problem setting, the algorithm is allowed to
choose more than k items as part of a shortlist. Then, after seeing the entire input, the algorithm
can choose a subset of size k from the bigger set of items in the shortlist. We are interested in
understanding to what extent this relaxation can improve the achievable competitive ratio for
the submodular k-secretary problem. In particular, using an O(k) sized shortlist, can an online
algorithm achieve a competitive ratio close to the best achievable offline approximation factor for
this problem? We answer this question affirmatively by giving a polynomial time algorithm that
achieves a 1 — 1/e — e — O(k™1) competitive ratio for any constant e > 0, using a shortlist of size
ne(k) = O(k). This is especially surprising considering that the best known competitive ratio (in
polynomial time) for the submodular k-secretary problem is (1/e — O(k=1/2))(1 — 1/e) [20].

The proposed algorithm also has significant implications for another important problem of
submodular function maximization under random order streaming model and k-cardinality con-
straint. We show that our algorithm can be implemented in the streaming setting using a memory
buffer of size n.(k) = O(k) to achieve a 1 — 1/e — e — O(k~!) approximation. This result sub-
stantially improves upon [28], which achieved the previously best known approximation factor of
1/2 + 8 x 10~ using O(klog k) memory; and closely matches the known upper bound for this
problem [24].
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Submodular Secretary Problem with Shortlists

1 Introduction

In the classic secretary problem, n items appear in random order. We know n, but don’t
know the value of an item until it appears. Once an item arrives, we have to irrevocably
and immediately decide whether or not to select it. Only one item is allowed to be selected,
and the objective is to select the most valuable item, or perhaps to maximize the expected
value of the selected item [11, 15, 23]. It is well known that the optimal policy is to observe
the first n/e items without making any selection and then select the first item whose value
is larger than the value of the best item in the first n/e items [11]. This algorithm, given
by [11], is asymptotically optimal, and hires the best secretary with probability at least 1/e.
Hence it is also 1/e-competitive for the expected value of the chosen item, and it can be
shown that no algorithm can beat 1/e-competitive ratio in expectation.

Many variants and generalizations of the secretary problem have been studied in the
literature, see e.g., [3, 32, 30, 33, 21, 4]. [21, 4] introduced a multiple choice secretary problem,
where the goal is to select k items in a randomly ordered input so as to maximize the sum of
their values; and [21] gave an algorithm with an asymptotic competitive ratio of 1 —O(1/vk).
Thus as k — oo, the competitive ratio approaches 1. Recent literature studied several
generalizations of this setting to multidimensional knapsacks [26], and proposed algorithms
for which the expected online solution approaches the best offline solution as the knapsack
sizes become large (e.g., [13, 10, 2]).

In another variant of multiple-choice secretary problem, [6] and [16] introduce the submod-
ular k-secretary problem. In this secretary problem, the algorithm again selects k items, but
the value of the selected items is given by a monotone submodular function f. The algorithm
has value oracle access to the function, i.e., for any given set T', an algorithm can query
an oracle to find its value f(7T) [31]. The algorithm can select at most k items, a; - - , ag,
from a randomly ordered sequence of n items. The goal is to maximize f({a1, -, ar}).
Currently, the best result for this setting is due to [20], who achieve a 1/e-competitive ratio in
exponential time, or %(1 — %) in polynomial time. In this case, the offline problem is NP-hard
and hard-to approximate beyond the factor of 1 — 1/e achieved by the greedy algorithm [27].
However, it is unclear if a competitive ratio of 1 —1/e can be achieved by an online algorithm
for the submodular k-secretary problem even when k is large.

Our model: secretary problem with shortlists

In this paper, we consider a relaxation of the secretary problem where the algorithm is allowed
to select a shortlist of items that is larger than the number of items that ultimately need
to be selected. That is, in a multiple-choice secretary problem with cardinality constraint
k, the algorithm is allowed to choose more than k items as part of a shortlist. Then, after
seeing the entire input, the algorithm can choose a subset of size k from the bigger set of
items in the shortlist.

This new model is motivated by some practical applications of secretary problems, such
as hiring (or assignment problems), where in some cases it may be possible to tentatively
accept a larger number of candidates (or requests), while deferring the choice of the final
k-selections to after all the candidates have been seen. Since there may be a penalty for
declining candidates who were part of the shortlist, one would prefer that the shortlist is not
much larger than k.

Another important motivation is theoretical: we wish to understand to what extent
this relaxation of the secretary problem can improve the achievable competitive ratio. This
question is in the spirit of several other methods of analysis that allow an online algorithm
to have additional power, such as resource augmentation [18, 29].
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The potential of this relaxation is illustrated by the basic secretary problem, where the
aim is to select the item of maximum value among randomly ordered inputs. There, it is
not difficult to show that if an algorithm picks every item that is better than the items seen
so far, the true maximum will be found, while the expected number of items picked under
randomly ordered inputs will be O(logn). Further, we show that this approach can be easily
modified to get the maximum with 1 — e probability while picking at most O(In(1/¢)) items
for any constant € > 0. Thus, with just a constant sized shortlist, we can break the 1/e
barrier for the secretary problem and achieve a competitive ratio that is arbitrarily close to 1.

Motivated by this observation, we ask if a similar improvement can be achieved by relaxing
the submodular k-secretary problem to allow a shortlist. That is, instead of choosing k items,
the algorithm is allowed to chose 7(k) items as part of a shortlist, for some function 7; and
at the end of all inputs, the algorithm chooses k items from the n(k) selected items. Then,
what is the relationship between 7(-) and the competitive ratio for this problem? Can we
achieve a solution close to the best offline solution when 7(k) is not much bigger than k, for
example when (k) = 6(k)?

In this paper, we answer this question affirmatively by giving a polynomial time algorithm
that achieves 1 — 1/e — e — O(k™!) competitive ratio for the submodular k-secretary prob-
lem using a shortlist of size n(k) = O(k). This is surprising since 1 —1/e is the best achievable
approximation (in polynomial time) for the offline problem. Further, for some special cases
of submodular functions, we demonstrate that an O(1) shortlist allows us to achieve a 1 — ¢
competitive ratio. These results demonstrate the power of (small) shortlists for closing the
gap between online and offline (polynomial time) algorithms.

We also discuss connections of secretary problem with shortlists to the related streaming
settings. While a streaming algorithm does not qualify as an online algorithm (even when a
shortlist is allowed), we show that our algorithm can in fact be implemented in a streaming
setting to use n(k) = O(k) memory buffer; and our results significantly improve the available
results for the submodular random order streaming problem.

1.1 Problem Definition

We now give a more formal definition. Items from a set U = {aj,az,...,a,} (pool of items)
arrive in a uniformly random order over n sequential rounds. The set I is apriori fixed but
unknown to the algorithm, and the total number of items n is known to the algorithm. In
each round, the algorithm irrevocably decides whether to add the arriving item to a shortlist
A or not. The algorithm’s value at the end of n rounds is given by

ALG = E[sggl,%lgk 1(5)]

where f(-) is a monotone submodular function. The algorithm has value oracle access to this
function. The optimal offline utility is given by

OPT := f(S*), where S* = S).
f(S™), where argsgmg‘gkf( )

We say that an algorithm for this problem achieves a competitive ratio ¢ using shortlist of

: . ALG
size n(k), if at the end of n rounds, |A| < (k) and 555 > c.

Given the shortlist A, since the problem of computing the solution arg maxgc a,|sj<x f(5)
can itself be computationally intensive, our algorithm will also track and output a subset

A* C A, |A*| < k. We will lower bound the competitive ratio by bounding ];Egg
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The above problem definition has connections to some existing problems studied in the
literature. The well-studied online submodular k-secretary problem described earlier is
obtained from the above definition by setting n(k) = k, i.e., it is same as the case when no
extra items can be selected as part of a shortlist. Another related problem is submodular
random order streaming problem studied in [28]. In that problem, items from a set U arrive
online in random order and the algorithm aims to select a subset S C U, |S| < k in order to
maximize f(S). The streaming algorithm is allowed to maintain a buffer of size n(k) > k.
However, the streaming problem is distinct from the submodular k-secretary problem with
shortlists in several important ways. On one hand, since an item previously selected in
the memory buffer can be discarded and replaced by a new items, a memory buffer of size
n(k) does not imply a shortlist of size at most (k). On the other hand, in the secretary
setting, we are allowed to memorize/store more than n(k) items without adding them to the
shortlist. Thus an algorithm for submodular k-secretary problem with shortlist of size n(k)
may potentially use a buffer of size larger than (k). Our algorithms, as described in the
paper, do use a large buffer. But we will show those algorithms can in fact be implemented
to use only n(k) = O(k) buffer, thus obtaining matching results for the streaming problem.

1.2 Our Results

Our main contributation is an online algorithm for the submodular k-secretary problem with
shortlists that, for any constant € > 0, achieves a competitive ratio of 1 — % —€— O(%) with
n(k) = O(k). Note that for submodular k-secretary problem there is an upper bound of
1 — 1/e on the achievable aproximation factor, even in the offline setting, and this upper
bound applies to our problem for arbitrary size 7(-) of shortlists. On the other hand for
online monotone submodular k-secretary problem, i.e., when 7(k) = k, the best competitive
ratio achieved in the literature is 1/e — O(k~'/2) [20]. Remarkably, with only an O(k) size
shortlist, our online algorithm is able to achieve a competitive ratio that is arbitrarily close
to the offline upper bound of 1 — 1/e.

In the theorem statements below, big-Oh notation O(-) is used to represent asymptotic
behavior with respect to k and n. We assume the standard value oracle model: the only
access to the submodular function is through a black box returning f(S) for a given set S,
and each such query can be done in O(1) time.

» Theorem 1. For any constant € > 0, there exists an online algorithm (Algorithm 2)

for the submodular k-secretary problem with shortlists that achieves a competitive ratio of
1—1—e—0(3), with shortlist of size n.(k) = O(k). Here, n.(k) = O(2r°v(/9k).

5 log(1/¢)
i log(1/¢)
Further, we give an efficient implementation of Algorithm 2 that uses a memory buffer of

olog(1/6)

Specifically, we have n.(k) = T( ) k for some constant c.

size at most n.(k) to get the following result for the problem of submodular random order
streaming problem described in the previous section.

» Theorem 2. For any constant € € (0,1), there exists an algorithm for the submodular
random order streaming problem that achieves 1 — % —€— O(%) approximation to OPT while
using a memory buffer of size at most n.(k) = O(k). Also, the number of objective function
evaluations for each item, amortized over n items, is O(1 + %)

The above result significantly improves over the state-of-the-art results in random order

streaming model [28], which are an approximation ratio of % + 8 x 10~ using a memory of
size O(klogk). In addition it closely matches the known upper bound for this problem [24].
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In [24], the authors demonstrate the existence of a monotone sumbodular function f such
that any constant-pass algorithm that finds a (1+¢)(1—1/k)* approximation with probability
at least 0.99 requires (n/k?) space in random order streaming model.

Also note from Theorem 2 that our algorithm can be implemented with running time
linear in n, the size of the input (O(n + k?) time to be precise). This is significant as, until
recently, it was not known if there exists a linear time algorithm achieving a 1 —1/e — ¢
approximation even for the offline monotone submodular maximization problem under
cardinality constraint[25]. Another interesting aspect of our algorithm is that it is highly
parallel. Even though the decision for each arriving item may take time that is exponential
in 1/e (roughly n.(k)/k), it can be readily parallelized among multiple (as many as n.(k)/k)
processors.

It is natural to ask whether these shortlists are, in fact, too powerful. Maybe they could
actually allow us to always match the best offline algorithm. We give a negative result in
this direction and show that even if we have unlimited computation power, for any function
n(k) = o(n), we can get no better than 7/8-competitive algorithm using a shortlist of size
n(k). Note that with unlimited computational power, the offline problem can be solved
exactly. This result demonstrates that having a shortlist does not make the online problem
too easy - even with a shortlist (of size o(n)) there is an information theoretic gap between
the online and offline problem.

» Theorem 3. No online algorithm (even with unlimited computational power) can achieve a
competitive ratio better than 7/8+ o(1) for the submodular k-secretary problem with shortlists,
while using a shortlist of size n(k) = o(n).

Finally, for some special cases of monotone submodular functions, we can asymptotically
approach the optimal solution. The first one is the family of functions we call m-submdular.
A function f is m-submodular if it is submodular and there exists a submodular function F'
such that for all .S:

S) = (T .
f8) = cmax (T)
» Theorem 4. If f is an m-submodular function, there exists an online algorithm for the

submodular k-secretary problem with shortlists that achieves a competitive ratio of 1 — € with
shortlist of size ne.m(k) = O(1). Here, Ne.m(k) = (2m + 3)1In(2/¢).

A proof of Theorem 4 along with the relevant algorithm appear in the full version [1].

Another special case is monotone submodular functions f satisfying the following property:
fHar, - ,a; +a, - ar}) > f{ar, - a4, ,ar}), for any o > 0 and 1 < ¢ < k. We
can show that the algorithm by [21] asymptotically approaches optimal solution for such
functions, but we omit the details.

1.3 Comparison to related work

We compare our results (Theorem 1 and Theorem 2) to the best known results for submodular
k-secretary problem and submodular random order streaming problem, respectively.

The best known algorithm so far for submodular k-secretary problem is by [20], with
asymptotic competitive ratio of 1/e — O(k~'/?). In their algorithm, after observing each

element, they use an oracle to compute optimal offline solution on the elements seen so far.

Therefore it requires exponential time in n. The best competitive ratio that they can get in
polynomial time is (1 — 1) — O(k~'/2). In comparison, by using a shortlist of size O(k) our

1:5
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Table 1 submodular k-secretary problem settings.

##selections Comp ratio Running time  Comp ratio in poly(n)
[20] k 1/e — O(k~1/?) exp(n) 11-1/e)
this Oc(k) 1-1/e—e—0(1/k) Oc(n) 1-—1/e—e—0(1/k)

Table 2 submodular random order streaming problem.

Memory size  Approximation ratio Running time update time
[17] O(k) 0.19 O(n) O(1)
28]  O(klogk) 1/2+8x 1071 O(nlogk) O(log k)
(5] O(%klogk) 1/2 —¢ poly(n,k,1/€) O(2 logk)
this O.(k) 1—1/e—e—O(1/k)  Ocn+k*)  amortized O (1 + £)

(polynomial time) algorithm achieves a competitive ratio of 1— 1 —e—O(k™"). In addition to
substantially improving the above-mentioned result for submodular k-secretary problem, this
closely matches the best possible offline approximation ratio of 1 — 1/e in polynomial time.
Further, our algorithm is linear time. Table 1 summarizes this comparison. Here, O(+) hides

the dependence on the constant e. The hidden constant in O.(.) is clogg/e) (< ioigﬁ
67 O, €

) for

some absolute constant c.

In the streaming setting, [9] provided a single pass streaming algorithm for monotone
submodular function maximization under k-cardinality constraint, that achieves a 0.25
approximation under adversarial ordering of input. Their algorithm requires O(1) function
evaluations per arriving item and O(k) memory. The currently best known approximation
under adversarial order streaming model is by [5], who achieve a 1/2 — € approximation with
a memory of size O(1klogk). There is an 1/2 + o(1) upper bound on the competitive ratio
achievable by any streaming algorithm for submodular maximization that only queries the
value of the submodular function on feasible sets (i.e., sets of cardinality at most k) while
using o(n) memory [28].

[17] initiated the study of submodular random order streaming problem. Their algorithm
uses O(k) memory and a total of n function evaluations to achieve 0.19 approximation.
The state of the art result in the random order input model is due to [28] who achieve a
1/2 + 8 x 10~ approximation, while using a memory buffer of size O(klogk).

Table 2 provides a detailed comparison of our result in Theorem 2 to the above-mentioned
results for submodular random order streaming problem, showing that our algorithm sub-
stantially improves the existing results for most aspects of the problem.

There is also a line of work studying the online variant of the submodular welfare
maximization problem (e.g., [22, 7, 19]). In this problem, the items arrive online, and each
arriving item should be allocated to one of m agents with a submodular valuation functions
w;(S;) where S; is the subset of items allocated to i-th agent). The goal is to partition
the arriving items into m sets to be allocated to m agents, so that the sum of valuations
over all agents is maximized. This setting is incomparable with the submodular k-secretary
problem setting considered here.

1.4 Organization

The rest of the paper is organized as follows.
(Algorithm 2) for the submodular k-secretary problem with shortlists, and demonstrates that
its shortlist size is bounded by 7.(k) = O(k). In Section 3, we analyze the competitive ratio

Section 2 describes our main algorithm
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Algorithm 1 Algorithm for secretary with shortlist. (finding max online)

1: Inputs: number of items N, items in I = {aq,...,an} arriving sequentially, § € (0, 1].
2: Initialize: A < (0, u=nd/2, M = —oc0
3: L+ 41n(2/9)

4: for i =1to N do

5: if a; > M then

6: M <+ a;

7: if ¢ > v and |A| < L then

8: A+ AU {CLZ}

9: end if

10: end if

11: end for

12: return A, and A* := max;c 4 a;

of this algorithm to prove Theorem 1. In Section 4, we provide an alternate implementation

of Algorithm 2 that uses a memory buffer of size at most n.(k), in order to prove Theorem 2.

Finally, in Section 5, we provide a proof of our impossibility result stated in Theorem 3. The
proof of Theorem 4 along with the relevant algorithm can be found in the full version [1].

2  Algorithm description

Before giving our algorithm for submodular k-secretary problem with shortlists, we describe
a simple technique for (classic) secretary problem with shortlists that achieves a 1 — ¢
competitive ratio using shortlists of size logarithmic in 1/6. Recall that in the secretary
problem, the aim is to select an item with expected value close to the maximum among a pool
of items I = (aq,...,an) arriving sequentially in a uniformly random order. We will consider
the variant with shortlists, where we now want to pick a shortlist which contains an item with
expected value close to the maximum. We propose the following simple algorithm. For the
first nd/2 rounds, don’t add any items to the shortlist, but just keep track of the maximum
value seen so far. For all subsequent rounds, for any arriving item ¢ that has a value a;
greater than or equal to the maximum value seen so far, add it to the shortlist if number
of items added so far is less than or equal to L = 41In(2/4). This algorithm is summarized

as Algorithm 1. Clearly, for constant §, this algorithm uses a shortlist of size L = O(1).

Further, under a uniform random ordering of input, we can show that the maximum value
item will be part of the shortlist with probability 1 — 4. (See Proposition 25 in Section 3.)

There are two main difficulties in extending this idea to the submodular k-secretary
problem with shortlists. First, instead of one item, here we aim to select a set S of k items
using an O(k) length shortlist. Second, the contribution of each new item ¢ to the objective
value, as given by the submodular function f, depends on the set of items selected so far.

The first main concept we introduce to handle these difficulties is that of dividing the input
into sequential blocks that we refer to as (a, ) windows. Below is the precise construction
of (o, f) windows, for any postivie integers o and 3, such that k/« is an integer.

We use a set of random variables X1, ..., X,, defined in the following way. Throw n balls
into m bins uniformly at random. Then set X; to be the number of balls in the jth bin. We
call the resulting X,’s a (n, m)-ball-bin random set.

1:7
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Algorithm 2 Algorithm for submodular k-secretary with shortlist.

1: Inputs: set I = {ay,...,a,} of n items arriving sequentially, submodular function f,
parameter € € (0, 1].
2: Initialize: Sy < 0, Ry + 0, A + 0, A* + 0, constants & > 1,8 > 1 which depend on the

constant e.
3: Divide indices {1,...,n} into (o, 8) windows as prescribed by Definition 5.
4: for window w=1,...,k/a do
5: for every slot s; in window w, j=1,...,05 do
6: Concurrently for all subsequences of previous slots 7 C {s1,...,s;_1} of length

|7| < a in window w, call the online algorithm in Algorithm 1 with the following inputs:
number of items N = |s;| + 1,6 = §, and

item values I = (ag, a1,...,an—1), with
ap = gax  A|S1 w-1Un(T)
ag = A(s;(0)]S1,. w1 UN(1)),Vl=1,...,N—1

where s;(¢) denotes the /" item in the slot s;.
7 Let A;(7) be the shortlist returned by Algorithm 1 for slot j and subsequence 7.
Add all items except the dummy item 0 to the shortlist A. Let’s A(j) = J, 4,(7).
That is,

A+ AU (A(G) Nsy)

end for
After seeing all items in window w, compute Ry, S, as defined in (3) and (4)
respectively.
10: A* + A*U (S, NA)
11: end for
12: return A, A*.

» Definition 5 ((a, 5) windows). Let X;,..., Xz be a (n, k8)-ball-bin random set. Divide
the indices {1,...,n} into kf slots, where the j-th slot, s;, consists of X; consecutive indices
in the natural way, that is, slot 1 contains the first X; indices, slot 2 contains the next X,
indices, etc. Next, we define k/a windows, where window w consists of o consecutive slots,
in the same manner as we assigned slots.

Thus, the ¢! slot is composed of indices {/,...,r}, where ¢ = X; + ... + X,_1 + 1 and
r = X1 + ...+ X,. Further, if the ordered the input is a1, ..., a,, then we say that the items
inside the slot s, are a¢, @¢41,-..,a,. To reduce notation, when clear from context, we will
use s, and w to also indicate the set of items in the slot s, and window w respectively.

When « and ( are large enough constants, some useful properties can be obtained from
the construction of these windows and slots. First, roughly « items from the optimal set S*
are likely to lie in each of these windows; and further, it is unlikely that two items from S*
will appear in the same slot. (These statements will be made more precise in the analysis
where precise setting of «, 8 in terms of € will be provided.) Consequently, our algorithm
can focus on identifying a constant number (roughly «) of optimal items from each of these
windows, with at most one item coming from each of the af slots in a window. The core
of our algorithm is a subroutine that accomplishes this task in an online manner using a
shortlist of constant size in each window.
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To implement this task, we use a greedy selection method that considers all possible
« sized subsequences of the af slots in a window, and aims to identify the subsequence
that maximizes the increment over the ‘best’ items identified so far. More precisely, for any
subsequence 7 = (s1,..., s¢) of the af slots in window w, we define a ‘greedy’ subsequence
~(7) of items as:

Y(7) = {i1, ..., 00} (1)

where

’ij (= arg max f(SLmwalu{’Lll,...,ijfl}u{i})—f(Slw.walu{Z‘l "'77;j*1})' (2)

iESjURl YYYYY w—1

In (2) and in the rest of the paper, we use shorthand S, ., to denote S; U---U S, and
Ry, . to denote Ry U---U Ry, etc. We also will take unions of subsequences, which we
interpret as the union of the elements in the subsequences. Here R,, is defined to be the
union of all greedy subsequences of length «, and S,, to be the best subsequence among
those. That is,

Ry = Urij7|=a(7) (3)
and

S =(17), (4)
where

7" = arg T:Ilr_}_?«i(af(sl,..‘,wfl (7)) = f(S1,.cw—1)- (5)

Note that i; (refer to (2)) can be set as either an item in slot s; or an item from a previous
greedy subsequence in Ry U ---U R, _1. The significance of the latter relaxation will become
clear in the analysis.

As such, identifying the sets R,, and \S,, involves looking forward in a slot s; to find the
best item (according to the given criterion in (2)) among all the items in the slot. To obtain
an online implementation of this procedure, we use an online subroutine that employs the

algorithm (Algorithm 1) for the basic secretary problem with shortlists described earlier.

This online procedure will result in selection of a set H,, potentially larger than R,,, while
ensuring that each element from R,, is part of H,, with a high probability 1 —§ at the cost of
adding extra log(1/4) items to the shortlist. Note that R,, and S,, can be computed ezactly
at the end of window w.

Algorithm 2 summarizes the overall structure of our algorithm. In the algorithm, for any
item i and set V', we define A¢(i|V) := f(V U{i}) — f(V).

The algorithm returns both the shortlist A which we show to be of size O(k) in the
following proposition, as well as a set A* = U,,(S,, N A) of size at most k to compete with
S*. In the next section, we will show that E[f(4*)] > (1 — L —e—O(3))f(S*) to provide a
bound on the competitive ratio of this algorithm.

» Proposition 6. Given k,n, and any constant «, 5 and €, the size of shortlist A selected by
Algorithm 2 is of size at most 4k (aa’B) log(2/€) = O(k).

Proof. For each window w =1,...,k/«, and for each of the af slots in this window, lines 6

through 7 in Algorithm 2 runs Algorithm 1 for (O‘f ) times (for all o length subsequences).

By construction of Algorithm 1, for each run it will add at most L < 4log(2/e) items to the
shortlist. Therefore, over all windows, Algorithm 2 adds at most £ x a8(*”)L = O(k) items
to the shortlist. <
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3 Bounding the competitive ratio (Proof of Theorem 1)

In this section we show that for any € € (0, 1), Algorithm 2 with an appropriate choice of
constants «, 3, achieves the competitive ratio claimed in Theorem 1 for the submodular
k-secretary problem with shortlists.

Recall the following notation defined in the previous section. For any collection of sets
Vi,..., Vi, we use Vi, o to denote Vi U ---UV,. Also, recall that for any item ¢ and set V,
we denote Af(i|V) := f(V U{i}) — f(V).

Proof overview

The proof is divided into two parts. We first show a lower bound on the ratio E[f (U, Sy, )]/OPT
in Proposition 24, where S, is the subset of items as defined in (4) for every window w. Later
in Proposition 27, we use the said bound to derive a lower bound on the ratio E[f(A*)]/OPT,
where A* = AN (UySy) is the subset of the shortlist returned by Algorithm 2.

Specifically, in Proposition 24, we provide settings of parameters «, such that
E[f(UwSw)] = (1—1—£—0(4)) OPT. A central idea in the proof of this result is to
show that for every window w, given R;, .1, the items tracked from the previous windows,
any of the k items from the optimal set S* has at least ¢ probability to appear either in
window w, or among the tracked items R;, . ,_1. Further, the items from S* that appear
in window w, appear independently, and in a uniformly random slot in this window. (See
Lemma 15.) These observations allow us to show that, in each window w, there exists a
subsequence 7,, of close to «a slots, such that the greedy sequence of items v(7,) will be
almost “as good as” a randomly chosen sequence of « items from S*. More precisely, denoting
¥(Tw) = (i1,...,4), in Lemma 19, for all j = 1,...,¢, we lower bound the increment in
function value f(---) on adding i; over the items in Sy, ,—1 Uy, . j—1 as:

E[Af(ij|51,,___’w_1 U {il, e >ij—1})|Tl,.,.,w—1; il, e aij—l]
1 « " . .
> 1 (1= PIE) = F(S1 s Ui i)

We then deduce (using standard techniques for the analysis of greedy algorithm for submodular
functions) that

E[(1 = 2) £(S") = F(Stom1 UY(F) ISt 1]

< ((1=2) F(87) = F(St)) -

Now, since the length ¢ of 7, is close to « (as we show in Lemma 21) and since S, = v(7%)
with 7* defined as the “best” subsequence of length a (refer to definition of 7* in (5)), we
can show that a similar inequality holds for S, = v(7*), i.e.,

(1 - %) F(S™) = E[f(S1,. 01U Su)|St, 1]

< (1-8) (1= 2) 159 = F(Srwn)

where 6’ € (0,1) depends on the setting of a, 8. (See Lemma 23.) Then repeatedly applying

this inequality for w = 1,...,k/a, and setting ¢, o, 3 appropriately in terms of €, we can obtain
E[f(S1,...w)] > (1 et %) f(S™), completing the proof of Proposition 24.

However, a remaining difficulty is that while the algorithm keeps a track of the set S, for every
window w, it may not have been able to add all the items in S,, to the shortlist A during the online
processing of the inputs in that window. In the proof of Proposition 27, we show that in fact the
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algorithm will add most of the items in U,,S,, to the shortlist. More precisely, we show that given
that an item ¢ is in S, it will be in shortlist A with probability 1 — §, where § is the parameter
used while calling Algorithm 1 in Algorithm 2. Therefore, using properties of submodular functions
it follows that with 6 = ¢/2, E[f(A")] = E[f(UwSw N A)] > (1 — §5)E[f(UwSw)] (see Proposition 27).
Combining this with the lower bound W > (1—1—£—0(4)) proven in Proposition 24, we
complete the proof of competitive ratio bound stated in Theorem 1.

3.1 Preliminaries

The following properties of submodular functions are well known (e.g., see [8, 12, 14]).
» Lemma 7. Given a monotone submodular function f, and subsets A, B in the domain of f, we
use Ay(A|B) to denote f(AU B) — f(B). For any set A and B, Ay(A|B) < ZaeA\B Ay(alB).

» Lemma 8. Denote by A(p) a random subset of A where each element has a probability at least p
to appear in A (not necessarily independently). Then E[f(A(p))] > (1 —p)f(0) + (p)f(A).

We will use the following well known deviation inequality for martingales (or supermartin-
gales/submartingales).

» Lemma 9 (Azuma-Hoeffding inequality). Suppose {Xi : k = 0,1,2,3,...} is a martingale (or
super-martingale) and | Xy — Xg—1| < ck, almost surely. Then for all positive integers N and all
positive reals T,

P(Xn — Xo > 1) <exp |-
2 ik

And symmetrically (when Xy is a sub-martingale):

N
20 G

» Lemma 10 (Chernoff bound for Bernoulli r.v.). Let X = vazl X, where X; = 1 with probability
pi and X; = 0 with probability 1 — p;, and all X; are independent. Let p =E(X) = vazl pi. Then,

.2
P(XN—X0<—T)<eXp< " )

P(X > (1+8)p) < e 0/@+0
for all § >0, and

P(X < (1—06)p) <e 12
for all § € (0,1).

3.2 Some useful properties of (a, 3) windows

All the proofs in this section are omitted and are provided in the full version [1].

We first prove some useful properties of («, ) windows defined in Definition 5 and used in
Algorithm 2. The first observation is that every item will appear uniformly at random in one of the
kS slots in («a, 8) windows.

» Definition 11. For each item e € I, define Y. € [kf] as the random variable indicating the slot in
which e appears. We call vector Y € [k3]" a configuration.

» Lemma 12. Random variables {Y.}eer are i.i.d. with uniform distribution on all kB slots.

This follows from the uniform random order of arrivals, and the use of the balls in bins process
to determine the number of items in a slot during the construction of («, 8) windows.

Next, we make some observations about the probability of assignment of items in S™ to the slots
in a window w, given the sets Ry .. w—1 (refer to (3), (4) for definition of these sets). To
aid analysis, we define the following new random variable T, that will track all the useful information
from a window w.

.....
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» Definition 13. Define Ty, := {(7,7(7))}~, for all a-length subsequences 7 = (s1,...,8q) of
the af slots in window w. Here, v(7) is a sequence of items as defined in (1). Also define
Supp(Ti,... w) := {e|e € v(7) for some (7,7(7)) € Ti,... .} (Note that Supp(Ti,... w) = R1,....w)-

» Lemma 14. For any window w € [W], Ti,....w and Si,..w are independent of the ordering of
elements within any slot, and are determined by the configuration Y.

Following the above lemma, given a configuration Y, we will some times use the notation T1,... . (Y)
and S1,....(Y) to make this mapping explicit.

» Lemma 15. For any item i € S*, window w € {1,..., W}, and slot s in window w, define
pis := Pr(i € sUSupp(T)|T1,... -1 =T). (6)
Then, for any pair of slots s',s” in windows w,w+1,..., W,
1
Dis’ = Dis/’ 2 ﬁ . (7

» Lemma 16. For any window w, i,5 € S*,i # j and s,s’ € w, the random variables 1(Y; =
S|T1,... w1 =T) and 1(Y; = §'|T1,... w—1 = T) are independent. That is, given Ti.... w—1 = T, items
i,J € S*,i # j appear in any slot s in w independently.

3.3 Bounding E[f(U,Sw)]/OPT

In this section, we use the observations from the previous sections to show the existence of a random
subsequence of slots 7, of window w such that we can lower bound f(S1,....w—1Uv(Tw))— f(S1,...,.w—1)
in terms of OPT — f(S1,....w—1). This will be used to lower bound increment Af(Sy|S1, .. w-1) =
f(S1,. w—1 UN(T")) — f(S1,...,w—1) in every window.

» Definition 17 (Zs; and #,). Create sets of items Z;,Vs € w as follows: for every slot s, add
every item from ¢ € S* N s independently with probability kB to Zs. Then, for every item
i € S N Supp(T), with probability a/k, add ¢ to Z, for a randomly chosen slot s in w. Define
subsequence 7, as the sequence of slots with Zs # 0.

» Lemma 18. Given any T1,... w—1 =T, for any slot s in window w, all i,i’ € S*,i # ' will appear
in Zs independently with probability ﬁ Also, given T, for every i € S*, the probability to appear in
Zs is equal for all slots s in window w. Further, each i € S* occurs in Zs for at most one slot s.

Proof. First consider i € §* N Supp(T). Then, Pr(i € Zs|T) = ¢ x 75 = 15 by construction. Also,
the event i € Zs|T is independent from i’ € Z;|T for any i’ € S* as i and i’ are independently
assigned to a Z, in construction. Further, items in S* N Supp(T) are assigned with equal probability
to slots in window w.

Now, consider i € §*,i ¢ Supp(T). Then, for all slots s in window w,

1 VR S

pikB U7 pikB KR
where p;, is defined in (6). We used that p;s = Pr(Y; = s|T') for ¢ ¢ Supp(T'). Independence of
events i € Z4|T for items in S*\Supp(T') follows from Lemma 16, which ensures Y; = s|T" and
Y; = s|T are independent for ¢ # j; and from independent selection among items with Y; = s into
Zs.

The fact that every ¢ € S™ occurs in at most one Z; follows from construction: 4 is assigned to
Zs of only one slot if 4 € Supp(T); and for i ¢ Supp(T), it can only appear in Zs if ¢ appears in slot
S. <

Pr(i € Z,|T) = Pr(Y; = s|T)——

» Lemma 19. Given the sequence T = (81,...,t) defined in Definition 17, let v(7s) = (i1, ..., 1),
with y(-) as defined in (1). Then, for all j =1,...,t,

E[Af(i]'Sl “A’w_l U {7:1’ .. .7’[:]'_1})‘T1,.“7w_17i17 .. .77:]'_1]

> L (0= )8~ FS1ms Utin, i)
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Proof. For any slot s’ in window w, let {s: s >, s’} denote all the slots that appear after s’ in the
sequence of slots in window w.

Now, using Lemma 18, for any slot s such that s >, s;—1, we have that the random variables
1(i € Zs|Zs, U... U Zs;_,) are iid. for all i € S*\{Zs, U...U Zs,;_,}. Next, we show that the
probabilities Pr(i € Zs;|Zs, U...U Zs,;_,) are identical for all i € S"\{Zs, U... U Zs,_, }:

Pr(i€ Zs;|Zs, U...UZs,_,)
= ) Pri€Z,s=sZ,U...UZ, )

S1SrawSj—1

= Y Pri€Zls=5;,2,,U...UZy ) Pr(s=s;|Zs, U...UZ, ).

SiSwSj—1

Now, from Lemma 18, the probability Pr(i € Zs|s = s, Zs;, U...U Zs,_;) must be identical for all
i¢ Zs, U...UZs;_,. Therefore, from above we have that for all ¢,i" € S*\{Zs, U...U Z,_, },

Pr(i€ Zo|Zs, U...UZs; ) =Pr(i' € Zs;|Zs, U...UZs, ) > — . (8)
The lower bound of 1/k followed from the fact that at least one of the items from S*\{Zs, U...UZs,_, }
must appear in Zs; for s; to be included in 7. Thus, each of these probabilities is at least 1/k. In
other words, if an item is randomly picked from Zs;, it will be ¢ with probability at least 1/k, for all
i€ S"™\{Zs, U...UZ;s,_}.

Now, by definition of ~(:) (refer to (1)), ¢; is chosen greedily to maximize the increment
Af(i|S1,....w—1 U1, s—1) over all ¢ € s; U Supp(T1,....w—1) 2 Zs;. Therefore, we can lower bound

| =

the increment provided by i; by that provided by a randomly picked item from Z,;. By using
monotonicity of f,

E[Af(Z]|S1,7w71 U {7:1, ey 7/‘771}|T1 YYYYY w—1 — CZ—‘I7 'I;l, e ,ijfl]

1 . . . . .
(by ) > E[ D> EAES1 et Ui i T, i)
i€S*\{Z1,--Zs;_}

A%

(by Lemma 7) Z l]E[(f(S*\{Zl,‘..Zsjfl})—f(S’l,m,w,l U{il,...,ijfl})) |T]

k
> E(f(5\ Unew Z) = f(S11 Uit 5D IT]
(by Lemma 18 and 8) > % ((1 — %) F(S™) — f(S1,. w1 U{i1,... 7ij—1}))

The last inequality uses the observation from Lemma 18 that given T, every i € S* appears
in UgewZs independently with probability «/k, so that every ¢ € S™ appears in S™\ Uy ey Zos
independently with probability 1 — ; along with Lemma 8 for submodular function f. <

Using standard techniques for the analysis of greedy algorithm, the following corollary of the previous
lemma can be derived: given any 71, -1 =1T:

,,,,,

» Lemma 20.

E[(1-5) 5 = 181w Ua)IT| SB[ F 7] ((1-3) (5 = £(S1um)

Proof. Let myp = (1 — %)f(S*) — IE[f(Sl,_,,,w,l)|T1 ,,,,, w—1 = T], and fOI“j > 1,

7Tj = (1 — %)f(S*) — E[f(sl,m,w—l @] {il,. .. 77:j})|T1,“.,w—1 = T’,’L'l7 e ,ij_l],

Then, subtracting and adding (1 — ¢)f(S™) from the left hand side of the previous lemma, and
taking expectation conditional on 71,... w—1 =T, 1,...,%;—2, we get

. . 1
—Elmi| T, iy + o 2 i
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which implies

1 1\’
E[Trj‘T,il,...,ij_Q] g (1— E) Tj—1 S (1— %) o -

By the martingale stopping theorem, this implies:

E[m|T] < E {(1 _ %)t |T} 7o < E [e™/*T] mo

where stopping time ¢ = |Tw|. (¢ = |Tw| < af is bounded, therefore, the martingale stopping theorem
can be applied). <

Next, we compare ¥(7w) to Sw = 7(7*) . Here, 7 was defined has the ‘best’ greedy subsequence
of length « (refer to (4) and (5)). To compare it with 7., we need a bound on size of 7.

» Lemma 21. For any real § € (0,1), and if k > af, a > 8log(B) and B > 8, then given any
Tl,...,w—l = Ta

(1-35) (1_;>a<|ﬁu|<(1+5)a,

with probability at least 1 — exp(—‘i—;).

Proof. Appears in the full version. |

» Lemma 22 (Corollary of Lemma 21). For any real §' € (0,1), if parameters k, a, B satisfy k > af3,
|Fw| > (1= 8)a .

» Lemma 23. For any real §' € (0,1), if parameters k,a, satisfy k> afB, > ﬁ, a >

8432 log(1/68"), then

k—
k

Proof. The lemma follows from substituting Lemma 22 in Lemma 20. |

E

COPT— [(S1c) T < (1= 8" (’“‘Ta OPT = f(St,.u1) -

Now, we can deduce the following proposition.

» Proposition 24. For any real §' € (0,1), if parameters k,«, B satisfy k > af3, 8 > ﬁ, «@
832 log(1/4"), then the set Si,....w tracked by Algorithm 2 satisfies

Y

E[f(S1.. w)] > (1—8)2(1—1/e)OPT.

.....

Then, using 1 — & > 1 — 8’ because k > a8 > 57, we obtain the desired statement. |

3.4 Bounding E[f(A*)]/OPT

Here, we compare f(S1...,w) to f(A*), where A* = S1... w N A, with A being the shortlist returned
by Algorithm 2. The main difference between the two sets is that in construction of shortlist A,
Algorithm 1 is being used to compute the argmax in the definition of «(7), in an online manner.
This argmax may not be computed exactly, so that some items from Si.. w may not be part of the
shortlist A. We use the following guarantee for Algorithm 1 to bound the probability of this event.

» Proposition 25. For any § € (0,1), and input I = (a1,...,an), Algorithm 1 returns A* =
max(ai,...,an) with probability (1 — 9).
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The proof of the above proposition appears in the full version. Intuitively, it follows from the
observation that if we select every item that improves the maximum of items seen so far, we would
have selected log(NV) items in expectation. The exact proof involves showing that on waiting nd/2
steps and then selecting maximum of every item that improves the maximum of items seen so far,
we miss the maximum item with at most § probability, and select at most O(log(1/6)) items with
probability 1 — 4.

» Lemma 26. Let A be the shortlist returned by Algorithm 2, and § is the parameter used to call
Algorithm 1 in Algorithm 2. Then, for given configuration Y, for any item a and window w, we have

Pr(a€ AlY,a € S1,...,w) >1—-6.

Proof. From Lemma 14 by conditioning on Y, the set Si.... w is determined. Now if a € S1,.. 4w,
then for some slot s; in an a length subsequence 7 of some window w, we must have

a=arg  max F(S1,. w1 U(T) U{i}) — f(S1,....w—1 U~(T)).

Let w’ be the first such window, 7', s;; be the corresponding subsequence and slot. Then, it must
be true that

a = arg max F(S1, =1 Uy(T ) U{i}) — f(S1,.wr—1 U ().

(Note that the argmax in above is not defined on R; ... ,,v_1). The configuration Y only determines
the set of items in the items in slot s;/, the items in s;/ are still randomly ordered (refer to Lemma
14). Therefore, from Proposition 25, with probability 1 — §, a will be added to the shortlist A/ (')
by Algorithm 1. Thus a € A D A;/(7') with probability at least 1 — 4. <

» Proposition 27.
* €
E[f(AN)] = E[f(S1,..w N A)] = (1 = 5)E[f (51, .w)]
where A* := S1,... . w N A is the size k subset of shortlist A returned by Algorithm 2.

Proof. From the previous lemma, given any configuration Y, we have that each item of Si,... w is
in A with probability at least 1 — §, where § = ¢/2 in Algorithm 2. Therefore using Lemma 8, the
expected value of f(S1,....w N A) is at least (1 — §)E[F(S1,....w)]. <

Proof of Theorem 1

Now, we can show that Algorithm 2 provides the results claimed in Theorem 1 for appropriate
settings of a, 3 in terms of €. Specifically for §' = €/4, set a, 3 as smallest integers satisfying
8> ﬁ, a > 86%1og(1/¢’). Then, using Proposition 24 and Proposition 27, for & > a3 we obtain:

E[f(A")] > (1 — g)a —§)%(1 —1/e)OPT > (1 — €)(1 — 1/e)OPT.

This implies a lower bound of 1 —e —1/e —af/k=1—€—1/e — O(1/k) on the competitive ratio.
The O(k) bound on the size of the shortlist was demonstrated in Proposition 6.

4  Streaming (Proof of Theorem 2)

In this section, we show that Algorithm 2 can be implemented in a way that it uses a memory buffer
of size at most n(k) = O(k); and the number of objective function evaluations for each arriving item
is O(1+ %) This will allow us to obtain Theorem 2 as a corollary of Theorem 1.

In the current description of Algorithm 2, there are several steps in which the algorithm potentially
needs to store O(n) previously seen items in order to compute the relevant quantities. First, in Step
6, in order to be able to compute (7) for all less than « length subsequences 7 of slots s1,...,s;-1,
the algorithm should have stored all the items that arrived in the slots s1,...,s;—1. However, this
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memory requirement can be reduced by a small modification of the algorithm, so that at the end of
iteration 7 — 1, the algorithm has already computed ~(7) for all such 7, and stored them to be used
in iteration j. In fact, this can be implemented in a memory efficient manner, in the following way.
For every subsequence T of slots s1,...,s;_1 of length < a, consider prefix 7/ = 7\s;_1. Assume
~(7') is available from iteration j — 2. If 7" = 7, then (7) = v(7'). Otherwise, in Step 6 of iteration
j — 1, the algorithm must have considered the subsequence 7’ while going through all subsequences
of length less than « of slots s1,...,s;j—2. Now, modify the implementation of Step 6 so that the
algorithm also tracks the (true) maximum M;_1(7’) of ao,a1,...,an for each 7. Then, v(7) can
be obtained by extending (") by M;_1(7'), i.e., v(7) = {y(7'), M;—1(7')}. Thus, at the end of
iteration j — 1, v(7) would have been computed for all subsequences T relevant for iteration j, and
so on. In order to store these (1) for every subsequence 7 (of at most « slots from af slots), we
require a memory buffer of size at most a2 (O‘aB) = 0(1).

Secondly, across windows and slots, the algorithm keeps track of Ry, Sw,w =1,...,k/a where
W = k/a. In the current description of Algorithm 2, these sets are computed after seeing all
the items in window w in Step 9. Thus, all the items arriving in that window would be needed
to be stored in order to compute them, requiring O(n) memory buffer. However, the alternate
implementation discussed in the previous paragraph reduces this memory requirement to O(k) as
well. Using the above implementation, at the end of iteration af for the last slot sog in window w,
we would have computed and stored «(7) for all the subsequences 7 of length « of slots s1, ..., Sag.
R, is simply defined as union of all items in v(7) over all such 7 (refer to (3)). And, S, = v(7")
for the best subsequence 7 among these subsequences (refer to (4)). Thus, computing R., and S,
does not require any additional memory buffer. Storing R., and S,, for all windows requires a buffer
of size at most ) |Ru| + |[Suw| = Eox a(o‘aﬁ) + k = O(k). Therefore, the total buffer required to
implement Algorithm 2 is of size O(k).

Finally, let’s bound the number of objective function evaluations for each arriving item. Each
arriving item is processed in Step 6, where objective function is evaluated twice for each subsequence
to compute the corresponding a;. Since there are atmost (O‘f ) subsequences 7 for which this
quantity is computed, the total number of times this computation is performed is bounded by
Z(O‘f) = O(1). For each 7, we also compute ag in the beginning of the slot. Computing ag for each 7
involves taking max over all items in Ry, -1, and requires 2|Ry,... w—1| < 2k (o‘f ) evaluations of the
objective function. Due to this computation, in the worst-case, the update time for an item can be
2k (D‘aﬁ)2 + 2("‘(5) = O(k). However, since ao is computed once in the beginning of the slot for each 7,

the total update time over all items is bounded by 2k (aaﬁ)2 x kB + (D‘aﬁ) x n = O(k? +n). Therefore

the amortized update time for each item is O(1 + %) This concludes the proof of Theorem 2.

5 Impossibility Result (Proof of Theorem 3)

In this section we provide an upper bound showing the following:

» Theorem 3. No online algorithm (even with unlimited computational power) can achieve a
competitive ratio better than 7/8 + o(1) for the submodular k-secretary problem with shortlists, while
using a shortlist of size n(k) = o(n).

In the following proof, for simplicity of notation, we prove the desired bound for submodular
(k + 1)-secretary problem. For any given n, k, we construct a set of instances of the submodular
(k 4 1)-secretary problem with shortlists such that any online algorithm that uses a shortlist of size
n(k 4+ 1) will have competitive ratio of at most % + "057:1) on a randomly selected instance from this
set.

First, we define a monotone submodular function f as follows. The ground set consists of
55 +n — 1 items. There are two types of items, C' and D, with L := n/2k items of type C' and
n — 1 items of type D. We define f(¢) := 0, f({c}) :=k for c € C, and f({d}) :=1 for all d € D.
Also there is a collection of L disjoint sets T, = {cl7 dt, .- ,df;}, ¢=1,2,...L, such that ¢! € C and
d§ € D. We define f(T;) := 2k for all £ =1,..., L. Now, let

. k k (t —ik)
g(t).—k+§+ +21_1+T7
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where i = [t/k]. It is easy to see that ¢ is a monotone submodular function.
Now, define f on the remaining subsets of the ground set as follows. For all S with |S| > 1,
ISNC|>2 = f(S):=2k+1

1ISNC|=0 = F£(S):=1+g(]S| - 1)

ISNC|=1 = SNC ={c} for some £ € [[] =

. 1 K
f(S) ;== min{2k + 1,k + ig(\S| -1)+ F},

where k' = |SN{dS, - ,di}], i = [(|S| — 1)/k].

Observe that since g(k) = k, for any such subset S of size at most k + 1, we have f(S) <
k+ 5+ 5 =2k

» Lemma 28. f is a monotone submodular function.

Now, denote D¢ := T*ND = {df,--- ,di} for £=1,2,..., L. Also, let D' = D\ (UZL:1 D*). Now
define L input instances {I;}s=1, .. 1, each of size n, as follows. For any arbitrary subset D C D’ of
size n — Lk — 1, define I, = Ui:1 """ L D'uDuU {c*}, for £=1,..., L. Thus, for instance I, the the
optimal k + 1 subset is T with value f(T°) = 2k.

Now consider any algorithm for the submodular secretary problem with shortlists and cardinality
constraint k£ + 1. We denote by Alg the set of n(k + 1) items selected by the algorithm as part of the
shortlist. Let I denote an instance chosen uniformly at random from I, £ =1,..., L. Let 7 denote a
random ordering of n items in I. We denote by random variable (f ,m) the randomly ordered input
instance to the algorithm. Also we denote by T, D and ¢, the corresponding T, D* and ¢*.

.....

Now we claim
» Lemma 29. E;,[|AlgN D|] < k/2+n(k+1)/L.

Proof. Appears in the full version [1]. <

Now on input I, if the algorithm doesn’t select & as part of shortlist Alg, then by definition of f for
sets that do not contain any item of type C, we have

fA7) =

= <1 2.
SQAlIgI}I%)\(Skﬂ FS) < 1+4glk) <k+

Otherwise, if algorithm selects ¢, then by definition of f,

_ E 1 _
= max f(S) < _ max _f(subu{e}) =k+ -+ z|Algn D|,
SCAlg:|S|<k+1 SCAlg\(Du{z}):|S|<k—|AlgnD| 22

fA):

and therefore by lemma 29

N kE k nk+1) Tk Eknk+1)
<kt BET IR ERET )
E[f(A)]7k+2+4+ 5T Yol -

Since the optimal is equal to E[f(T")] = 2k, the competitive ratio is upper bounded by

7 nk+1)
8+ on

This proves a competitive ratio upper bound of % + o(1) when n(k 4+ 1) = o(n), to complete the
proof of Theorem 3.
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