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Abstract: Topological indices (TIs), as numerical descrip-
tors derived from molecular graphs, offer critical insights
into structural properties of chemical compounds by quan-
tifying atomic connectivity, independent of spatial config-
uration. These indices are pivotal in quantitative struc-
ture–activity relationship studies, enabling the prediction
of physicochemical and biological behaviors of compounds
prior to experimental analysis. In this study, we focus on
the computational application of novel Sombor indices to
key main group metal-based systems, including bismuth(III)
iodide – a prominent heavy main group metal halide – as
well as structurally related TOXs and silicates, which under-
score the versatility of main group elements in forming
diverse architectures. Additionally, we investigate nanostar
dendrimers to explore topological trends in complex, hyper-
branched frameworks relevant to main group metalloid-
containing polymers. To validate the broader chemical uti-
lity of these indices, we analyze their degeneracy and
discriminative capacity across a series of octane isomers,
establishing a comparative foundation for their efficacy in
distinguishing structural nuances. Our results demonstrate
that these TIs exhibit strong correlations with enthalpy of
vaporization, standard enthalpy of vaporization, acentric

factor, and density. All evaluated indices show identical
degeneracy rates of 78.67%, underscoring their consistency
in structural analysis. These findings highlight the potential
of Sombor indices as robust tools for modeling structure–
property relationships for designing advanced materials
and catalytic systems. This work bridges computational
chemistry with applied main group metal research, offering
predictive strategies that could streamline the development
of main group derivatives for industrial applications.

Keywords: topological indices, main group metal-based
systems, bismuth(III) iodide, nanostar dendrimers, quantita-
tive structure–activity relationship, structural degeneracy

1 Introduction

Chemists have developed a novel theoretical technique for
computing the properties of various structures. This tech-
nique, known as chemical graph theory, utilizes various
formulas and molecular analyses to investigate drugs. A
molecular graph is a graph-theoretic representation of a
chemical compound’s structural formula, with vertices repre-
senting atoms and edges representing chemical bonds
[1–3]. Molecular graphs are frequently employed to represent
molecules and chemical compounds. Graph theory has pro-
vided chemists with several valuable tools, such as topological
indices (TIs). These indices enable the topological character-
ization of chemical structures, facilitating the categorization
of molecules and the modeling of unknown structures with
desired qualities. The TI is a significant method in chemical
graph theory; it quantitatively expresses the molecular struc-
ture of a compound [4,5]. TIs have gained prominence in drug
discovery and computational chemistry techniques. They pro-
vide researchers with a clear, concise, and instructive depic-
tion of molecular structure, making it easy to evaluate and
compare various compounds based on their topological char-
acteristics [6–11].
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All the graphs that we consider are finite, simple, and
connected. Let ( )=G V E, be a simple graph, whereV and E

represent the set of vertices and edges, respectively. The
degree of a vertex x , denoted by dx , is the total number of
edges that are incident on it. Denote ( )e x y, by the total number
of edges with end vertices having degree x and y. For basic
definitions related to graph theory, see Bondy and Murty [12].

In molecular graph theory, the term “topological
index” typically refers to a graphical invariant. Hundreds
of vertex-degree-based graph invariants, also known as
“topological indices,” have been established and thor-
oughly investigated in the literature of mathematical
chemistry. Here is the general formula:
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where ( )F x y, is a function with the property ( ) =F x y,

( )F y x, . If ( ) = +F x y x y, or xy, then TI is either the first
Zagreb index or the second Zagreb index of graph G,
respectively [13]. The first and second Zagreb indices are
vertex-degree-based molecular descriptors developed in
1972 by Gutman and Trinajstic [13,14], defined as:
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In 2021, Gutman introduced a new TI under the name
Sombor index [15,16], defined as

( ) ( ) ( )
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G d dSO

xy E G

u v
2 2

This TI was motivated by the geometric interpretation of
the degree radius of an edge uv, which is the distance from
the origin to the ordered pair ( )d d,u v where ≤d du v [17]. The
Sombor index was utilized for predicting physicochemical
properties and was compared to other well-known indices
[18,19]. Later, Gutman demonstrated the geometric back-
ground of several classical TIs (Zagreb index, Albertson
index, and Sombor index) [20] and introduced a series of
new Sombor-index-like vertex-degree-based invariants [21],
denoted as SOk (where =k 3, 4, 5, 6), defined as
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Recently, Gutman introduced a novel vertex-degree-based TI
called the elliptic Sombor index (ESO) [22]. The fundamental
mathematical properties were studied, particularly their
relationships to other previously known indices. Subse-
quently, the chemical applicability of this index was exam-
ined [16]. Following the development of the elliptic Sombor
index, Gutman worked on its modification and proposed a
new index called the modified elliptic Sombor index,
defined as the reciprocal of the ESO index [23]. The defini-
tions of these indices are as follows:
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Recently, Kulli studied the elliptic Sombor and modified
elliptic Sombor indices, along with their associated expo-
nentials, for various benzenoid systems [24].

The number of topological molecular descriptors is
vast and continues to grow. Many of these descriptors
are presented as modifications of recently popular indices,
and some have never been utilized to address chemical
issues. Consequently, a list of desired qualities was con-
structed to filter a usable molecular descriptor from a
pool of others. One of the most crucial characteristics is a
low degree of degeneracy concerning the physicochemical
properties of molecules, among others. Given the recent
introduction of Sombor indices and the scarcity of avail-
able information, it is worthwhile to investigate their
potential chemical applications. More specifically, the
study analyzes the discriminative capability of Sombor
indices [25]. The degeneracy of the invariants of Sombor,
including the elliptic Sombor index and the modified
elliptic Sombor index, was calculated using the formula
invented by Konstantinova [26]. This formula, named the
sensitivity of a topological molecular descriptor, is defined
as follows:

=
−N N

N
Sensitivity

TI

where N is the number of isomers and N
TI
is the number of

isomers that cannot be distinguished by the TI. This for-
mula is commonly known as the degeneracy of TI and is
defined as

( )= −D 100 1 Sensitivity

Within this study, two molecules (A and B) are considered
to have the same value of TI, if the following condition is
fulfilled:

∣ ( ) ( )∣− − < −
TI A TI B 10

13
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This threshold was chosen because of the precision of
common Python computations, which is −

10

15. For more
details related to TIs and their applications, see [27–33].

In this study, we compute different invariants of
the Sombor index, particularly the elliptic and modified
elliptic Sombor indices, for bismuth(III) iodide (m-BiI_3),
triangular oxide (TOX), triangular silicate (TsL),
and nanostar dendrimer (Dn). Moreover, the chemical
applicability and degeneracy of these variants of Sombor
indices are checked for the octane isomers. It is observed
that all the variants of Sombor indices show the same
degeneracy.

2 Main results

In this section, we compute different variants of Sombor
indices for bismuth(III) iodide, nanostar dendrimers, TOX
network, and TsL network.

2.1 Bismuth(III) iodide (m-BiI_3)

Bismuth(III) iodide is an inorganic substance produced by a
chemical reaction between bismuth and iodine [34], with
the formula BiI

3
. It is composed of bismuth (Bi) in its +3

oxidation state and iodine (I). It has applications in various
fields. It is used in organic synthesis as a catalyst for certain
reactions. It also finds applications in the preparation of
other bismuth-containing compounds and as a component
in certain electronic and optoelectronic devices. Researchers
working in the field of subjective inorganic studies are inter-
ested in this compound [35]. Themolecular graphs of bismuth(III)
iodide chain for the growth stages =m 1, 2, and 3 are depicted
in Figure 1. Let R denote the molecular graph of bismuth(III)
iodide chain (m-BiI

3
) with m growth stages. In the next the-

orem, we compute different invariants of the sombor indices
of bismuth(III) iodide.

Theorem 1. Let R be the molecular graph of bismuth(III)
iodide chain (m-BiI

3
). Then
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Proof. From the graph of R, it is easy to calculate that
∣ ( )∣- = +E m nBiI 24 12

3
. To compute different variants of

Sombor indices, we need to find the edge partition of
m-BiI

3
based on the degree of end vertices of each edge.

Let ( )e x y, denote the number of edges having end vertices of
degree x and y, respectively. The edge partition ofm-BiI

3
is

depicted in Table 1. Now, using the values from Table 1 in
the definition of Sombor indices, we obtain

(a)

(b)

(c)

Figure 1: Bismuth(III) iodide chainm-BiI
3
for =m 1, 2, and 3. (a) R

1
, (b) R

2
,

(c) R
3
.

Table 1: Edge set partition of bismuth iodide chain m-BiI
3

∈∈ (( ))(( ))e E Rx y, Frequency

( )e
1,6

+n4 8

( )e
2,6

+n20 4
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2.2 Nanostar dendrimer (Dn)

Dendrimer is a three-dimensional macromolecule that is
synthesized step by step from simple branching monomer
components. The nanostar dendrimer belongs to a new
class of macromolecules that act as photon funnels, much
like artificial antennas. These macromolecules, especially
those containing phosphorus, are utilized to create nano-
tubes, micro and macrocapsules, nanolatex, colored
glasses, chemical sensors, modified electrodes, and other
structures [36]. Let Dn denotes the molecular graph of

(a)

(b)

(c)

Figure 2: Nanostar dendrimers Dn for growth stage =n 1, 2, and 3.
(a) D

1
, (b) D

2
, and (c) D

3
.
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nanostar dendrimer having n growth stages. The mole-
cular graphs of D D,

1 2
, and D

3
are depicted in Figure 2. In

the next theorem, we calculate Sombor indices of nanostar
dendrimer.

Theorem 2. Let Dn be the molecular graph of nanostar
dendrimer. Then,
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Proof. From the graph of Dn, it is easy to calculate that
∣ ( )∣ = × −−E D 66 2 45n

n 1 . The edge partition of Dn based
on the degree of end vertices of each edge is depicted in
Table 2. Now, using the values from Table 2 in the defini-
tion of Sombor indices, we obtain
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Table 2: Edge set partition of nanostar dendrimer Dn
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2.3 TOX network

TOX refers to a unique form of oxide network with a tri-
angular shape. Oxides are chemical compounds with
oxygen atoms connected to other elements [37,38]. TOXs
can be applied in various sectors, including materials science
and nanotechnology [39–41]. They can be synthesized and
researched for their distinct characteristics and possible
applications [42]. Let Mn denote the molecular graph of
TOX network having dimension n. The molecular graphs of
M M,

1 2
, and M

3
are depicted in Figure 3. In the next theorem,

we calculate Sombor indices of TOX network.

Theorem 3. Let ≥n 2 and Mn be the molecular graph of TOX
network. Then
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. The edge partition of Mn based on the
degree of end vertices of each edge is depicted in Table 3.
Now, using the values from Table 3 in the definition of
Sombor indices, we obtain
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1
, (b) M

2
, and

(c) M
3
.

6  Xiujun Zhang et al.



( )
∣ ∣

∣ ∣
( )

∣ ∣

( )
∣ ∣

∣ ∣

( )

∑

⎟

⎜

=
−

+ +

=
⎛
⎝

−
+ +

+ −
−

+ +

+ −
−

+ +

+ ⎛
⎝ − + ⎞

⎠
−

+ +
⎞
⎠

=
+

+
+

−
+

∈
M π

d d

d d

π n

n

n n

π π
n

π

SO 2

2 2

2 6

2 4

2 2 2 4

3 3

4 4

2 2 4 4

6 12

4 6

2 2 4 6

3

2

15

2

9

6 6

2 2 6 6

144

2 4 5

240

2 4 13

480

2 4 13

uv E G

u v

u v

5

2 2

2 2

2 2

2 2

2 2

2 2

2 2

2 2

2

2 2

2 2

( )

( )

( )

( ) ( )

( )

( )

∑

⎟

⎟

⎟

⎜

⎟

⎜

⎜

⎜

⎜

⎟

=
⎛

⎝
⎜

−

+ +

⎞

⎠
⎟

=
⎛

⎝
⎜

⎛
⎝

−
+ +

⎞
⎠

+ −
⎛
⎝

−
+ +

⎞
⎠

+ −
⎛
⎝

−
+ +

⎞
⎠

+ ⎛
⎝ − + ⎞

⎠
⎛
⎝

−
+ +

⎞
⎠

⎞

⎠
⎟

=
⎛
⎝ +

+
+

−
+

⎞
⎠

∈
M π

d d

d d

π

n

n

n n

π nπ

π

SO

2 2

6

2 4

2 2 2 4

3 3

4 4

2 2 4 4

6 12

4 6

2 2 4 6

3

2

15

2

9

6 6

2 2 12 12

864

2 4 5

2,400

2 4 13

4,800

2 4 13

uv E G

u v

u v

6

2 2

2 2

2

2 2

2 2

2

2 2

2 2

2

2 2

2 2

2

2

2 2

2 2

2

2 2

2

( ) ( ) ( ) ( )

( ) ( )( )

( )( )

( )

( )

( )

( )

∑= + +

= + + + − + +

+ − + + + ⎛
⎝ −

+ ⎞
⎠ + +

= + − +
+ −

∈
M d d d d

n

n n n

n n

n

ESO

6 2 4 2 4 3 3 4 4 4 4

6 12 4 6 4 6

3

2

15

2

9 6 6 6 6

72 5 108 444 544 2

120 240 13

uv E G

u v u v
2 2

2 2 2 2

2 2 2

2 2

2

( )
( ) ( ) ( )

( ) ( )

( )
∑=

+ +

=
+ − + + −

∈

M

d d d d

n n n

ESO

1

1

72 5 108 444 544 2 120 240 13

□

m

uv E G u v u v
2 2

2

2.4 TsL network Sn

A silicate compound having a triangle configuration is called a
TsL. Minerals called silicates are composed of silicon and oxygen
[43]. The arrangement of the silicon and oxygen atoms deter-
mines the spectrum of crystal shapes and properties that can be
found in TsLs. They carry out crucial tasks in the fields of health
and materials science [44–46]. Let Sn denotes the molecular
graph of TsL network having dimension n. The molecular
graphs of S S,

1 2
, and S

3
are depicted in Figure 4. In the next

theorem, we calculate Sombor indices of TOX networks.

Table 3: Edge set partition of TOX structure Mn

∈∈ (( ))(( ))e E Nx y, Frequency

( )e
2,4

6

( )e
4,4

−n3 3

( )e
4,6

−n6 12

( )e
6,6 − +n n 9

3

2

2

15

2

(a)

(b)

(c)

Figure 4: TsL. (a) S
1
, (b) S

2
, and (c) S

3
.
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Theorem 4. Let ≥n 3 and Sn be the molecular graph of TsL networks. Then
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degree of end vertices of each edge is depicted in Table
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3 Chemical applicability and
degeneracy

In this section, the chemical applicability of different invar-
iants of the sombor index for octane isomers is discussed.

For the purpose of testing, we have correlated our indices
with the experimental physico chemical properties of octane
isomers. These data are available at https://web.archive.org/
web/20180912171255if_/https://www.moleculardescriptors.eu/
index.htm. The data set is constituted by 18 octane isomers.
The considered properties are as follows: melting point,
entropy, density, enthalpy of vaporization, standard enthalpy
of vaporisation, enthalpy of formation, and acentric factor
(AcenFac). We have used the linear regression model and
the absolute values of correlation coefficient for each prop-
erty is depicted in Table 5. The highlighted values shows the
maximum value of correlation obtained for the TI. Our results
demonstrate that these TIs exhibit strong correlations with
enthalpy of vaporization, standard enthalpy of vaporization,
acentric factor, and density.

We have checked the degeneracy of these variants of
Sombor indices for the octane isomers. The percentages in
Table 6 demonstrate the degeneracy of sombor invariants,
including the elliptic sombor index and the modified elliptic
sombor index. All of these indices showed comparable

Table 5: Absolute values of correlation coefficients

Properties (( ))GSO
3

(( ))GSO
4

(( ))GSO
5

(( ))GSO
6

(( ))GESO

Melting point 0.261 0.147 0.278 0.387 0.725
Enthalpy of
vaporization

0.896 0.398 0.891 0.894 0.871

Standard enthalpy of
vaporization

0.926 0.285 0.935 0.896 0.924

Acentric factor 0.904 0.067 0.940 0.817 0.946
Density 0.527 0.483 0.532 0.360 0.580
Entropy 0.876 0.079 0.922 0.812 0.901
Enthalpy of
formation

0.763 0.281 0.803 0.815 0.741

Table 6: Degeneracy of the invariants of the Sombor index

n No. of chemical trees (( ))D SO
3

(%) (( ))D SO
4

(%) (( ))D SO
5

(%) (( ))D SO
6

(%) (( ))D ESO (%) (( ))D ESO

m (%)

8 18 78.67 78.67 78.67 78.67 78.67 78.67
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sensitivity. For example, more than 78% of the molecules in
18 chemical trees cannot be differentiated by these topolo-
gical indicators. The degeneracy of Sombor indices is consis-
tent with that of other degree-based graph invariants.

4 Conclusion

TIs serve as indispensable tools in the realm of computa-
tional chemistry, providing a quantitative framework for
understanding molecular structure and predicting che-
mical and biological activities. This article has contributed
to this field by exploring various variants of Sombor indices
for a range of compounds, including bismuth(III) iodide, TOX,
TsL, and nanostar dendrimer. Additionally, the examination
of these indices on a set of octane isomers has offered insights
into their chemical applicability and degeneracy across
diverse molecular contexts. Such investigations not only
deepen our understanding of molecular properties but also
pave the way for more accurate predictions of compound
behaviors, thereby facilitating informed decision-making in
drug design, materials science, and other areas of molecular
engineering.
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