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Abstract

Amidst the numerous operational challenges in healthcare delivery, appointment
scheduling is responsible for managing patient waiting times, idle times, and
overtime. Balancing these factors under uncertainty poses significant challenges
in both research and practice. This dissertation introduces robust service levels
that guarantee acceptable waiting times for each patient, even in a worst-case
scenario. Under these constraints, worst-case costs are minimized and thereby
capacity utilization is maximized.

The integration of robust service levels is applied to three operational problems:
a general appointment scheduling framework, predictive overbooking, and home
healthcare routing and scheduling. Robustness is ensured with respect to poly-
hedral uncertainty sets for service and travel time uncertainty, as well as with
respect to novel uncertainty sets for false positive and false negative no-show
predictions.

Based on decomposition approaches, a mixed-integer linear program is derived
for each of theseNP-hard problems. The home healthcare routing and scheduling
problem is then addressed using a nested branch-and-price procedure. Easy-to-
implement optimal scheduling rules are presented for the other two problems.

Computational studies based on real-world data demonstrate the effectiveness
of robust waiting time guarantees in ensuring more equitable and reliable patient
waiting times while enabling precise cost management. The cost implications of
these guarantees naturally vary depending on the chosen service levels. Signifi-
cantly, compared to a traditional weighted sum approach, adopting robust service
levels may even lead to a simultaneous reduction in costs.

Overall, this dissertation provides a comprehensive framework and solution
methods for implementing robust service levels in appointment scheduling and
routing. It demonstrates the benefits of guaranteeing acceptable worst-case wait-
ing times on an individual patient basis to advance equity in appointment schedul-
ing and routing, while minimizing costs.
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1. Introduction

On the path toward enhancing healthcare delivery, operations management is
responsible for optimally allocating scarce resources - such as facility capacities,
equipment, pharmaceuticals, and caregivers. Thereby, operational decisions exert
substantial influence on overall costs, healthcare access, and patient outcomes.
Akin to patient-level clinical factors (Kc et al. 2020), these decisions carry pro-
found ethical and economic implications, presenting both risks and opportunities.

Since before 1980, numerous scholarly publications have contributed to op-
erations research in healthcare (Fries 1976, Krischer 1980). The allocation of
spatial resources, including ambulance stations, operating rooms, and hospital
beds, as well as of medical supplies such as vaccines, donor organs, blood collec-
tion, and pharmaceuticals, along with human resources, medical decision-making,
and time has been examined across diverse healthcare settings. Methodologi-
cal approaches span from empirical investigations and behavioral experiments
to machine learning and optimization. Excellent and comprehensive reviews of
established decision-making tools and managerial insights are, amongst others,
provided by Keskinocak and Savva (2020), Kuo et al. (2020), and Dai and Tayur
(2020).

Despite remarkable progress, it is evident that numerous operational challenges
persist in healthcare delivery. Meanwhile, evolving circumstances require corre-
sponding shifts in approaching these challenges. For instance, with the increasing
availability of data, there is a growing need to adapt algorithms to be more data-
driven (Kc et al. 2020). At the same time, most practitioners continue to demand
that solutions are easy to implement (Keskinocak and Savva 2020). Recent em-
phasis has been placed on elevating care quality and fostering equity (Porter et al.
2009, Ayer et al. 2014, Keskinocak and Savva 2020).

1



1. Introduction

1.1. Appointment Scheduling and Routing

in Healthcare

Amid the myriad of challenges facing healthcare delivery, time-related issues per-
sist globally and in various healthcare settings such as primary care, specialty
care, and home healthcare. These issues include unacceptable patient wait-
ing times for treatment (OECD 2020), inequitable capacity utilization (Morris
et al. 2005, Hirello et al. 2022, Lampert 2021), excessive caregiver overtime (Mar-
burger Bund 2013, Statistics Canada 2023), and unacceptable patient waiting
times on the day of service (Kassenärztliche Bundesvereinigung 2021, Hill and
Joonas 2005). Time management in healthcare is not only economically relevant
for profitability and stakeholder satisfaction. Most importantly, time-related ser-
vice quality and timely access also impact patient health outcomes (Aiken et al.
2002, Bae and Fabry 2014, Hermida et al. 2016).

At an operational level, appointment scheduling is the key tool for time man-
agement. Its primary responsibility includes managing patient waiting time, idle
time, and overtime. The main decision revolves around determining appoint-
ment times for a group of patients seeking services within a specified time frame.
Other factors to consider include patient acceptance and sequencing, amongst
others. Notably, in home healthcare, appointment scheduling is intricately linked
to routing decisions.

Starting with the pioneering works of Bailey (1952) and Lindley (1952), ap-
pointment scheduling has attracted the interest of many academicians and prac-
titioners. The research landscape offers a wide array of valuable decision-support
tools and managerial insights, as excellently reviewed by Cayirli and Veral (2003),
Gupta and Denton (2008), Ahmadi-Javid et al. (2017), and Marynissen and De-
meulemeester (2019). While optimal solutions have been demonstrated to be
context-sensitive, three main sources of complexity persistently contribute to the
difficulty of appointment scheduling and routing:

Uncertainty. Waiting times, idle times, and overtime are originally caused by
the inherent uncertainty in factors such as service times and no-shows. Even in
static settings, where the available information regarding the uncertainty does not
change over time, there are three main frameworks for modeling different available

2



1. Introduction

information: stochastic programming, distributionally robust optimization, and
robust optimization.

Stochastic programming, historically the first approach, assumes knowledge of
the probability distribution of all uncertain parameters and typically optimizes
the expected value of the objective function, as outlined in Birge and Louveaux
(2011) and Shapiro et al. (2021). Single-stage and two-stage stochastic program-
ming are commonly used for appointment scheduling problems, see Cayirli and
Veral (2003), Gupta and Denton (2008), and Ahmadi-Javid et al. (2017).

In various settings, the probability distribution of uncertain parameters may
not be precisely known. In such cases, distributionally robust optimization ap-
proaches may be employed, optimizing the (typically) expected performance over
the worst case across a set of plausible distributions, as thoroughly reviewed in
Rahimian and Mehrotra (2022). These ambiguity sets can be constructed based
on various criteria such as moments, likelihood, or Wasserstein distance. While
the resulting models can be challenging in terms of tractability, they have been
successfully applied to appointment scheduling, such as in Kong et al. (2013),
Mak et al. (2015), Zhang et al. (2017), Jiang et al. (2017, 2019), and Kong et al.
(2020).

However, relying solely on expected performance or similar probabilistic func-
tions may not accurately model the individual patient experience. Instead, robust
optimization offers to prevent detrimental singular outcomes by optimizing the
worst-case performance for any realization within an uncertainty set based only
on the support of the probability distribution of the uncertain factors. It has
significant contributions from El Ghaoui and Lebret (1997), El Ghaoui et al.
(1998), Ben-Tal and Nemirovski (1998), Bertsimas and Sim (2004), Ben-Tal and
Nemirovski (2000), and Ben-Tal et al. (2009), as extensively reviewed by Lu and
Shen (2021). Notably, the level of conservatism with this approach can be con-
trolled through uncertainty budgets (Bertsimas and Sim 2004). While robust
optimization has found limited application in appointment scheduling and rout-
ing, as reviewed in Sections 2.2.1 and 4.2.2, it may offer intuitive and tractable
solutions to prepare healthcare time management against unfortunate scenarios.

Multiple Criteria. Among the wide range of available approaches to multi-
objective optimization, as excellently outlined by Deb et al. (2016), the weighted

3



1. Introduction

sum method has stood out as predominant in the appointment scheduling liter-
ature. Typically, this method has been used to minimize the expected value of a
weighted sum of waiting times, overtime, and idle times. While this approach has
offered valuable insights, it has also long been recognized that the aggregated con-
sideration of waiting times and overtime may result in unfair outcomes (Cayirli
and Veral 2003, Gupta and Denton 2008, Ahmadi-Javid et al. 2017, Keskinocak
and Savva 2020). Section 2.2.2 provides a review of the few approaches focusing
on equity and fairness. Given that waiting times affect individual patients, more
nuanced and equitable approaches are necessary (Cayirli and Veral 2003, Gupta
and Denton 2008, Keskinocak and Savva 2020).

Solvability. The complex nature of appointment scheduling and routing, a multi-
criteria problem under uncertainty, often classified as NP-hard (Bosch 1997,
Kong et al. 2016, Schulz and Udwani 2019), requires advanced solution methods.
Numerical methods, such as sample average approximation, simulation-based op-
timization, approximate dynamic programming algorithms, and metaheuristics,
have been predominantly utilized, providing solutions iteratively. Exact solu-
tions, if achieved, typically involve decomposition approaches or specialized soft-
ware packages. In contrast, closed-form optimal solutions are rare (Cayirli and
Veral 2003, Gupta and Denton 2008, Ahmadi-Javid et al. 2017). Ahmadi-Javid
et al. (2017) emphasize the need to further explore efficient and accurate solution
methods across various healthcare settings. Meanwhile, solutions should be easily
implementable for practitioners (Cayirli and Veral 2003, Keskinocak and Savva
2020).

.
Hence, as the quest to enhance appointment scheduling and routing solutions
continues, there is, amongst others, a need for easy-to-implement and robust
solutions to improve service quality and promote equity.

4



1. Introduction

1.2. A New Perspective:

Robust Service Levels

Appointment scheduling is responsible for navigating the conflicting criteria of
capacity utilization, overtime, and waiting times. Capacity utilization contributes
to timely access to healthcare and is financially incentivized. Meanwhile, waiting
times and overtime also provably contribute to health outcomes, as well as patient
and caregiver satisfaction (Aiken et al. 2002, Bae and Fabry 2014, Hermida et al.
2016). Excessive amounts of any factor are harmful. Conversely, while minimizing
these factors is desirable, it may not always be necessary (Huang 1994, Hill and
Joonas 2005, Camacho et al. 2006). In this context, this dissertation aims to
optimize appointment scheduling by reconciling these conflicting criteria in such
a way that no criterion is prioritized at the expense of detrimental consequences
from other criteria. Maximizing capacity utilization should not cause excessive
waiting times or overtime, and minimizing waiting times should not unduly affect
capacity utilization.

Hence, this dissertation introduces a novel concept to appointment schedul-
ing and routing: Robust service levels. Splitting the traditional weighted sum
objective function, waiting time guarantees are implemented as hard constraints
to ensure an acceptable service level for each patient. These levels can be cus-
tomized based on empirical thresholds for optimal health outcomes and patient
satisfaction. As patients individually evaluate performance, typically based on a
single or few experiences rather than aggregate statistics, a robust optimization
approach is adopted to ensure these service levels for each patient not only on
average but in worst-case scenarios. Within this patient-centered framework, cost
is minimized, thereby maximizing capacity utilization.

The computational findings in this dissertation, based on real-world data,
demonstrate that robust service levels can ensure acceptable waiting times for
nearly all patients. Furthermore, waiting times are distributed more equitably
compared to traditional methods. While robust service levels increase costs in
some settings, they concurrently reduce costs in others.

Notably, robust service levels can even facilitate theoretical analysis compared
to traditional methods, as evidenced by the optimal scheduling and sequencing
rules outlined in Section 2.4. They also enable a seamless integration of prescrip-
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tive analytic findings, as demonstrated in Chapter 3.
Overall, in pursuit of advancing equity in patient care, the proposed concept

for introducing robust service levels offers intuitive and easy-to-implement solu-
tions while concurrently optimizing capacity utilization. Its applicability extends
beyond appointment scheduling to other problem domains and application areas.

1.3. Research Problems

In this dissertation, robust service levels are applied to the following problems:

Intraday Appointment Scheduling. The first problem under investigation is
a general framework for offline appointment scheduling of preselected patients
with a single service provider, aiming to decide an optimal patient sequence and
appointment times. A key challenge involves addressing uncertainty in service
times, defined by box uncertainty sets. The distinctive feature introduced in
this dissertation is the incorporation of robust waiting time guarantees for all
patients. While ensuring these guarantees as hard constraints, the objective is to
minimize costs related to idle time and overtime. The study analytically derives
optimal and easy-to-implement sequencing and scheduling methods, subsequently
evaluated using CT data from a radiology department at a major university
hospital in Munich, Germany.

Predictive Overbooking. The second problem extends the appointment schedul-
ing problem with waiting time guarantees to account for no-shows. Leveraging
binary predictions regarding individual no-show behavior, this dissertation intro-
duces uncertainty budgets for false positives and false negatives. Waiting time
guarantees are established for the resulting overbooking problem, ensuring adher-
ence even under worst-case scenarios. Using decomposition, total unimodularity,
and LP duality, a mixed-integer linear program is formulated. Optimal solutions
are assessed via simulation based on real-world CT data from a major university
hospital in Munich, Germany.

Home Healthcare Routing and Scheduling. The third problem involves a
home healthcare agency simultaneously selecting new patients, assigning them
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to caregivers, and creating robust weekly routes and schedules over a multi-day
planning horizon with uncertain travel and service times. The proposed model
incorporates various optimization criteria, including patient time windows, num-
ber of required visits, caregiver availability, compatibility, continuity of care, and
profit; with the distinctive feature that all patient-related criteria are modeled
as hard constraints. This entails designing robust schedules to ensure timely
care and prevent overtime, while controlling the level of conservatism by uncer-
tainty budgets. To address this problem, a nested branch-and-bound procedure is
proposed and evaluated using real-world data from a US-based home healthcare
agency, leading to optimal decision patterns derived from an extensive case study.

1.4. Outline

The structure of this dissertation is as follows:
Chapter 2 addresses robust appointment scheduling. Section 2.1 motivates

the introduction of waiting time guarantees based on empirical thresholds for
acceptable waiting times. Section 2.2 reviews related optimization problems in
the appointment scheduling literature. In Section 2.3, the robust appointment
scheduling problem with waiting time guarantees is formally introduced, prov-
ing its NP-hardness and providing a mixed-integer linear program formulation.
Section 2.4 presents polynomial-time optimal scheduling and sequencing rules for
relevant special cases. Subsequently, in Section 2.5, a computational study is con-
ducted using real-world data to evaluate the cost implications of implementing
maximum waiting time guarantees.

Chapter 3 extends the robust appointment scheduling problem with waiting
time guarantees to consider no-shows, resulting in an overbooking problem. Sec-
tion 3.1 motivates the consideration of individual no-show predictions for over-
booking. Section 3.2 reviews related problems in the literature. Section 3.3
introduces the Robust Predictive Overbooking problem with Waiting Time Guar-
antees and derives a mixed-integer linear program formulation by exploiting the
problem structure. Section 3.4 presents a simulation based on real-world data,
demonstrating that predictive overbooking can significantly increase capacity uti-
lization without compromising waiting time guarantees.

Chapter 4 addresses the problem of home healthcare routing and scheduling.
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Section 4.1 underlines the need for a robust approach to all health-related criteria.
Section 4.2 reviews related optimization problems in the home healthcare routing
and scheduling literature. In Section 4.3, a robust mixed-integer linear program
for weekly home healthcare routing and scheduling is introduced, followed by the
development of a nested branch-and-price algorithm in Section 4.4 to efficiently
solve the problem for realistic instances. Finally, in Section 4.5, a computational
study is conducted using real-world data, providing insights into profit sensitivity
and optimal decision patterns for different levels of robustness.
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Abstract. Appointment scheduling problems under uncertainty encounter a fundamental
trade-off between cost minimization and patient waiting times. Most existing studies address
this trade-off using a weighted sum approach, which puts little emphasis on individual waiting
times and, thus, patient satisfaction. In contrast, we study how to minimize total cost while
providing waiting time guarantees to all patients. Specifically, we introduce the Robust Ap-
pointment Scheduling Problem with Waiting Time Guarantees, taking into account uncertainty
in service times represented by box uncertainty sets. We show that the problem is NP-hard
in general and introduce a mixed-integer linear program that can be solved in reasonable com-
putation time. For special cases, we prove that polynomial-time variants of the well-known
Smallest-Variance-First sequencing rule and the Bailey-Welch scheduling rule are optimal. Fur-
thermore, a case study with data from the radiology department of a large university hospital
demonstrates that the approach not only guarantees acceptable waiting times but, compared
to existing robust approaches, may simultaneously reduce costs incurred by idle time and over-
time. Our findings suggests that limiting instead of minimizing customer waiting times is a
win-win solution in the trade-off between patient satisfaction and cost minimization. Addi-
tionally, it provides an easy-to-implement and customizable appointment scheduling framework
with waiting time guarantees.
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2.1. Introduction

Excessive waiting times negatively affect patient satisfaction, perceived service
quality, and loyalty (Huang 1994, Taylor and Baker 1994). A patient’s tolerance
for waiting, which separates acceptable from excessive waiting times, has been
shown to range from 37 minutes for a majority of patients in an outpatient clinic to
11 seconds for most users to load a website (Bouch et al. 2000, Moschis et al. 2003,
Hill and Joonas 2005). The tolerance depends amongst others on the perceived
and expected waiting time and can be influenced by many effective interventions,
e.g., Kumar et al. (1997), Davis and Heineke (1998), Bielen and Demoulin (2007).
Meanwhile, there is a lack of appointment scheduling approaches to control actual
waiting times.

Appointment scheduling is a multi-criteria problem that typically involves un-
certainty in service times. In particular, appointment scheduling problems face
a fundamental trade-off between waiting times and capacity utilization: Shorter
waiting times come at the cost of longer idle times, and vice versa. In the liter-
ature, this trade-off has been modeled predominantly by minimizing a weighted
sum of waiting times, idle times, and overtime (Ahmadi-Javid et al. 2017). How-
ever, it has long been known that such weighted sum approaches can lead to un-
balanced and excessive waiting times for some patients (Cayirli and Veral 2003),
and in combination with individual no-show predictions even to racial disparity
(Samorani et al. 2021).

This chapter proposes a new approach to appointment scheduling that considers
waiting (in)tolerance. In particular, we study the following robust appointment
scheduling and sequencing problem. For a set of preselected patients, we are
given the shortest and longest possible service time of each patient. We limit
each patient’s waiting time, even in a worst-case scenario, to a predetermined
tolerance for waiting (so-called maximum waiting time guarantee). Then we
minimize a weighted sum of idle times and overtime (so-called total cost). The
main contributions of this work can be summarized as follows.

Maximum Waiting Time Guarantees. To the best of our knowledge, this
work is the first to introduce maximum waiting time guarantees for intraday
appointment scheduling. The guarantees ensure that each patient’s waiting time
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stays below a given individual threshold, even in a worst-case scenario. Hence,
they ensure that all patients experience acceptable waiting times and prevent
patient dissatisfaction due to excessive waiting times. In addition, communicating
these guarantees can increase patient satisfaction (Kumar et al. 1997).

Optimal Scheduling and Sequencing Rules. We show that the robust ap-
pointment scheduling and sequencing problem with patient-specific maximum
waiting time guarantees is NP-hard in general, and introduce a mixed-integer
linear programming formulation. We present optimal scheduling and sequencing
rules for the following polynomial-time solvable problem variants. First, we con-
sider the case of constant idle time costs, minimizing total idle time plus overtime
cost. For this case, we prove optimality of an extended variant of the well-known
Smallest-Variance-First rule, sorting patients in ascending order by the degree
of uncertainty in their service time and their waiting time guarantees. For the
case of non-increasing idle time costs and any given but fixed patient sequence,
we prove optimality of the so-called ASAP rule, scheduling patients as early as
possible while fulfilling the waiting time guarantees.

Computational Study Using Patient Data from a Radiology Department.
Using real data from the radiology department of a large hospital, we first show
that the problem can be solved in reasonable computation times for all considered
instances. Second, we conduct a sensitivity analysis of the waiting times, idle
times, and overtime obtained with optimal schedules and sequences. Third, we
compare the schedules with those obtained by a weighted sum approach. The
results show that waiting time guarantees lead to limited and more balanced
waiting times across all patients. Moreover, by definition, our approach introduces
the waiting time guarantees with a minimal increase in worst-case total cost. In
particular, in cases in which the waiting times obtained by the weighted sum
approach are also acceptable for all patients, our approach generally leads to lower
total costs without increasing the waiting time of the longest waiting patient.

The remainder of the chapter is organized as follows. Section 2.2 reviews re-
lated optimization problems in the appointment scheduling literature. Section 2.3
formally introduces the Robust Appointment Scheduling Problem with Waiting
Time Guarantees. We show that it is NP-hard in general and derive a mixed-
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integer linear program formulation. In Section 2.4, we present optimal scheduling
and sequencing rules for relevant special cases in polynomial time. In Section 2.5,
we conduct a computational study with real-world data, showing that introduc-
ing maximum waiting time guarantees can improve both waiting times and total
cost compared to a weighted sum approach.

2.2. Literature Review

For an overview of general appointment scheduling, we refer the interested reader
to Cayirli and Veral (2003), Gupta and Denton (2008), and Ahmadi-Javid et al.
(2017). In the following, we review two streams of the appointment scheduling
literature that are most relevant to our research. In Section 2.2.1, we discuss
robust optimization approaches using box uncertainty sets for service times. In
Section 2.2.2, we survey alternative approaches for modeling waiting time, distinct
from the widely used weighted sum approach that minimizes total idle time, total
waiting time, and overtime.

2.2.1. Robust Appointment Scheduling

Robust approaches to appointment scheduling that require only the shortest and
longest service times but no other distributional information are scarce. To the
best of our knowledge, Mittal et al. (2014) present the first such approach, min-
imizing a weighted sum of idle time costs and waiting time costs. Schulz and
Udwani (2019) generalize the problem in Mittal et al. (2014) to idle time costs
that are heterogeneous in the patient sequence and thus implicitly heterogeneous
over time. Both works derive scheduling and sequencing rules for various spe-
cial cases that are remarkably easy to implement. Given a patient sequence and
homogeneous idle time costs, Mittal et al. (2014) present a polynomial-time al-
gorithm to compute optimal interappointment times, which decrease as the plan-
ning horizon progresses. They also show that a simple variant of Smith’s rule,
scheduling patients in ascending order of the length of their service time intervals
divided by their waiting time costs, is a 1.137 approximation. Schulz and Udwani
(2019) prove a slightly adapted variant of this rule to be 1.0604-approximate, and
the problem of simultaneously scheduling and sequencing patients with hetero-
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geneous idle time costs and the weighted sum objective function to be strongly
NP-hard. Recently, Issabakhsh et al. (2021) addressed a robust appointment
scheduling problem for infusion centers and solved it with a scheduling heuristic
based on Adaptive Large Neighborhood Search. Advancing this first stream of
literature, whose robust optimization framework we follow, we provide waiting
time guarantees to all patients.

2.2.2. Modeling Waiting Time

Building on the classification by Bertsimas et al. (2011), we divide approaches
for modeling waiting times into two substreams, based on the criterion used
to evaluate waiting time. The utilitarian criterion minimizes a weighted sum
of waiting times, while fairness criteria address individual waiting times more
directly.

Utilitarian Criterion. In the first substream, we review appointment schedul-
ing approaches that deviate from the classic weighted sum objective function
but retain the utilitarian criterion. Sang et al. (2021) use a stochastic optimiza-
tion approach to minimize any quantile of the total (idle time, overtime, and
waiting) cost for a given job sequence. They find a semi-dome-shaped pattern
with increasing interappointment times at the beginning of the planning horizon
and constant interappointment times later. Zhou et al. (2022) use a chance-
constraint approach, minimizing, among others, the probability that the sum of
waiting times exceeds a certain threshold. They find optimal interappointment
times to follow the well-known dome-shaped pattern in the case of zero no-shows
and walk-ins. With a positive number of walk-ins, they find optimal interap-
pointment times in the middle of the planning horizon to be constant, forming a
so-called plateau dome-shaped pattern.

Fairness Criteria. Qi (2017) presents the first optimization study with the pri-
mary objective of fair patient waiting times. She lexicographically minimizes the
so-called delay unpleasantness of the longest-waiting patient, which considers the
frequency and intensity of delays above a certain threshold. Optimal scheduling
rules depend on waiting time thresholds and the weighting of overtime costs. As
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the weighting of overtime increases, the interappointment times between the first
appointments are shorter than with weighted sum approaches. As the waiting
time threshold decreases, later start times are assigned to the later appointments
in the planning horizon. Following a queuing approach, Benjaafar et al. (2023),
by contrast, assign the earliest possible appointment time to each patient request
while limiting the expected waiting time of each patient. They find that the op-
timal times between appointments increase in the order of arrival. Finally, for a
given patient sequence, Bendavid et al. (2018) minimize the completion time of
the last appointment while bounding the probability of delay for each appoint-
ment. Under the assumption that the distribution of service times is known, they
develop a simulation-based sequential algorithm and show that optimal interap-
pointment times follow a dome-shaped pattern.

Our Contribution. In this work, we contribute to the fairness criteria by pro-
viding an a priori waiting time guarantee for each patient, effectively limiting
their worst-case waiting time. These waiting time guarantees can be customized
to match the tolerance levels for waiting identified in empirical studies. More-
over, compared to existing approaches, we allow for substantial cost reduction by
accounting for (heterogeneous) idle time costs and the sequencing decision.

2.3. Problem Formulation

This section is organized as follows. In Section 2.3.1, we formally introduce the
Robust Appointment Scheduling Problem with Waiting Time Guarantees. In
Section 2.3.2, we show that the problem is NP-hard. In Section 2.3.3, we derive
a mixed-integer linear program.

2.3.1. Mathematical Model

We consider a set of n preselected patients denoted by [n] := {1, . . . , n}, and a
single service provider with a regular working time of L time units. Our decisions
involve determining the patient sequence and appointment times. To determine
the patient sequence, we introduce binary variables πij for i, j ∈ [n], where πij = 1

if and only if exactly i − 1 patients are served before patient j. In other words,
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patient j is assigned to the i-th appointment. We define continuous variables
Ai ≥ 0 to represent the start time of each appointment i ∈ [n]. We consider
the following costs. Idle time before the first appointment incurs a per-time unit
cost c1, and idle time between two consecutive appointments i− 1 and i incurs a
per-time unit cost ci, for 2 ≤ i ≤ n. If there is any idle time before the planning
horizon of L time units ends, it incurs a per-time unit cost cn+1. Additionally,
overtime incurs a per-time unit cost co. We aim to determine a patient sequence
and appointment times that minimize the cost incurred by idle time and overtime,
while ensuring that no patient j ∈ [n] waits longer than their maximum waiting
time guarantee Wj.

The main difficulty is that patients have uncertain service times. We as-
sume that patients who show up are on time. For any given but fixed ser-
vice time scenario p ∈ P , sequence π, and appointment times A, we com-
pute waiting times, idle times, and overtime as follows. We start by initializ-
ing C0(π,A, p) := 0, and define completion times recursively for each appoint-
ment i ∈ [n] as Ci(π,A, p) := max {Ai, Ci−1(π,A, p)} +

∑n
j=1 πijpj. It is useful

and easy to see by induction that the completion times can be reformulated as
Ci(π,A, p) = maxl∈[1,i]

{
Al +

∑i
k=l

∑n
j=1 πkjpj

}
, see Lemma 3 in Appendix A.1.1.

The waiting time before each appointment i ∈ [n] then equals the duration be-
tween the completion of the previous appointment and the start of the current
appointment, expressed as

waiti(π,A, p) := (Ci−1(π,A, p)− Ai)
+ , (2.1)

with (·)+ := max{0, ·}. Similarly, the idle time before each appointment i ∈ [n+

1], with An+1 := L, is given by (Ai − Ci−1(π,A, p))
+, and overtime is computed

as (Cn(π,A, p)− L)+. The cost function

cost(π,A, p) :=
n∑

i=1

ci (Ai − Ci−1(π,A, p))
+

+max {cn+1(L− Cn(π,A, p)), co(Cn(π,A, p)− L)} (2.2)

accounts for the total cost arising from idle time and overtime. We refer to
Appendix B.2 for a summary of the notation.
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To establish sustainable solutions, appointment schedules should be designed
sufficiently robust to withstand unfortunate service times and no-shows. Exces-
sive waiting times, idle time, and overtime not only incur high costs but also lead
to employee and patient stress, dissatisfaction, and reduced loyalty. In health-
care, these factors can even harm patient health (Bae and Fabry 2014). Hence,
we introduce a robust optimization approach that ensures smooth operations for
all stakeholders, even in adverse scenarios. This gives rise to the following rbust
appointment scheduling problem with waiting time guarantees:

min

{
max
p∈P
{cost(π,A, p)}

}
(2.3)

s.t. max
p∈P

{
max
i∈[n]

{
waiti(π,A, p)−

n∑
j=1

πijWj

}}
≤ 0 (2.4)

n∑
i=1

πij = 1,
n∑

j=1

πij = 1 ∀i, j ∈ [n] (2.5)

A1 = 0 (2.6)

πij ∈ {0, 1}, Ai ≥ 0 ∀i, j ∈ [n] (2.7)

Objective Function (2.3) minimizes the worst-case total cost incurred by idle
time and overtime, preventing excessive idle time and excessive overtime. Con-
straint (2.4) ensures that the waiting time guarantees of all patients are met
across all scenarios, ensuring acceptable waiting times. Thus, by preparing both
the provider and the patients for their respective worst-case scenarios, Objective
Function (2.3) and Constraint (2.4) ensure smooth operation even on a challeng-
ing day. Constraints (2.5) enforce that each patient is assigned to exactly one
appointment, and each appointment is assigned to exactly one patient. Con-
straint (2.6) sets the start time of the first appointment to 0.

Remark 1. Due to the adversarial problems in Objective Function (2.3) and
Constraint (2.4), which maximize the total cost and the waiting time of the
longest-waiting patient, the above problem formulation is non-linear. In particu-
lar, it is not amenable to standard MILP solvers in this form.

Remark 2. The problem always has a feasible solution. For an arbitrary but
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fixed sequence π, it is easy to see that the appointment times A1 := 0 and
Ai :=

(
maxl∈[1,i−1]

(
Al +

∑i−1
k=l

∑n
j=1 πkj p̄j

)
−
∑n

j=1 πijWj

)+
for i ∈ [2, n] are

feasible solutions. In the special case that all waiting time guarantees are so long
that the latter term equals 0 for all i ∈ [n], all patients could be scheduled at
time 0, which corresponds to the single-block rule in Cayirli and Veral (2003).

Remark 3. It is noteworthy that monotonic increase is not guaranteed in the spe-
cial case that max {0, Ci−1(π,A, p)− Ai−1} +

∑n
j=1 πi−1,jpj <

∑n
j=1 πijWj holds

for any appointment i ∈ [n].

2.3.2. Complexity Analysis

In this section, we establish theNP-hardness of the Robust Appointment Schedul-
ing Problem with Waiting Time Guarantees, which holds even if all patients
have identical waiting time guarantees. This result expands upon existing NP-
hardness proofs for appointment scheduling and sequencing problems employing
weighted sum approaches (Bosch 1997, Kong et al. 2016, Schulz and Udwani
2019).

Theorem 1 (NP-Hardness). Let all patients have identical waiting time guar-
antees W . Moreover, let the idle time costs fulfill c1 = . . . = cσ > cσ+1 = . . . = cn

for some σ ∈ [n− 1] and the overtime cost co = 0. Then the Robust Appointment
Scheduling Problem with Waiting Time Guarantees is NP-hard.

We briefly sketch the proof and refer to the formal proof in Appendix A.1.1
for details. In a worst-case scenario, worst-case idle times arise in two ways:
If no idle time occurs up to and including appointment i∗ − 1, then the idle
time before appointment i∗ equals

∑i∗−1
i=1

∑n
j=1 πij(p̄j −

¯
pj) −W . The idle time

before all subsequent appointments i > i∗ equals
∑n

j=1 πi−1,j(p̄j −
¯
pj). In the

case of i∗ = σ, the unit idle time cost before appointment i∗ exceeds all later
unit costs of idle time. The challenge lies in partitioning the customers into two
groups such that the idle time sum

∑i∗−1
i=1

∑n
j=1 πij(p̄j −

¯
pj) −W is minimized.

In Appendix A.1.1, we show that the well-known Subset Sum Problem can be
reduced to this particular problem, establishing the NP-hardness of the Robust
Appointment Scheduling Problem with Waiting Time Guarantees.
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Remark 4. If the assumption on idle time costs in Theorem 1 is replaced by
constant idle time costs c1 = . . . = cn, indicating no time preference for idle time
occurrence, the Robust Appointment Scheduling Problem with Waiting Time
Guarantees becomes solvable in polynomial time. We discuss this case in detail
in Section 2.4.

2.3.3. Linearization

Due to the recursive nature of completion times in the cost function, applying
the classical dualization scheme by Bertsimas and Sim (2004) for linearization is
impractical. However, we overcome this challenge by leveraging structural prop-
erties to determine worst-case service times analytically. Specifically, we derive
worst-case service times maximizing cost and waiting times, respectively. As a
result, we present a compact mixed-integer linear program (MILP). For proofs
not included in the main part, we refer the interested reader to Appendix 3.3.2.2.

Adversarial Problem of Maximizing Cost. The following theorem shows that
the total cost is maximized in one of the n + 1 sequence-dependent scenarios,
in which patients scheduled for the first i∗ ∈ {0, . . . , n} appointments require
minimum service duration (idle time maximization), and all subsequent patients
require maximum service time (overtime maximization).

Theorem 2. Given a patient sequence π and appointment times A, let
¯
Ci(π,A) :=

max {Ai,
¯
Ci−1(π,A)}+

∑n
j=1 πij

¯
pj for i ∈ [n], with

¯
C0(π,A) := 0, define the com-

pletion times when all patients require minimum service time.
Then maxp∈P cost(p, π, A) is equivalent to

max
i∗∈{0,...,n+1}

i∗∑
i=1

ci(Ai −
¯
Ci−1(π,A))

+ + co

(
Ai∗ +

n∑
k=i∗

n∑
j=1

πkj p̄j − L

)+

(2.8)

with An+1 := L.

Proof. We show that any service time scenario that maximizes total cost can be
decomposed into two parts: the first one maximizing idle time and the second
one maximizing overtime. Assume w.l.o.g. that π = id.
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First, using the reformulation of the completion times from Lemma 3 and
A1 = 0, we find:

n+1∑
i=1

ci (Ai − Ci−1(π,A, p))
+ + co (Cn(π,A, p)− An+1)

+ (2.9)

=
n∑

i=1

ci (Ai − Ci−1(π,A, p))
+

+max {cn+1 (An+1 − Cn(π,A, p)) , co(Cn(π,A, p)− An+1)} (2.10)

=
n∑

i=2

ci

(
Ai − max

l∈[i−1]

{
Al +

i−1∑
k=l

pk

})+

+ cn+1

(
An+1 −max

l∈[n]

{
Al +

n∑
k=l

pk

})+

+ co

(
max
l∈[n]

{
Al +

n∑
k=l

pk

}
− An+1

)+

(2.11)

Now, using A1 = 0, let the service time scenario popt ∈ P maximize total cost
(2.9). We distinguish the following two cases.

Case 1: An+1 − Cn(π,A, p
opt) ≥ 0.

In this case, overtime cost equals zero. Therefore, setting popti to p
i
for each i ∈ [n]

will lead to an equal or higher value of (2.11).
Case 2: Cn(π,A, p

opt)− An+1 ≥ 0.
In this case, there are non-negative overtime costs. Let l∗ ∈ [n] chosen minimally
such that Cn(π,A, p

opt) = Al∗ +
∑n

k=l∗ p
opt
k . In particular, it is easy to see that

idle time cannot occur after the l∗th appointment. Then setting popti to p̄i for all
i ≥ l∗ and to p

i
for all i ≤ l∗ − 1 will again lead to an equal or higher value of

(2.11).

Adversarial Problem of Maximizing Waiting Times. As for each service time
scenario p ∈ P , and patient j ∈ [n], the realized service time pj is non-negative,

19



2. Robust Appointment Scheduling with Waiting Time Guarantees

it is straightforward to see that the scenario of maximum service times

p̄ := (p̄1, . . . , p̄n) ∈p∈P

{
max

l∈[1,i−1]

(
Al +

i−1∑
k=l

n∑
j=1

πkjpj

)}
(2.12)

uniformly maximizes the waiting time for each appointment i ∈ [n] in Con-
straint (2.4).

MILP. Now, let ∆i denote the idle time before appointment i ∈ [n+ 1] and σi∗

denote the overtime accumulated starting from appointment i∗ ∈ [n + 1]. Then
the worst-case service time scenarios from Theorem 2 allow us to obtain the
following mixed-integer linear program for the Robust Appointment Scheduling
Problem with Waiting Time Guarantees (RASWTG):

minU (2.13)

s.t.U ≥
i∗∑
i=1

ci∆i + coσi∗ ∀i∗ ∈ [n+ 1] (2.14)

∆i ≥ Ai −
¯
Ci−1 ∀i ∈ [n+ 1] (2.15)

¯
Ci = max {Ai,

¯
Ci−1}+

n∑
j=1

πij
¯
pj ∀i ∈ [n] (2.16)

σi∗ ≥ Ai∗ +
n∑

k=i∗

n∑
j=1

πkj p̄j − L ∀i∗ ∈ [n] (2.17)

Al +
i−1∑
k=l

n∑
j=1

πkj p̄j − Ai ≤
n∑

j=1

πijWj ∀i, l : i ∈ [n], l ∈ [i− 1] (2.18)

n∑
j=1

πij = 1,
n∑

i=1

πij = 1 ∀i, j ∈ [n] (2.19)

A1 = 0,
¯
C0 = 0, An+1 = L (2.20)

Ai,
¯
Ci ≥ 0 ∀i ∈ [n] (2.21)

∆i, σi ≥ 0 ∀i ∈ [n+ 1] (2.22)

πij ∈ {0, 1} ∀i, j ∈ [n] (2.23)
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Compared to (2.3) – (2.7), this MILP can be characterized as follows: Objec-
tive Function (2.13) minimizes the upper bound U set on the worst-case total
cost incurred by idle time and overtime. Constraints (2.15) – (2.17), based on
Theorem 2, determine the worst-case total cost. Constraint (2.18) ensures that
the waiting time guarantees are fulfilled even in the worst case, using the waiting
time reformulation (2.12).

RASWTG is an assignment problem of patients to appointments with assignment-
dependent cost. It has O(n2) binary variables, O(n) continuous variables, and
O(n2) constraints. Using standard linearization techniques, Constraint (2.16) can
be linearized by introducing another O(n) binary variables. The computational
study in Section 2.5 shows that RASWTG is solvable with a state-of-the-art
MILP solver in short times for all instances with up to twenty patients from a
data set of CT examinations in a large university hospital.

2.4. Optimal Scheduling and Sequencing

In this section, we present optimal scheduling and sequencing rules to solve
RASWTG in polynomial time in special cases, as summarized in Table 2.1. Ad-
ditionally, we investigate optimal interappointment times for the general case.
All results demonstrate how to provide maximum waiting time guarantees cost-
efficiently.

Table 2.1. Problem variants and exact solution methods

Problem variant Solution method

Section 2.4.1: Constant idle time cost SVF-WTG sequencing rule
Section 2.4.2: Non-increasing idle time cost ASAP scheduling rule
Section 2.4.3: General case MILP
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2.4.1. Polynomial-Time Sequencing Rule for the Case of
Constant Idle Time Costs and Zero No-Shows

Finding an optimal patient sequence can substantially reduce idle time costs
(Cayirli et al. 2008, Deceuninck et al. 2018) but appears extremely difficult (Mak
et al. 2015). Similarly, Theorem 1 implies that (unless P = NP) we cannot find
a universal optimal scheduling and sequencing rule for the Robust Appointment
Scheduling Problem with Waiting Time Guarantees in polynomial time. How-
ever, for a relevant special case, we now prove optimality of a polynomial-time
sequencing rule consistent with the well-known Smallest-Variance-First (SVF)
heuristic.

SVF is the most common heuristic for weighted sum approaches to appointment
sequencing with stochastic service times. It ranks patients in ascending order of
variance, following the intuition to reduce the probability of deviating from the
schedule by placing patients with less variable service times first. For recent SVF
studies in a stochastic optimization framework, we refer to Kong et al. (2016),
Jafarnia-Jahromi and Jain (2020), and de Kemp et al. (2021). Moreover, Mak
et al. (2015) prove, under a mild condition, the optimality of the SVF rule for a
robust mean-variance model with an arbitrary number of appointments. Recently,
Kong et al. (2016) showed that the optimality of the SVF policy depends on the
number of patients as well as the shape of service time distributions.

Theorem 3 (Optimal Patient Sequence). Let idle time costs c1 = . . . = cn+1 be
constant, indicating no time preference for the occurrence of idle time. Then it
is optimal to schedule patients j ∈ [n] in non-decreasing order w.r.t. p̄j −

¯
pj +

(1 + co)Wj.

Under the given assumptions, it is optimal to schedule patients j ∈ [n] in
non-decreasing order with respect to their service time uncertainty p̄j −

¯
pj and

their waiting time guarantee Wj, as a function of overtime cost co. This result
intuitively extends the SVF rule to account for waiting time guarantees: Uncer-
tainty is kept as low as possible for as long as possible, particularly for patients
with stricter waiting time guarantees. The relative importance of both criteria
depends on the overtime cost. We call it the Smallest-Variance-First Rule with
Waiting Time Guarantees (SVF-WTG).
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Proof. Consider an optimal sequence π∗ that does not adhere to the SVF-WTG
sequencing rule. Then there exists i′, j′, j′′ ∈ [n] satisfying π∗

i′,j′ , π
∗
i′+1,j′′ = 1 and

p̄j′−
¯
pj′ +Wj′(1+ co) > p̄j′′−

¯
pj′′ +Wj′′(1+ co). To establish the optimality of the

SVF-WTG sequencing rule, we prove that (iteratively) swapping the positions of
patients j′ and j′′ does not increase the optimal worst-case cost
maxi∗∈{0,...,n+1}

∑i∗

i=1 ci (Ai −
¯
Ci−1(π

∗, A))+ + co
(
Ai∗ +

∑n
i=i∗ π

∗
ij p̄j − L

)+
=: opt.

Since the idle time costs are constant and all patients show up, we know from
a special case of Theorem 4 that Ai =

(∑i−1
k=1

∑n
j=1 π

∗
kj p̄j −

∑n
j=1 π

∗
ijWj

)+
, with

A1 = 0, are optimal appointment times for i ∈ [2, n].
First, we consider the costs associated with the case i∗ ∈ {0, n + 1}. For

i∗ = n+1, using the idle time cost reformulation (3.34) from Lemma 2, the total
cost is equivalent to cn+1(L −

∑n
i=1

∑n
j=1 π

∗
ij
¯
pj), and swapping the position of

two patients does not affect this value. For i∗ = 0, where there is no idle time,
swapping two patients does not affect the value.

For each i∗ ∈ [n], the associated cost is

i∗∑
i=1

(Ai −
¯
Ci−1(π

∗, A))+ + co

(
Ai∗ +

n∑
k=i∗

π∗
kj p̄j − L

)
(2.24)

Moreover, we assume w.l.o.g. that Ai∗ =
∑i∗−1

k=1

∑n
j=1 π

∗
kj p̄j −

∑n
j=1 π

∗
ijWj > 0.

Therefore, the total cost becomes

i∗∑
i=1

(Ai −
¯
Ci−1(π

∗, A))+ + co

(
n∑

i=1

n∑
j=1

π∗
ij p̄j −

n∑
j=1

πi∗jWj − L

)
(2.25)

Using again the idle time cost reformulation (3.34) from Lemma 2, the sequence-
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dependent value is:

i∗∑
i=1

(Ai −
¯
Ci−1(π

∗, A))+ − co

n∑
j=1

π∗
i∗jWj (2.26)

=Ai∗ −
i∗−1∑
k=1

n∑
j=1

π∗
kj
¯
pj − co

n∑
j=1

π∗
i∗jWj (2.27)

=
i∗−1∑
k=1

n∑
j=1

π∗
kj p̄j −

n∑
j=1

π∗
i∗jWj −

i∗−1∑
k=1

n∑
j=1

π∗
kj
¯
pj − co

n∑
j=1

π∗
i∗jWj (2.28)

=
i∗−1∑
k=1

n∑
j=1

π∗
kj(p̄j −

¯
pj)− (1 + co)

n∑
j=1

π∗
i∗jWj. (2.29)

We now show that changing the sequence to πi′,j′′ , πi′+1,j′ = 1, the cost associ-
ated with each i∗ ∈ [n] does not exceed the optimal solution value obtained with
π∗.

For each i∗ > i′+1 or i∗ < i′, the solution value does not change when changing
the sequence to πi′,j′′ , πi′+1,j′ = 1. For i∗ = i′, we find

i∗−1∑
k=1

n∑
j=1

π∗
kj(p̄j −

¯
pj)− (1 + co)

n∑
j=1

π∗
i∗jWj (2.30)

=
i∗−1∑
k=1

n∑
j=1

π∗
kj(p̄j −

¯
pj)− (1 + co)Wj′ (2.31)

<
i∗−1∑
k=1

n∑
j=1

π∗
kj(p̄j −

¯
pj) + p̄j′ −

¯
pj′ − (p̄j′′ −

¯
pj′′ +Wj′′(1 + co)) (2.32)

≤
i∗∑

k=1

n∑
j=1

π∗
kj(p̄j −

¯
pj)−Wj′′(1 + co) (2.33)

≤ opt− co

(
n∑

j=1

p̄j − L

)
(2.34)

and therefore, changing the sequence to πi′,j′′ , πi′+1,j′ = 1 does not increase the
optimal solution value for the case of i∗ = i′. Finally, for i∗ = i′ + 1, it is easy to
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see that switching the position of j′ and j′′ improves the associated costs:

i∗−2∑
k=1

n∑
j=1

π∗
kj(p̄j −

¯
pj) + p̄j′ −

¯
pj′ − (1 + co)Wj′′ (2.35)

>

i∗−2∑
k=1

n∑
j=1

π∗
kj(p̄j −

¯
pj) + p̄j′′ −

¯
pj′′ − (1 + co)Wj′ (2.36)

We note that i∗ = i′ + 1 cannot have been the maximizer of the total worst-case
cost, as this would contradict the optimality of π∗.

Thus, (iteratively) applying the SVF-WTG rule does not increase the total
worst-case cost.

2.4.2. Polynomial-Time Scheduling Rule under
Non-Increasing Idle Time Costs

In the following, we assume that an arbitrary sequence of patients is given. We
first present the so-called As Soon As Possible (ASAP) scheduling rule defined
by Algorithm 1. Secondly, we show that in the case of non-increasing idle time
costs, it leads to an optimal solution in polynomial time. Thirdly, we describe how
ASAP generalizes the well-known Bailey-Welch rule (Welch and Bailey 1952).

Algorithm 1 ASAP scheduling rule
Input: n ∈ N, c ∈ Rn+1 with c1 ≥ . . . ≥ cn+1, (Wj)j∈[n], p̄ ∈ Rn, k ≥ 0, π ∈ {0, 1}n×n

1: A1 ← 0 for i← 2 to n do
2:

Ai ←

(
maxl∈[i−1]Al +

∑i−1
σ=l

∑n
j=1 πσj p̄j −

n∑
j=1

πijWj

)+

3:

4: return (A1, . . . , An)

The ASAP scheduling rule schedules each patient as early as possible while re-
specting the waiting time constraints. It is constructed as follows by Algorithm 1.
The start time of the first appointment is set to 0 in Line 1. For each subsequent
appointment, the algorithm computes the latest possible completion time of the
previous appointment in Line 3 and subtracts the waiting time guarantee of the

25



2. Robust Appointment Scheduling with Waiting Time Guarantees

patient scheduled for the i-th appointment. Notably, the appointment times be-
come Ai =

(∑i−1
k=1

∑n
j=1 πkj p̄j −

∑n
j=1 πijWj

)+
.

Algorithm 1 computes optimal appointment times for a given sequence under
non-increasing idle time costs, as stated in the following theorem and proven
in Appendix 2.4.2. This condition, while crucial for the optimality proof, holds
practical significance. Constant idle time costs indicate no time preference for
the occurrence of idle time. Decreasing idle time costs indicate that later idle
time is less expensive than earlier idle time, potentially due to its productive use
for documentation work incurred by earlier appointments.

Theorem 4 (Optimal Appointment Times). Given non-increasing idle time costs
c1 ≥ . . . ≥ cn+1, and a patient sequence π, Algorithm 1 computes optimal appoint-
ment times in polynomial time for the Robust Appointment Scheduling Problem
with Waiting Time Guarantees.

Proof. It is straightforward to see that Algorithm 1 runs in polynomial time.
Moreover, the waiting time constraints enforce

Ai ≥

(
max
l∈[i−1]

Al +
i−1∑
σ=l

n∑
j=1

πσj p̄j −
n∑

j=1

πijWj

)+

(2.37)

for all i ∈ [2, n]. We now show that appointment times, with A1 = 0, which
fulfill the inequality (2.37) with equality are an optimal solution in the case of
non-increasing idle time costs.

Let A∗ be optimal appointment times, which fulfill, for some i′ ∈ [2, n], that

A∗
i′ >

(
maxl∈[i−1]A

∗
l +

∑i−1
σ=l

∑n
j=1 πσj p̄j −

∑n
j=1 πijWj

)+
. As ci−1− ci ≥ 0 for all

i ∈ [2, n], and using the cost reformulation (3.31) – (3.34) in the proof of Lemma 2
with corresponding index set I, we distinguish the following two cases. Firstly,
if i′ ∈ I, then choosing

A∗
i′ =

(
max
l∈[i−1]

A∗
l +

i−1∑
σ=l

n∑
j=1

πσj p̄j −
n∑

j=1

πijWj

)+

(2.38)

leads to a better objective value, contradicting the optimality of A∗. Secondly, if
i′ /∈ I, then choosing (2.38) does not change the optimal solution value. Thus, it
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is optimal to schedule each appointment time Ai, i ∈ [n], as early as possible.

The ASAP rule can be considered a generalization of Bailey’s rule, which sched-
ules the first two patients simultaneously and all subsequent patients sequentially.
In Line 3, each patient is scheduled to arrive at time 0 as long as the latest possible
completion times of the previous patients are not longer than their waiting time
guarantee. If this condition is no longer met, patients are scheduled sequentially.
In particular, the maximum waiting time guarantees control how many patients
can be scheduled at the start time of the planning horizon.

2.4.3. Optimal Interappointment Times for Varying Costs

In the literature, empirical studies on optimal interappointment times are com-
monly pursued in settings where analytical approaches face significant challenges.
Accordingly, while we have proven optimality of the ASAP scheduling rule for the
case of non-increasing costs, we derive further insights for the case of increasing
costs by analyzing optimal interappointment times. The optimal schedules are
computed using Gurobi and illustrated by the example of ten identical patients,
each with a minimum service time of 15 minutes, a maximum service time of 25
minutes, and a waiting time guarantee of 30 minutes.

In the cases of non-increasing idle time costs, we observe that the optimal inter-
appointment times follow a variant of the well-known plateau dome shape (Denton
and Gupta 2003, Robinson and Chen 2003, Kong et al. 2020, Sang et al. 2021).
Initially, interappointment times increase, followed by a plateau of constant in-
terappointment times. The optimality of the ASAP scheduling rule implies in-
creasing or varying interappointment times at the beginning of the scheduling
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Figure 2.1. Optimal interappointment times (in minutes)
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horizon to avoid early idle times, followed by a constant pattern limited by the
waiting time guarantees. In this sense, the observed semi-plateau-dome pattern
represents a customer-driven variant of the plateau-dome-shaped pattern.

On the other hand, the complexity observed in the case of increasing costs sug-
gests that establishing optimal scheduling rules in this case may be more difficult.
In this case, a balance must be found between the following strategies. On the
one hand, scheduling the last appointment as early as possible is still essential to
avoid overtime costs. On the other hand, the higher cost of later idle times can
only be prevented by allowing for relatively long (worst-case) waiting times for
later appointments. Achieving this while meeting waiting time guarantees may
require scheduling early appointments later than strictly necessary. This may also
lead to the appointment time of the last appointment being later than required
by the waiting time constraints.

2.5. Computational Study

In this section, we evaluate the performance of RASWTG schedules on a real-
world data set from the radiology department of a large university hospital. In
particular, we analyze runtimes, conduct a sensitivity analysis, and present man-
agerial insights from comparing waiting times, idle times, and overtime obtained
with RASWTG to those obtained with a weighted sum approach.

2.5.1. Instances

We generate test instances based on 7,745 CT examination records performed
on one of three CT machines in the radiology department of a large university
hospital in Munich, Germany. All exams were performed in 2019 or the first
quarter of 2020. For each CT examination, we have the following information:
Exam type, exam day, start time, and completion time. The start and completion
times were recorded as so-called “Modality Performed Procedure Steps”. That is,
they do not include setup times before and after the irradiation procedure, such
as preparing the patient at the unit or removing the patient from the unit, but
only the scanning time. Service times are calculated as the difference between
completion time and start time. Figure A.1 in the Appendix A.1.2.1 presents a
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boxplot illustrating the service times for the most common examination types.
We first split the data into an interval estimation set and a test set. The interval

estimation set consists of all 6,359 CT examinations recorded in 2019; the test
set consists of all 1,386 CT examinations recorded in the first quarter of 2020.
The interval estimation set is used to estimate the service time intervals for the
examinations in the test set. Specifically, for each of the 64 examination types, we
estimate the minimum and maximum service time as the 5th and 90th percentiles
of the empirical distribution of service times within the interval estimation set.
We tested that this choice ensures meeting the waiting time guarantees for nearly
all patients while also resulting in reasonable total costs. We then compute
schedules for the examination requests recorded in the test set using these service
time interval estimates. In case of multiple optimal solutions, we choose one that
minimizes the sum of appointment times in accordance with the ASAP rule. The
schedules are evaluated using the service times recorded in the test set.

To generate test instances, we consider three factors: number of patients, wait-
ing time guarantees, and structure of the idle time costs. In a ceteris paribus
design, we systematically vary these factors using three values each, as outlined
in Table 2.2. Unless specified otherwise, our analysis centers on the base case
characterized by bold values, encompassing constant idle time costs, ten patients,
and a maximum waiting time guarantee of 30 minutes.

Table 2.2. Parameter sets (base case in bold)

Number of patients Waiting time guarantee Idle time cost

{5, 10, 20} {10 min, 20 min, 30 min} {const., dec., inc.}

The chosen patient numbers, n ∈ {5, 10, 20}, are aligned with the daily CT
examination records and consistent with previous computational studies utiliz-
ing distributionally robust optimization approaches (Qi 2017, Jiang et al. 2017,
Kong et al. 2020). For each n ∈ {5, 10, 20}, patient selection is performed by first
identifying days within the test set that contain at least n appointments. Subse-
quently, we randomly sample n consecutive patient records from these days. This
process generates 252 instances across all classes with five patients, 107 instances
across all classes with ten patients, and 39 instances across all classes with twenty
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patients.
We differentiate three types of idle time costs: constant, decreasing, and in-

creasing. Constant idle time costs (ci)i∈[n] remain fixed at ci = 1 for all i ∈ [n+1].
Decreasing idle time costs follow three assumptions: Idle time before the first ap-
pointment incurs a per-unit time cost of 1, idle time after the last appointment,
fully utilized by staff for tasks like documentation, incurs a per-unit time cost of
only 0.5, and costs linearly decrease between the first and last idle time. This
results in ci = 1 − i−1

2n
for idle time before appointment i ∈ [n + 1]. For com-

pleteness, we also consider linearly increasing idle time costs with ci = n+i−1
2n

,
i ∈ [n + 1]. Overtime cost, complying with current US federal law requiring a
minimum of 1.5 times the regular pay rate, is set at co = 1.25.

Finally, the length L of the planning horizon crucially impacts the trade-off
between idle time cost and overtime cost. A short planning horizon may cause
significant worst-case overtime, while an extended one may lead to no overtime
but substantial idle time. For a comprehensive evaluation of the model, we select
the length of the planning horizon for each instance to lie at a specific point be-
tween the earliest and latest possible completion times of the last appointment,
accommodating both idle time and overtime. Specifically, L is chosen as the sum
of maximum service times minus the waiting time guarantee for the last appoint-
ment. For instances with a waiting time guarantee of 30 minutes, the resulting
average planning horizon is 50.08 minutes for five patients, 132.13 minutes for
ten patients, and 312.53 minutes for twenty patients. The average cumulative
uncertainty within this horizon, obtained as the sum of the service time interval
lengths, amounts to 46.88 minutes for five patients, 91.03 minutes for ten patients,
and 178.15 minutes for twenty patients.

2.5.2. Runtimes

In Table 2.3, we report the average runtimes to compute an optimal schedule using
the polynomial-time algorithm (PTA) that results from first applying Theorem 3
and then Algorithm 1 in the case of constant idle time costs, and the mixed-
integer program RASWTG otherwise. All experiments have been performed on
an Intel Core i7-10510U 1.8 GHz machine (in 64-bit mode) with 16 GB memory
under Microsoft Windows 10 and Gurobi 9.5.0 in Python 3.9.0.
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Table 2.3. Average runtimes to compute an optimal schedule
(in seconds)

Method Patients

Costs RASWTG PTA 5 10 20

Constant • 0.00 0.00 0.00
Decreasing • 0.01 0.45 197.35
Increasing • 0.05 2.80 199.06

In the case of constant idle time costs, our polynomial-time algorithm effi-
ciently computes optimal schedules in milliseconds, even for a substantial num-
ber of patients. When there are non-constant idle time costs, we employ the
mixed-integer linear program RASWTG. With this model, Gurobi finds optimal
schedules within seconds for up to 10 patients and within 200 seconds for 20
patients.

Furthermore, the observed runtimes support the conjecture from Section 2.4
that decreasing idle time costs lead to simpler optimal solution structures than
increasing idle time costs.

2.5.3. Results

We first conduct a sensitivity analysis and then compare the results with those
obtained by minimizing a weighted sum of waiting times, idle times, and overtime.

2.5.3.1. Sensitivity Analysis

We assess the impact of each of the three factors listed in Table 2.2 on wait-
ing times, idle times, and overtime, from which we derive practical managerial
recommendations. To comprehensively understand the dynamics, we recall the
trade-offs between waiting time and idle time until the last appointment, and the
trade-off between overtime and idle time following the last appointment.

Base Case. In the base case, the average waiting time per patient is 10.92
minutes, and the waiting time guarantees are met for 97% of the patients. The
slight discrepancy from 100% is due to the estimation of minimum and maximum
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Table 2.4. Number of patients (idle time and overtime in minutes)

5 patients 10 patients 20 patients

Patients whose waiting time guarantee is met: 96.11% 96.88% 98.23%
Average idle time per appointment: 1.90 3.77 4.92
Average overtime: 7.92 1.77 0.22

service times derived from empirical service time data in the separate interval
estimation set, excluding outliers. In cases where realized service times are outside
the estimated range, the waiting time guarantees of a few later patients are unmet.
Furthermore, the average total idle time amounts to 37.67 minutes and overtime
to 1.77 minutes, relative to an average cumulative uncertainty of 91.03 minutes.
Figure 2.2 illustrates the distribution of waiting and idle times by appointment.

Number of Patients. Table 2.4 summarizes our findings regarding waiting
times, idle times, and overtime across a varying number of patients. Given our
choice of the planning horizon L, overtime decreases as the number of patients
rises. Moreover, as the number of patients in the planning horizon increases,
the RASWTG approach generally leads to shorter waiting times and longer idle
times. Specifically, the ASAP scheduling rule, which is optimal for constant and
decreasing costs (see Theorem 4), provides a rationale for this effect:

The first few appointments can all be scheduled at the start time of the schedul-
ing horizon, as long as the sum of their maximum service times does not exceed
the waiting time guarantee of the subsequent appointment. For these appoint-
ments, waiting times accumulate in proportion to the service times realized. For
all subsequent appointments, the start time can be calculated as the worst-case
sum of the previous service times minus the waiting time guarantee. As the num-
ber of customers treated increases, we consider it increasingly unlikely that all
customers require their maximum service time. Consequently, we expect short
waiting times and longer idle times before late appointments.

We note that this effect could be mitigated by using uncertainty budgets that
control the number of customers who require maximum service time.
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Table 2.5. Average results by waiting time guarantee

Idle Wait WTG Over

10-minute guarantee: 56.75 2.73 91.50% 0.85
20-minute guarantee: 47.02 6.01 94.86% 1.12
30-minute guarantee: 37.67 10.92 96.88% 1.77

idle: total idle time (in minutes), wait: average waiting time (in minutes), WTG: percentage
of patients for whom the waiting time guarantee is met, over: overtime (in minutes)

Waiting Time Guarantees. Practitioners should tailor waiting time guarantees
to align with their patients’ waiting time tolerance levels. Figure 2.2 illustrates
how waiting and idle times vary across the planning horizon for different wait-
ing time guarantee choices. Table 2.5 shows the corresponding total idle time,
average waiting times, and adherence to the waiting time guarantee. Increasing
the waiting time guarantee by 10 minutes, on average, improves the fulfillment
of the waiting time guarantee by 1.90%, boosts capacity utilization by 18.44%,
and maintains stability in terms of overtime. This substantial capacity utilization
increase results from greater flexibility in terms of the waiting time constraints
and, correspondingly, a shorter overall planning horizon.

Idle Time Costs. The idle time costs control whether idle times occur rather
early or late in the planning horizon and, oppositely, whether waiting times occur
rather early or late. Decreasing idle time costs, by definition, particularly avoid
early idle times. Thus, idle times predominantly occur later in the planning
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horizon, as can be seen in Figure 2.3 for the base case. The opposite is true for
increasing idle time costs. Constant idle time costs do not define a preference for
when idle time occurs. Notably, both total idle time and overtime are highest in
the case of increasing idle time costs and significantly lower and closely aligned
for constant and decreasing idle time costs. This observation suggests that the
simple greedy rule which utilizes capacities as early as possible proves effective
when minimizing total idle time. Furthermore, constant and decreasing idle time
costs lead to later and, thus, potentially more productively usable idle times.

2.5.3.2. Comparison to a Weighted Sum Approach

In this section, we compare waiting times, idle times, and overtime acquired using
RASWTG in contrast to those obtained using a weighted sum approach. Unless
stated otherwise, we use the RASWTG approach in the base case setting. We
refer to the following problem as Weighted Sum Robust Appointment Scheduling
Problem (WSRAS).
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min
π,A

U (2.39)

s.t.U ≥
n+1∑
i=1

ci (Ai − Ci∗,i−1)
+ + co (Ci∗n − L)+

+
n∑

i=1

cw (Ci∗,i−1 − Ai)
+ ∀i∗ ∈ [n+ 1] (2.40)

Ci∗i = max{Ai, Ci∗,i−1}+
n∑

j=1

πij
¯
pj, ∀i∗ ∈ [n+ 1], i < i∗ (2.41)

Ci∗i = max{Ai, Ci∗,i−1}+
n∑

j=1

πij p̄j, ∀i∗ ∈ [n+ 1], i ≥ i∗ (2.42)

n∑
j=1

πij = 1,
n∑

i=1

πij = 1 ∀i, j ∈ [n] (2.43)

A1 = 0, An+1 = L,Ci∗0 = 0 ∀i∗ ∈ [n+ 1] (2.44)

Objective Function (2.39) minimizes the upper bound on total cost, as estab-
lished in Constraint (2.40). Specifically, Constraint (2.40) upper bounds the sum
of waiting times, weighted by cw, idle times, weighted by sequence-dependent
cost ci, and overtime, weighted by co; while ensuring robustness with respect to
the same worst-case scenarios as RASWTG (see Theorem 2). Constraints (2.41)
and (2.42) define the completion times, while Constraint (2.43) represents the
assignment constraint known from the Robust Appointment Scheduling Problem
with Waiting Time Guarantees. To enhance our understanding of optimal WS-
RAS schedules, we briefly explore optimal interappointment times, as illustrated
in Figure A.2 in Appendix A.1.2.1.

Notably, Mittal et al. (2014) study a related robust appointment scheduling
problem that minimizes a weighted sum of idle time and waiting time costs,
under a collective worst-case scenario. Our works show, independently of each
other and with different objective functions, that it is sufficient to consider the
same n+ 1 critical service time scenarios (see Theorem 2).
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2. Robust Appointment Scheduling with Waiting Time Guarantees

Waiting Times. We compare, first, how to control waiting times with both
approaches and, second, the distribution of waiting times across all appointments.
Applying the weighted sum approach, we need to carefully tune the waiting time
costs to manage waiting times. In contrast, when applying RASWTG, the waiting
time guarantees constitute input parameters which (a priori) limit all worst-case
waiting times, and indirectly also the realized waiting times. It is therefore easier
to control waiting times with RASWTG than with the weighted sum approach.

In addition, Figures 2.4 and 2.5 present boxplots illustrating patient waiting
times depending on their position in the appointment schedule. These wait-
ing times correspond to the optimal interappointment intervals depicted in Fig-
ure A.2 in the Online Appendix. Notably, for modest waiting time costs (cw),
waiting times with the weighted sum approach exhibit an increasing trend un-
til the penultimate or last appointment, and excessive waiting times for some
later appointments. High waiting time costs lead to very short waiting times for
all appointments. In contrast, the RASWTG approach demonstrates an initial
(limited) increase in waiting times followed by a gradual decrease. It is worth
recalling that this decline can be mitigated by introducing uncertainty budgets.
Furthermore, for comparable overall costs, waiting times are distributed more
equitably across appointments with RASWTG, and excessive waiting times are
less likely.
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Figure 2.4. WSRAS waiting times by appointment position
(in minutes)
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Figure 2.5. RASWTG waiting times by appointment position
(in minutes)

Costs. We finally evaluate the cost of replacing the weighted sum approach with
RASWTG. We consider that a healthcare provider replaces WSRAS schedules
with fixed waiting time cost (i) cw = 0.00001, (ii) cw = 0.1, and (iii) cw = 1 over
all days. Our findings are summarized in Table 2.6.

Let us first examine overtime. For WSRAS, we observe that overtime decreases
with lower waiting time costs, as lower waiting costs allow for scheduling appoint-
ments earlier. Surprisingly, RASWTG exhibits the lowest overtime, on average
only 1.77 minutes. This suggests that, even with hard waiting time constraints,
RASWTG permits slightly earlier scheduling of the last appointment even com-
pared to the weighted sum approach with low waiting time cost. Overall, both
approaches maintain reasonable average overtime within a 1 to 7-minute range,
and minimal with RASWTG.

Considering total idle time, we find that it naturally increases with rising wait-
ing time costs for WSRAS. RASWTG displays the lowest total idle time, a result

Table 2.6. Comparison of WSRAS with RASWTG

WSRAS WSRAS RASWTG WSRAS
cw = 0.00001 cw = 0.1 cw = 1

Waiting time ≤ 30: 79.91% 92.43% 96.88% 99.91%
Idle time until An: 10.12 24.75 17.18 37.50

Total idle time: 37.92 39.03 37.67 42.27
Overtime: 2.17 3.13 1.77 6.37
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consistent with our findings regarding overtime. It is worth noting that idle time
for both approaches could be reduced by opting for a shorter planning horizon L

but at the expense of increased overtime, which we aimed to prevent in the first
place. However, as a substantial amount of idle time remains between the last
appointment and the end of the planning horizon L for both approaches, we
also compare the idle time up to the last appointment, which is less dependent
on the choice of L. Again, for all waiting time costs except for cw = 0.00001,
which comes with excessive waiting times, RASWTG yields lower idle time than
WSRAS.

We conclude with the following rule of thumb. In environments where most
patients experience acceptable waiting times, introducing RASWTG offers both
a priori waiting time guarantees and total cost reduction. The cost reduction
typically comes with a limited increase in average waiting times. In environments
where many patients experience excessive waiting times, introducing RASWTG
effectively prevents excessive waiting times with a minimum increase in total
worst-case cost. In all cases, RASWTG effectively mitigated excessive waiting
times and overtime.

2.6. Conclusion

This work was motivated by the lack of intraday appointment scheduling and
sequencing approaches to precisely control waiting times. We introduce maxi-
mum waiting time guarantees to respect patients’ waiting time tolerance even in
a worst-case scenario of uncertain service times. Hence, the established guaran-
tees prevent negative effects of waiting times on patient dissatisfaction, perceived
service quality, and loyalty shown in previous empirical research. At the same
time, we minimize worst-case costs incurred by idle time and overtime.

We show that the presented appointment scheduling problem with waiting
time guarantees is NP-hard and find optimal scheduling and sequencing rules
in polynomial time for practically relevant special cases. Assuming constant idle
time costs, we show optimality of a sequencing rule that schedules patients in
ascending order with the amount of uncertainty about their service times and their
waiting tolerance. This rule provides a deeper understanding of the optimality
of the well-known SVF rule and extends it to consider waiting time guarantees.
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Moreover, for the case of non-increasing idle time costs, we show optimality of the
ASAP scheduling rule that sets each appointment time as early as possible while
fulfilling the waiting time guarantees. The presented sequencing and scheduling
rules are intuitive and easy to implement.

Our case study with real data from the radiology department of a large hos-
pital shows that Robust Appointment Scheduling Problem with Waiting Time
Guarantees not only prevents excessive waiting times. Compared to weighted
sum approaches, our approach also provides more flexibility to control the timing
of idle and waiting times. Most importantly, we introduce the waiting time guar-
antees with a minimal increase in worst-case costs, which in many cases is even
negative. Thus, compared to weighted sum approaches, waiting time guarantees
may even reduce costs.

Our work also points to several avenues for future research. First, an intrigu-
ing open question involves introducing uncertainty budgets to control the level of
conservatism, and adapting the presented scheduling and sequencing rules. Sec-
ond, it would be interesting to integrate the consideration of no-shows into our
robust framework. Third, the concept of minimizing costs under robust service
levels is applicable to any service in which patient disutility increases sharply
upon surpassing a critical threshold. Identifying such services and studying the
corresponding problem variants seems promising.
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Abstract. Overbooking is a widely adopted strategy to mitigate reduced capacity utilization
stemming from missed appointments. Integrating individual no-show predictions into overbook-
ing systems offers potential for optimizing capacity utilization without exacerbating waiting
times or overtime. Nonetheless, ethical considerations have emerged concerning scheduling pa-
tients from higher-risk no-show groups for appointments associated with longer waiting times.
In this study, we propose robust waiting time guarantees for all patients within the context of
predictive overbooking. Building upon the cardinality-constrained robust optimization frame-
work, we introduce uncertainty budgets for false positive and false negative predictions. Our
approach ensures the fulfillment of waiting time guarantees under worst-case false predictions
while minimizing total costs incurred by idle time and overtime. Leveraging a multi-layered
decomposition approach and employing total unimodularity as well as LP duality, we formulate
the problem as a mixed-integer linear program. Computational findings demonstrate consistent
adherence to waiting time guarantees in over 96% of cases across all scenarios. Furthermore,
total costs decrease naturally with prediction accuracy, with false positives exhibiting a slightly
more adverse impact than false negatives. Interestingly, a higher no-show rate contributes to
cost reduction.
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3.1. Introduction

Missed appointments, known as no-shows, profoundly affect healthcare capacity
utilization. Gier (2017) estimates the annual cost of no-shows at $150 billion
in the United States alone. Data from the National Health Service NHS (2019)
reveal approximately 307 million missed appointments in general practices annu-
ally, resulting in a cost exceeding £216 million and significantly hampering access
to healthcare.

Overbooking strategies have been widely adopted to address the problem of
reduced capacity due to no-shows, accepting more patients than available capac-
ity. They have proven successful in improving capacity utilization and reducing
costs, as evidenced by studies such as LaGanga and Lawrence (2007), Sickinger
and Kolisch (2009), LaGanga and Lawrence (2012), Zheng et al. (2015), on the
one hand. On the other hand, however, overbooking has been long known to
incur excessive waiting times for some patients, if more patients than planned
show up (Cayirli and Veral 2003, Gupta and Denton 2008, Dantas et al. 2018).

The recent surge in available data and predictive analytics methodologies may
allow us to accurately forecast individual no-show candidates. Integrating indi-
vidual no-show predictions into appointment scheduling frameworks - so-called
predictive overbooking - holds the promise to optimize capacity utilization with-
out increasing waiting times or overtime. A growing body of literature uses
individual no-show predictions to find schedules that minimize a weighted sum
of waiting times, idle times, and overtime. Yet, Samorani et al. (2021) demon-
strated that if a group of patients has been characterized by a higher no-show
risk in historical data, this objective function may result in patients in that group
being disproportionately scheduled for appointments with longer wait times, em-
phasizing the need for more equitable modeling approaches.

To harness the potential of predictive overbooking for enhanced capacity uti-
lization while mitigating its negative effects on waiting times, this work proposes
a robust approach that accounts for uncertainty in the predictions. Instead of the
classical approach of relying on no-show probabilities, we incorporate binary clas-
sification results for individual no-show predictions. Each patient’s data includes
their service time range and a binary individual no-show prediction. Building
upon the cardinality-constrained robustness framework proposed by Bertsimas
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and Sim (2004), we introduce uncertainty budgets ΓFP and ΓFN for false positive
and false negative predictions, to the best of our knowledge a novel contribution
to the field. Integrating these predictions and their robustness against impreci-
sion, we extend the Robust Appointment Scheduling Problem with Waiting Time
Guarantees, as introduced in Chapter 2, to include no-shows in this chapter.
Specifically, we ensure meeting waiting time guarantees even if ΓFP of predicted
no-shows attend and ΓFN of predicted show-ups do not, while minimizing total
costs incurred by idle time and overtime.

The main contributions can be summarized as follows:

Robust Predictive Overbooking. Firstly, we directly take into account the
results from a binary classification problem when predicting no-shows. Secondly,
we correct the uncertainty with regard to the predictions by introducing uncer-
tainty budgets for false positives and false negatives. Thirdly, we extend the
problem setting of the Robust Appointment Scheduling Problem with Waiting
Time Guarantees from Chapter 2 to account for no-shows. Thereby, we introduce
maximum waiting time guarantees for (predictive) overbooking.

Mixed-Integer Linear Program. We employ a multi-layered decomposition ap-
proach to address the problem. Decomposing both the worst-case waiting time
constraint, as well as the cost function, along with total unimodularity and LP
duality, we linearize the problem. This results in a mixed-integer linear program
for robust predictive overbooking with waiting time guarantees.

Computational Study. The results consistently show over 96% adherence to
waiting time guarantees across all scenarios. While total costs naturally decrease
with prediction accuracy, it is noteworthy that false positives appear to have a
more adverse impact than false negatives. Moreover, intriguingly, we observe that
a higher no-show rate even leads to cost reduction.

This chapter is structured as follows: Section 3.2 reviews related optimization
problems in the literature on no-shows and appointment scheduling. Section 3.3
formally introduces the robust predictive overbooking problem with waiting time
guarantees and presents a mixed-integer linear program formulation. In Sec-
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tion 3.4, we conduct a computational study based on real-world data, showing
that the consideration of no-shows can significantly increase capacity utilization
without compromising the patients’ waiting time guarantees.

3.2. Literature Review

This section explores predictive overbooking approaches in the context of ap-
pointment scheduling, building upon the extensive literature in the field (Cayirli
and Veral 2003, Gupta and Denton 2008, Ahmadi-Javid et al. 2017), and the
review on robust appointment scheduling in Section 2.2.1. To better understand
individual no-show predictions, we first provide a brief overview of statistical
methods and results on no-shows in Section 3.2.1. Subsequently, in Section 3.2.2,
we review appointment scheduling systems that integrate these predictions.

3.2.1. No-Show Predictions

For a comprehensive literature review on no-show predictions in healthcare, we
refer to the reviews by Deyo and Inui (1980), Bean and Talaga (1992), Garuda
et al. (1998), Dantas et al. (2018), Carreras-García et al. (2020). Notably, Dantas
et al. (2018) find an average no-show rate of 23% across all studies, with significant
disparities observed by region and specialty, amongst others. They underscore
the context-specific nature of no-show predictions. Here, we review the most
important features, methods, and evaluation results.

Feature Selection. We follow Dantas et al. (2018) to categorize relevant fea-
tures into appointment type, patient demographics, and patient behavior.
Appointment-related factors include lead time, specialty, appointment date/time,
and referral source. Notably, lead time stands out as an important feature, with
longer intervals between appointment scheduling and the appointment date cor-
relating with higher rates of no-shows (Dantas et al. 2018, Salazar et al. 2022).
Patient demographics such as age, gender, geographic proximity, and socioeco-
nomic status, including insurance status, have yielded mixed findings (Dantas
et al. 2018, Salazar et al. 2022, Liu et al. 2022). It is important to recognize
that these characteristics entail sensitive information, thus requiring ethical and
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cautious implementation. Finally, next to lead time, prior no-show history has
emerged as the commonly reported most important feature to predict no-shows
(Dantas et al. 2018, Chen et al. 2020, Liu et al. 2022).

Methods. Commonly approached as a binary classification task, predicting no-
shows has been explored using a wide range of statistical learning methods.
Historically, logistic regression has successfully prevailed (Carreras-García et al.
2020). Recent studies have shown decision tree algorithms outperforming logistic
regression and competing with artificial neural networks (Fan et al. 2021, Salazar
et al. 2022). Notably, in Chen et al. (2020), the XGBoost model outperformed
existing models. Nevertheless, Nevertheless, it has been shown that logistic re-
gression can even compete with artificial neural networks if previous no-show
history is available as a significant feature (Liu et al. 2022). Clearly, the choice
of method is context- and data-specific.

Evaluation Results. Alaeddini et al. (2011) achieved an 80% accuracy with a
hybrid model of logistic regression and Naive Bayes. Mohammadi et al. (2018)
reported accuracies of 73% for logistic regression, 71% for artificial neural net-
works, and 82% for Naive Bayes. In Batool et al. (2021), accuracy reached up to
95%, with a false positive rate of 7.39% with the lead time attribute and 41.81%
without. Additionally, Liu et al. (2022) reported an accuracy of 83% in pediatrics,
with a false positive rate of 17%. It is important to recognize that accuracy may
overstate model performance due to data imbalance, and thus to consider other
evaluation metrics such as false positive and false negative rates. While the re-
sults are promising, these findings also emphasize the need for individualized and
context-specific studies of no-shows, particularly with the growing availability of
data.

3.2.2. Predictive Overbooking

The literature on appointment scheduling under uncertain patient no-show be-
havior explores various approaches. For an extensive overview, we refer to Salah
and Srinivas (2022). While some studies focus on integrating static no-show prob-
abilities (Luo et al. 2012, Cayirli et al. 2012, Jiang et al. 2017), or time-dependent
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no-show probabilities (LaGanga and Lawrence 2012, Kong et al. 2020), we pro-
vide a brief review of the growing body of appointment scheduling approaches
that integrate individual no-show predictions.

Firstly, the structure of optimal appointment schedules with individual no-
show probabilities has been examined when minimizing a weighted sum of wait-
ing times, idle times, and overtime. Zacharias and Pinedo (2014) propose an
overbooking approach that minimizes a weighted sum of waiting times, idle time,
and overtime. Their work emphasizes the impact of patient heterogeneity on op-
timal appointment schedules, suggesting segmenting schedules into overbooked
and non-overbooked slots and optimizing patient order within these segments.
Extending this, Zacharias and Yunes (2020) incorporate stochastic service times
and demonstrate the multimodularity of the objective function.

Secondly, several overbooking heuristics have been proposed. Samorani and La-
Ganga (2015) address overbooking by considering individual appointment char-
acteristics and day-dependent no-show predictions, introducing a heuristic that
assigns same-day appointments to likely show-ups and future-day appointments
to likely no-shows. Their heuristic shows improved performance compared to
open access under different parameter settings. Additionally, Srinivas and Ravin-
dran (2018) propose several scheduling heuristics based on patient-specific no-
show risks to minimize waiting time, idle time, and overtime, while maximizing
patient acceptance.

Thirdly, the importance of prediction accuracy has been demonstrated. Samorani
and Harris (2019) employ probabilistic classifiers to predict individual no-show
probabilities and optimize appointment schedules. They find that even slight
improvements in prediction accuracy lead to significant reductions in schedule
cost. Similarly, Li et al. (2019) develop a Bayesian nested logit model to enhance
prediction accuracy and demonstrate reduced total cost incurred by waiting time,
idle time, and overtime.

Although the proposed overbooking strategies are effective or even optimal
in terms of cost minimization, they may raise ethical concerns, as shown by
Samorani et al. (2021). Patients with a higher likelihood of no-shows may be
disproportionately allocated undesirable appointment slots, leading to inequitable
service experiences. Consequently, there is a need for appointment schedules that
minimize costs while ensuring fairness. To address this, Samorani et al. (2021)
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propose an objective function that strikes a balance between minimizing schedule
costs and mitigating disparities in waiting times among different patient groups.

This work contributes to the overbooking literature by minimizing costs in-
curred by idle time and overtime while providing worst-case waiting time guaran-
tees for all patients. It also offers a framework for considering no-show predictions
of varying granularity and accuracy.

3.3. Problem Formulation

This section is organized as follows. In Section 3.3.1, we formally introduce
the Robust Predictive Overbooking problem with Waiting Time Guarantees. In
Section 3.3.2, we derive a mixed-integer linear program for this problem.

3.3.1. Mathematical Model

The notation and model builds upon that for the Robust Appointment Scheduling
Problem with Waiting Time Guarantees (RASWTG) from Section 2.3, summa-
rized in Appendix B.2.

Specifically, we consider a set of n preselected patients denoted by [n] :=

{1, . . . , n}, and a single service provider with a regular working time of L time
units. We aim to determine a patient sequence and appointment times that min-
imize the cost incurred by idle time and overtime, while ensuring that no patient
j ∈ [n] waits longer than their maximum waiting time guarantee Wj. Idle time
before the first appointment incurs a per-time unit cost c1, and idle time be-
tween two consecutive appointments i − 1 and i incurs a per-time unit cost ci,
for 2 ≤ i ≤ n. If there is any idle time before the planning horizon of L time
units ends, it incurs a per-time unit cost cn+1. Additionally, overtime incurs a
per-time unit cost co. To determine the patient sequence, we introduce binary
variables πij for i, j ∈ [n], where πij = 1 if and only if exactly i − 1 patients are
served before patient j. In other words, patient j is assigned to the i-th appoint-
ment. We define continuous variables Ai ≥ 0 to represent the start time of each
appointment i ∈ [n].

The main difficulty is that patients now not only have uncertain service times
but also uncertain no-show behavior. Similar to Chapter 2, for each patient
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j ∈ [n], we only have information about the shortest and longest possible service
times, denoted as

¯
pj and p̄j, respectively. This leads to the scenario set of possible

service time realizations P := [
¯
p1, p̄1]× . . .× [

¯
pn, p̄n]. In contrast to Chapter 2, we

extend our analysis to include binary predictions for patients who do not show up.
This involves considering a candidate set C ⊆ [n] of predicted no-shows, along
with uncertainty budgets ΓFP ∈ N0 for the total number of falsely predicted
no-shows and ΓFN ∈ N0 for the total number of falsely predicted show-ups.
The confusion matrix derived from binary classification predictions of no-shows
provides an evaluation of false positives and false negatives predictions based on
historical data, serving as a reference for these uncertainty budgets. The scenario
set of possible no-show realizations is then determined accordingly as

Λ :=

λ ∈ {0, 1}n :
∑
j∈C

λj = ΓFP ,
∑

j∈[n]\C

(1− λj) = ΓFN

 (3.1)

where λj = 1 if and only if patient j shows up. The uncertainty budgets are
enforced with equality, not inequality, to ensure the adversarial in the robust
problem considers both false positives and false negatives, i.e., preventing either
from being set to zero. It is noteworthy that the special case in which we estimate
that a total of k patients show up, but lack individual predictions, is covered by
setting C = ∅ and ΓFN = n− k for some k ≤ n.

For any given but fixed service time scenario p ∈ P and no-show scenario λ ∈ Λ,
and given π and A, we compute waiting times, idle times, and overtime as follows.
We start by initializing C0(π,A, p, λ) := 0, and define completion times recur-
sively for each appointment i ∈ [n] as Ci(π,A, p, λ) := max {Ai, Ci−1(π,A, p, λ)}+∑n

j=1 πijλjpj. It is useful and easy to see by induction that the completion times

can be reformulated as Ci(π,A, p, λ) = maxl∈[1,i]

{
Al +

∑i
k=l

∑n
j=1 πkjλjpj

}
, see

Lemma 3 in the Appendix. The waiting time before each appointment i ∈ [n]

then equals the duration between the completion of the previous appointment
and the start of the current appointment, expressed as

waiti(π,A, p, λ) :=
n∑

j=1

πijλj (Ci−1(π,A, p, λ)− Ai)
+ (3.2)
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with (·)+ := max{0, ·}. Similarly, the idle time before each appointment i ∈
[n + 1], with An+1 := L, is given by idlei(π,A, p, λ) := (Ai − Ci−1(π,A, p, λ))

+,
and overtime is computed as over(π,A, p, λ) := (Cn(π,A, p, λ) − L)+. The cost
function

cost(π,A, p, λ) :=
n∑

i=1

ci · idlei(π,A, p, λ)

+ max {cn+1 · idlen+1(π,A, p, λ), co · over(π,A, p, λ)} (3.3)

accounts for the total cost arising from idle time and overtime.
Predictive overbooking should be performed sufficiently robust to withstand

the adverse effects of unfavorable no-show occurrences, including unacceptable
waiting times and increased costs. Therefore, we propose a robust optimization
approach aimed at ensuring smooth operations for all stakeholders, even in worst-
case scenarios. This gives rise to the Robust Predictive Overbooking problem with
Waiting Time Guarantees (RPOWTG):

min
π,A

max
p∈P
λ∈Λ

{cost(p, λ, π, A)} (3.4)

s.t.max
p∈P
λ∈Λ

{
max
i∈[n]

{
waiti(p, λ, π, A)−

n∑
j=1

πijWj

}}
≤ 0 (3.5)

n∑
i=1

πij = 1,
n∑

j=1

πij = 1 ∀i, j ∈ [n] (3.6)

A1 = 0 (3.7)

πij ∈ {0, 1} ∀i, j ∈ [n] (3.8)

RPOWTG extends the Robust Appointment Scheduling Problem with Waiting
Time Guarantees by adding the consideration of no-show predictions. Objective
Function (3.4) minimizes total worst-case cost incurred by idle time and over-
time. Constraint (3.5) provides the well-known waiting time guarantees. Con-
straints (3.6) ensure that each patient is assigned to exactly one appointment,
and vice versa. Constraint (3.7) sets the start time of the first appointment to 0.
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Remark 5. The problem always has a feasible solution. For an arbitrary but
fixed sequence π, it is easy to see that planning for all patients to show up with
the appointment times A1 := 0 and

Ai :=

(
max

l∈[1,i−1]

(
Al +

i−1∑
k=l

n∑
j=1

πkj p̄j

)
−

n∑
j=1

πijWj

)+

(3.9)

for i ∈ [2, n] are feasible solutions. In the special case that all waiting time
guarantees are so long that the latter term equals 0 for all i ∈ [n], all patients
could be scheduled at time 0, which corresponds to the single-block rule in Cayirli
and Veral (2003).

Remark 6. Due to the adversarial problems in Objective Function (3.4) and
Constraint (3.5), which maximize the total cost and the waiting time of the
longest-waiting patient, the above problem formulation is non-linear. In particu-
lar, it is not amenable to standard MILP solvers in this form.

Remark 7. The Robust Predictive Overbooking problem with Waiting Time
Guarantees is NP-hard, as it is as extension of RASWTG from Section 2.3.

3.3.2. Decomposition

We now derive and present the mixed-integer linear program for the Robust
Predictive Overbooking problem with Waiting Time Guarantees. This involves
decomposing the adversarial problems related to maximizing waiting times and
the more difficult case of maximizing total cost.

3.3.2.1. Adversarial Waiting Time Maximization

We first show that the waiting time Constraint (3.5) can be decomposed by
patients. Then we use total unimodularity and the classical dualization scheme
by Bertsimas and Sim (2004) to linearize the individual waiting time constraints.

The following lemma establishes the equivalence of maximizing the waiting time
for the longest waiting patient and independently computing a worst-case scenario
for each patient that maximizes their waiting time. This inherent decomposability
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of the adversary problem for waiting times stems from the scenario- independent
appointment times.

Lemma 1 (Decomposability). Given a patient sequence (πij)i,j∈[n] and appoint-
ment times (Ai)i∈[n], Constraint (3.5) on waiting times is fulfilled if and only
if

max
i∈[n]

{
max

p(i)∈P,λ(i)∈Λ

{
Ci−1(π,A, p

(i), λ(i))− Ai −
n∑

j=1

πijWj :
n∑

j=1

πijλ
(i)
j = 1

}}
≤ 0.

Proof. Given a patient sequence π, appointment times A, and waiting time guar-
antees W1, . . . ,Wn, it clearly holds

max
p∈P,λ∈Λk−1

{
max
i∈[n]

{
Ci−1(A, π, p, λ)− Ai −

n∑
j=1

πijWj

}}
(3.10)

≤max
i∈[n]

{
max

p(i)∈P,λ(i)∈Λk−1

{
Ci−1(A, π, p

(i), λ(i))− Ai −
n∑

j=1

πijWj

}}
. (3.11)

Assume the inequality holds strictly (i.e., with "<"). Let i∗, p∗, λ∗ maximize
the right-hand side. Then, for any A ≥ 0, we obtain

Ci∗−1(A, π, p
∗, λ∗)− Ai∗ −

n∑
j=1

πi∗jWj (3.12)

≤max
i∈[n]

{
Ci−1(A, π, p

∗, λ∗)− Ai −
n∑

j=1

πijWj

}
(3.13)

≤ max
p∈P,λ∈Λk−1

{
max
i∈[n]

{
Ci−1(A, π, p, λ)− Ai −

n∑
j=1

πijWj

}}
(3.14)

<max
i∈[n]

{
max

p(i)∈P,λ(i)∈Λk−1

{
Ci−1(A, π, p

(i), λ(i))− Ai −
n∑

j=1

πijWj

}}
(3.15)

= Ci∗−1(A, π, p
∗, λ∗)− Ai∗ −

n∑
j=1

πi∗jWj, (3.16)

which is a contradiction.

Thus, the problem of maximizing the waiting time for the longest-waiting patient
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reduces to maximize, for each appointment, the previous appointment’s comple-
tion time.

For each appointment i ∈ [n], to maximize the previous appointment’s com-
pletion time, we first use the non-recursive definition of the completion times
to obtain Ci−1(π,A, p, λ) = maxl∈[i−1]Al +

∑i−1
k=l

∑n
j=1 πijλjpj. Now, as for each

no-show scenario λ ∈ Λ, service time scenario p ∈ P , and patient j ∈ [n], the
realized service time λjpj is non-negative across all scenarios, it is straightforward
to see that all service times can be set to their maximum value p̄. Therefore, the
adversarial problem of maximizing waiting times reduces to finding a no-show
scenario that maximizes

max
λ∈Λ

{
max

l∈[1,i−1]

(
Al +

i−1∑
k=l

n∑
j=1

πkjλj p̄j)

)
:

n∑
j=1

πijλj = 1

}
(3.17)

the completion time of the previous appointment. Now, similarly to the decom-
posability in Theorem 1, this is equivalent to maximize for each l ∈ [i− 1]:

max
i−1∑
k=l

n∑
j=1

πkj p̄jλj (3.18)

s.t.
∑
j∈C

λj = ΓFP −
∑
j∈C

πij (3.19)∑
j∈[n]\C

(1− λj) = ΓFN +
∑

j∈[n]\C

πij (3.20)

λ ∈ {0, 1}n (3.21)

Objective Function (3.18) maximizes the total service time between the lth
and ith appointments. Constraint (3.19) ensures that exactly ΓFP of the no-
show candidates appear, while Constraint (3.20) ensures the correct number of
false negatives to be considered. Specifically, it is implicitly ensured that the
patient who is scheduled for the ith appointment also shows up, as otherwise,
their waiting time is zero. Therefore, if a no-show candidate is scheduled for
the ith appointment, at most ΓFP − 1 of the no-show candidates may appear
for other appointments. Similarly, if a show-up candidate is scheduled for the
ith appointment, the adversarial will still choose the patient not to show up,
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necessitating the distribution of ΓFN no-shows besides the patient scheduled for
the ith appointment.

The constraint matrix of (3.18) - (3.21) is totally unimodular, as can for exam-
ple be seen by summing over all rows while multiplying the first row by −1. Let
ΓFN
¬ := ΓFN + |C| − n. Due to total unimodularity, the LP relaxation yields the

same optimal solution as the original problem, and so does the LP dual of the
LP relaxation:

min (ΓFP −
∑
j∈C

πij)zFP

+ (ΓFN +
∑

j∈[n]\C

πij + |C| − n)zFN +
n∑

j=1

zj (3.22)

s.t. zFP + zj ≥
i−1∑
k=l

πkj p̄j ∀j ∈ C (3.23)

− zFN + zj ≥
i−1∑
k=l

πkj p̄j ∀j ∈ [n] \ C (3.24)

zj ≥ 0 ∀j ∈ [n] (3.25)

zFP , zFN ∈ R (3.26)

Therefore, the waiting time constraint in (3.5) can be reformulated, for all
appointments i ∈ [n] and l ∈ [i− 1], as

Al+(ΓFP − 1)z
(l,i)
FP + (ΓFN + |C| − n)z

(l,i)
FN +

n∑
j=1

z
(l,i)
j − Ai

≤
n∑

j=1

πijWj +M ·
∑

j∈[n]\C

πij (3.27)

Al+ΓFP z
(l,i)
FP + (ΓFN + 1 + |C| − n)z

(l,i)
FN +

n∑
j=1

z
(l,i)
j − Ai

≤
n∑

j=1

πijWj +M ·
∑
j∈C

πij, (3.28)
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together with the Constraints (3.23) – (3.25) and a sufficiently large parameter
M .

By employing the completion time reformulation, leveraging the total unimod-
ularity of the constraint matrix associated with the adversarial problem for each
appointment, and applying LP duality, the adversarial problem of maximzing
waiting times has been reduced to O(n2) linear programming problems. Each of
these problems entails O(n) variables and constraints.

3.3.2.2. Adversarial Cost Maximization

The cost function is more difficult to linearize, as it is recursive and nonlinear
in the no-show scenario λ. However, we discern structural properties by or-
ganizing costs into blocks. Initially, we partition costs into an idle time cost
block followed by an overtime cost block, extending Theorem 2 to incorporate
no-shows. Subsequently, we further subdivide the idle time cost into blocks that
accumulate idle time. Leveraging this block structure enables us to formulate a
mixed-integer linear program with a totally unimodular constraint matrix to find
a cost-maximizing no-show scenario, akin to the waiting time adversarial’s prob-
lem. However, this program only yields a maximizing no-show scenario rather
than the maximum cost value. Thus, it must be integrated into a mixed-integer
linear program for the Robust Predictive Overbooking problem with Waiting
Time Guarantees along with the corresponding dual LP. Using strong duality,
this integration ensures that the primal no-show scenario indeed maximizes total
cost by enforcing the objective functions of the primal cost-maximizing problem
and its corresponding LP dual to take an equivalent value.

Firstly, the following theorem establishes that the total cost is maximized un-
der the same n + 1 sequence-dependent service time scenarios as for RASWTG,
where patients scheduled for the first i∗ ∈ {0, . . . , n} appointments require mini-
mum service duration (maximizing idle time) and all subsequent patients require
maximum service time (maximizing overtime). For simplicity of notation, let
Ci := Ci(π,A, p, λ). The proof is a straightforward extension of that of Theo-
rem 2.

Theorem 5. Given a patient sequence π, appointment times A, and λ ∈ Λ, let

¯
Ci(π,A, λ) := max {Ai,

¯
Ci−1(π,A, λ)}+

∑n
j=1 πijλj

¯
pj for i ∈ [n], with

¯
C0(π,A, λ) :=
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0, define the completion times when all patients require minimum service time.
Then maxp∈P cost(p, λ, π, A) is equivalent to

max
i∗∈{1,...,n+1}

i∗∑
i=1

ci(Ai −
¯
Ci−1(π,A, λ))

+ + co

(
Ai∗ +

n∑
k=i∗

n∑
j=1

πkjλj p̄j − L

)+

(3.29)

with An+1 := L.

The proof is given in Appendix A.2.1. Now, we aim to characterize a worst-
case no-show scenario for an arbitrary but fixed sequence and appointment times.
Therefore, we first find a block structure of idle times:

Lemma 2. Let π be an assignment, (Ai)i∈[n] appointment times, p ∈ P a service
time scenario, and λ ∈ Λ a no-show scenario. Moreover, let {i ∈ [n] : (Ai −
Ci−1) > 0} = {i1, . . . , ir} =: I with i1 ≤ . . . ≤ ir denote the index set of
appointments before which positive idle time occurs. Then the idle time cost∑n+1

i=1 ci(Ai − Ci−1)
+ is equivalent to

r−1∑
l=1

(cil − cil+1
)Ail + cirAir − ci1A1 −

r∑
l=1

cil

il−1∑
σ=il−1

λσpσ (3.30)

Proof. Assume w.l.o.g. that π = id, where id is the identity function. For each

i ∈ I, let l(i) denote the smallest index such that Ci−1 = Al(i) +
i−1∑

σ=l(i)

pσλσ (see

Lemma 3 in Appendix A.2.1).
We show that l(ij) = ij−1 for all j ∈ [r], j ≥ 2, via a proof by contradiction.

First assume that l(ij+1) < ij, and for the purpose of simpler notation, let w.l.o.g.
j = 2. On the one hand, Theorem 3 implies that Ci2−1 ≥ Ai1 +

∑i2−1
σ=i1

pσλσ.
On the other hand, it holds that Ci2−1 = Al(i2) +

∑i1−1
σ=l(i) pσλσ +

∑i2−1
σ=i1

pσλσ ≤
Ci1−1 +

∑i2−1
σ=i1

pσλσ. Together, it follows that Ci1−1 ≥ Ai1 , a contradiction to
i1 ∈ I. Therefore, l(i2) ≥ i1.
Now assume that l(i2) > i1. On the one hand, as l(i2) is the smallest index
with the above property, it must hold that Ci2−1 > Ai1 +

∑i2−1
σ=i1

pσλσ. On the
other hand, because now l(i2) /∈ I, it holds that Ai ≤ Ci−1 for all i ∈ [i1 +

1, l(i2)] and therefore Ci2−1 = Al(i2) +
∑i2−1

σ=l(i2)
pσλσ ≤ Cl(i2)−1 +

∑i2−1
σ=l(i2)

pσλσ =
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max{Cl(i2)−2, Al(i2)−1}+
∑i2−1

σ=l(i2)−1 pσλσ ≤ . . . ≤ Ai1 +
∑i2−1

σ=i1
pσλσ. Together this

yields the contradiction Ai1 ≥ Ci2−1 −
∑i2−1

σ=i1
pσλσ > Ai1 , from which it finally

follows that l(i2) = i1.
The above argument for l(i2) ≤ i1 can be equivalently applied to show that

l(i1) = 1, so we define i0 := 1. Altogether, this yields:

n+1∑
i=1

ci (Ai − Ci−1)
+ (3.31)

=
r∑

l=1

cil (Ail − Cil−1) (3.32)

=
r∑

l=1

cil

Ail − Ail−1
−

il−1∑
k=il−1

pkλk

 (3.33)

=
r−1∑
l=1

(
cil − cil+1

)
Ail + cirAir − ci1Ai0 −

r∑
l=1

cil

il−1∑
σ=il−1

λσpσ (3.34)

This block structure enables us to characterize a worst-case no-show scenario
as follows:

Corollary 1. Let i∗ ∈ {1, . . . , n + 1}. For any appointment i ∈ [n], let c(i) :=

cmin{l∈[i,n]:Al−
¯
Cl−1(π,A,λ)>0} denote the unit idle time cost of the next appointment

before which a positive amount of idle time is incurred under minimum service
times

¯
p and any no-show scenario λ ∈ Λ. If no idle time is incurred for any of

these appointments, then we choose c(i) := maxl∈[n] cl.
Then λ ∈ Λ maximizes the total cost

max
λ∈Λ

{
i∗∑
i=1

ci(Ai −
¯
Ci−1(π,A, λ))

+ + co

(
Ai∗ +

n∑
k=i∗

πkjλj p̄j − L

)+}
(3.35)

if and only if λ maximizes

max
λ∈Λ

{
−

i∗−1∑
i=1

n∑
j=1

πijc(i)
¯
pjλ

(i∗)
j +

n∑
i=i∗

n∑
j=1

πijcop̄jλ
(i∗)
j

}
(3.36)
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Proof. Following the case distinction in the proof of Theorem 5, it is sufficient to
consider the cost

∑i∗

i=1 ci(Ai−
¯
Ci−1(π,A, λ))

++ co (Ai∗ +
∑n

i=i∗ πijλj p̄j − L)
+ for

each i∗ ∈ {0, . . . , n+ 1} when maximzing total cost in the general case. To show
the claim, we use the idle time reformulation from Lemma 2:

i∗∑
i=1

ci(Ai −
¯
Ci−1(π,A, λ))

+ + co

(
Ai∗ +

n∑
k=i∗

πkjλj p̄j − L

)+

(3.37)

=
r−1∑
l=1

(cil − cil+1
)Ail + cirAir − ci1Ai0 −

r∑
l=1

cil

il−1∑
σ=il−1

λσ
¯
pσ (3.38)

+ co

(
Ai∗ +

n∑
k=i∗

πkjλj p̄j − L

)+

(3.39)

Given a sequence π and appointment times A, the last term is maximized by
the no-show scenario described above.

Thus, it suffices to consider, for each i∗ ∈ {1, . . . , n + 1}, a no-show scenario
in which, among the patients scheduled for the last n − i∗ + 1 appointments,
those with the longest maximum service times show up. In case that more than
n − i∗ + 1 patients show up in total, then all patients scheduled for these last
appointments show up. Additionally, among the patients scheduled for the first
i∗ − 1 appointments, the remaining ones with the smallest product of minimum
service time and corresponding idle time cost show up. Notably, the idle time
cost associated with customer j, who is scheduled for appointment i, is generally
not the idle time cost ci.

More formally, building on Corollary 1, a no-show scenario that maximizes cost
for each i∗ ∈ [0, n+1] can be found by the following mixed-integer linear program:
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max−
i∗−1∑
i=1

n∑
j=1

πijc(i)
¯
pjλ

(i∗)
j +

n∑
i=i∗

n∑
j=1

πijcop̄jλ
(i∗)
j (3.40)

s.t.
∑
j∈C

λ
(i∗)
j = ΓFP (3.41)∑

j∈[n]\C

(1− λ
(i∗)
j ) = ΓFN (3.42)

λ(i∗) ∈ {0, 1}n (3.43)

The constraint matrix of (3.40) – (3.43) is similar to that of (3.18) – (3.21) and
therefore totally unimodular. Hence, strong duality holds for its LP relaxation,
meaning that if an optimal solution of (3.40) – (3.43) exists, its value equals that
of the following LP:

minΓFPvFP
i∗ + (ΓFN + |C| − n)vFN

i∗ +
n∑

j=1
¯
zi∗j (3.44)

s.t. vFP
i∗ +

¯
zi∗j ≥

i∗−1∑
i=1

πijc(i)
¯
pj ∀j ∈ C (3.45)

− vFN
i∗ +

¯
zi∗j ≥

i∗−1∑
i=1

πijcop̄j ∀j ∈ [n] \ C (3.46)

¯
zi∗j ≥ 0 ∀j ∈ [n] (3.47)

Now, aiming for a worst-case no-show scenario that maximizes total cost, we
can integrate it into a mixed-integer linear program by incorporating the primal
constraints (3.41) – (3.43) and the dual constraints (3.45) – (3.47), while ensuring
that the objective function value (3.40) equals that of the dual (3.44).

Additionally, except for well-known linearizations such as the product of a
binary and a non-negative continuous variable, it only remains to linearize the
idle time cost function c(i), as shows in (A.20) – (A.23) in the Appendix.

Remark 8 (Uncertainty Budgets for Service Times). When additionally intro-
ducing uncertainty budgets for service times, it seems that the linearization can
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be performed following a similar framework, with the additional linearization of
the product of maximum service time deviation and no-show scenario.

3.3.3. Mixed-Integer Linear Program

The linearization results from Section 3.3.2 lead to a comprehensive MILP for the
Robust Predictive Overbooking Problem with Waiting Time Guarantees. This
MILP formulation uses binary variables λi∗ij for each case i ∈ [n+ 1] from The-
orem 5 to indicate not only, as in the sequence π, whether patient j is scheduled
for the i-th appointment, but also whether patient j shows up. Additionally, let
U ≥ 0 be an upper bound on the worst-case total costs.

minU (3.48)

s.t.U ≥
i∗∑
i=2

ci∆i∗i + coσi∗ ∀i∗ ∈ [n+ 1] (3.49)

σi∗ ≥ Ai∗ +
n∑

k=i∗

n∑
j=1

λi∗ij p̄j − L ∀i∗ ∈ [n+ 1] (3.50)

∆i∗i ≥ Ai −
¯
Ci∗ i−1 ∀i∗, i ∈ [n+ 1] (3.51)

¯
Ci∗i = max {Ai,

¯
Ci∗i−1}+

n∑
j=1

λi∗ij
¯
pj ∀i ∈ [n], i∗ ∈ [n+ 1] (3.52)

n∑
i=1

∑
j∈C

λi∗ij = ΓFP ∀i∗ ∈ [n+ 1] (3.53)

n∑
i=1

∑
j∈[n]\C

(1− λi∗ij) = ΓFN ∀i∗ ∈ [n+ 1] (3.54)

−
∑i∗−1

i=1

∑n
j=1 c(i

∗, i)
¯
pjλi∗ij +

∑n
i=i∗

∑n
j=1 cop̄jλi∗ij

= ΓFPvFP
i∗ + ΓFN

¬ vFN
i∗ +

n∑
j=1

¯
zi∗j ∀i∗ ∈ [n+ 1] (3.55)
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vFP
i∗ +

¯
zi∗j ≥

i∗−1∑
i=1

πijc(i
∗, i)

¯
pj ∀j ∈ C, i∗ ∈ [n+ 1] (3.56)

− vFN
i∗ +

¯
zi∗j ≥

i∗−1∑
i=1

πijcop̄j ∀j ∈ [n] \ C, i∗ ∈ [n+ 1] (3.57)

c(i∗, i) =
n+1∑
l=i

clγi∗il with (A.20) – (A.23) ∀i ∈ [n], i∗ ∈ [n+ 1] (3.58)

Al − Ai + (ΓFP −
∑

j∈C πij)w
FP
li + (ΓFN +

∑
j∈[n]\C πij + |C| − n)wFN

li

+
n∑

j=1

z̄lij ≤
n∑

j=1

πijWj ∀i ∈ [n], l ∈ [i, n] (3.59)

wFP
li + z̄lij ≥

i−1∑
k=l

n∑
j=1

πkj p̄j ∀j ∈ C, i ∈ [n], l ∈ [i, n] (3.60)

− wFN
li + z̄lij ≥

i−1∑
k=l

n∑
j=1

πkj p̄j ∀j ∈ [n] \ C, i ∈ [n], l ∈ [i, n] (3.61)

n∑
j=1

πij = 1,
n∑

i=1

πij = 1, λi∗ij ≤ πij ∀i, j ∈ [n], i∗ ∈ [n+ 1] (3.62)

¯
Ci∗0 = 0, An+1 = L ∀i∗ ∈ [n+ 1] (3.63)

Ai,∆i∗i, σi∗ ≥ 0 ∀i ∈ [n], i∗ ∈ [n+ 1] (3.64)

¯
zi∗j, z̄lij ≥ 0 ∀l, i, j ∈ [n], i∗ ∈ [n+ 1] (3.65)

πij, λi∗ij ∈ {0, 1} ∀i, j ∈ [n], i∗ ∈ [n+ 1] (3.66)

γi∗il ∈ {0, 1} ∀i, l ∈ [n], i∗ ∈ [n+ 1] (3.67)

Objective Function (3.48) minimizes the upper bound U on the total cost,
computed through Constraints (3.49) – (3.57). Constraint (3.49) establishes the
upper limit for costs arising from idle time ∆i∗i and overtime σi∗ in each worst-
case scenario indexed by i∗ ∈ [n + 1], as detailed in Theorem 5. Specifically,
Constraint (3.50) defines the worst-case overtime accumulated starting from the
i∗th appointment. Constraints (3.51) – (3.57) define the worst-case idle time
before the ith appointment as a function of λ: The idle time before an appoint-
ment is the maximum of zero and the difference between the scheduled appoint-
ment time and the completion time of the previous appointment, as specified by
Constraint (3.51). The completion times are determined by Constraint (3.52).
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Constraints (3.53) – (3.54) ensure that the predicted number of patients show
up, adjusted by a cost-maximizing set of patients based on the uncertainty bud-
gets ΓFP and ΓFN . Building on Corollary 1 and duality, Constraints (3.55) –
(3.57) ensure that the objective function value of the cost adversarial’s problem
(3.40) – (3.43) equals, for each case i∗ ∈ [n + 1], that of the dual LP (A.39) –
(3.47). In other words, they ensure that, for each case i∗ ∈ [n + 1], as many
patients for the last appointments show up as possible, and if not all can show
up, then those with the longest maximum service times show up. Among the first
i∗ appointments, only those with the smallest product c(i)

¯
pj show up. Finally,

Constraint (3.58) computes the idle time cost c(i) associated with appointment
i ∈ [n]. Constraint (3.63) ensures a feasible assignment of patients to appoint-
ments. Constraints (3.59) – (3.61) enforce the waiting time guarantees derived in
Section 3.3.2.1.

The program (3.48) – (3.67), when replacing Constraint (3.59) on the waiting
times with the big-M formulation known from inequalities (3.27) – (3.28) and us-
ing standard linearization techniques for the maximum term in Constraint (3.52)
as well as for the product of c(i∗, i)λi∗ij in Constraints (3.56), (3.57), and (3.59),
transforms the problem into a mixed-integer linear program. This MILP en-
compasses O(n3) binary variables, O(n4) continuous variables, as well as O(n3)

constraints. The computational study in Section 3.4 demonstrates the efficient
solvability for all instances involving up to eight patients from a data set of CT
examinations in a large hospital, employing a state-of-the-art MILP solver.

Remark 9 (Constant Idle Time Costs). In the case of constant idle time costs,
Constraint (3.59) becomes redundant, as c(i∗, i) = ci. Consequently, the mixed-
integer linear program becomes significantly more efficient.

Remark 10 (Scheduling and sequencing rules). The As-Soon-As-Possible schedul-
ing rule and the Smallest Variance First sequencing rule with waiting time guar-
antees from Section 2.4 still yield optimal solutions under the assumption of
zero no-shows. Furthermore, extending the ASAP scheduling rule to account
for no-shows is straightforward, replacing the service time term in Line 3 with
the optimal value of the adversarial’s waiting time dual problem (3.22) to (3.25).
Thus, given non-increasing idle time costs and any sequence π, it remains optimal
to schedule all appointments as early as possible.
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3.4. Computational Study

In this section, we assess the performance of RPOWTG schedules in a simulation
based on real-world data from the radiology department of a large university hos-
pital. Radiology departments are particularly affected by the negative effects of
no-shows due to the significant capital investment in imaging equipment and the
expertise required for their operation and evaluation. Our evaluation includes an
analysis of runtimes, a sensitivity analysis, and managerial insights derived from
comparing waiting times, idle times, and overtime under RPOWTG schedules to
those obtained when disregarding no-shows, as discussed in Chapter 2.

3.4.1. Instances

The test instances are generated based on data collected from one of three CT
machines in the radiology department of a large university hospital in Munich,
Germany. For benchmarking purposes, the test set comprises the identical 1,386
CT examinations conducted in the first quarter of 2020 as discussed in Chapter 2.
Each examination record contains details such as exam type, exam day, start time,
and completion time. The only available information regarding no-shows is the
estimation provided by the radiology department, indicating that daily no-show
rates are not expected to surpass 20%.

To create complete test instances, for each examination, we utilize the service
time interval estimated in Section 2.5. Additionally, we fix the following param-
eters consistently with the base case from Section 2.5: waiting time guarantees
of 30 minutes for all patients (Hill and Joonas 2005), constant idle time costs
of 1 unit per minute of idle time, and overtime costs of 1.25 units per minute.
Subsequently, we vary patient count and no-show predictions using a full factorial
design.

Number of Patients. To assess runtimes, we vary the patient counts to 5, 8,
and 10 patients to be scheduled, selecting the respective number of first patients
reported on each day that contains at least the specified number of examination
reports. This results in 252 instances across all classes with five patients, 132
instances across all classes with eight patients, and 107 instances across all classes
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with ten patients. Due to runtime constraints, we conduct the sensitivity analysis
based on eight patients.

Uncertainty of No-Show Predictions. We simulate various levels of no-show
predictions, ranging from no-show rates of 0% to 20%, and assess their impact on
scheduling outcomes. These levels represent different scenarios of prediction un-
certainty: perfect predictions, which are 100% accurate with no false positives or
negatives; zeroFP predictions, where all predicted no-shows indeed do not show
up, but some false negative predictions actually show up; zeroFN predictions,
where all predicted show-ups show up, but some predicted no-shows are actually
false positives; mixed predictions, involving both false positives and negatives;
and no predictions, considering only the total no-show rate without specific can-
didate predictions and thus the total numbers of now shows for a given number
of n patients. These scenarios allow us to evaluate the robustness of appointment
schedules against the uncertainty inherent in no-show predictions.

The planning horizon is determined by multiplying the sum of the midpoints
of the service time intervals by the anticipated show-up rate. For instances with
eight patients, this results in an average planning horizon of 83.83 minutes in the
case of 0% no-shows, 73.35 minutes for 10% no-shows, and 62.87 minutes for 20%
no-shows. The average cumulative service time uncertainty within this horizon,
calculated as the corresponding sum of service time interval lengths, is 78.65
minutes for 0% no-shows, 68.82 minutes for 10% no-shows, and 58.98 minutes for

Table 3.1. Levels of no-show predictions

Level No-show rate Candidates ΓFP ΓFN

0%_no_pred 0% ∅ - -
10%_no_pred 10% ∅ - ⌊0.1 · n⌋

10%_mixed_pred 10% {1, . . . , ⌊0.2 · n⌋} ⌊0.1 · n⌋
10%_perfect_pred 10% {1, . . . , ⌊0.1 · n⌋} - -

20%_no_pred 20% ∅ - ⌊0.2 · n⌋
20%_mixed_pred 20% {1, . . . , ⌊0.2 · n⌋} ⌊0.1 · n⌋ ⌊0.1 · n⌋

20%_zeroFN_pred 20% {1, . . . , ⌊0.3 · n⌋} ⌊0.1 · n⌋ -
20%_zeroFP_pred 20% {1, . . . , ⌊0.1 · n⌋} - ⌊0.1 · n⌋
20%_perfect_pred 20% {1, . . . , ⌊0.2 · n⌋} - -
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20% no-shows.
To evaluate schedules, we use the service times calculated as the difference

between reported completion time and start time. In all scenarios, the same
candidates as predicted in the corresponding scenario of perfect predictions show
up. This allows us to assess the costs associated with false positive and false
negative predictions.

3.4.2. Runtimes

In Table 3.2, we report the average runtimes to compute an optimal schedule
using the mixed-integer program from Section 3.3.3. All experiments have been
performed on an Intel Core i7-10510U 1.8 GHz machine (in 64-bit mode) with 16
GB memory under Microsoft Windows 10 and Gurobi 9.5.0 in Python 3.9.0.

First of all, runtimes increase substantially with the number of patients to
be scheduled. Instances involving up to 8 patients can typically be solved to
optimality within seconds or minutes. However, not all instances with 10 patients
can be solved to optimality within the time limit of 3,600 seconds, especially
when predictions entail higher uncertainty. This underscores the need for future
research to focus on enhancing solution efficiency.

Moreover, runtimes increase with the extent of uncertainty under consideration.

Table 3.2. Average runtimes to compute an optimal schedule
(in seconds, percentage of instances solved to optimality within one hour
for 10 patients)

Patients

No-show prediction 5 8 10

0%_no_pred 1.17 3.94 32.37 (100.00%)
10%_no_pred 21.57 140.46 711.17 (50.00%)

10%_mixed_pred 1.46 19.05 305.91 (82.61%)
10%_perfect_pred 0.65 6.69 255.67 (93.23%)

20%_no_pred 17.82 307.32 1,365.33 (12.12%)
20%_mixed_pred 5.11 184.99 1426.90 (9.09%)

20%_zeroFN_pred 3.24 25.47 237.77 (72.00%)
20%_zeroFP_pred 1.93 250.81 170.76 (42.43%)
20%_perfect_pred 1.28 5.82 309.57 (84.83%)
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Specifically, they increase across scenarios of perfect, zeroFN, zeroFP, mixed, to
no predictions, alongside the rise in the no-show rate from 0%, 10%, to 20%. We
attribute this to the varying number of no-show scenarios under consideration:
With perfect predictions there is only one scenario, namely that all patients show
up. With zeroFN, no-shows are confined to the predicted set, while with zeroFP,
they occur among the predicted show-ups. Given the smaller candidate set of no-
shows compared to show-ups in our test instances, runtimes are notably longer
for zeroFP compared to zeroFN predictions. Mixed predictions encompass both
zeroFP and zeroFN predictions separately. With no predictions, schedules need
to minimize costs and ensure waiting time guarantees, regardless of which ΓFN

of all patients do not show up.

3.4.3. Sensitivity Analysis

We now examine the base case of scheduling eight patients, each with a maxi-
mum waiting time guarantee of 30 minutes. Specifically, we conduct a sensitivity
analysis by comparing the impact of different scenarios of no-show predictions on
waiting times, idle times, and overtime, as summarized in Table 3.3. Notably,
patients who do not show up are excluded when calculating waiting time. More-
over, the slight deviation of 100% in the fulfillment of waiting time guarantees
is again due to the estimation of minimum and maximum service times derived
from empirical service time data in the separate interval estimation set, excluding
outliers (see Section 2.5.1). In cases where realized service times are outside the
estimated range, the waiting time guarantees of a few later patients are unmet.
Finally, we derive practical managerial insights.

It is important to recall several trade-offs with regard to capacity utilization.
First of all, we measure capacity utilization through idle times, with increasing
utilization entailing decreasing idle times. However, decreasing idle times gener-
ally leads to longer waiting times, and vice versa. Furthermore, while reducing
idle time before any appointment is generally also advantageous for minimizing
overtime, there is a direct trade-off between overtime and idle time after the last
appointment.
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3.4.3.1. Waiting Time

A summary of waiting times is provided in Table 3.3, complemented by a boxplot
of waiting times for all levels of no-show predictions in Figure 3.1. Most im-
portantly, the 30-minute waiting time guarantee is fulfilled for more than 96% of
patients across all prediction levels. Notably, adherence improves as no-show rates
increase due to heightened caution, and achieving 100% adherence is practically
unattainable due to extreme cases. Moreover, the boxplot illustrates that while

Table 3.3. Average results by level of prediction uncertainty (in minutes,
WTG: waiting time guarantee)

Total idle time Average wait WTG fulfilled Overtime

0%_no_pred: 16.73 11.49 96% 4.58
10%_no_pred: 14.78 8.69 98% 4.54

10%_mixed_pred: 14.30 10.80 96% 4.06
10%_perfect_pred: 13.80 11.55 96% 3.56

20%_no_pred: 13.23 7.15 98% 4.13
20%_mixed_pred: 12.40 8.19 96% 3.30

20%_zeroFN_pred: 12.63 10.35 98% 3.53
20%_zeroFP_pred: 12.39 8.72 98% 3.29
20%_perfect_pred: 12.24 11.16 97% 3.14
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Figure 3.1. Waiting times by no-show rate and prediction uncertainty
(in minutes)
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some patient waiting times approach and a few exceed the 30-minute guarantee,
most patients experience considerably shorter waiting times.

Average waiting times for attended appointments decrease with higher no-show
rates, for the case of no predictions from 11.49 minutes with 0% no-shows to 7.15
minutes (-37.78%) with 20% no-shows, reflecting increased robustness against
no-shows. Furthermore, higher prediction certainty leads to further reductions in
average waiting times. For 20% no-shows, this results in a decrease from 11.16
minutes with perfect predictions to 7.15 minutes (-35.93%) with no predictions, as
more accurate planning enables enhanced capacity utilization while still meeting
waiting time guarantees. Interestingly, the case of zeroFP exhibits lower average
waiting times than zeroFN, and waiting times show a more equitable distribution
with higher predicted no-show rates, as further discussed in Section 3.4.3.4.

3.4.3.2. Overtime

A summary of overtime is presented in Table 3.3, accompanied by a boxplot
illustrating overtime per no-show rate and level of prediction uncertainty in Fig-
ure 3.2. In over 87% of cases, overtime is less than 10 minutes. Overtime tends to
decrease as prediction accuracy improves, as less buffer time is needed to ensure
adherence to the waiting time guarantees. For instance, in the case of 20% no-
shows, average overtime decreases by 23.97% from 4.13 minutes to 3.14 minutes
when comparing no predictions to perfect predictions. Furthermore, in scenarios
with no predictions, overtime decreases from 4.58 minutes with 0% no-shows to
4.13 minutes (-9.83%) with 20% no-shows.

3.4.3.3. Idle Time

A summary of the idle times is provided in Table 3.3. Figure 3.3 presents boxplots
for idle time by appointment across all levels of no-show predictions. The idle
time before each appointment, which conflicts with waiting times, is drawn in
black, while the idle time after the last appointment, conflicting with overtime,
is drawn in gray. Notably, there is almost no idle time before any of the first five
appointments, and in some cases even before any appointment. We also note that
idle time before later appointments could be further reduced with the introduction
of uncertainty budgets for service times, as discussed in Section 2.5.3.2.
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Moreover, the more accurate the predictions, the lower the total idle time. In
scenarios with 10% no-shows, the total sum of idle time decreases from 14.78
minutes to 13.80 minutes (-6.63%) when transitioning from no predictions to
perfect predictions. Similarly, in scenarios with 20% no-shows, the total sum of
idle time decreases by 7.48% with perfect predictions compared to no predictions.
Interestingly, zeroFP predictions allow for slightly higher capacity utilization than
zeroFN predictions (12.39 minutes idle time compared to 12.63 minutes).

Surprisingly, as the level of no-shows increases, not only do waiting times for
attendees and overtime decrease, but total idle time also decreases: In the case
of no predictions with 0% no-shows, it is 16.73 minutes, with 10% no-shows,
it is 14.78 minutes, and with 20% no-shows, it is 13.23 minutes. Even when
breaking down idle time per number of show-ups (plus 1 for idle time after the
last appointment), idle time remains remarkably stable: For scenarios with no
predictions and 0% no-shows, the average idle time before each of the eight show-
ups (plus one) is 1.86 minutes. With 10% no-shows, the average idle time before
each of the seven show-ups (plus one) is 1.85 minutes. In scenarios with 20%
no-shows, the average idle time before each of the six show-ups (plus one) is 1.89
minutes. This suggests that the proposed overbooking approach is capable of
effectively mitigating negative effects implied by no-shows.
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Figure 3.2. Overtime by no-show rate and prediction uncertainty
(in minutes)
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Figure 3.3. Idle times by no-show rate and prediction uncertainty
(in minutes)
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Finally, it is noteworthy that underestimating the no-show rate is preferable to
not considering no-shows at all, while overestimating the rate must be avoided to
maintain waiting time guarantees.

3.4.3.4. Discussion

Our findings align with and even surpass the expectations set by Samorani et al.
(2021), indicating the viability of near-optimal overbooking schedules that achieve
similar outcomes to traditional objective functions while being more equitable.
Specifically, together with the comparison to a weighted sum method in Sec-
tion 2.5.3.2, they illustrate that predictive overbooking with waiting time guaran-
tees can increase capacity utilization, reduce overtime, and ensure reliable waiting
time guarantees.

Interestingly, zeroFP predictions outperform zeroFN predictions across all cri-
teria. This may seem counterintuitive considering the actual candidate set to
consider for the no-shows, which is C for zeroFN predictions and the larger set
[n]\C for zeroFP predictions. However, this may potentially be attributed to the
ratio of no-shows to the respective candidate sets. With zeroFN predictions, the
ratio is |C|−ΓFP

|C| , while with zeroFP predictions, it is ΓFN

n−|C| . Further investigation
is needed to explore the impact of this ratio on optimal appointment schedules,
as well as to understand this effect.

Surprisingly, our overbooking approach demonstrates that a higher no-show
rate leads to improvements in waiting times, idle times, and overtime. This
unexpected finding warrants further research, including exploring the interplay
with service time uncertainty, as well as examining the positioning of predicted
and potential no-show candidates in appointment schedules and their implications
on appointment times.

3.5. Conclusion

This work presents a robust optimization approach to predictive overbooking. In
the framework provided, we propose to use the uncertainty budgets introduced
by Bertsimas and Sim (2004) to account for false positive and false negative
predictions. Secondly, we introduce waiting time guarantees for overbooking,
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which ensure that even in a worst-case scenario of no-show and service time
realizations, certain waiting time thresholds are not exceeded for almost any
patient. Under these hard constraints, the total cost incurred by idle time and
overtime is minimized.

The Robust Predictive Overbooking Problem with Waiting Time Guarantees
is shown to be decomposable into multiple layers. Initially, the worst-case waiting
time constraint is broken down on a per-patient basis, allowing for its linearization
through total unimodularity and LP duality. Secondly, the objective function
is decomposed into two distinct components: an earlier idle time segment and
a subsequent overtime incurring segment. Additionally, the idle time is further
divided into blocks. Leveraging these decompositions, along with once more total
unimodularity and LP duality, enables the linearization of the cost function. This
results in a mixed-integer linear program.

Our computational results show that a state-of-the-art MILP solver can find
optimal solutions in reasonable runtime for instances with up to eight patients.
The findings demonstrate consistent adherence to the waiting time guarantees
in over 96% of cases across all scenarios. Total idle time decreases by up to 8%
with prediction accuracy, albeit with the counterintuitive observation that false
positives seem to have a slightly more adverse effect than false negatives. Interest-
ingly, a higher no-show rate decreases waiting times and simultaneously enables
a cost reduction through our overbooking approach. This finding not only under-
scores that overbooking is a beneficial strategy for addressing the negative effects
of no-shows. While requiring further validation in other settings, it also implies
that targeting the direct mitigation of no-shows, such as through reminder sys-
tems - which may be beneficial in certain contexts, particularly when prediction
accuracy can be improved - warrants careful cost-benefit assessment.

Finally, we suggest several avenues for future research. Firstly, exploring op-
timal scheduling and sequencing rules for robust predictive overbooking with
waiting time guarantees, or other efficient solution methods for larger instance
sizes, seems valuable. Additionally, introducing uncertainty budgets for service
times, akin to the approach with respect to false no-show predictions, could offer
further control over the level of conservatism. The problem setting could fur-
ther be extended to integrate decision-making on accepting or rejecting patients.
Secondly, our work illustrates the impact of false positives and false negatives
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on overbooking. Closing the loop from prescriptive to predictive analysis, this
warrants further analysis and possible adaptation of prediction methods. Lastly,
the concept of employing uncertainty budgets for false predictions is promising
for further investigation with respect to binary predictions and beyond, as well
as for application to various other problems.
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Abstract. The global home healthcare market is growing rapidly due to aging populations,

advancements in healthcare technology, and patient preference for home-based care. In this

work, we study the multi-day planning problem of simultaneously deciding patient acceptance,

assignment, routing, and scheduling under uncertain travel and service times. Our approach

ensures cardinality-constrained robustness with respect to timely patient care and the pre-

vention of overtime. We take into account a wide range of criteria including patient time

windows, caregiver availability and compatibility, a minimum time interval between two vis-

its of a patient, the total number of required visits, continuity of care, and profit. We use a

novel systematic modeling scheme that prioritizes health-related criteria as hard constraints

and optimizes cost and preference-related criteria as part of the objective function. We present

a mixed-integer quadratic linear formulation, along with a nested branch-and-price technique.

Results from a case study in Austin, Texas demonstrate that instances of realistic size can

be solved to optimality within reasonable runtimes. The price of robustness is mainly due to

reduced patient load per caregiver. Interestingly, the criterion of geographical proximity ap-

pears to be of secondary priority when selecting new patients and assigning them to caregivers.
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4.1. Introduction

Home healthcare accounted for 3.5% of national health expenditures in the United
States in 2019 (Centers for Medicare & Medicaid Services 2020). The global
home healthcare market, valued at USD 336.0 billion in 2021, is predicted to
expand at a compound annual growth rate of 7.9% from 2022 to 2030 (Grand
View Research 2021). This substantial growth is attributed to factors like aging
populations, advancements in healthcare technology, and a rising preference for
home-based care by patients and their families (McKinsey 2022). Additionally,
home healthcare is typically a more cost-effective option compared to hospital
care, as it involves fewer resources (Singh et al. 2022).

Routing and scheduling caregivers for home visits is a complex but essential
task for operational smoothness in home healthcare. Firstly, the process involves
carefully balancing the needs of patients, caregivers, and the agency, encompass-
ing timely care delivery, favorable working conditions, and cost-efficiency. Sec-
ondly, the complexity arises from the high number of decisions, which make it
difficult to find optimal solutions within reasonable computation times. Thirdly,
the uncertainty in patient conditions and traffic further complicates the problem.

In this work, we study the problem of simultaneously deciding on patient se-
lection, assignment, routing and scheduling over a multi-day planning horizon
with uncertain travel and service times. We find robust schedules that ensure
timely care and prevent overtime, even with a worst-case realization of service
and travel times. The conservatism of the schedules can be controlled through
the utilization of uncertainty budgets, as proposed by Bertsimas and Sim (2004).
Our approach takes into account a wide range of optimization criteria including
patient time windows, number of required visits, caregiver availability, compati-
bility, continuity of care, and profit. The main contributions of this study can be
summarized as follows:

Robustness. Building upon previous studies that primarily emphasized robust-
ness concerning overtime, our research extends this focus to address the crucial
element of ensuring timely patient care. The computational complexity increases
as our approach requires meeting all patients’ time windows in each worst-case
scenario.
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Health-Outcome Prioritizing Modeling Scheme. We introduce a systematic
modeling scheme for routing and scheduling in home healthcare. Previous studies
have implicitly prioritized multiple criteria in various forms, as can be seen in
the literature reviews by Fikar and Hirsch (2017) and Cissé et al. (2017). In
contrast, we strictly differentiate between health-related criteria (modeled as hard
constraints) and efficiency-related criteria (optimized in the objective function).
This clear distinction ensures that all accepted patients receive the best possible
treatment regarding factors influenced by operational planning.

Optimal Solutions with Branch and Price. We propose a nested Dantzig-
Wolfe decomposition to tackle the complex structure of home healthcare routing
and scheduling (HHCR&S). Specifically, we decompose the problem into smaller
subproblems for each caregiver, and subsequently into subproblems for each day.
Based on this nested structure, we present the first branch-and-price method to
solve a robust HHCR&S problem. Notably, this method also represents one of
the first branch-and-price approaches for multi-period HHCR&S.

Case Study. Using real data from a home healthcare agency in Dallas, Texas,
our computational study demonstrates that the nested branch-and-price proce-
dure yields optimal robust solutions for multi-day problem instances of realistic
size within reasonable runtimes. While non-robust solutions are found within
seconds for most instances, robustness increases runtimes to several minutes.
Moreover, compared to parameter settings lacking uncertainty or time windows,
introducing a medium level of robustness and one-hour time windows leads to an
average profit loss of 14.20%, primarily due to reduced patient loads per caregiver
per day. Nonetheless, incorporating buffer time allows for low-cost robustifica-
tion of some weekly schedules. Notably, our findings underscore that revenue
takes precedence over geographic considerations in acceptance and assignment
decisions.

The remainder of this chapter is organized as follows. Section 4.2 reviews re-
lated optimization problems in the HHCR&S literature. Section 4.3 presents a
robust mixed-integer linear model for the problem of weekly HHCR&S. In Sec-
tion 4.4, we develop a branch-and-price algorithm to solve the problem efficiently
also for larger problem instances. In Section 4.5, we conduct a computational
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study using real-world data from a home healthcare agency based in Dallas,
Texas.

4.2. Literature Review

For a comprehensive survey of the HHCR&S literature, we refer to Cissé et al.
(2017), Fikar and Hirsch (2017), and Di Mascolo et al. (2021). This review focuses
on two streams that are most relevant to our research: In Section 4.2.1, we present
an overview of exact solution methods for HHCR&S problems. In Section 4.2.2,
we discuss robust optimization approaches in the presence of uncertain travel
and/or service times. Our contribution to the literature lies in expanding the
problem scope within each stream and innovatively combining both streams of
research.

4.2.1. Exact Solutions

To find optimal solutions for larger instances of HHCR&S problems, exact so-
lution methods leverage the decomposable problem structure. Specifically, for a
given assignment of patients to caregivers, the routing and scheduling subprob-
lems for each caregiver can be solved more efficiently. Based on this observation,
two well-known exact methods have been applied in the literature: Logic-based
Benders decomposition (LBBD) and Branch and Price (B&P).

LBBD. HHCR&S can be elegantly solved using Logic-based Benders Decompo-
sition. This approach involves dividing the problem into a master problem that
assigns patients to caregivers, and subproblems that determine the routing and
scheduling for each caregiver.

The pioneering work by Heching and Hooker (2016) introduces LBBD to
HHCR&S. Specifically, they study a multi-period problem aiming to maximize
the number of patients served, while considering time windows and continuity of
care. They address the master problem through mixed-integer linear program-
ming and solve the subproblems by constraint programming. In subsequent work
by Heching et al. (2019), they substantially enhance efficiency by introducing a
time window subproblem relaxation, classical assignment relaxation, and multi-
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commodity flow relaxation into the master problem; and introduce a variant of
LBBD called branch and check. Grenouilleau et al. (2020) propose a new algo-
rithm to handle the subproblems and present a novel LBBD formulation featuring
variables representing pre-generated visit patterns. While they do not aim for ex-
act solutions, their matheuristic focuses on efficiency. In contrast, Naderi et al.
(2023) recently achieved an exact solution for a robust multi-period HHCR&S
problem using LBBD. Their approach ensures robustness regarding overtime,
but does not account for time windows. They minimize fixed caregiver costs and
overtime costs. Notably, their LBBD approach differs from Heching et al. (2019)
due to the inclusion of a nurse eligibility feature. Moreover, their subproblems
are optimization problems rather than feasibility problems. Consequently, they
additionally developed custom Benders optimality cuts.

Notably, the inherent objective function of the LBBD master problem does
not account for subproblem variables. For example, the travel cost is dependent
on the routes between patients and cannot be solely determined by assigning
patients to caregivers. Even though the master problem’s objective function can
be modified to incorporate objective functions based on subproblem variables, if
the original problem’s objective function aims to minimize travel or wage costs,
the LBBD master problem may still not serve as the most effective guide to
achieving an optimal overall solution.

B&P. In the context of branch and price, the master problem selects either
weekly or daily routes for each caregiver from a subset of all feasible solutions.
The pricing problem, meanwhile, generates additional routes with better objective
function values, if possible, and adds them to the pool of feasible solutions in
the master problem. To the best of our knowledge, Rasmussen et al. (2012)
are the first to employ a branch-and-price algorithm to a HHCR&S problem,
maximizing the number of patients served for a single-period planning horizon.
In contrast, Trautsamwieser and Hirsch (2014) address a multi-period context and
minimize total working time. Yuan et al. (2014) and Yuan et al. (2015) tackle
the minimization of total cost for a single-period planning horizon, accounting
for stochastic service times and late arrivals, using branch and price. Liu et al.
(2017) and Liu et al. (2019) refine this approach to minimize travel costs and
penalties for unvisited patient, with the former considering lunch breaks and
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the latter incorporating stochastic service and travel times. Qiu et al. (2022)
adds synchronization constraints, using a strengthened branch-and-price-and-cut
algorithm. Similarly, Tanoumand and Ünlüyurt (2021) concentrates on travel cost
minimization with different vehicle types. Alkaabneh and Diabat (2023) explore a
multi-objective scenario, aiming to minimize cost and maximize patient-caregiver
compatibility, combining branch and price with a two-stage metaheuristic.

Recently, Yin et al. (2023) tailored an efficient branch-and-price-and-cut algo-
rithm for a single-period planning problem, considering dispatching and trans-
port costs, as well as incompatibility costs, and skill and time window constraints.
Their B&P algorithm involves a bounded bidirectional labelling algorithm and
heuristics to solve the subproblems, as well as subset-row inequalities. These
studies collectively highlight the efficiency of branch-and-price approaches in ad-
dressing the complexities of HHCR&S.

While some of these approaches incorporate stochastic travel and service times,
none considers robustness with respect to unfavorable realizations. In related
problems, such as robust vehicle routing problems with time windows, prior re-
search has demonstrated the effectiveness of branch and price (Pecin et al. 2017,
Munari et al. 2019).

Our contributions to exact solution methods for HHCR&S are twofold. First,
we build upon a problem framework similar to Heching et al. (2019), extend it to
robustness under uncertain service and travel times, and incorporate the objective
of minimizing both travel and wage costs while simultaneously maximizing the
number of accepted patients. As we consider minimizing travel cost a substantial
objective, we employ B&P as our solution approach. Second, our contributions to
the B&P literature encompass two key aspects: introducing robustness for travel
and service times, and extending solutions to a multi-day planning horizon.

4.2.2. Robust Home Healthcare Planning

Disruptions such as traffic delays and changing patient needs pose recurring chal-
lenges to timely service delivery. While the prevailing literature in home health-
care focuses on deterministic routing and scheduling, recent years have witnessed
a growing research interest in stochastic and robust planning. Given the di-
rect impact of both timely care and overtime on patient health outcomes (Aiken
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et al. 2002, Bae and Fabry 2014, Hermida et al. 2016), our study aims to ensure
punctuality not only on average but also in worst-case scenarios. In the follow-
ing, we present a comprehensive review of robust approaches for HHCR&S. Our
examination aligns with the cardinality-constrained robustness framework (or Γ-
robustness) introduced by Bertsimas and Sim (2004). For fuzzy approaches, we
point to Fathollahi-Fard et al. (2020a) and Shiri et al. (2023). Regarding robust
methods with discrete scenario sets, which are computationally easier to integrate,
we refer to Naji et al. (2017), Fathollahi-Fard et al. (2021), Fathollahi-Fard et al.
(2022), and Shiri et al. (2023).

Initial robust optimization studies addressed uncertain visit demand (Carello
and Lanzarone 2014, Carello et al. 2017), which clearly is important for the as-
signment, but does not ensure timely care. Pioneering cardinality-constrained
uncertainty in travel and service times, Shi et al. (2019) tackle a single-period
home healthcare scheduling problem, minimizing costs under time windows and
skill requirements. They employed a recursive approach to linearize the adver-
sarial problem. They find optimal solutions with a MILP solver and additional
heuristic solutions with Simulated Annealing, Tabu Search and Variable Neigh-
borhood Search. Makboul et al. (2021) consider a similar single-period problem,
but additionally take lunch breaks into account. They solve the problem using
a MILP solver. Shahnejat-Bushehri et al. (2021) extend the problem to mul-
tiple time windows, synchronization, and precedence constraints. They do not
linearize the adversarial problem using the recursive approach, but enumerate all
extreme points and solve the problem with metaheuristic algorithms. Fathollahi-
Fard et al. (2020b) are the first to address a multi-period problem. They minimize
total costs and carbon emissions, integrate robustness, and also solve the prob-
lem with metaheuristic algorithms. Finally, Naderi et al. (2023) solve the first
multi-period robust staffing, assignment, routing and scheduling problem exactly.
Their goal is to minimize fixed costs and overtime costs. They employ dualization
to linearize the adversarial problem of maximizing overtime, and do not consider
time windows. They use pre-generated visit patterns and a novel logic-based
Benders branching-decomposition algorithm for exact solutions.

This work contributes to cardinality-constrained robust home healthcare rout-
ing and scheduling approaches as follows. Firstly, we ensure timely care within
designated time windows on a multi-period planning horizon. Secondly, we con-
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duct an analytical comparison of two linearization techniques for handling the
robustness constraints. Thirdly, this study introduces a novel branch-and-price
algorithm to find robust home healthcare routes and schedules, efficiently solving
realistic problem instances to optimality.

4.3. Robust Routing and Scheduling of Home

Healthcare Workers

4.3.1. Problem Statement

Given a set of patients and a set of caregivers, we address the problem of si-
multaneously determining the acceptance of new patients, assigning patients to
caregivers, and creating daily routes and schedules for a set of patients and a set
of home health caregivers, over a multi-day planning horizon. We propose a new
classification scheme for this multi-criteria problem whose objective is to optimize
cost and preference considerations. All criteria related to health outcome, such
as continuity of care, punctuality, and compatible assignments, are met as hard
constraints to ensure the best possible health outcomes. We note that quality
measures related to health outcomes are also the primary determinant for home
healthcare ratings (CMS 2020). Specifically, our model takes into account the
following criteria.

4.3.1.1. Cost-Related Criteria

Maximum Profit. To determine the total profit, we calculate the revenue gen-
erated from treating patients and subtract wage costs and travel costs.

4.3.1.2. Health-Outcome Related Criteria

Patient Time Windows. A majority of patients in home healthcare require
assistance with activities of daily living, including bathing, dressing, toileting,
transferring, eating, and administering medications (Caffrey et al. 2011, Osakwe
et al. 2019). Delays in these services can harm the patient’s safety. Moreover,
improper timing of certain medications, such as blood pressure medications or
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anti-diabetic medications, can result in serious health complications and hospi-
talizations (Hermida et al. 2016). Therefore, we ensure that all patient time
windows must be met even in a worst-case scenario of travel and service times.

Overtime. Overtime not only negatively impacts the physical and mental health
of caregivers, but also the safety of patients and their health outcomes, see, e.g.,
Aiken et al. (2002), Bae and Fabry (2014). Therefore, we ensure that caregivers
have no overtime, even in a worst-case scenario of travel and service times.

Continuity of Care. Interpersonal continuity of care not only builds trust and
increases patient satisfaction, it also contributes to improved health outcome and
lower morbidity (Cabana et al. 2004, Chan et al. 2021). This may be due, e.g., to
a better understanding of the patient’s medical history and treatment plan. We
therefore enforce strict continuity of care, i.e., a patient is only accepted by the
agency if he or she can be assigned to exactly one caregiver over the episode of
care.

Compatible Assignments. Patient assignments must take into account the
compatibility of the caregivers’ skill levels, as well as other factors that may
affect compatibility, such as gender and language.

4.3.2. Model Formulation

Indices. The planning horizon consists of multiple days, denoted by d ∈ D.
The available caregivers are denoted by k ∈ K. There are two types of patient
requests: new patient requests for treatment than can be admitted or rejected,
denoted by i ∈ IR, and patients who must receive treatment, denoted by i ∈ IE ,
including existing patients with ongoing treatments from the previous planning
period. Patients in the set IE are pre-assigned to the same caregiver and days
as in the previous planning period to ensure strict continuity of care. For each
caregiver k and day d, these patients compose the set IEk,d. All patients are
grouped together in the set I := IE ∪ IR, and the total number of patients in
I is n. We denote N := {1, . . . , n} and N0 := {0} ∪ N . The depot, which is
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the starting and ending point for all caregivers, is indexed by i ∈ {0, n + 1},
respectively.

Parameters. Caregiver k is available on day d during a working time window
of
[
¯
Wkd, W̄kd

]
. Each patient i has a time window [

¯
Tid, T̄id] on day d. Moreover,

patient i requires exactly vi visits within the planning horizon, with at least di

days between any two visits. A compatibility matrix C ∈ {0, 1}n×|K|×|D| indicates
which patients are compatible with which caregivers and on which days. Specifi-
cally, caregiver k can treat patient i on day d if and only if Ci

kd = 1. The revenue
generated by caregiver k when treating patient i is denoted by Rki. Furthermore,
we take into account per time unit wage costs CW

k and travel costs CT d
ij between

two locations i and j.

Uncertainty. We aim to find robust schedules in the presence of uncertain
travel times t̃ ∈ R

(n+2)×(n+2)
+ and uncertain service times p̃ ∈ Rn

+. For each
patient i ∈ I, we are given the expected service time p̄i and the maximum
positive deviation p̂i. Similarly, for each transfer from location i to location
j, we are given the expected travel time t̄ij and the maximum positive de-
viation t̂ij. The uncertainty budget for travel times is denoted by Γt ∈ N0,
and the uncertainty budget for service times is denoted by Γp ∈ N0. Fol-
lowing the polyhedral uncertainty sets proposed in Bertsimas and Sim (2004),
with the worst-case being achieved at the right-hand side of the uncertainty
range, the uncertainty sets for travel and service times are defined as Up :=

{p : pi = p̄i + γp
i p̂i,

∑n
i=1 γ

p
i ≤ Γp, 0 ≤ γp

i ≤ 1∀i ∈ {1, . . . , n}} and
U t :=

{
t : tij = t̄ij + γt

ij t̂ij,
∑n+1

i=0

∑n+1
i=0 γt

ij ≤ Γt, 0 ≤ γt
ij ≤ 1∀i, j ∈ [n+ 1]0}

}
, re-

spectively. We refer to each element in the uncertainty sets of travel and service
times as a travel or service time scenario, respectively. In particular, all uncer-
tainty is assumed to be uncorrelated. The uncertainty budgets control the level
of conservatism, and will be shown to correspond to the daily number of patients
(transfers) per caregiver that require the maximum absolute deviation from their
expected service (travel) time.

Variables. We use binary variables xkd
ij to determine whether caregiver k ∈ K

on day d ∈ D treats patient j ∈ I ∪ {0, n + 1} immediately after patient i ∈
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I ∪ {0, n+1}. We use binary variables δki ∈ {0, 1} to determine whether patient
i ∈ I is assigned to caregiver k ∈ K. Moreover, with M :=

¯
Tid − T̄jd, we find the

scenario-dependent start time of patient i ∈ I on day d as:

si,d(x, p, t) := min


¯
Tid,

max


∑
k∈K

(
¯
Wkd + t0i)x

kd
0i ,

max
j∈I

{
sj + (pj + tji)

∑
k∈K

xkd
ji +M(1−

∑
k∈K

xkd
ji )

}



The first term of the minimization function indicates that patient i is available

for treatment starting with the lower bound
¯
Tid of his or her time window. The

second term in the minimization function states that caregiver k starts working
at time

¯
Wkd, and is available to treat patient i only after completing treatment

of the previous patient and traveling to patient i.
Similarly, with M :=

¯
Wkd − T̄id, we define the scenario-dependent return time

of caregiver k to the depot on day d as follows:

sn+1
kd (x, p, t) := min

{
¯
Wkd,

max
i∈I

{
si,d(x, p, t) + (pi + ti,n+1)x

kd
i,n+1 +M(1− xkd

i,n+1)
} }

The first term of the minimization function ensures that caregiver k cannot
return to the depot before starting his or her shift. The second term in the
minimization function states that the caregiver returns to the depot only after
completing the treatment of the last patient and traveling to the depot.

We now consider the following Robust Home Healthcare Routing and Schedul-
ing Problem (R-HHCR&S).
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max
∑
k∈K

(∑
i∈I

Rkiviδki −
∑
d∈D

∑
i,j∈I

CT
dijx

kd
ij − CW

k

∑
d∈D

(
sn+1
kd − ¯

Wkd

))
(4.1)

s.t. max
p∈Up

t∈Ut

sid(x, p, t) ≤ T̄id ∀d ∈ D, i ∈ I

(4.2)

max
p∈Up

t∈Ut

sn+1
kd (x, p, t) =: sn+1

kd ≤ W̄kd ∀k ∈ K, d ∈ D (4.3)

∑
d∈D

∑
j∈I

xkd
ij = viδki ∀k ∈ K, i ∈ I (4.4)∑

k∈K

δki ≤ 1 ∀i ∈ I (4.5)∑
i∈N0

xkd
ji = 1 ∀k ∈ K, i ∈ IE|k,d (4.6)

∑
j∈I

xkd
ij ≤ Ckd

i ∀k ∈ K, d ∈ D, i ∈ IR (4.7)∑
k∈K

∑
j∈I

xkd
ij +

∑
k∈K

∑
µ∈[di]0

∑
j∈I

xkd+µ
ij ≤ 1 ∀d ∈ D, i ∈ IR (4.8)

∑
j∈J

xkd
ji −

∑
j∈J

xkd
ij = 0,

∑
i∈J

xkd
ii = 0 ∀k ∈ K, d ∈ D, i ∈ I (4.9)∑

i∈[n+1]

xkd
0,i = 1,

∑
i∈N0

xkd
i,n+1 = 1 ∀k ∈ K, d ∈ D (4.10)

xkd
ij , δki ∈ {0, 1} ∀k ∈ K, d ∈ D, i, j ∈ [n+ 1]0 (4.11)

Objective Function (4.1) maximizes the total profit, calculated by subtracting
travel and wage costs from revenue. Constraints (4.2) ensure robust schedules by
guaranteeing that patient time windows are met even in a worst-case scenario of
travel and service times. Similarly, Constraints (4.3) create robust schedules by
ensuring that the caregivers’ work hours are not exceeded even in a worst-case
scenario of travel and service times. We call the maximization term within Con-
straints (4.2) and (4.3) the adversarial problems. Due to their nonlinear nature,
(4.1) – (4.11) is not amenable to MILP solvers as it is currently formulated.

Constraints (4.4) ensure that each accepted patient is visited the exact number

84



4. Robust Routing and Scheduling of Home Healthcare Workers

of required times. By assigning each patient to at most one caregiver, Con-
straints (4.5) enforce strict continuity of care. Constraints (4.6) ensure that all
patients in the set IE are visited by their pre-assigned caregiver on the desig-
nated day. Notably, adjusting the time windows allows for the straightforward
fixing of specific visits to particular times. Constraints (4.7) specify individual
patient-caregiver compatibility. Constraints (4.8) enforce a minimum number of
days between any two treatments for a patient.

Constraints (4.9) are the well-known flow-conservation constraints. Moreover,
Constraints (4.10) ensure that each caregiver starts and ends at a central depot.
Together, the last two constraints ensure feasible routes, with Constraints (4.7)
eliminating subtours.

The model contains O (K| · |D| · n2) binary variables, O (|K| · |D| · n) continu-
ous variables and O(n · |K| · |D|) constraints. After linearizing Constraints (4.2)
and (4.3) it becomes a MILP.

4.3.3. Adversarial Problems

The dualization scheme proposed by Bertsimas and Sim (2004) has classically
been used for linearizing adversarial problems in cardinality-constrained robust
optimization. However, due to the nested definition of service start times, its
application to our adversarial problems is not straightforward. To address this
issue, various alternative approaches have been proposed in the literature, such as
by Agra et al. (2013) and by Lee et al. (2012). One of the most efficient approaches
currently available is the recursive scheme introduced by Munari et al. (2019) for
a robust vehicle routing problem with time windows.

In the following, we compare the effectiveness of the classical dualization scheme,
based on a novel reformulation of service start times, with the effectiveness of the
recursive scheme for linearizing Constraints (4.2) and (4.3). While the novel re-
formulation provides a deeper understanding of robust start times and how to
choose the uncertainty budgets, our theoretical analysis demonstrates that the
recursive scheme remains the more efficient method for linearizing the adversarial
problems in R-HHCR&S.
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4.3.3.1. Dualization Scheme

To apply the classical dualization scheme as proposed by Bertsimas and Sim
(2004), we reformulate the service start times. In particular, we replace the
binary variable x with a new binary variable zk,d,ij′j ∈ {0, 1}, which additionally
indicates the sequence of patients treated by caregiver k on day d. Specifically,
zkdij′j takes a value of 1 if and only if the ith patient treated by caregiver k on day
d is patient j, and the patient treated before j was patient j′; 0 otherwise. We
now shift the focus from the start time sid of patient i to the start time sikd of the
ith patient treated by caregiver k on day d. This start time can be calculated as
follows (see Appendix A.3.1):

min sikd (4.12)

s.t. sikd ≥ ¯
Wkd +max

p∈Up

t∈Ut

(
i−1∑
i′=1

n∑
j′=0

n∑
j=1

(tj′j + pj)z
k,d,i′

j′j +
n∑

j′=0

n∑
j=1

tj′jz
k,d,i
j′j

)
(4.13)

sikd ≥
n∑

j′=0

n∑
j=1

¯
Tjdz

k,d,i∗

j′j +max
p∈Up

t∈Ut

i∑
i′=i∗+1

n∑
j′=0

n∑
j=1

(pj′ + tj′j)z
k,d,i′

j′j ∀i∗ ∈ [i]

(4.14)

Model (4.12) – (4.14) ensures that the start time of each patient equals the
maximum of the earliest availability of all previous visits (including the depot)
plus a worst-case scenario of service and travel times to the current patient. This
formulations allows us to now apply the dualization scheme (see Appendix A.3.1
for the derivation).

Let nmax denote the maximum number of patients treated by any caregiver on
any day. The linearization of the robustness Constraints (4.2) and (4.3) using the
proposed dualization approach requires in total n2 ·nmax ·|K|·|D| binary variables,
O
(
n2 · (nmax)

2 · |K| · |D|
)

continuous variables andO
(
n2 · |K| · |D| · (nmax)

2) new
constraints. We note that if the uncertainty budget for travel time Γt ≥ 3, then
the proposed dualization scheme is more efficient compared to the linearization
approach given by Agra et al. (2013).
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4.3.3.2. Recursive Scheme

Next, we apply the recursive scheme proposed by Munari et al. (2019) to linearize
the problem. Let sd(i,γp,γt) denote the service start time of patient i on day d, where
γp ∈ {0, . . . ,Γp} and γt ∈ {0, . . . ,Γt} denote the units of maximum positive
deviation that have already been consumed from the uncertainty budgets. Then
we can replace the robustness Constraints (4.2) and (4.3) by

sdi,γp,γt ∈ [
¯
Tid, T̄id]

∀d ∈ D, i ∈ I, γp ∈ [Γp]0, γ
t ∈ [Γt]0 (4.15)

sdi,0,ζt ≥
∑
k∈K

(
¯
Wkd + t̄0i + ζtt̂0i

)
xkd
0i

∀d ∈ D, i ∈ I ∀ζt ∈ {0, 1} (4.16)

sdi,γp+ζp,γt+ζt ≥ sdj,γp,γt + (p̄j + ζpp̂j + t̄ji + ζtt̂ji)
∑
k∈K

xkd
ji

+ (
¯
Tid − T̄jd)(1−

∑
k∈K

xkd
ji )

∀i, j ∈ I, γp ∈ [Γp]0, d ∈ D, γt ∈ [Γt]0, ζ
p, ζt ∈ {0, 1} :

γp + ζp ≤ Γp, γt + ζt ≤ Γt (4.17)

and similarly, for avoiding overtime,

sn+1
kd ∈ [

¯
Wkd, W̄kd]

∀k ∈ K, d ∈ D (4.18)

sn+1
kd ≥ sdi,Γp−ζp,Γt−ζt + (p̄i + ζpp̂i + t̄i,n+1 + ζtt̂i,n+1)x

kd
i,n+1

+ (
¯
Wkd − T̄id)(1− xkd

i,n+1)

∀k ∈ K, d ∈ D, i ∈ I, ζp, ζt ∈ {0, 1} (4.19)

This leads to O (n · |D| · |Γp| · |Γt|+ |K| · |D|) new continuous variables,
O (n2 · |D| · |Γp| · |Γt|) new constraints, but no new binary variables. In contrast
to the dualization scheme, the number of variables in the recursive scheme de-
pends on the uncertainty budget.
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4.3.3.3. Comparison

Based on the number of variables and constraints used in each approach, we finally
compare the effectiveness of the dualization scheme and the recursive scheme to
linearize our robustness constraints.

Firstly, the recursive scheme stands out as it requires significantly fewer binary
variables, an order of nmax times less than the dualization scheme. Secondly, if
|K| · (nmax)

2 > |Γp| · |Γt|, then the recursive scheme also requires fewer continuous
variables and constraints.

Despite this, examining the reformulation of start times in (4.12) – (4.14) re-
veals that the uncertainty budgets limit the amount of uncertainty faced by each
caregiver per day, and should be set accordingly. Therefore, w.l.o.g., we set the
uncertainty budgets such that Γp ≤ nmax and Γt ≤ nmax + 2, a choice that fur-
ther enhances the efficiency of the recursive scheme. It is worth noting that if
the budgets exceed the maximum number of patients visited and paths traveled
by a caregiver on a given day, the problem simplifies to a deterministic prob-
lem in which it is assumed that all patient visits and traveled paths require the
maximum positive deviation in addition to the expected time.

In conclusion, the recursive scheme proves more efficient in linearizing the ro-
bustness constraints in R-HHCR&S. As a result, we replace (4.2) – (4.3) with the
linear inequalities (4.15) – (4.19).

4.4. Solution Method

To solve R-HHCR&S for larger instances, we exploit its decomposable problem
structure. Specifically, the problem can be decomposed into subproblems for
each caregiver, and each caregiver’s subproblem can be further decomposed into
daily routing and scheduling subproblems, as depicted in Figure 4.1. Our nested
branch-and-price procedure, outlined in Figure 4.2, leverages this decomposition
to recursively compute solutions across three levels.

At the first level, the restricted master problem combines given plans for all
caregivers into a comprehensive weekly plan for the agency. Integral solutions for
the selection of caregiver plans are ensured via a branch-and-bound procedure.
In the second level, new weekly plans for each caregiver are generated, terminat-
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Figure 4.1. Two-fold decomposition of the problem structure. The small boxes
represent daily routing and scheduling problems for each caregiver. The
daily solutions for each caregiver are combined to create multi-day so-
lutions, represented by the large boxes. The corresponding combination
process ensures that the required number of treatments is met, and the
minimum number of days between two visits is satisfied. The multi-day
plans for each caregiver are further combined to ensure strict continuity
of care and minimize overall cost.

ing either with a caregiver’s weekly plan that potentially improves the agency’s
overall plan or with the proof that none exists. Weekly caregiver schedules are
generated using the second-level relaxed master problem, which combines daily
plans into a weekly schedule. Integral solutions for daily route selection are again
ensured through a branch-and-bound procedure. This is accomplished using a
branch-and-bound procedure with robust traveling salesman subproblems incor-
porating time windows, the acceptance decision being guided by a multi-Knapsack
problem.

Overall, our nested branch-and-price procedure efficiently explores promising
daily routes and weekly plans, combining them into a comprehensive agency plan.
Notably, while nested decomposition approaches have been employed in related
problems (Vanderbeck 2001, Hennig et al. 2012, Dohn and Mason 2013, Tilk et al.
2019, Zheng et al. 2021), to the best of our knowledge we are the first to apply
this method to an HHCR&S problem.
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Figure 4.2. Flowchart of the nested branch-and-price procedure

4.4.1. Nested Dantzig-Wolfe Decomposition

4.4.1.1. First-Level Decomposition

We first decompose R-HHCR&S into a master problem and |K| pricing problems.
Each pricing problem, associated with a fixed caregiver k ∈ K, determines a
weekly plan P that encodes a schedule and route for each day. We note that
caregivers are heterogeneous in compatibility to patients, work times, wage cost,
and revenue. The master problem then combines the weekly plans generated
by the pricing problems in order to maximize profit, while ensuring that care is
provided to all accepted patients.
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Notation. We use a binary variable λk,P to decide whether caregiver k is as-
signed to the weekly plan P . The set of all feasible weekly plans for caregiver k

is denoted as Pk. We use the binary parameter aik,P to indicate whether patient
i is being treated by caregiver k in plan P . The revenue generated by a plan P

executed by caregiver k is denoted by Revk,P , and similarly the travel cost CT
k,P

and wage cost CW
k,P .

Master Problem. The master problem is a variant of the set partitioning prob-
lem, in which elements are either accepted or rejected, and the accepted elements
are partitioned into |K| subsets. Similar to other works such as Bard et al. (2014),
it can be stated as follows:

max
∑
k∈K

∑
P∈Pk

(
Revk,P − CT

k,P − CW
k,P

)
λk,P (4.20)

s.t.
∑
P∈Pk

λk,P = 1 ∀k ∈ K (4.21)

∑
k∈K

∑
P∈Pk

aik,Pλk,P ≤ 1 ∀i ∈ IR (4.22)

λk,P ∈ {0, 1} ∀k ∈ K, P ∈ Pk (4.23)

Objective Function (4.20) maximizes the total revenue. Constraints (4.22)
ensure that each caregiver is assigned to exactly one plan. Constraints (4.23)
ensure that new patients are either rejected or accepted and assigned to exactly
one caregiver’s plan.

Pricing Problems. The LP dual (A.39) – (A.41) of the master problem’s LP
relaxation is given in Appendix A.3.2.1. Let v∗ ∈ R|K| and w∗ ∈ R

|IR|
+ be a

solution of the LP dual. We use the binary parameter aiR to indicate whether
patient i is visited by caregiver k in route R. Then for each caregiver k ∈ K, we
must solve the pricing problem:
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max
P∈Pk

Revk,P − CT
k,P − CW

k,P −
∑
i∈IR

w∗
i a

i
k,P (4.24)

The full pricing problem (A.47) – (A.60) is stated in Appendix A.3.2.2 and is
seen to be a MILP with O

(
|IR ∪ IEk |2 · |D|

)
binary variables and

O
(
|IR ∪ IEk | · |D| · |Γp| · |Γt|

)
continuous variables. However, each pricing prob-

lem is further decomposable into days.

4.4.1.2. Second-Level Decomposition

We further decompose each caregiver k’s pricing problem into a master problem
and |D| pricing subproblems. The objective of each subproblem is to find a better
route for day d ∈ D. The master problem combines the daily routes into a weekly
plan.

Notation. For any given caregiver k, we use the binary variable λd,r to decide
whether on day d he or she takes route r. The set of feasible routes on day d ∈ D
is denoted as Rd. The binary parameter aid,r indicates whether patient i is treated
on day d in route r. The revenue generated by a route r executed by caregiver
k is denoted by Revk,r, and similarly the travel cost on day d by CT

d,r and wage
cost by CW

k,r.
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Master Problem.

max
∑
d∈D

∑
r∈Rd

(
Revd,r − CT

d,r − CW
k,r −

∑
i∈IR

w∗
i

vi
aid,r

)
λd,r (4.25)

s.t.
∑
r∈Rd

λd,r = 1 ∀d ∈ D (4.26)∑
d∈D

∑
r∈Rd

aid,rλd,r ≤ vi ∀i ∈ IR (4.27)∑
r∈Rd

via
i
d,rλd,r −

∑
µ∈D

∑
r∈Rµ

aiµ,rλµ,r ≤ 0 ∀d ∈ D, i ∈ IR (4.28)

∑
r∈Rd

aiRλd,r +
∑

µ∈[di]0

∑
r∈Rd

aiRλ
d+µ,r ≤ 1 ∀d ∈ D, i ∈ IR (4.29)

λd,r ∈ {0, 1} ∀d ∈ D, r ∈ Rd (4.30)

Objective Function (4.25) maximizes the total profit and penalizes the accep-
tance of new patients. Constraints (4.27) ensure that the caregiver takes exactly
one route on each day. Constraints (4.28) and (4.29) ensure that new patients are
either rejected or receive the required number of treatments. Constraints (4.30)
ensure a minimum number of days between any two visits of a patient.

Pricing Subproblems. The LP dual (A.42) – (A.46) of the master problem’s LP
relaxation is given in Appendix A.3.2.1. Let u∗ ∈ R|D|, z∗ ∈ R

|IR|
≥0 , y∗ ∈ R

|D|×|IR|
≥0 ,

and q∗ ∈ R
|D|×|IR|
≥0 be a solution of the LP dual. For better readability, we denote

Ik := IR ∪ IEk . Then we must solve the following pricing problem for caregiver k
on day d:

max
r∈Rd

Revr − CT
r − CW

r

−

∑
i∈IR

w∗
i

vi
+
∑
i∈IR

z∗i +
∑
i∈IR

∑
d̃∈D

y∗
id̃
− viy

∗
id

+
∑
i∈Ik

∑
µ∈[|D|−di]:
µ∈[di−d]0

q∗i,µ

 air

(4.31)

The corresponding MILP that represents the second-level pricing subproblem is
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stated in Appendix A.3.2.2. It has O (|Ik|2) binary variables, O (|Ik| · |Γp| · |Γt|)
continuous variables, and O (|Ik|2 · |Γp| · |Γt|) constraints.

4.4.2. Column Generation

Generating all feasible daily routes Rk,d for (4.25) – (4.30) and all weekly plans
Pk for (4.20) – (4.23) explicitly is impractical due to the typically high num-
ber of potential routes and plans. Therefore, we employ column generation to
solve the linear relaxation of the master problems (Lübbecke and Desrosiers 2005,
Desrosiers and Lübbecke 2011).

4.4.2.1. Initialization

Column generation begins with computing a subset P̃k ⊂ Pk of weekly plans for
each caregiver k and a subset R̃k,d ⊂ Rk,d of routes for each day d, respectively.
We initialize the subsets by devising two feasible solutions: The first solution
entails visiting all existing patients on the pre-determined days while rejecting
all new patients. The second solution employs a greedy heuristic to accept new
patients.

The greedy heuristic systematically selects promising assignments as follows.
An assignment consists of a patient i ∈ IR, a compatible caregiver k, and a day
pattern D ⊂ D, with |D| = vi and the required number di of days between any
two days in D. The value of this assignment is the revenue minus an estimation
of the accompanying wage and travel cost: Rki − −

CW
k ·

(
minj∈Ik∪{0} t̄ij + p̄i

)
−

minj∈Ik∪{0}C
T
dji. The wage cost for a new patient is approximated by the care-

giver’s wage cost multiplied by the expected service time, plus the minimum
possible expected travel time to reach the patient. The travel cost is estimated as
the minimum travel cost from any potential location to the new patient. Given an
approximate value for each assignment, we iteratively choose the most promising
assignment. We assign the new patient to the corresponding caregiver and day
pattern, ensuring the corresponding daily routes remain feasible.

These subsets, P̃k ⊂ Pk and R̃k,d ⊂ Rk,d, initialized by the reject-all-new-
patients solution and the greedy-assignment solution, serve as initial columns
for the respective restricted master problems. That is, the first-layer restricted
master problem is derived by substituting Pk with P̃k in the linear relaxation of
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the master problem (4.25) – (4.30). Similarly, the second-layer restricted master
problem is derived by replacing Rk,d with R̃k,d in the linear relaxation of the
master problem (4.20) – (4.23).

4.4.2.2. Pricing Problems

The restricted master problems only include a subset of feasible columns. Conse-
quently, they yield solutions that are feasible for the linear relaxation of the orig-
inal master problems but not necessarily optimal. We verify optimality through
the pricing subproblems.

At the first level, we determine if the optimal solution of the restricted master
problem remains optimal for the linear relaxation of the original master problem
by determining whether there exists a weekly plan with a value exceeding the
dual objective function value y∗k for each caregiver k, as determined in (4.24).
This assessment is carried out using the second-level branch-and-price procedure.

At the second level, we evaluate the optimality of the restricted master prob-
lem by checking for each day d whether there exists a route with a value greater
than the dual objective function value u∗

d according to (4.31). It is worth noting
that, owing to revenue maximization, our second-level pricing problems deviate
from the common resource-constrained elementary shortest path pricing prob-
lems, and align with the more difficult robust longest path problem. To tackle
the second-level pricing problems, we employ a simple branch-and-bound proce-
dure, systematically accepting new patients, as outlined in the remainder of this
section.

Branch and Bound. The second-level branch-and-bound procedure is strongly
guided by upper bounds v̄kd(i) on the value generated by caregiver k visiting
patient i ∈ Ik on day d, calculated as:

v̄kd(i) := Rki − −
CW

k ·
(

min
j∈Ik∪{0}

t̄ij + p̄i

)
− min

j∈Ik∪{0}
CT

dji

− 1i∈IR

w∗
i

vi
+ z∗i +

(∑
µ∈D

y∗iµ − viy
∗
id

)
+

∑
µ∈[|D|−di]:µ∈[di−d]0

q∗iµ


(4.32)
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The value v̄kd(i) is derived from the revenue obtained from visiting patient i

minus a lower bound on wage and travel costs incurred by by the visit to patient
i, alongside the dual values delineated in (4.32). It is noteworthy that the dual
values strongly inform the upper bound.

First, the upper bounds are used for a pre-selection of patients, where new
patients with a value v̄kd(i) ≤ 0 are excluded from consideration in the branch-
and-bound procedure. Not visiting them leads to a higher value in the second-level
pricing problem. Secondly, the upper bounds v̄kd(i) allow for the computation
of an upper bound on the objective function value of the second-level pricing
problem. Let nk be an upper bound on the number of patients that caregiver
k can visit in a single day, and binary variables δi indicate whether caregiver k

visits patient i ∈ IR on day d or not. Then the second-level pricing problem
(4.31) is upper bounded by the solution of the following multi-knapsack problem:

max
∑

i∈IE|k,d

v̄kd(i) +
∑
i∈IR

v̄kd(i) · δi (4.33)

s.t.
∑
i∈IR

(
min

j∈Ik∪{0}
t̄ij + p̄i

)
δi ≤ W̄kd −

¯
Wkd −

∑
i∈IE|k,d

(
min

j∈Ik∪{0}
t̄ij + p̄i

)
(4.34)

∑
i∈IR

δi ≤ nk,d − |IE|k,d| (4.35)

δi ∈ {0, 1} ∀i ∈ IR (4.36)

In this problem, Objective Function (4.33) aims to maximize the sum of upper
bounds v̄kd(i) for the value generated by visiting new patients. Constraint (4.34)
ensures that a lower bound on the total workload does not exceed the caregiver’s
working hours, while Constraint (4.35) ensures that at most nk patients are visited
in total.

Now, if the upper bound provided by (4.33) – (4.36) does not surpass the dual
value u∗

d or if the problem is infeasible, it provides evidence that no improving
column exists. However, if it exceeds the dual value, the assignment determined
by the multi-knapsack problem may or may not lead to an improving column. To
verify, we solve the corresponding robust traveling salesman subproblems with
time windows and wage cost (R-TSPTW) for caregiver k to determine whether

96



4. Robust Routing and Scheduling of Home Healthcare Workers

the assignment ITSP := IE|k,d∪{i ∈ Ik : δ∗i = 1} for the current knapsack solution
δ∗ indeed yields a better column:

min
∑

i,j∈ITSP

CT
dijxij + CW

k (sn+1 −
¯
Wkd) (4.37)

s.t. si,γp,γt ∈ [
¯
Tid, T̄id] ∀i ∈ ITSP , γp ∈ [Γp]0 , γ

t ∈ [Γt]0 (4.38)

si,0,ζt ≥
(
¯
Wkd + t̄0i + ζtt̂0i

)
x0i + (

¯
Wkd − T̄id)(1− xi,n+1)

∀i ∈ ITSP ζp, ζt ∈ {0, 1} (4.39)

si,γp+ζp,γt+ζt ≥ sj,γp,γt + (p̄j + ζpp̂j + t̄ji + ζtt̂ji)xji

+ (
¯
Tid − T̄jd)(1− xji)

∀i, j ∈ ITSP , γp ∈ [Γp]0 , γ
t ∈ [Γt]0

∀ζp, ζt ∈ {0, 1} : γp + ζp ≤ Γp, γt + ζt ≤ Γt (4.40)

sn+1 ≥ si,Γp−ζp,Γt−ζt + (p̄i + ζpp̂i + t̄i,n+1 + ζtt̂i,n+1)xi,n+1

∀i ∈ ITSP , ζt ∈ {0, 1} (4.41)

sn+1 ∈ [
¯
Wkd, W̄kd] (4.42)

min
∑

j∈ITSP

xij = 1 ∀i ∈ ITSP (4.43)∑
j∈ITSP

xji −
∑

j∈ITSP

xij = 0 . ∀i ∈ ITSP (4.44)∑
i∈ITSP

xii = 0 ∀i ∈ ITSP (4.45)∑
i∈ITSP∪{n+1}

x0,i = 1 (4.46)

∑
i∈ITSP∪{0}

xi,n+1 = 1 (4.47)

xij ∈ {0, 1} ∀i, j ∈ ITSP ∪ {0} ∪ {n+ 1} (4.48)

si,γp,γt , sn+1 ≥ 0 ∀i ∈ ITSP , γp ∈ [Γp]0 , γ
t ∈ [Γt]0 (4.49)

Objective Function (4.37) of this subproblem minimizes the total travel cost
plus total wage cost. Constraints (4.38) ensure patients are visited within their
time windows, even in a worst-case scenario. Constraints (4.39) set the first
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visit’s start time with respect to the caregiver’s working start time and worst-
case travel time. Constraints (4.40) ensure patients are visited after finishing
the previous patient’s visit and traveling, for all scenarios of service and travel
times. Constraints (4.41) accordingly define the earliest return time to the de-
pot. Constraint (4.42) ensures the caregiver returns within working hours. Con-
straints (4.43) guarantee that all patients are visited. Constraints (4.44) to (4.45)
define flow conservation, and Constraints (4.46) to (4.47) specify the caregiver
starts and ends at the depot.

The R-TSPTW subproblem has O ((nk)
2) binary variables, O (nk · Γp · Γt) con-

tinuous variables, and O ((nk)
2 · Γp · Γt) constraints. Efficient solutions can be

found using state-of-the-art MILP solvers, as caregivers in home healthcare typ-
ically visit at most nk = 8 patients per day, and the uncertainty budgets w.l.o.g.
satisfy Γp ≤ nk and Γt ≤ nk + 2 (see Section 4.3.3.3). Furthermore, we empha-
size that the objective function value does not include any of the dual variables.
Hence, we globally store the R-TSPTW routes and their corresponding values,
obviating the need to recalculate (4.37) – (4.49) for identical patient sets at other
nodes of the B&B search tree.

Finally, if the R-TSPTW’s objective function value exceeds the dual value u∗
d,

the corresponding route yields an improving column; otherwise, we branch on
the most promising patient with respect to the upper bound v̄kd(i) in order to
either find an improving assignment or prove that none exists. Thus, focusing
on promising routes, our branch-and-bound procedure efficiently explores the
solution space of daily routes.

4.4.3. Branching

At each level, the column generation procedure yields an optimal solution for
the linear relaxation of the corresponding master problem, which may not be
integer. To obtain an optimal integer solution, we integrate the column genera-
tion procedure at each level with a branch-and-bound tree, resulting in a nested
branch-and-price method.

Upon termination of the column generation procedure with a solution λ, we
check if the solution already constitutes an integer solution. If yes, we prune
the node with this integer solution. Otherwise, we apply the following branching
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Algorithm 2 Overview of first-level branching
for i ∈ IR not yet branched upon do

UBi,∅ ← 0 for k ∈ K do
UBi,k ← maxD∈day_patternsik

Val(D)

i_branch←i {maxk {UBi,k}}
return i_branch, caregiversi_branch,k

strategy: In the first level, patients are branched upon caregivers. In the second
level, patients are branched upon day patterns. At each level, we select the most
promising remaining patient.

Specifically, for each patient i and each caregiver k, the set of feasible day
patterns, denoted as day_patternsik, encompasses all subsets of days satisfying
the correct number of visits per patient and the minimum number of days between
any two visits. Optionally, it may ensure that visiting patient i on all days in
the pattern does not exceed caregiver k’s workload. The value of a day pattern
is estimated using the upper bound

V al(D) :=
∑
d∈D

Rki

−
∑
d∈D

CW
k,d

(
p̄i +

1

2

(
min

j′ ̸=j′′∈IE
k,d

t̄j′,i + t̄i,j′′

))

−
∑
d∈D

1

2

(
min

j′ ̸=j′′∈IE
k,d

CT
d,j′,i + CT

d,i,j′′

)
. (4.50)

The patient selected for branching maximizes the estimated value UB of the
fixed assignment, as described in Procedure 2 and Procedure 3. Furthermore, the
corresponding assignment of maximum value is selected for node selection.

Algorithm 3 Overview of second-level branching
for i ∈ IRk not yet branched upon do

UBi,∅ ← 0 for D ∈ day_patternsik do
UBi,D ← Val(D)

i_branch←i {maxD {UBi,D}}
return i_branch, day_patternsi_branch
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4.5. Computational Study

In this section, we evaluate the results obtained with our nested branch-and-price
procedure using real-world data obtained from a prominent US healthcare agency
based in Dallas, Texas [see Guo and Bard (2023))]. We address the agency’s task
of computing routes and schedules for the forthcoming week. At the end of
each day of the current week, the agency decides whether to accept the patient
requests received that day. The acceptance decisions are made simultaneously
with assignment, routing, and scheduling decisions, while ensuring continuity
of care for existing patients. We review the resulting weekly plan and derive
management insights about different degrees of uncertainty and time windows.

4.5.1. Instances

In all, we solved 144 test instances generated from the agency’s data set (see
Appendix A.3.3.1 for details). These instances encompass 5,999 routine visits
conducted by 36 caregivers during a four-week period from July 23 to August
20, 2018. The first week is set apart to establish an initial weekly plan using the
greedy heuristic described in Section 4.4.2.1, while the subsequent three weeks
are used to compute and evaluate optimal weekly home healthcare plans with the
nested B&P procedure.

Section 4.5.1.1 outlines the fixed parameter values that remain constant across
all instances. Section 4.5.1.2 introduces the factors—discipline, regional branch,
time window size, and uncertainty budget—that we systematically vary using a
full factorial design.

4.5.1.1. Fixed Factors

The parameters—revenue and cost, along with availability of caregivers and new
patients—remain constant across all instances.

Revenue & Cost. The revenue per visit is calculated using the nursing hourly
billing rate of 102 USD, as reported by the home healthcare agency under consid-
eration. We assume that the services provided by registered nurses, occupational
therapists, and speech therapists generate exactly this hourly revenue, while a
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10% discount is applied to licensed practical nurses, skilled nurses, occupational
therapist aides, and physical therapy assistants, and a 10% surcharge is applied
for physical therapy. For hourly-paid caregivers, we refer to Table A.2 for wage
cost. If caregivers are paid per visit, we subtract the wage cost, proportional
to the expected service time, from the revenue of each visit. Salaried caregivers
incur a fixed wage cost in this operational decision, which is the weekly number
of work hours multiplied by the hourly wage cost. Travel cost is estimated at
0.56 USD per mile, based on the 2021 IRS standard mileage rate.

Caregivers. We establish a fixed group of caregivers across all weeks, deter-
mined based on the week of August 1, 2018. Caregivers are available from Mon-
day to Friday, with full-time working hours from 9 am to 5 pm and part-time
working hours from 8 am to 12 pm. The employment type and compensation
details are presented in Table A.3 in Appendix A.3.3.2. All caregivers with a
contract or working on an as-needed basis (PRN) are assumed to be available
full-time. Each caregiver is assumed to be proficient in providing any service that
represented at least 5% of the visits delivered by that caregiver in the historical
data.

Patients. Patients are classified as either existing or new, depending on whether
they were visited in the previous week. Existing patients retain their visits by
the same caregiver on the same days. For new patients, however, the assignment
needs to be determined. New patients are considered available every day of the
week and compatible with any caregiver capable of providing the required service.
The number of weekly visits required for each new patient is determined by their
mean weekly visits in the historical data. The minimum number of days between
routine visits is based on the minimum observed days in the data for each service.
For all services this is 0 (but at most 1 visit per day), except for registered nursing,
where it is 1 day.

4.5.1.2. Varied Factors

In order to evaluate the robustness of our home healthcare plans, we introduce
uncertainty to each instance and then systematically vary the following factors in
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a full factorial design: discipline, region, time window size, and uncertainty level.
In the following, we provide a detailed description of each of these factors.

Disciplines. We explore two disciplines: nursing and physical therapy. Each
discipline consists of specific services: Nursing includes skilled nursing (SN), reg-
istered nursing (RN), and licensed practical nursing (LPN) services. Physical
therapy comprises physical therapy (PT) and physical therapy assistance (PTA).
By default, a test instance represents one discipline, encompassing all routine
visits within that discipline. The disciplines and services vary in terms of mean
weekly visits per patient, average visit duration, and wage cost. An overview of
these variations is provided in Table 4.1.

Regions. The two regional branches considered in our computational study dif-
fer in terms of population, patient count, average travel time and distance be-
tween any two patient locations. We named the branches based on the average
travel time, computed using the OSRM routing engine (Luxen and Vetter 2011).
Specifically, Region-T20 has an average travel time of 20 minutes (and 22.60 km)
and Region-T60 has an average travel time of 60 minutes (and 74.69 km) between
any two patient locations. A scatter plot depicting the patient locations in each
region is shown in Figure 4.3. Region-T20 and Region-T60 are rural areas with
a population below 100,000.

Time Windows. For existing patients, we explore three sizes of time windows:
an exact appointment time (size: 0 minutes), a one-hour time window (size: 60
minutes), and a AM/PM/None time window categories based on the data set.

Table 4.1. Services in the data set

Service Mean frequency Mean treatment period Expected Wage
(per patient and week) (per patient) duration (hourly)

SN 1 visit(s) 5 weeks 50 min $26.86
RN 1 visit(s) 2 weeks 55 min $42.80
LPN 1 visit(s) 4 weeks 50 min $26.86

PTA 2 visit(s) 5 weeks 50 min $31.01
PT 1 visit(s) 3 weeks 55 min $47.10
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Figure 4.3. Scatter plots of patient locations in Region-T20 and Region-T60
(identical scaling, arranged in increasing order with respect to average
travel time)

Uncertainty. We investigate four levels of uncertainty ranging from no uncer-
tainty to anticipated deviations for all time estimates. We consider that patients
and paths typically necessitate up to a 20% deviation from their expected service
or travel time, respectively. We vary the uncertainty budgets, planning robustly
against deviations of none, a quarter, half or all of the expected service and travel
times. Table 4.2 summarizes these levels, characterized by the uncertainty budget
Γp for service times, maximum service time deviations p̂ (as a fraction of the ex-
pected service times p̄), and the uncertainty budget Γt for travel times, alongside
maximum travel time deviations t̂ (as a fraction of the expected travel times t̄).

Table 4.2. Levels of robustness

None Low Medium High

Γp = 0, Γt = 0 Γp = 2, p̂ = 20% Γp = 4, p̂ = 20% Γp = 8, p̂ = 20%

p̂ = 20%, t̂ = 20% Γt = 2, t̂ = 20% Γt = 4, t̂ = 20% Γt = 8, t̂ = 20%

4.5.2. Runtimes

All codes were written in Python and all computations performed in a Microsoft
Windows 10 environment, running on an Intel Core i7-10510U 1.8 GHz processor
with 16 GB memory operating in 64-bit mode. The second-level pricing prob-
lems were solved with Gurobi version 9.5.0. The implementation adheres to the
specifications outlined in Section 4.4.

Table A.4 in Appendix A.3.3.2 displays the runtimes for the varied factors; i.e.,
region, discipline, uncertainty level, and time window size. The average runtime
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is 591.01 seconds. Based on a correlation analysis, we can conclude that the
following parameters primarily contribute to the runtime disparities.

Number of Patients and Caregivers. The factors impacting runtime most
significantly are patient and caregiver counts, along with the daily number of new
patient requests. This corresponds to the number of possible decisions, which
increases exponentially with each of these factors. Table 4.3 summarizes the
runtime effects.

Uncertainty Level. Higher robustness requires significantly longer runtimes, as
shown in Table 4.4. Two main observations emerge: Firstly, there is a signif-
icant increase in runtimes up to a medium level of uncertainty, followed by a
decrease. This pattern arises because setting the uncertainty budget equivalent
to the number of daily patients (or paths) per caregiver mirrors the scenario of
no uncertainty, where all data necessitates the maximum deviation (refer to Sec-
tion 4.3.3.3). Therefore, runtimes peak when the uncertainty budget matches
half the daily patients (and paths) per caregiver. Secondly, within the nested
B&P procedure, uncertainty primarily impacts the second-level R-TSPTW pric-
ing problem (see Problem 4.31). Since we used Gurobi to solve it, exploring faster
solution methods for the R-TSPTW in future research appears promising to fur-
ther improve runtimes under uncertainty (Bartolini et al. 2021, Lera-Romero et al.
2022).

Table 4.3. Runtimes by the total number n of considered patients, of which
nnew patients are new (in seconds)

nnew = 15 nnew = 25

(3 per day) (5 per day)

n = 1 - 24: 10.94 38.87 (K = 3.00)
n = 25 - 49: 1.23 179.34 (K = 4.90)
n = 50 - 74: 5.09 46.65 (K = 6.19)
n = 75 - 99: 75.70 158.62 (K = 6.42)
n = 100 - 124: 201.51 346.89 (K = 6.08)
n = 125 - 149: - 2 922.67 (K = 6.00)

Average: 58.89 380.92

104



4. Robust Routing and Scheduling of Home Healthcare Workers

Table 4.4. Runtimes by the number n of patients and the level of robustness
(in seconds)

None Low Medium High

n = 1 - 24: 8.92 61.25 145.43 5.27
n = 25 - 49: 50.72 255.42 708.54 15.42
n = 50 - 74: 2.08 1.71 87.03 5.22
n = 75 - 99: 5.02 15.81 254.51 549.68
n = 100 - 124: 37.65 305.87 1 017.03 148.43
n = 125 - 149: 170.59 459.46 10 067.92 305.24

Average: 45.83 183.25 2 046.74 88.21

Time Windows. Time window size also impacts runtimes, albeit to a smaller
extent compared to patient and caregiver counts. Tight time windows for existing
patients (0 minutes) result in an average runtime of 34.17 seconds, narrow time
windows (60 minutes) 42.27 seconds, and wide time windows (AM/PM/None)
result in a runtime of 462.94 seconds. This decrease in runtimes with the time
window size is primarily due to the number of feasible routes, which decreases
significantly with shorter time windows.

Other. Finally, we identify factors with relevant but less significant effects on
runtime based on the average correlation of all parameters when fixing the varied
factors. As the week progresses and more capacity is used, the procedure acceler-
ates (runtime correlation is -0.13 with the day index). A slight decrease in runtime
occurs with a higher number v of weekly visits per patient, which we explain by
the number

(
5
v

)
of day patterns (correlation of -0.13). We also found that the op-

timality gap between the optimal solution and the first heuristic solution to have
a negligible effect on runtime. Not surprisingly, these observations collectively
suggest that faster runtimes are associated with fewer feasible solutions.

4.5.3. Managerial Insights

We investigate the impact of robustness and time window size on optimal weekly
home healthcare plans, focusing on managerial insights. In Section 4.5.3.1, we
analyze profit sensitivity, while Section 4.5.3.2 explores optimal acceptance, as-
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signment, routing, and scheduling decisions. For a comprehensive overview of
results across various regions, disciplines, time windows, and uncertainty levels,
we refer to Table A.5 in Appendix A.3.3.2.

4.5.3.1. Profit Sensitivity

Across all instances, the weekly profit averages $4,964.46, predominantly driven
by a revenue of $6,805.32, surpassing average weekly wage and travel costs of
$1,438.68 and $402.18, respectively. The profitability of each visit, averaging
$96.97, emerges as the primary determinant of profit. Our subsequent analysis
examines the effects of robustness and time window size on profit, revenue, wage
cost, and travel cost, as outlined in Table 4.5 to Table 4.8.

Robustness. Figure 4.4 illustrates the profit, revenue, and costs across the dif-
ferent levels of robustness. We draw two key observations:

Firstly, in this case study, the almost constant disparity between revenue and
profit curves indicates that robustness primarily decreases profit due to reduced
patient acceptance. This is also evident from the observation that, on average,
weekly plans with no uncertainty involve caregivers visiting on average 4.34 pa-
tients per day, while low, medium, and high uncertainty permit 4.01, 3.84, and
3.75 patients per day, respectively. This underscores the obvious yet crucial in-
sight that fewer patient visits per day improve operational smoothness. However,
it is also important to note that robustness can compromise health access if care-
giver numbers cannot be augmented concurrently.

Secondly, the transition from no to low robustness decreases revenue by 5.05%,
to medium robustness by 7.56%, and to high robustness by 14.20%. In particular,

Table 4.5. Profit by level of robustness and time window size
(in USD)

None Low Medium High

Wide: 5,624 5,361 5,095 4,880
Narrow: 5,297 5,026 4,825 4,767
Tight: 5,297 4,796 4,735 3,306

Average: 5,406 5,061 4,886 4,318
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Table 4.6. Revenue by level of robustness and time window size
(in USD)

None Low Medium High

Wide: 7,496 7,201 6,916 6,709
Narrow: 7,151 6,860 6,661 6,598
Tight: 7,145 6,630 6,566 5,297

Average: 7,264 6,897 6,715 6,201

the decline in revenue is small between low and medium robustness. This finding
suggests that in some cases, weekly plans can be robustified by adjusting schedules
without compromising revenue, see Section 4.5.3.2.

Time Windows. On average, across all instances, wide time windows result in
a profit of $5,412.46, narrow time windows in $4,922.69, and tight time windows
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Figure 4.4. Levels of robustness
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Table 4.7. Wage cost by level of robustness and time window size
(in USD)

None Low Medium High

Wide: 1,439 1,439 1,439 1,439
Narrow: 1,439 1,439 1,439 1,439
Tight: 1,439 1,439 1,439 1,599

Average: 1,439 1,439 1,439 1,492

in $4,540.80. However, the impact of time windows is intricately linked with the
level of robustness and warrants a detailed examination.

With no robustness, only a single scenario is considered, hence a single service
time is determined. Wide time windows yield a profit of $5,624.34, comprising a
revenue of $7,495.96, with wage and travel costs at $1,438.68 and $432.94, respec-
tively. Narrow time windows induce more rejections, leading to a 4.60% decrease
in revenue, and a 5.80% profit decline, respectively. Tight time windows only
exacerbate this effect slightly, resulting in a 5.82% decrease in profit compared to
wide time windows.

Introducing robustness leads to scenario-dependent service start times. Both
the earliest and latest possible start times must fall within a patient’s time win-
dow. Now, at a medium level of robustness, wide time windows yield a profit of
$5,095.61, a revenue of $6,916.48, with wage and travel costs at $1,438.68 and
$382.18, respectively. Once again, narrow time windows lead to more rejections,
causing a comparable revenue decrease of 3.69%, and a profit decrease of 5.30%.
However, under uncertainty, tight time windows exacerbate this trend further,

Table 4.8. Travel cost by level of robustness and time window size
(in USD)

None Low Medium High

Wide: 433 401 382 390
Narrow: 415 395 397 392
Tight: 409 395 392 392

Average: 419 397 390 391
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resulting in a revenue decline of 5.07%, and a profit loss of 7.08% compared to
wide time windows.

Overall, transitioning from wide time windows and no robustness to narrow
time windows coupled with a medium level of robustness results in an average
profit decrease of 14.20% in this case study. Primarily, this decline can be at-
tributed to a reduced number of visits. However, the impact on profit fluctuates
between different levels of robustness and time windows, suggesting a non-linear
price of robustness and time window size.

4.5.3.2. Optimal Decisions

We now investigate optimal decisions for acceptance, assignment, routing, and
scheduling. In contrast to many other approaches in the literature, our method-
ology makes these decisions simultaneously.

Acceptance. We first investigate the number of accepted patients as well as
potential selection criteria across varying levels of robustness and time window
sizes. Figure 4.5 illustrates patient acceptance and rejection for nursing in Region
T-60.

If capacity permits, all patients are accepted, as the revenue from each patient
typically exceeds the associated wage and travel costs. Selection only occurs when

No Low Medium High
robustness robustness robustness robustness

Wide:

Narrow:

Tight:

Figure 4.5. Acceptance decision by level of robustness and time window size
(for Region T-60, Nursing)
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capacity constraints necessitate rejecting patients. On average, 1.53 out of 5 new
patients are accepted on day 1, 1.67 on day 2, 1.24 on day 3, 0.89 on day 4,
and 0.60 on day 5, indicating a high capacity utilization for the home healthcare
agency under consideration. As already indicated in terms of revenue changes,
acceptance rates vary with different levels of robustness and time window sizes.
For wide time windows, 6.27 patients are typically accepted, compared to 6.04
with narrow time windows, and 5.67 with tight time windows. Similarly, on
average, 7.65, 6.17, 5.64, and 4.92 out of 25 new patients are accepted per week
with no, low, medium, and high budget robustness, respectively. This represents
a decrease in acceptance rates of 19.35%, 26.27%, and 35.69% for low, medium,
and high robustness levels compared to no robustness.

Furthermore, the simple greedy heuristic from Section 4.4.2.1 demonstrates
strong performance, achieving an average gap of 7.73% compared to the optimal
solution, relative to the difference between the optimal solution value and the
solution value when rejecting all patients, and averaged over all days where the
optimal solution accepts at least one patient. Additionally, Figure 4.5 illustrates
that new patients may be selected even if they live farther away than other can-
didates, indicating that geographic proximity is not necessarily critical. These
observations suggest that a patient’s contribution margin may take priority over
geographical proximity in the decision-making process. Accordingly, we recom-
mend selecting patients similar to the greedy heuristic, iteratively based on their
potential value, determined by revenue minus an estimate of travel and wage
costs.

Assignment. The decision of assigning new patients to caregivers and days
carefully balances maximizing total revenue and minimizing total travel time and
distance, while ensuring feasibility with respect to all patient time windows and
work hours, even under uncertainty.

We find that geographic proximity holds significance primarily in settings with
wide time windows. However, even in such cases, there is limited support for
the traditional approach of pre-clustering caregivers by region. Instead, we ob-
serve geographic clusters by caregiver for each day independently, as depicted in
Figure 4.6. To clarify this observation, let us consider two extreme cases theoret-
ically: one where all patients require one visit per week and another where some
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Week

Day 1 Day 2 Day 3 Day 4 Day 5

Figure 4.6. Illustration of patient-caregiver assignment by week and by day
(for Region T-20, Nursing)

patients require visits on all days. In the former case, caregivers visit similar
regions daily, aligning with pre-clustering regions by caregiver. Conversely, in the
latter case, where patients need only one visit per week, freely assigning a new
region for each caregiver each day may be more profitable. Thus, the conven-
tional approach of pre-clustering caregivers by region seems advantageous only
when time windows are wide and patients require multiple visits per week.

In settings with narrow or tight time windows, we cannot observe distinct
patterns based on geographic proximity. We explain this with feasibility consid-
erations. Even if nearby patients cannot be visited within their time windows,
it remains more profitable to visit distant patients than none at all. As a result,
geographical factors appear less influential with shorter time windows, further
compounded by higher levels of robustness. In such situations, we discourage
the use of clustering heuristics and suggest either computing optimal solutions or
resorting to alternative heuristics like a simple greedy heuristic that iteratively
fixes the most promising patient-caregiver-day patterns.
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Wide Narrow Tight

Figure 4.7. Daily schedules with medium robustness by time window size
(for Region T-20, Nursing)

Routes and Schedules. Finally, we assess the daily routes and schedules across
various levels of robustness and time window sizes. If fewer visits can be accom-
modated due to higher robustness or shorter time windows, the routes naturally
adjust. However, if all visits can still be met, routes often require minimal or no
adjustments to accommodate higher robustness or shorter time windows.

We find that routes may remain similar across different robustness levels if
the set of visited patients remains unchanged. The main adjustments typically
occur in the schedules, with discrepancies becoming more noticeable as the day
progresses. While dependent on the estimated deviations of service and travel
times, the worst-case start times change on average as follows. Compared to no
robustness, the worst-case start time for the 8th visit is 29.30 minutes later for
low robustness and 33.74 minutes later for medium robustness. With high robust-
ness, there was no 8th visit on any day. Furthermore, as depicted in Figure 4.7,
decreasing time window lengths tend to increase the scheduled time between any
two visits. In summary, scheduling buffers between visits enables shorter time
windows and increased robustness, with limited profit loss as long as revenue
remains unaffected.

4.6. Conclusion

This work introduces a comprehensive decision tool for patient selection, caregiver
assignment, and multi-day routing and scheduling, taking into account polyhe-
dral uncertainty sets for travel and service times. It incorporates a variety of
optimization criteria, including patient time windows, number of required visits,
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caregiver availability, compatibility, continuity of care, and profit. The tool is
designed to ensure optimal treatment for all selected patients, considering the
factors influenced by operational planning. In particular, all plans are robust, en-
suring timely availability for patients and caregivers even in worst-case scenarios,
which can be adjusted through uncertainty budgets. At the same time, profit is
maximized, calculated as revenue minus wage cost and travel cost.

We efficiently decompose the Robust Home Healthcare Routing and Scheduling
Problem in several layers for a nested branch-and-price procedure. In the first
layer, the problem is decomposed by caregiver, yielding weekly plans. Next,
the problem of finding a weekly plan for each caregiver is decomposed by day,
yielding daily routes for each. These routes are computed using a branch-and-
bound procedure, with traveling salesman subproblems (R-TSPTW), and a multi-
knapsack problem guiding the acceptance decision.

Our case study with real data from a large US home healthcare agency demon-
strates that, while runtimes increase with shorter time windows and the level of
robustness, all instances can be optimally solved within reasonable computation
times. Surprisingly, geographic factors seem secondary to revenue and feasibil-
ity in the acceptance and assignment of new patients. Compared to parameter
settings absent of robustness and time windows, introducing a medium level of ro-
bustness and one-hour time windows, and thus smoother operations and a higher
service level, leads to an average profit loss of 14.20%. This is mainly due to
decreased patient loads per caregiver per day. Nevertheless, some daily schedules
can be robustified by scheduling more buffer times without affecting revenue.

Our work also points to several directions for future research. Firstly, the
problem setting could be expanded. Alternative objectives such as preference
satisfaction and workload balance, additional constraints for lunch breaks, care-
giver dependencies, as well as uncertain caregiver absence are also relevant from
a practical standpoint. Secondly, runtimes could be further accelerated. While
we solved the R-TSPTW subproblems using Gurobi, it seems promising, partic-
ularly for settings with high uncertainty, to employ a problem-specific solution
method. Thirdly, it would be worthwhile to investigate a variety of acceptance
and assignment policies. This could include a comparison of our approach with
advanced clustering approaches. More research is also needed on fair acceptance
procedures for new patients.
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5.1. Summary

In this dissertation, robust service levels are introduced for three key problems
in operational healthcare management: appointment scheduling, predictive over-
booking, and home healthcare routing and scheduling. These service levels guar-
antee adherence to individual waiting time guarantees for appointment scheduling
and predictive overbooking, and adherence to time windows for home healthcare.
They are designed robustly to withstand various uncertainty factors, ensuring ac-
ceptable outcomes even in worst-case scenarios. Robustness in the appointment
scheduling framework considers service times within box uncertainty sets, while
for predictive overbooking, it additionally accounts for uncertain no-show predic-
tions within novel uncertainty sets for false positive and false negative predictions.
In the home healthcare routing and scheduling problem, weekly schedules are ro-
bust to unfortunate service and travel times within polyhedral uncertainty sets,
whose degree of conservatism can be adjusted using uncertainty budgets. Under
these robust service levels, total cost is minimized.

All problems investigated in this dissertation are NP-hard. For the appoint-
ment scheduling problem, this is proven by a reduction to the subset sum problem.
Each problem is addressed using specific decomposition techniques. Analytical
approaches are employed for the appointment scheduling problem and the predic-
tive overbooking problem. These result in easy-to-implement optimal scheduling
and sequencing rules for relevant special cases in the former, and the derivation of
a mixed-integer linear program using total unimodularity and LP duality in the
latter. The home care routing and scheduling problem, however, is notably more
intricate due to its greater number of decisions and constraints, necessitating a
numerical approach. To tackle this complexity, a nested branching and pricing
approach is adopted. All problems are solved to optimality.
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The proposed models and solution methods are tested using real-world data:
the first two based on data from a radiology department at a large German
university hospital and the last using data from a major US home healthcare
agency. The computational results illustrate that robust waiting time guarantees
are adhered to for nearly all test instances and ensure more equitably distributed
waiting times for patients. Remarkably, in instances where any benchmark ap-
proach also provides acceptable patient waiting times, the introduction of wait-
ing time guarantees may simultaneously lead to cost reductions. The increase
in costs with higher levels of service and robustness is carefully evaluated for all
problems. Overall, the computational findings underscore the potential of in-
troducing worst-case service levels for individual patients to enhance equity in
appointment scheduling and routing, while minimizing costs.

5.2. Key Managerial Insights

The findings in this dissertation provide the following key managerial insights into
the implementation of robust service levels for appointment scheduling, predictive
overbooking, and home healthcare routing and scheduling.

5.2.1. Robust Appointment Scheduling
with Waiting Time Guarantees

In this problem, waiting time guarantees are introduced for all patients under
uncertain service times given by box uncertainty sets, while minimizing worst-
case costs incurred by idle time and overtime.

Complexity. The worst-case waiting times clearly arise in scenarios in which all
patients require maximum service time. Moreover, worst-case cost scenarios have
been identified, necessitating minimum service times initially (resulting in idle
time) followed by maximum service times (leading to overtime) for all patients.
Yet, even for identical waiting time guarantees for all patients, and costs c1 =

. . . = ci > ci+1 = . . . = cn+1 ≥ 0, co = 0, finding an optimal schedule that is
robust with respect to these scenarios is NP-hard.
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Optimal Scheduling and Sequencing Rules. The following intuitive and easy-
to-implement rules offer optimal solutions in relevant special cases. Assuming
constant idle time costs, i.e., no timely preference for the occurrence of idle time,
it is optimal to schedule patients in ascending order with p̄j−

¯
pj+(1+co)Wj, i.e.,

the amount of uncertainty about their service times and their waiting tolerance.
This rule also provides a deeper understanding of the optimality of the well-known
Smallest Variance First rule and extends it to consider waiting time guarantees.
Moreover, for the case of non-increasing idle time costs, including cases where
earlier idle time may be valued more expensively than later idle time due to factors
such as accumulated documentation work, optimality of the ASAP scheduling
rule is proven. This rule sets each appointment time as early as possible while
ensuring compliance with the waiting time guarantees.

Waiting Times, Idle Times, and Overtime with Real-World Data. A case
study conducted using data from the radiology department of a large German uni-
versity hospital demonstrates the effectiveness of robust appointment scheduling
with waiting time guarantees. Specifically, it shows that more than 96% of ap-
pointments adhere to a 30-minute waiting time guarantee, effectively preventing
excessive waiting times. Moreover, in comparison to weighted sum approaches,
the proposed approach offers greater precision in controlling waiting times, but
also idle times and overtime. Moreover, the introduction of waiting time guaran-
tees results is conducted with a minimal increase in worst-case costs. Generally,
in environments where most patients experience acceptable waiting times, imple-
menting RASWTG provides both waiting time guarantees and cost reduction.
This cost reduction typically accompanies a slight increase in average waiting
times. Conversely, in environments where many patients experience prolonged
waiting times, RASWTG effectively prevents excessive waiting times with a min-
imal increase in total worst-case cost.
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5.2.2. Robust Predictive Overbooking
with Waiting Time Guarantees

In this problem, waiting time guarantees are introduced for all patients, consid-
ering not only uncertain service times but also individual no-show predictions.
Robustness against false predictions is managed through uncertainty budgets,
which anticipate both false positives and false negatives. The objective remains
to minimize the worst-case cost associated with idle time and overtime.

Decomposability. To derive a mixed-integer linear program, the problem can
be decomposed as follows. Initially, the worst-case waiting time constraint is
broken down on a per-patient basis, allowing for its linearization through total
unimodularity and LP duality. Secondly, the objective function can again be
decomposed into two distinct components: an earlier idle time segment and a
subsequent overtime incurring segment. Idle time is further divided into blocks.

Waiting Times, Idle Times, and Overtime. Our computational analysis re-
veals that a state-of-the-art MILP solver efficiently finds optimal solutions for
instances involving up to eight patients within reasonable runtimes. These re-
sults consistently demonstrate adherence to a 30-minute waiting time guarantee
in over 96% of cases across various scenarios. We evaluate the impact of predic-
tion uncertainty, noting a decrease in total idle time by up to 8% and a decrease
by up to 24% in overtime with perfect predictions compared to no individual pre-
dictions. This enhancement is even more significant for the completion time of
the last appointment. Interestingly, we observe a slightly more adverse effect on
total cost from false positives compared to false negatives. Moreover, surprisingly,
a higher no-show rate decreases waiting times and simultaneously enables a cost
reduction through our overbooking approach. This suggests that the proposed
overbooking approach is capable of effectively mitigating the negative effects im-
plied by no-shows.

5.2.3. Robust Home Healthcare Operations

This problem entails simultaneous decisions regarding acceptance, patient-caregiver
assignment, routing, and scheduling over a multi-day planning horizon, involving
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multiple caregivers. All health-related criteria are enforced as hard constraints,
along with all cost-related criteria in the objective function.

Exact Solution Method. The complexity of the problem can be addressed by
decomposing the creation of weekly plans, initially by caregiver and then by day.
Subsequently, for each day, a Knapsack problem can be employed to identify
promising assignments, which ultimately breaks the routing and scheduling deci-
sion down to a small robust traveling salesman subproblem with time windows.
Leveraging this decomposable problem structure, a nested branch-and-price pro-
cedure has been proposed. Our case study, based on real data from a large US
home healthcare agency, demonstrates that while runtimes increase with shorter
time windows and higher levels of robustness, all test instances can be optimally
solved within reasonable computation times.

The Price of Robust Service Levels. Robust service levels entail robust ad-
herence to time windows. Introducing a medium level of robustness along with
one-hour time windows, in contrast to parameter settings devoid of robustness
and time windows, results in smoother operations and a higher service level, al-
beit with an average profit loss of 14.20%. This decrease is primarily attributed
to reduced patient loads per caregiver and day. Interestingly, geographic consid-
erations seem to be of secondary importance in the acceptance and assignment
of new patients, with a simple greedy heuristic proving effective instead. Fur-
thermore, certain daily schedules can be enhanced with additional buffer times
without affecting revenue.

5.3. Limitations and Recommendations

This dissertation demonstrates the potential of robust service levels, particularly
waiting time guarantees, in improving equity and reliability of waiting times,
offering a straightforward and customizable framework. It requires further re-
search across diverse healthcare settings to identify patient-specific thresholds for
acceptable waiting times, considering both health outcomes and patient satisfac-
tion. Moreover, it is important to note that robust waiting time guarantees may
result in increased average waiting times compared to traditional methods, and
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may lead to reduced capacity utilization in settings with excessive waiting times.
Additionally, it is important to conduct further evaluation of the cost-effectiveness
of waiting time guarantees in other healthcare settings and to compare the perfor-
mance with alternative fairness approaches, such as those proposed by Qi (2017),
Samorani et al. (2021), and Benjaafar et al. (2023).

Moreover, the chosen uncertainty sets are inherently pivotal for ensuring the
robustness and performance of the models. While the existing box uncertainty
sets for appointment scheduling already result in NP-hardness, and in reason-
able performance for instances with up to ten patients, they seem excessively
conservative when handling larger instances. Thus, there is a need to consider
uncertainty budgets to control the level of conservatism. To this end, as introduc-
ing uncertainty budgets for service times further increases the complexity of the
appointment scheduling problem, it might be advisable to focus on the simpler
and practically applicable case of constant idle time costs.

Furthermore, it is essential to find more efficient solution methods for the pre-
dictive overbooking problem. Moreover, the nested branch-and-price method for
the home healthcare problem could be further accelerated using a sophisticated
solution method for the robust traveling salesman subproblems with time win-
dows. It is important to note that the proposed decomposition approach for
addressing the home healthcare routing and scheduling problem relies on the
assumption of caregivers’ independence, warranting further exploration of set-
tings involving interdependent caregivers. Clearly, the efficiency of all approaches
should also be validated with other data and in different contexts.

Finally, the trade-off between waiting times, idle times, and overtime should be
discussed with ethicists and practitioners. For instance, a combination of robust
service levels with optimizing expected capacity utilization appears intriguing.
Additionally, the acceptance decision deserves more attention and the outcomes
of predictive overbooking necessitate further consideration from an ethical stand-
point. All in all, appointment scheduling problems should be further examined
within a broader framework of operational, tactical, and strategic decisions to
enhance healthcare delivery.
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5.4. Future Research Directions

This dissertation points towards several avenues for future research, ranging from
further examination of problem-specific insights to exploring the transferability
of the applied approaches. The following areas are highlighted for further inves-
tigation:

Appointment Scheduling and Overbooking. Firstly, it appears valuable to
incorporate uncertainty budgets controlling conservatism with respect to service
time uncertainty. Developing optimal scheduling and sequencing rules for this
extended problem presents an intriguing avenue for exploration. Secondly, in-
tegrating robust waiting time guarantees into more comprehensive appointment
scheduling problems and decisions, especially incorporating patient acceptance or
rejection decisions, seems promising. Thirdly, more efficient solution methods for
larger instance sizes are required, in particular for robust predictive overbooking.

Home Healthcare Routing and Scheduling. In addition to the presented ap-
proach, practitioners have explicitly expressed interest in robustness with respect
to uncertain caregiver absence. Moreover, alternative objectives such as prefer-
ence satisfaction and workload balance, additional constraints for lunch breaks,
and caregiver dependencies are also relevant from a practical standpoint. Apart
from expanding the problem scope, investigating optimal acceptance and assign-
ment policies, with a focus on fairness, would be worthwhile.

Generalizable Concepts. Firstly, there is promise in further exploring the pro-
posed uncertainty budgets for false predictions. Secondly, the nested branch-and-
price procedure can be applied to other related routing and scheduling problems.
Thirdly, the potential for applying and customizing the proposed robust service
levels extends to a wider range of problems in healthcare and beyond.

In general, and concerning the application of the proposed robust service levels
to other problems, more research is required to further grasp the consequences
of operational decisions and, in turn, to refine optimization models. Fostering
collaboration with ethicists and medical experts is paramount to developing re-
sponsible optimization models.
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A. Appendix

A.1. Robust Appointment Scheduling with

Waiting Time Guarantees

A.1.1. Proofs.

Theorem 1 (NP-Hardness, Page 17). Let all patients have identical waiting time
guarantees W . Moreover, let the idle time costs fulfill c1 = . . . = cσ > cσ+1 =

. . . = cn for some σ ∈ [n − 1] and the overtime cost co = 0. Then the Robust
Appointment Scheduling Problem with Waiting Time Guarantees is NP-hard.

Proof. To simplify the notation, let ϵ be a real number such that L =
∑n

j=1 p̄j −
W + ϵ =: An+1.

First, we employ Theorem 2 to reformulate the objective function as

min
π,A

{
max

i∗∈{0,...,n+1}

i∗∑
i=1

ci(Ai −
¯
Ci−1(π,A))

+ + co

(
Ai∗ +

n∑
k=l∗

n∑
j=1

πkj p̄j − L

)+}
.

Since the overtime cost fulfill co = 0, it suffices to consider i∗ = n+ 1. Moreover,
using Theorem 4, the appointment start times can be calculated as A1 = 0,
Ai = (

∑i−1
l=1

∑n
j=1 πlj p̄j −W )+ for i ∈ {2, . . . , n}. Therefore, the worst-case cost
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equals:

n+1∑
i=2

ci (Ai −
¯
Ci−1(π,A))

+

=
n+1∑
i=2

ci


i−1∑
k=1

n∑
j=1

πkj p̄j −W

−max

{
i−1∑
k=1

n∑
j=1

πkj
¯
pj, max

l∈[i−1]

(
l−1∑
k=1

n∑
j=1

πkj p̄j +
i−1∑
k=l

n∑
j=1

πkj
¯
pj

)
−W

}


+

+ cn+1ϵ

=
n+1∑
i=2

ci

(
min

{
i−1∑
k=1

n∑
j=1

πkj(p̄j −
¯
pj)−W,

n∑
j=1

πi−1,j(p̄j −
¯
pj)

})+

︸ ︷︷ ︸
:=si

+cn+1ϵ

We observe that
∑n

j=1 πi−1,j(p̄j−
¯
pj) ≥ 0 holds for all i ∈ [2, n+ 1] in the second

term in si and that si = 0 if
∑i−1

k=1

∑n
j=1 πkj(p̄j−

¯
pj)−W ≤ 0. Let l∗ be the smallest

index such that
∑l∗−1

k=1

∑n
j=1 πkj(p̄j −

¯
pj) −W ≥ 0. Then, for all i > l∗, it holds

that
∑n

j=1 πi−1,j(p̄j−
¯
pj) ≤

∑l∗−1
k=1

∑n
j=1 πkj(p̄j−

¯
pj)−W +

∑n
j=1 πi−1,j(p̄j−

¯
pj) ≤∑i−1

k=1

∑n
j=1 πkj(p̄j −

¯
pj)−W. Therefore, the worst-case cost finally becomes:

n+1∑
i=1

ci(Ai −
¯
Ci−1)

+ (A.1)

=cl∗

(
l∗−1∑
i=1

n∑
j=1

πij(p̄j −
¯
pj)−W

)
+

n+1∑
i=l∗+1

ci

n∑
j=1

πi−1,j(p̄j −
¯
pj) + cn+1ϵ. (A.2)

Now, we observe that the index l∗ is uniquely determined by the two conditions:

(i)
∑l∗−1

i=1

∑n
j=1 πij(p̄j −

¯
pj)−W ≥ 0

(ii)
∑l∗−2

i=1

∑n
j=1 πij(p̄j − pj)−W < 0

Notably, even if
∑l∗−2

i=1

∑n
j=1 πij(p̄j −

¯
pj)−W = 0, then the worst-case sum of

idle time equals (60).
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Therefore, worst-case idle times arise in two ways: If no idle time occurs up
to and including appointment l∗ − 1, then the idle time before appointment l∗

equals
∑l∗−1

i=1

∑n
j=1 πij(p̄j−

¯
pj)−W . The idle time before all subsequent appoint-

ments i > l∗ equals
∑n

j=1 πi−1,j(p̄j −
¯
pj). In the case of l∗ = σ, the unit idle

time cost before appointment l∗ exceeds all later unit costs of idle time. The
challenge lies in partitioning the patients into two groups such that the idle time
sum

∑l∗−1
i=1

∑n
j=1 πij(p̄j −

¯
pj) −W is minimized. The RASWTG problem under

consideration becomes:

min
l∗∈[2,n+1]

min
π

cl∗

(
n∑

j=1

l∗−1∑
i=1

πij(p̄j −
¯
pj)

)
+

n∑
j=1

n∑
i=l∗+1

πi−1,jci(p̄j −
¯
pj) (A.3)

− cl∗W + cn+1ϵ (A.4)

s.t. W ≤
l∗−1∑
i=1

n∑
j=1

πij(p̄j −
¯
pj) ≤ W +

n∑
j=1

πl∗−1,j(p̄j −
¯
p
j
) (A.5)

n∑
j=1

πij = 1,
n∑

i=1

πij = 1 (A.6)

π ∈ {0, 1}n×n (A.7)

We now reduce the following NP-hard Subset Sum Problem (Garey and John-
son 1979, p. 226) to a variant of (A.4) – (A.7).

max
z

n∑
j=1

αjzj (A.8)

s.t.
n∑

j=1

αjzj ≤ β (A.9)

z ∈ {0, 1}n (A.10)

Defining yj := 1 − zj for all j ∈ [n], the Subset Sum Problem is equivalent to
the following problem. In particular, denoting the optimal value of the Subset
Sum Problem by OPTz and the optimal value of the following problem by OPTy,
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it holds OPTz =
∑n

j=1 αj −OPTy.

min
l∗∈[0,n]

min
y

n∑
j=1

αjyj (A.11)

s.t.
n∑

j=1

αj − β ≤
n∑

j=1

αjyj (A.12)

n∑
j=1

yj = l∗ (A.13)

y ∈ {0, 1}n (A.14)

If the l∗th problem is infeasible, we assign it a huge number. Now, w.l.o.g. (the
case l∗ = 0 is trivial to check), the latter problem is equivalent to:

min
l∗∈[n]

min
π

l∗∑
i=1

n∑
j=1

αjπij (A.15)

s.t.
n∑

j=1

αj − β ≤
l∗∑
i=1

n∑
j=1

αjπij (A.16)

n∑
j=1

πij = 1,
n∑

i=1

πij = 1 (A.17)

πij ∈ {0, 1}n×n (A.18)

We can now use the similarity of (A.15) – (A.18) and (A.4) – (A.7). Let α and
β be an instance for (A.15) – (A.18). For l∗ ∈ [n] choose p̄,

¯
p fulfilling p̄j−

¯
pj := αj

for each j ∈ [n], W :=
∑n

j=1 αj−β, c1 = . . . = cl∗ := 1, and cl∗+1 = . . . = cn+1 :=

0. Then solving the l∗th subproblem of (A.15) – (A.18) is equivalent to solving
the respective (l∗ + 1)-st subproblem of (A.4) – (A.5). In particular, an optimal
solution (iOPT , πOPT ) also fulfills the second inequality in (A.5): If for some j ∈ [n]

and l ≤ iOPT such that πlj = 1 holds
∑

i∈[1,iOPT ]\{l}
∑n

j=1 αjπij >
∑n

j=1 αj − β,
then there exists a solution (l∗, π∗), l∗ < iOPT with smaller solution value, which
contradicts the optimality of (iOPT , πOPT ).

Thus, Problem (A.4) – (A.7), and therefore also the original problem, are NP-
hard.
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A.1.2. Computational Study Details

A.1.2.1. Instances

Figure A.1 presents a boxplot illustrating the service times for the most common
examination types.

0 20 40 60 80 100 120 140 160 180

Thorax (2.197)
Throat (832)

Abdomen (476)
Whole body (168)

Pancreas (155)
Brain skull (123)

Knee (114)

Service time (in minutes)

Figure A.1. Service times by examination type
(number of observations in parentheses)

A.1.2.2. Utilitarian Approach

We briefly explore optimal interappointment times to enhance our understanding
of optimal WSRAS schedules, as illustrated in Figure A.2. We again compute
the interappointment times for ten identical customers with a minimum service
time of 15 minutes, a maximum service time of 25 minutes, and a waiting time
guarantee of 30 minutes. In contrast to RASWTG, WSRAS interappointment
times start at a higher level. Then, depending on the waiting time weight, they
gradually decrease until a certain point. For small waiting time weights, most
interappointment times match the minimum service time of 15 minutes, leading
to little idle time but exploding waiting times. Conversely, higher waiting time
weights yield interappointment times closer to the maximum service time of 25
minutes, resulting in short waiting times but extended idle time. Intriguingly,
when cw = 0.1, WSRAS accumulates waiting times until, at a certain point, they
are alleviated by a single long interappointment time.
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WSRAS

RASWTG

(a) WSRAS with
cw = 0.00001
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(b) WSRAS with
cw = 0.1
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(c) WSRAS with
cw = 1
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Figure A.2. Optimal interappointment times (in minutes)

Finally, we note that the WSRAS problem with constant idle time costs closely
resembles problem (1) in Schulz and Udwani (2019), except that the latter does
not consider a fixed planning horizon L. While initially minimizing a weighted
sum of idle times and waiting time costs under a collective worst-case scenario,
Schulz and Udwani (2019) demonstrate the sufficiency of considering the same
n+ 1 scenarios as in WSRAS.

Moreover, comparing an RASWTG-optimal schedule that does not consider
a fixed planning horizon (e.g., cn+1 = co = 0) to a schedule computed with
the optimal scheduling rule in Schulz and Udwani (2019) and under the respec-
tive assumptions, we find that RASWTG improves capacity utilization for suf-
ficiently long waiting time guarantees. In particular, it is easy to show that
the RASWTG schedule reduces worst-case idle time costs in the case of W >∑n−1

i=1

∑n
j=1 πij

u
u+o≥i

(
p̄j −

¯
pj
)
.

139



A. Appendix

A.2. Robust Predictive Overbooking

A.2.1. Proofs

Lemma 3. For any service time scenario p ∈ P and no-show scenario λ ∈ Λ, the
completion time of appointment i ∈ [n] equals

Ci = max
l∈[1,i]

(
Al +

i∑
k=l

n∑
j=1

πkjλjpj

)
. (A.19)

Proof. Proof of Lemma 3. We prove by induction that the recursive computa-
tion of the completion times max {Ai, Ci−1} +

∑n
j=1 πijλjpj is equivalent to the

maximization problem maxl∈[1,i]

(
Al +

∑i
σ=l

∑n
j=1 πσjλjpj

)
. For i = 1, the terms

are equivalent. Suppose the claim is true for all appointments 1, . . . , i− 1. Then
the recursive definition of the completion time for appointment i is equivalent
to max

{
Ai,maxl∈[1,i−1]

(
Al +

∑i−1
σ=l

∑n
j=1 πσjλjpj

)}
+
∑n

j=1 πijλjpj. Taking the
last summand into the maximization problem renders this equivalent to the above
maximization problem.

A.2.2. Linearization

For any given but fixed i∗ ∈ {0, . . . , n + 1}, we compute each appointment i’s
cost function c(i) from Theorem 5 via c(i) =

∑n+1
l=1 γilcl with cn+1 := maxl∈[n] cl

using any feasible solution γ ∈ {0, 1}n×(n+1) of the following mixed-integer linear
problem.

γil ≤ ∆lM ∀l ∈ [n]∀i ∈ [n+ 1] (A.20)
l−1∑
zli=i

∆zli ≤ L(1− γil) ∀zli ∈ [n]∀i ∈ [n+ 1] (A.21)

i−1∑
l=1

γil = 0 ∀i ∈ [n] (A.22)

n+1∑
l=i

γil = 1 ∀i ∈ [n] (A.23)
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Constraints (A.20) ensure that, if there is no positive amount of idle time before
an appointment l ∈ [n], then γil = 0. We carefully choose M ≥ 1

minl∈[n]{∆l:∆l>0}
to ensure numerical stability. An alternative approach involves replacing (A.20)
with an indicator constraint, namely ∆l = 0 ⇒ γil = 0. Constraints (A.22)
and (A.23) ensure that each appointment i is assigned a unit idle time cost cl

with l ≥ i. Constraints (A.21) ensure that, if γz = 1, then there occurs no idle
time before any of the appointments i, ..., zli − 1. Therefore, Constraints (A.20)
to (A.23) ensure that γil = 1 holds if and only if l ∈ [i, n] is the next appointment
before which a positive amount of idle time occurs, and γi,n+1 = 1 if there is no
such appointment.

141



A. Appendix

A.3. Robust Routing and Scheduling of Home

Healthcare Workers

A.3.1. Dualization Scheme for Adversarial Problems

To apply the classical dualization scheme as proposed by Bertsimas and Sim
(2004), we reformulate the service start times. In particular, we replace the
binary variable x with a new binary variable zk,d,ij′j ∈ {0, 1}, which additionally
indicates the sequence of patients treated by caregiver k on day d. Specifically,
zkdij′j takes a value of 1 if and only if the ith patient treated by caregiver k on day
d is patient j, and the patient treated before j was patient j′. Notably, we keep
both patient indices due to the consideration of travel times. Now, we shift the
focus from the start time of patient i to the start time of the ith patient treated
by caregiver k on day d.

Lemma 4 (Start Time Reformulation). Let p̄0 := 0 and p̂0 := 0. For a fixed
caregiver and day, consider the binary variable zij′,j, where zij′,j equals 1 if the ith
visit is with patient j ∈ I and patient j′ ∈ I∪{0} was visited immediately before,
and 0 otherwise. Then, the service start times can be computed as follows.

a. Compute the service start time si for patient i ∈ I, initializing s0 as
¯
W , as

follows:

si ≥ max

{
¯
Ti, max

j∈I∪{0}

(
sj + p̄i + γp

i p̂i + t̄ij + γt
ij t̂ij
)
xji

}
(A.24)

b. Compute the service start time s̃i for the ith visited patient, with
¯
T0 :=

¯
W ,

and ϕ(γ) := p̄j + γp
j p̂j + t̄jj′ + γt

jj′ t̂jj′ , as follows:

s̃i ≥ max


∑
j∈I

∑
j′∈I
∪{0}

zij′jT
¯ j
,max

i′≤i


∑
j∈I

∑
j′∈I
∪{0}

zi
′

j′jT
¯ j′

+
i∑

l=i′

∑
j∈I

∑
j′∈I
∪{0}

ϕ(γ)zlj′j




(A.25)
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Proof. Proof of Lemma 4. Let s̃0 :=
¯
W . We prove by induction that (A.25) is

equivalent to the recursive formulation of start times

s̃i ≥ max

∑
j∈I

∑
j′∈I∪{0}

zij′jT
¯ j
, s̃i−1 +

∑
j∈I

∑
j′∈I∪{0}

ϕ(γ)zij′j

 . (A.26)

For i = 1, the terms are equivalent. Suppose the claim is true for all visits
1, . . . , i− 1. Then replacing s̃i−1 in (A.26) with the formulation given by (A.25)
shows the equivalence. It is evident that computing the service start times using
(A.26) is equivalent to using (A.24).

Let nmax denote the maximum number of patients treated by any caregiver on
any day. Using the binary variable z and defining p0 := 0, p̂0 := 0, p̄0 := 0, we
can reformulate Constraints (4.2) as:

skdi∗ ≤
n∑

j=1

n∑
j′=1

T̄jdz
k,d,i∗

j′j

∀k ∈ K∀d ∈ D ∀i∗ ∈ [nmax] (A.27)

skdi∗ ≥ ¯
Wkd +max

p∈Up

t∈Ut

{
i∗∑
i=1

n∑
j=1

n∑
j′=0

(pj + tj′j)z
k,d,i
j′j

}
∀k ∈ K∀d ∈ D ∀i∗ ∈ [nmax] (A.28)

skdi∗ ≥
n∑

j=1

n∑
j′=0

¯
Tjdz

k,d,i′

j′j +max
p∈Up

t∈Ut

{
i∗∑
i=i′

n∑
j=1

n∑
j′=0

(pj + tj′j)z
k,d,i
j′j

}
∀k ∈ K∀d ∈ D ∀i∗ ∈ [nmax]∀i′ ∈ [i∗] (A.29)

Now, replacing the maximization problems in A.28 and A.29 by their LP duals,
we can replace Constraints (4.2) by the following linear formulation:
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skdi∗ ≤
n∑

j=1

n∑
j′=1

T̄jdz
k,d,i∗

j′j

∀k ∈ K∀d ∈ D ∀i∗ ∈ [nmax] (A.30)

skdi∗ ≥ ¯
Wkd +

i∗∑
i=1

n∑
j=1

n∑
j′=0

(p̄j + t̄j′j)z
k,d,i
j′j

+ Γpy(k,d,i
∗,0)

p + Γty
(k,d,i∗,0)
t

+
n∑

j=1

(yp)
(k,d,i∗,0)
j +

n∑
j=1

n∑
j′=0

(yt)
(k,d,i∗,0)
j′j

∀k ∈ K∀d ∈ D ∀i∗ ∈ [nmax] (A.31)

y(k,d,i
∗,0)

p + (yp)
(k,d,i∗,0)

j ≥
i∗∑
i=1

n∑
j′=1

p̂jz
k,d,i
j′j

∀k ∈ K∀d ∈ D ∀i∗ ∈ [nmax]∀j ∈ N (A.32)

y
(k,d,i∗,0)
t + (yp)

(k,d,i∗,0)

j′j ≥
i∗∑
i=1

t̂j′jz
k,d,i
j′j

∀k ∈ K∀d ∈ D ∀i∗ ∈ [nmax]∀j′ ∈ N0∀j ∈ N (A.33)

skdi∗ ≥
n∑

j=1

n∑
j′=0

¯
Tjdz

k,d,i′

j′j +
i∗∑
i=i′

n∑
j=1

n∑
j′=0

(p̄j + t̄j′j)z
k,d,i
j′j

+ Γpy(k,d,i
∗,i′)

p + Γty
(k,d,i∗,i′)
t

+
n∑

j=1

(yp)
(k,d,i∗,i′)

j +
n∑

j=1

n∑
j′=0

(yt)
(k,d,i∗,i′)

j′j

∀k ∈ K∀d ∈ D ∀i∗ ∈ [nmax]∀i′ ∈ [i∗] (A.34)

y(k,d,i
∗,i′)

p + (yp)
(k,d,i∗,i′)

j ≥
i∗∑
i=i′

n∑
j′=1

p̂jz
k,d,i
j′j

∀k ∈ K∀d ∈ D ∀i∗ ∈ [nmax]∀i′ ∈ [i∗]∀j ∈ N (A.35)

y
(k,d,i∗,i′)
t + (yp)

(k,d,i∗,i′)

j′j ≥
i∗∑
i=i′

t̂j′jz
k,d,i
j′j

∀k ∈ K∀d ∈ D ∀i∗ ∈ [nmax] (A.36)

∀i′ ∈ [i∗]∀j′ ∈ N0∀j ∈ N (A.37)

y ≥ 0 (A.38)
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This formulation requires |I|2 · |K| · |D| · nmax binary variables,
O
(
|I|2 · |K| · |D| · (nmax)

2) new continuous variables and replaces Constraints (4.2)
with O

(
|I|2 · |K| · |D| · (nmax)

2) new constraints.

A.3.2. Nested Branch-and-Price Procedure

In the following, we present the LP duals for the linear relaxation of both the
first- and second-level master problems, along with the corresponding pricing
problems.

A.3.2.1. LP Duals

The LP dual of the linear relaxation of the first-level master problem (4.20) –
(4.23) can be stated as follows:

min
∑
k∈K

vk +
∑
i∈IR

wi (A.39)

s.t. vk +
∑
i∈IR

aik,P wi ≥ Revk,P − C(T )k,P − C(W )k,P ∀k ∈ K∀P ∈ Pk (A.40)

w ≥ 0 (A.41)

The dual perspective provides valuable insights into the problem. It aims to
find an optimal value for each caregiver and each new patient. For each weekly
plan, the total value generated by the caregiver and the newly accepted patients
he or she visits must be at least as high as the profit generated by the weekly plan.
The LP dual aims to minimize the aggregate value associated with all caregivers
and new patients.

The LP dual of the linear relaxation of the second-level master problem (4.25)
– (4.30) can be stated as follows:
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min
∑
d∈D

ud +
∑
i∈IR

vizi +
∑
i∈IR

∑
d̃∈[|D|−di]0∩[di−d]0

qid̃ (A.42)

s.t.ud +
∑
i∈IR

aid,Rzi +
∑
i∈IR

∑
d̃∈[|D|−di]0∩[di−d]0

aid,Rqid̃ (A.43)

−
∑
i∈IR

∑
d̃∈D

aid,Ryid̃ +
∑
i∈IR

via
i
d,Ryid (A.44)

≥ Revd,R − C(T )d,R − C(W )d,R −
∑
i∈IR

w∗
i

vi
aid,R ∀d ∈ D ∀R ∈ Rd

(A.45)

z, y, q ≥ 0 (A.46)

The second-level dual LP evaluates the constraints of a single route per day (u),
the fulfillment of the exact number of required visits for each new patient (z, y),
and the adherence to the minimum required time period between two consecutive
visits (q).

A.3.2.2. Pricing Problems

The first-level pricing problem is solved independently for each fixed caregiver
k ∈ K. It generates a feasible weekly plan that maximizes the profit, minus
the value of the newly accepted patients (determined by the dual value w∗). All
constraints are known from Constraints ((2)) –((11)) and Contraints (4.15) –
(4.19).
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max
∑
i∈I

Rkiviδi −
∑
d∈D

∑
i,j∈I

CT
dijx

d
ij − CW

k

∑
d∈D

(
sdn+1 − ¯

Wkd

)
−
∑
i∈IR

w∗
i δi (A.47)

s.t. sdi,γp,γt ∈ [
¯
Tid, T̄id]

∀d ∈ D ∀i ∈ I ∀γp ∈ [Γp]0 ∀γt ∈ [Γt]0 (A.48)

sdn+1 ∈ [
¯
Wkd, W̄kd]

∀d ∈ D (A.49)

sdi,0,ζt ≥
(
¯
Wkd + t̄0i + ζtt̂0i

)
xd0i

∀d ∈ D ∀i ∈ I ∀ζt ∈ {0, 1} (A.50)

sdi,γp+ζp,γt+ζt ≥ sdj,γp,γt + (p̄j + ζpp̂j + t̄ji + ζtt̂ji)x
d
ji

+ (
¯
Tid − T̄jd)(1− xdji)

∀d ∈ D ∀i, j ∈ I ∀γp ∈ [Γp]0 ∀γt ∈ [Γt]0

∀ζp, ζt ∈ {0, 1} : γp + ζp ≤ Γp, γt + ζt ≤ Γt (A.51)

sdn+1 ≥ sdi,Γp−ζp,Γt−ζt + (p̄i + ζpp̂i + t̄i,n+1 + ζtt̂i,n+1)x
d
i,n+1

+ (
¯
Wkd − T̄id)(1− xdi,n+1)

∀d ∈ D ∀i ∈ I∀ζp, ζt ∈ {0, 1} . (A.52)

max
∑
d∈D

∑
j∈I

xdij = viδi ∀i ∈ I (A.53)

δi = 1 ∀i ∈ IEk (A.54)∑
j∈I

xdij ≤ Ckd
i ∀d ∈ D ∀i ∈ IR (A.55)

∑
j∈I

xdij +
∑

µ∈[di]0

∑
j∈I

xd+µ
ij ≤ 1 ∀d ∈ D ∀i ∈ IR (A.56)

∑
j∈J

xdji −
∑
j∈J

xdij = 0,
∑
i∈J

xdii = 0 ∀d ∈ D ∀i ∈ I (A.57)

∑
i∈[n+1]

xd0,i = 1,
∑
i∈N0

xdi,n+1 = 1 ∀d ∈ D (A.58)

xdij , δi ∈ {0, 1} ∀d ∈ D ∀i, j ∈ [n+ 1]0 (A.59)

sdi,γp,γt , sdn+1 ≥ 0 ∀d ∈ D ∀i ∈ I ∀γp ∈ [Γp]0 ∀γt ∈ [Γt]0 (A.60)
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The first-level pricing problem is a mixed-integer linear program withO (n2 · |D|)
binary variables, O (n · |D| · |Γp| · |Γt|) continuous variables and O(n2 · |D| · |Γp| ·
|Γt|) constraints.

The second-level pricing problem is solved independently for each fixed care-
giver k ∈ K and day d ∈ D. It generates a feasible daily route that maximizes the
profit, minus the value of the newly accepted patients (determined by the first-
and second-level dual values).

max
∑
i∈Ik

Rkiδi −
∑
i,j∈Ik

CT
dijxij − CW

k (sn+1 −
¯
Wkd) (A.61)

−

∑
i∈IR

w∗
i

vi
+
∑
i∈IR

z∗i +
∑
i∈IR

∑
d̃∈D

y∗
id̃
− viy

∗
id

+
∑
i∈Ik

∑
µ∈[|D|−di]:
µ∈[di−d]0

q∗i,µ

 δi

s.t. si,γp+ζp,γt+ζt ≥ sj,γp,γt + (p̄j + ζpp̂j + t̄ji + ζtt̂ji)xji

+ (
¯
Tid − T̄jd)(1− xji)

∀i, j ∈ Ik ∀γp ∈ [Γp]0 ∀γt ∈ [Γt]0

∀ζp, ζt ∈ {0, 1} : γp + ζp ≤ Γp, γt + ζt ≤ Γt (A.62)

si,0,ζt ≥
(
¯
Wkd + t̄0i + ζtt̂0i

)
x0i + (

¯
Wkd − T̄id)(1− xi,n+1)

∀i ∈ Ik ∀ζpζt ∈ {0, 1} (A.63)

si,γp,γt ∈ [
¯
Tid, T̄id]

∀i ∈ Ik ∀γp ∈ [Γp]0 ∀γt ∈ [Γt]0 (A.64)

sn+1 ≥ si,γp−ζp,Γt−ζt + (p̄i + ζpp̂i + t̄i,n+1 + ζtt̂i,n+1)xi,n+1

∀i ∈ Ik ∀ζt ∈ {0, 1} (A.65)

sn+1 ∈ [
¯
Wkd, W̄kd] (A.66)
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s.t.
∑
j∈Ik

xij = δi ∀i ∈ Ik (A.67)

∑
j∈Ik

xij ≤ Ckd
i ∀i ∈ Ik (A.68)

∑
j∈Ik

xji −
∑
j∈Ik

xij = 0,
∑
i∈Ik

xii = 0 ∀i ∈ Ik (A.69)

∑
i∈Ik

∪{n+1}

x0,i = 1,
∑
i∈Ik
∪{0}

xi,n+1 = 1 (A.70)

xij, δi ∈ {0, 1} ∀i, j ∈ Ik ∪ {0} ∪ {n+ 1} (A.71)

si,γp,γt , sn+1 ≥ 0 ∀i ∈ Ik ∀γp ∈ [Γp]0 ∀γt ∈ [Γt]0 (A.72)

The second-level pricing problem is a MILP with O (n2) binary variables,
O (n · |Γp| · |Γt|) continuous variables and O(n2 · |Γp| · |Γt|) constraints.

A.3.3. Case Study

Appendix A.3.3.1 provides detail on the data and Appendix A.3.3.2 provides
additional details on the computational results.

A.3.3.1. Data

The original data set encompasses detailed information on 166,641 visits made by
807 caregivers to 7,405 patients across eight regional branches and five different
disciplines. Data was collected by a US national healthcare agency headquartered
in Dallas, Texas over a 36-week period from July 21st, 2018 to March 18th, 2019.
Figure A.3 illustrates the weekly visit counts for the entire data set. To ensure
data completeness, we removed weeks with less than 4,000 visits, resulting in
23 considered weeks. The data comprises information on the patient locations,
required services, and timely availability for each patient, as well as the qualifi-
cation, employment status, and compensation type for each caregiver. Table A.3
summarizes the type of employment and compensation for all caregivers in the
data set.
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Figure A.3. Temporal trends in weekly patient visits
(overall visits depicted in gray, regular visits in black; shaded regions
indicate periods with fewer than 4,000 visits)

Regional branches. The original data set comprises visits from eight regional
branches located in four US states. With the exception of seven caregivers, all
others exclusively visited patients in a single region. A summary of the eight
regions is presented in Table A.1, and a scatter plot of patient locations within
each region is shown in Figure A.4. Variability in travel distances and times
within each region influences the home healthcare routing and scheduling prob-
lem. Accordingly, we categorized the regions into three groups: town-shorttravel,
city-midtravel, and town-longtravel. Out of each group, we chose up to one can-
didate for our instance generation.

Table A.1. Regional branch attributes

Patients Travel time
(avg.)

Distance
(avg.)

Population Group

Region-T19: 729 19.55 min 21.91 km < 500, 000 town-shorttravel
Region-T20: 1,138 20.22 min 22.60 km < 100, 000 town-shorttravel
Region-T30: 525 30.82 min 28.98 km < 500, 000 town-shorttravel
Region-T33: 1,856 33.94 min 38.03 km < 1, 000, 000 city-midtravel
Region-T36: 1,677 36.06 min 41.87 km < 1, 500, 000 city-midtravel
Region-T40: 398 40.64 min 42.63 km < 10, 000 town-longtravel
Region-T48: 559 48.06 min 54.18 km < 100, 000 town-longtravel
Region-T60: 523 60.98 min 74.69 km < 100, 000 town-longtravel
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Figure A.4. Scatter plots of patient locations by regional branch
(arranged in increasing order with respect to average travel time)

Services. Patient visits fall into the following disciplines: nursing (45.33% -
comprised of skilled nursing [SN], registered nursing [RN], licensed practical nurs-
ing [LPN], and psychiatric nursing [PSY]), physical therapy (36.26% - comprised
of physical therapy [PT] and physical therapy assistance [PTA]), occupational
therapy (12.55% - comprised of occupational therapy [OT] and occupational
therapy aid [COTA]), and other categories (5.87% - including speech therapy
[ST], home health aid [HHA], and medical social work [MSW]). Qualifications
required for the different services vary. For example, PSY services necessitate
PSY-qualified nurses, RN services require RN-qualified nurses, while LPN and
SN services can be delivered by both LPN- and RN-qualified nurses. The qual-
ification hierarchy is denoted as RN ≽ LPN , RN ≽ SN , PT ≽ PTA, and
OT ≽ COTA. The visits are further classified into various types, including rou-
tine visits (75.91%), reassessment visits (9.88%), initial visits (7.98%), discharge

Table A.2. Services (excluding 1.78% categorized as ’Other’)

Total visits Frequency (per patient) Visit types Change rate Wage

Weekly LoS Routine Other

SN: 41,889 1 visit(s) 5 weeks 100 % 0% 0.65 $26.86
RN: 18,361 1 visit(s) 2 weeks 18% 82% 4.84 $42.80
LPN: 6,959 1 visit(s) 4 weeks 98 % 2 % 0.75 $26.86
PSY: 6,446 1 visit(s) 9 weeks 80 % 20 % 0.18 $59.94

PTA: 34,639 2 visit(s) 5 weeks 100 % 0% 0.31 $31.01
PT: 25,780 1 visit(s) 3 weeks 46% 54% 1.36 $47.10

OT: 12,037 1 visit(s) 2 weeks 49% 51% 1.00 $44.61
COTA: 8,869 1.5 visit(s) 3 weeks 100 % 0 % 0.43 $20.71

ST: 6,195 1 visit(s) 4 weeks 71 % 29 % 0.28 $38.01
HHA: 2,502 1 visit(s) 3 weeks 100% 0 % 0.36 $14.15
MSW: 1,074 1 visit(s) 1 weeks 15 % 85 % 9.07 $30.17
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Table A.3. Caregivers

Employment Compensation

full time PRN part time other per visit hourly salaried other

51.93% 18.98% 2.49% 26.60% 37.41% 23.57% 12.68% 26.34%

visits (2.62%), and other types of visits (3.62%). In our computational study, we
focus exclusively on scheduling routine visits. Tables A.2 summarizes key charac-
teristics of each service that impact the home healthcare routing and scheduling
problem, such as mean weekly visits and length of stay (LoS) per patient, visit
type distribution, change rate (average ratio of new patients to existing patients),
wage (according to of Labor Statistics (2022)), and expected service time.

A.3.3.2. Results

In addition to the results presented in the main part, Table A.4 summarizes
the runtimes for all instances, averaged over three weeks. Similarly, Table A.5
summarizes the profit across all instances.

Table A.4. Average runtimes by discipline, region, level of robustness, and
time window size (in seconds)

Physical Therapy Nursing

Wide Narrow Tight Wide Narrow Tight

Region T-20 None 10.50 3.83 3.99 39.51 80.57 36.69
Low 177.67 12.67 15.20 411.04 13.86 42.43
Medium 1,116.91 205.52 37.06 6,758.96 11.60 434.74
High 25.67 3.45 3.43 51.86 187.55 11.61

Region T-60 None 9.92 1.33 2.91 21.00 1.39 1.52
Low 81.65 5.45 9.54 159.62 10.16 11.41
Medium 260.32 14.03 17.59 373.75 30.28 30.34
High 4.35 1.27 2.25 4.67 1.24 0.86

152



A. Appendix

Table A.5. Average profit by discipline, region, level of robustness, and time
window size (in USD)

Nursing Physical Therapy

Wide Narrow Tight Wide Narrow Tight

Region T-20 None 17,634 17,872 17,625 6,939 6,841 6,841
Low 17,634 17,625 17,620 6,914 6,817 6,641
Medium 17,634 17,625 17,620 6,819 6,731 6,624
High 17,634 17,624 17,620 5,448 5,394 5,391

Region T-60 None 4,525 4,200 4,290 6,202 5,458 5,447
Low 4,015 3,803 3,325 5,859 5,054 4,944
Medium 3,723 3,329 3,138 5,361 4,946 4,944
High 3,458 3,231 3,138 5,041 4,946 4,944
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B.1. Abbreviations

Chapters 2 and 3

ASAP As soon as possible
MILP Mixed-integer linear program
RASWTG Robust appointment scheduling with waiting time guarantees
WSRAS Weighted sum robust appointment scheduling
RPOWTG Robust predictive overbooking with waiting time guarantees
SVF Smallest variance first
SVF-WTG Smallest variance first with waiting time guarantees
WSRAS Weighted sum robust appointment scheduling

Chapter 4

B&P Branch and price
HHCR&S Home healthcare routing and scheduling
LBBD Logic-based Benders decomposition
MILP Mixed-integer linear program
R-HHCR&S Robust home healthcare routing and scheduling
R-TSPTW Robust traveling salesman problem with time windows
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B.2. Symbols

Chapters 2 and 3

C candidate set of predicted no-shows
ci unit cost for idle time before appointment i
co unit cost for overtime
cw unit cost for waiting time
L length of the planning horizon
M sufficiently large parameter
n number of patients
O Bachmann–Landau notation
P set of service time scenarios
Wj waiting time guarantee for patient j
ΓFN uncertainty budget for false negative predictions
ΓFP uncertainty budget for false positive predictions
Λ set of no-show scenarios
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Chapter 4

CW wage cost
CT travel cost
D set of days
D day pattern
I set of patients
IR set of new patient requests
IE set of existing patients
K set of caregivers
O Bachmann–Landau notation
Pk set of all weekly plans for caregiver k
p̃ expected service times
p̂ maximum positive deviation of service times
Rd set of all routes on day d
R revenue

¯
T earliest availability of patients
T̄ latest availability of patients
t̃ expected travel times
t̂ maximum positive deviation of travel times
Up set of service time scenarios
U t set of travel time scenarios
u∗ optimal second-level dual solution
vi required number of visits for patient i
v̄ upper bound on value per visit
v∗ optimal first-level dual solution

¯
W earliest availability of caregivers
W̄ latest availability of caregivers
w∗ optimal first-level dual solution
y∗ optimal second-level dual solution
z∗ optimal second-level dual solution
Γp uncertainty budget for service times
Γt uncertainty budget for travel times
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