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Sideband attraction via internal resonance in a multimode membrane
as a mechanism for frequency combs
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We explore self-induced parametric coupling between a driven (low frequency) and an undriven (high
frequency) mode, also called internal resonances, in a membrane micromechanical system. Specifically, we focus
on the formation of a limit cycle (LC) manifesting as a phononic frequency comb. As the LC formation involves
a Hopf bifurcation, we developed a dedicated pump-noisy-probe technique to investigate which mechanical
sidebands merge at the bifurcation. We reveal that the sideband of the driven lower mode is up-converted via
a cross-Duffing nonlinearity to hybridize with the undriven high mode. When the up-conversion is initially red
detuned relative to the high mode, significant squeezing and bimodality in the high mode occurs. Crucially, only
when the up-converted sideband is initially blue detuned relative to the high mode, the sideband is attracted to the
high mode and merges to form the Hopf bifurcation. This process delineates the microscopic origin of frequency
comb formation. Our study reveals a key instability mechanism in driven nonlinear systems with implications
for advanced sensing technologies and phononic metamaterials.

DOI: 10.1103/3mtc-j9r9

I. INTRODUCTION

Nonlinear systems are prevalent across physical, biologi-
cal, and engineering domains. They exhibit rich phenomena,
including bifurcations, self-sustained limit cycles (LCs), and
chaos [1,2]. Unlike linear systems, where the normal modes
are independent, nonlinear systems allow them to interact
and exchange energy. When two modes meet internal reso-
nance (IR) conditions, where frequencies approach specific
integer ratios, energy exchange becomes resonant [3]. These
interactions often involve parametric coupling mediated by
three-wave or four-wave mixing [4-6], with an external drive
enhancing the coupling strength and enabling dynamic control
of interactions. Nonlinear dynamics lead to multiple nonequi-
librium stationary solutions (NESSs) and associated phase
space topologies with bifurcations driving phase transitions
[7,8]. On top of the NESSs, nonlinear coupling can also
induce LCs [9-13]. The LCs are often heralded by Hopf
bifurcations, where excitations become unstable via gain in
the system. The prevalence of LCs in various fields, such
as neural rhythms, fluid flow transitions, disease outbreaks,
business cycles, and pattern formation [14—17], makes it cru-
cial to study the behavior of excitations around LCs. Nano-
and micromechanical systems lend themselves for studying
such effects, since their dynamics are prominently nonlinear,
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a consequence of surface forces overtaking volume forces at
small length scales [18,19].

In this work, by monitoring the response of a mode-
coupled nanomechanical system by pump-noisy-probe (PNP)
spectroscopy—beyond its conventional use in single-mode
dynamics [20-23], we provide insight into NESS under IR
conditions. The behavior of NESS is echoed in the dynamics
of sidebands around fixed points, with telltales of squeezed
fluctuations along with overdamped-to-underdamped transi-
tions and instabilities [24], yielding under certain conditions
the formation of a frequency comb. Although the formation
of a frequency comb in IR scenarios has been reported before
[9-12], the microscopic mechanism for its onset has not been
identified so far, mainly due to lack of experimental evidence
on which a mechanistic theoretical model could build. As we
show, this gap is closed by the so far unexplored usage of PNP
under IR conditions as well as by the systematic analysis of
sideband structures as a function of the drive frequency.

II. EXPERIMENTAL SETUP AND RESULTS

Our experimental setup, depicted in Fig. 1(a), is built upon
a suspended almost square-shaped silicon nitride (SiN) mem-
brane framed by a silicon chip that is attached to a piezo
disk. It supports kilohertz-frequency flexural vibration modes
labeled with wave numbers (n, m), where n and m count the
deflection extremes along the x and y directions. To excite
these modes, a single harmonic alternating current (AC) elec-
trical voltage Vi (¢) = V] sin(wyt) is applied across the piezo
at a frequency f; = w;/2m near the natural frequency f; =
Q1/(2m) = 576 kHz of the (1, 3) mode, called m; henceforth.
The membrane vibrates along the z axis perpendicular to an
externally applied magnetic field; see Fig. 1(a). This setup, in-
troduced in Ref. [21], linearly transduces mechanical motion
into readout voltage signals via electromagnetic induction; see
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FIG. 1. Setup and its NESS. (a) Schematic drawing of the SiN
membrane resonator (cross section in the inset) and the on-chip
detection scheme utilizing an inductive probe scheme with a de-
tection electrode patterned on the surface of the membrane. The
vibrating membrane resonator generates an induction voltage within
a uniform magnetic field, with the output signal being proportional
to the vibrational amplitude beneath the electrode. The output signal
is measured by a lock-in amplifier, a spectral analyzer (SA), and
an oscilloscope (OSC). (b) Amplitude response of the membrane
resonator at the drive frequency f; and its third harmonic 3f,, as
fa is swept upward (blue arrows) and then downward (purple and
orange arrows). The gray line marks the position where PSDs in
panels (c) and (d) are measured. Inset: Zoom-in on the response of
the (3, 9) mode (m,). (c) PSD around the f; peak along the upward
sweep. (d) Same as panel (c) along the down sweep, marking the
formation of a frequency comb with a frequency space Af. All
measurements were performed in vacuum and at room temperature.
Here, V| = 100mV. (e) Measured dependence of A f on Fj.

Fig. 1(a). For further details on sample fabrication, setup, and
data acquisition, we refer to the Appendixes A and B, as well
as Refs. [21,25-27].

In Fig. 1(b), we show the amplitude response at the drive
frequency f; and its third harmonic 3f; for up and down
frequency sweeps. The amplitude of m; follows along the
high-amplitude branch of a Duffing-shaped response. No-
tably, we observe motion not only in the driven mode m;
but also in the (3,9) mode, denoted by m, henceforth, with
natural frequency f> = /27 = 1.738 MHz. Note that f, ~
3f1, indicative of an IR. The m; is internally driven by m,’s
high-amplitude motion, which induces a Duffing-shaped re-
sponse in mjy: Both its high- and low-amplitude branches
appear along a hysteretic response relative to the up and down
sweeps. We also measure the power spectral density (PSD)
along the sweep; see Figs. 1(c) and 1(d). The PSD around
the high-amplitude branch of m, displays a single peak at f;.
Strikingly, during the down sweep along the low-amplitude
branch of m,, the PSD suddenly exhibits a frequency comb

around f;, with a spacing of approximately Af = 380Hz
between adjacent sidebands. This spacing does not result from
simple algebraic combinations or harmonics of the system’s
natural frequencies, suggesting a mechanism more complex
than resonant wave mixing [28]. The PSD of the frequency
combs can be tuned by adjusting f; while approximately
maintaining their spacing A f. The free spectral range of the
comb is strongly dependent on the input power, with Af
showing a logarithmic dependence on the effective force F)
of the input power, as shown in Fig. 1(e). Fi(¢) o V| (¢) repre-
sents the generalized external force acting on m; as controlled
by the applied AC voltage, where F; ~ 10° m/s? corresponds
to Vi ~ 200 mV. This simple dependence of A f on V| makes
the control of A f practical.

Next, we apply the PNP scheme [20,21,23] to link the
system’s linear response with the frequency comb forma-
tion and observe the microscopic mechanism behind it. The
PNP involves driving the system to a NESS using a drive
Vi(t) as before, complemented by a weak white-noise drive,
with root mean square voltage Vs = 100 mV and bandwidth
2.5 MHz. The latter probes the linear response, indicating
the system’s eigenmodes and appearing as small sideband
excitations, around the NESS in the frequency spectra under
different f; [21]. This approach enables simultaneous access
to all frequency components in the spectra, allowing us to
resolve the formation of the comb and track the transition
from NESS to LC.

The obtained PNP spectra around f; € (fg, 3f;) are pre-
sented in Fig. 2 for an up sweep [(a) and (b)] and a down
sweep [(c) and (d)] of f;. The PNP spectra show, in this case,
up to four sidebands around each f;, two blue and two red
detuned, with symmetric frequencies and asymmetric PSD.
As f; is swept upward, we © observe an avoided crossing
between the sidebands, followed by @ increased visibility of
all four sidebands. A jump @ — @ in the PNP response marks
the transition between the high- and low-amplitude NESSs in
m;. Along the down sweep, we observe the sideband signature
of the transition @ — ©®, where the low m;, amplitude NESS
becomes unstable and the frequency comb regime appears.
The comb at ®, in the PNP, has the same PSD as in Fig. 1(d),
marking a robustness to the added noise. At lower detuning,
the frequency comb dissolves into . Eventually, the jump ®
— @ marks the transition from the low- to the high-amplitude
NESS of m,.

III. MODEL AND METHOD

To describe the experimental features in Figs. 2(a)-2(d),
we apply linear response theory on top of the stationary mo-
tion at w,; and the up-converted stationary motion at 3w,.
Starting from the membrane’s stress-strain equations [29],
we truncate the model to describe the dynamics of the
modes m; and m,. Their displacement x;, x, then obeys (see
Appendix F)

%1 4 QEe)x + Db + 36xix + txix3 = Fi (1),
B+ Qx4+ Fa()is + €x) +¢xja = 0. (D)

Here, €2;(x;) and T';(x;) represent the renormalized nat-
ural angular frequencies and damping rates for mode j,
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FIG. 2. PNP response. (a) and (b) Sidebands around f; and 3 f; along an up sweep of f;. (c) and (d) Same as before for a down sweep of f;.
Dashed vertical lines indicate bifurcations. Significant phenomena in the response are labeled by markers ©-®. (e) and (f) Theory-predicted
stationary amplitude response [cf. Eq. (1)] of m, for the up and down sweeps, respectively. Experimentally observed solutions appear in color
and others in black. The experimental amplitude response is shown in gray. (g)—(1) Corresponding excitation eigenvalues on top of the sampled
stationary solution [cf. Eq. (3)]. (g) and (h) Imaginary part of the eigenvalues colored by the state’s weight in m; relative to m;. (i) and (j)
Real part of the eigenvalues with same coloring as in panels (g) and (h). Panels (k) and (1) correspond to panels (g) and (h), but colored
by the symplectic norm of the eigenstates. (m) Laboratory-frame resonant four-wave mixing diagram of the avoided crossing in @, where
fi = fa+Im(\)and f5 = 3f; + Im(X,). (n) Same as panel (m) describing the level attraction where an absorbing and an emitting sideband

engender the LC formation.

respectively. Defined in terms of natural angular frequencies
€2; and linear dampings I';, they read Qi(xj) = Qi + ,Bj.sz»
andI'j(x;) =T; + njsz, where $; and n; denote the strengths
of the intrinsic Duffing nonlinearity and the nonlinear damp-
ing coefficient, respectively. The coefficients £ and ¢ in
Eq. (1) quantify the strengths of the relevant cross-Duffing
processes that couple the modes. Mechanical parameters are
extracted by fitting their linear and weakly nonlinear ampli-
tude responses as well as from ringdown measurements (see
Appendix B).

Assuming that each mode mostly responds at the drive
frequency nearest its natural frequency, we employ a rotating
ansatz [24,29,30]:

x| = Ee"“"’ +cc., X = %6’3“’(” +c.c., 2)
where w, is close to €21, making 3wy close to €2,, «; are slow
complex amplitudes, and c.c. stands for complex conjugation.
Plugging the ansatz into Eq. (1) and averaging over the slower
oscillation period 27 /w,, we obtain time-independent equa-
tions of motion (EOMs) for the slow amplitudes, & = F (o),
where o = (a1, a2)7 (see Appendix F). Using HarmonicBal-
ance.jl [30], we find the system’s stationary solutions &,
where F(&,) = 0 where n iterates over all solutions. Hence,
we find a variety of NESSs as a function of w,; see Figs. 2(e)
and 2(f). Performing a numerical up and down sweep in wy,
yield a good agreement with the experimentally-observed sta-
tionary amplitudes. Note that LCs are not captured as a NESS
under this ansatz [13]. To describe the PNP sideband spectra,
we derive linearized EOMs around each NESS, &,, of Eq. (2):

e A — il B" Set,,
l |k = -T *x J° (3)
Sar, =B A" —i5 ) S,

o]

for small deviations, da, = o — &, = (81, 8ctz)T. The ma-
trix A" captures the sideband frequencies and their nonlinear
shifts (diagonal terms), as well as coupling between the
sideband modes at w; and 3w, (off-diagonal terms). The
matrix B" describes single-mode squeezing (diagonal terms)
and two-mode squeezing (off-diagonal terms). The matrix
I' = diag(l"y, I') accounts for dissipation. Note that the di-
agonal terms shift due to the intrinsic Duffing nonlinearities
of each mode, whereas the off-diagonal terms shift due to
cross-Duffing interactions; cf. explicit expressions (see Ap-
pendixes F and G). The eigensolutions of Eq. (3) take the form
wierd with k=1, ..., 4, eigenmodes w;, containing com-
plex amplitudes (eigenvector) w; = (c:‘,cfz, cZT, czz*), and
complex eigenvalues A;. The NESS subscript n is omitted for
clarity, implicit throughout. Each eigenvalue A; corresponds
to a sideband oscillation at a frequency Im(A;), represent-
ing the eigenfrequencies of the eigenmodes in the rotating
frame, and damping Re(};) in the rotating frame (2). In
Figs. 2(g)-2(j), we plot the obtained A; for the sampled
NESS in the experiment. We color the eigenvalues with the
relative contribution of m; and m, to the corresponding eigen-
mode calculated by Eq. (3), using 8X;' — X/ with 58X/ =

The decisive quantity for the formation of a fre-
quency comb is the symplectic norm, dS7 = Y j[c:’ (c:’ ) —

¢’ (c;")*] (see Appendix G 3), which is shown in Figs. 2(k)
and 2(1). The symplectic norm captures whether the com-
bined effect of mode coupling and squeezing yields energy
absorbing (dS,% > () or emitting (dS,% < 0) characteristics
for each eigenmode wy. This distinguishes the eigenmodes
in behavior as a conventional harmonic oscillator potential
(HO; dS,f > 0) sideband or an inverted harmonic oscillator
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potential (IHO, dS; < 0) sideband relative to the rotating
frame [31,32]. One also can understand this distinction
as a sideband motion (back to the time domain) being
amplified (dS,% < 0) or attenuated (dS,% > (0) in amplitude,
or being faster or slower than the respective rotating
frame at frequency w,; or 3w, [7]. Since PNP probes all
excitations in the laboratory frame, we rotate the side-
band modes back to the laboratory frame using the in-
verse of Eq. (2). This results in four spectral sidebands,
around both w; and 3wy, with an amplitude imbalance
indicative for mode squeezing [20], and spectral widths that
account for the lifetimes, matching the experimental results in
Figs. 2(a)-2(d).

IV. DISCUSSION

We first apply our theory to the up sweep experiment. As
the system climbs the high-amplitude Duffing state of m;, the
frequencies of its respective sidebands blueshift due to the
hardening Duffing nonlinearity. In the strongly driven regime,
my’s amplitude saturates due to the nonlinearity, slowing
down the frequency renormalization of m;’s sidebands [33]
(see Appendixes F and G). This manifests as a flat dependency
of the sideband frequencies in the rotating frame; see Fig. 2.
As it is only weakly driven, my’s sidebands align with its
natural frequency f,. Hence, in the rotating frame, its side-
band frequencies develop linearly with detuning. When the
sidebands of the two modes approach each other, they exhibit
an avoided crossing @ due to diagonal terms of A" having
the same phase, i.e., both resonators having a positive dS,f
and renormalized natural frequency €2;/27, comparing with
fa or 3 f,;, respectively. The observed level repulsion produces
signatures akin to parametric coupling under three-wave mix-
ing [4-6,34-37]. However, it arises from stimulated four-wave
mixing between m; and m; in Eq. (1) in the laboratory frame,
as exemplified in Eq. (3); this occurs as the up-converted
sideband of m; approaches €2, from a red-detuned direction;
see Fig. 2(m). Note that the avoided crossing occurs when the
sidebands of type HO or IHO, interact with the same type HO
or THO, respectively [cf. Figs. 2(k)-2(m)]; only then is the
direct coupling dominant in Eq. (3).

Far above the avoided crossing (@ in Fig. 2), both modes
reach high-amplitude saturation. As a result, the sideband
response of m, becomes mostly independent of the detuning,
and direct coupling plays no significant role. In this region,
the appearance of PNP sidebands with symmetric frequencies
around w, and 3w, indicates dominant squeezing via the B"
term [20,38].

At even higher detuning, both sidebands of m, move to-
ward Im(X;) = O in the rotating frame. This softening signals
that m;’s sidebands become resonant with the up-converted
pump at 3w,. As a consequence, the system becomes unstable
and transitions from a NESS with a high amplitude to a low
amplitude in m,. After this transition into @, the system is in
a similar state as where the upward sweep started: m; remains
in its high-amplitude Duffing branch and m; is in its low-
amplitude state. Crucially, however, the m,’s HO sideband is
now lower in frequency than the up-converted pump in 3wy,
and correspondingly dS,f of that m, sideband is inverted in @
relative to ®—it has a negative frequency in the up-converted

rotating frame. Thus, the upper sideband of m, becomes an
THO in @; see Figs. 2(h) and 2(1). Apart from this inversion,
the onset of the down sweep in @ mirrors the initial conditions
of the up sweep experiment: mj,’s eigenfrequency remains
linearly susceptible to the detuning, while m; shows squeezing
signatures [cf. sideband asymmetry in Figs. 2(c) and 2(d)],
which are independent of the detuning.

As the down sweep progresses, the modes’s eigenfrequen-
cies come closer. Unlike the anticrossing in @©, in @ the
sign of dS,% flips for the m, eigenmodes, and thus the one
sideband of type HO and one of type IHO interact with
each other [cf. Figs. 2(k), 2(1), and 2(n)], fostering an en-
ergy exchange among them. This mechanism destabilizes the
NESS, triggering LC oscillations that appear as a frequency
comb in the PSD [cf. Figs. 1(d), 2(c), and 2(d)]. Indeed,
this level attraction precipitates a Hopf bifurcation, where the
eigenmode’s lifetime vanishes but its frequency remains finite
(Im(xy) # 0) [39,40], as shown in Figs. 2(h) and 2(j). Con-
trary to the resonance behavior in O, the diagonal elements of
A" have an opposite phase, creating a feedback loop between
the sideband oscillations that destabilizes m; [cf. Figs. 2(j)
and 2(n)]. Namely, in the laboratory frame, vibrations in m;
are up-converted to my via cross-Duffing nonlinearity and
down-converted back to the resonant sideband of m;. In the
rotating frame, this instability formally resembles that caused
by mode gap closure due to ultrastrong parametric coupling
[6,10,41,42]. Continuing the down sweep, the LC collapses
back into O, stabilizing both m; and m,. As sidebands of m,
approach resonance with the up-converted pump again, m;, en-
ters its high-amplitude Duffing state, flipping the sign of dS,f.

V. CONCLUSION

In conclusion, we uncover how internal resonance drives
the transition from steady-state vibrations to frequency comb
dynamics in a nanomechanical resonator. The emergence and
evolution of sideband structures reveals the transition from a
nonlinear steady state to a limit cycle and captures the onset
and progression of frequency comb formation in the interme-
diate regime. Through these direct experimental results and
in-depth theoretical modeling, we revealed the microscopic
origin of the LC formation in parametrically coupled non-
linear systems. Two conditions have to be fulfilled for the
LC formation: First, the gap between sidebands closes in the
PNP spectra via resonant four-wave mixing. Second, the type
of sidebands (energy absorbing or emitting) that hybridize
is decisive, i.e., whether the sidebands repel or attract. This
mechanism of ultrastrong coupling between sidebands as a
source for generating LCs mimics the onset of ultrastrong
coupling seen in light-matter systems [43] and hence car-
ries over beyond IR scenarios. Our study opens avenues for
exploring the fundamental physics of multimode resonator
networks, with implications for metamaterial science, sensing
technologies, and neuromorphic computing including quan-
tum implementations.
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APPENDIX A: SAMPLE FABRICATION AND VIBRATION
DETECTION METHOD

The SiN membranes are fabricated from a 0.5 mm thick
commercial (100) silicon wafer. Both sides of the silicon
substrate are coated with ~500 nm thick low-pressure chem-
ical vapor deposited SiN. The membrane is fabricated on the
front side. The backside layer serves as an etch mask. Laser
ablation is used to open an etch mask with a typical size of 1.5
x 1.5 mm?. Using anisotropic etching in aqueous potassium
hydroxide (KOH), a hole is etched through the openings of
the mask. After the KOH solution reaches the topside layer,
the etching stops and a SiN membrane is formed, supported
by a massive silicon frame. The membrane is approximately
rectangular in shape (542 x 524 um? lateral size) and supports
vibrational modes characterized by numbers (n, m) indicating
the number of deflection maxima along the directions x and y.

To detect the mechanical vibration of the SiN membrane,
thin aluminum leads (~27 nm) are fabricated on the upper
surface of the suspended membranes, as well as on the Si
frame by standard electron beam lithography and electron
beam evaporation. The chip with approximately 10 x 10 mm?
lateral size carrying the membrane is glued to a piezo disk of
12 mm diameter and 1 mm thickness using a two-component
adhesive; see Fig. 3.

For the acquisition of the data in the main text, we used the
magnetic induction method to characterize the amplitude of
the membrane, as depicted in Fig. 1(a). The device is placed
in a vacuum chamber with a pressure of p = 10~% mbar at
room temperature and subject to an in-plane magnetic field
of flux density amplitude B. The Al electrode deposited onto
the membrane builds the detection electrodes perpendicular
to the magnetic field and their peripheral leads parallel to the
magnetic field. For the sample used in this manuscript, two
detection electrodes are located close to the center and at a
corner of the membrane, respectively, and both have the length
of L = 30 ym.

When the membrane vibrates, the magnetic flux through
the area enclosed by the detection electrode and the peripheral
leads changes, and thus a potential difference is generated

FIG. 3. Optical micrograph (top view) of the membrane res-
onator. Green area: free-standing membrane; brownish area: SiN on
top of Si. Yellow lines: three independent electrodes. All measure-
ments reported here have been recorded with the rightmost electrode
pair. The arrow indicates the direction of the applied magnetic field.

across the electrodes on the membrane. The generated po-
tential difference is first fed to the two input ports of a
differential preamplifier to be converted into a single-ended
output voltage (V) amplified by a factor (Ggig). The use of
the differential preamplifier can efficiently suppress common-
mode noise (such as the noise generated in the wires and
from the vibration of the sample stage). The vibration of the
membrane part under the peripheral leads does not contribute
to Vo because the peripheral leads are parallel to the magnetic
field. Therefore, the vibration velocity (v) of the membrane
part under the detection electrode is linearly related to Vi
by a factor of (G4iBL)™', where B = 0.45T. Hence, when
the membrane is driven by the piezo with the excitation

i -
1;1!'.-‘.“ | I *5! 1|| 60
i ""f" ""l | "'I 70
. 3 ‘i"' |I’|;l ‘]ﬂ ;' ||l|‘r xu: "lllJ
I ‘ r“-'“". '.|t... i ‘J 80 E
§ |I] fa r ||'|' I \ - i%i
> || il - [,
g 1 -l r‘a"li'-"\}| ‘ :
s ] M f"l 100 o
oy y d
o Iy \ |"- # 1% 1
Hs . -110
-120
0. 3 0 32 0 34 O 36 O 38 0.4
Time t (s)
FIG. 4. Ringdown measurement under V;, = 100mV and f; =

582kHz. The color encodes the intensities of the response in the
frequency ranges around f; and 3f;. The drive power is switched
off at the dashed vertical line. Then, the amplitude decreases and
the frequencies develop toward the natural frequencies fi and f>,
indicated by the horizontal lines corresponding to the m; and m,
modes, respectively.
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FIG. 5. Linear and nonlinear frequency responses of m; of the
SiN resonator driven with (a) V; = 1mV and (b) V; = 10 mV Blue
symbols: experimental; red (yellow) line: fit with Duffing model for
the up sweep (down sweep).

voltage of V; at the frequency of wy; = 27 f;, the velocity is
v(t) = Awq cos(wgt) and the real vibration amplitude (A) at
the position of the detection electrode can be easily calculated
by

V.
A= (AD)
BLw, Gt
APPENDIX B: CHARACTERIZATION OF MECHANICAL
PROPERTIES OF THE MEMBRANE

The Young’s modulus E and the residual stress o of the
SiN membrane used in the present work are measured as
E =213GPa and o = 0.1 GPa, respectively, extracted from
the dispersion curve of the bending waves; for details, see our
previous work [21]. As shown in Fig. 1(b), a flexural mode
shows a response at f; from 576 to 583 kHz and another
flexural mode is coupled into the vibration by 1:3 internal res-
onance and a shark-fin-shaped frequency response appears at
3fs (fs = 581-582kHz). To determine which flexural mode
it is, a ringdown measurement is performed. V| is swept up
to 582 kHz where the amplitude response at 3 f; is large and
then V) is switched off (indicated by the white dashed line
in Fig. 4). The vibration trace during the ringdown measure-
ment is captured and converted into frequency spectra by fast
Fourier transformation, as shown in Fig. 4. After the drive
power is switched off, the amplitude of the vibration reduces

Drive frequency (MHz) Drive frequency (Hz) x10°

FIG. 6. Linear and nonlinear frequency responses of the m;
mode driven directly with AC electric voltage: (a) V, = 20mV and
(b) V, =200mV. In panel (b), the measured amplitudes are plotted
as blue dots, and the theoretical calculation of the Duffing model
is plotted as red (up sweep) and yellow (down sweep) lines. The
asymmetry observed in panel (a) and the deviation between the ex-
perimental data and the Duffing-fitted curves well below the natural
frequency and above the dropping points are primarily attributed to
the excitation of another mode (either a system mode or another
membrane mode with low Q factor) with a natural frequency similar
to that of the (3, 9) mode. The vibration amplitude of this additional
mode introduces a background to the frequency response of the (3,
9). Since the amplitude of this background is significantly lower than
the vibration amplitude of the (3, 9) mode, its impact on the fitting is
neglected.

and the frequencies decrease until they finally saturate at the
natural frequencies of these modes, enabling us to identify the
modes excited at f; and 3 f; in Fig. 1(b) as the (1, 3) (m;) and
(3, 9) (my) modes, respectively.

We determined the mechanical parameters of the two
driven modes by fitting their linear and weakly nonlinear am-
plitude responses in Figs. 5 and 6. The extracted parameters
are also summarized in Table I. Note that natural frequencies
with the same index ratio, e.g., (3, 9) and (1, 3), are not exact
integer multiples of each other due to nonlinear factors such as
the bending nonlinearity [26]. In our experiments, temperature
drifts have been observed to induce frequency shifts on the
order of several hundreds of Hz/K [25]. The temperature in
the laboratory may vary by a couple of K. Thus, the absolute

TABLE I. Comparison of experimental and theoretical parameters for m; and m,. Note that the natural frequencies are temperature
dependent. The indicated uncertainty denotes the range over which they vary upon a laboratory temperature change of two degrees.

Parameter Flexural mode Experiment Theory
Natural frequency f (kHz) m ~576 +£3.5 576.635
my ~1738 £10.5 1744.375
Damping rate I' /27 (Hz) m 14+1 14.2
my 80+£3 85.5
Quality factor Q m 40 600 42900 40600
my 21700 £ 810 20400
Duffing nonlinearity 8 (m=2s72) m 1.2640.05 x 10%* 1.4 x 10*
my 42402 x 10% 2.8 x 10
Generalized force F (m/s?) m 500+5 -
Nonlinear damping factor 7 (s~! m~2) m 8.240.5 x 10 8.2 x 10
my 3.8+0.5 x 10 1 x 10"
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FIG. 7. Ringdown measurements of (a) mode m; and (b) mode
m,. The drive was switched off att = 0. The fits have been calculated
with Eq. (B1).

values of the natural frequencies as well as the drive frequency
used to excite the flexural modes may vary by a few kHz from
measurement to measurement.

To extract the nonlinear damping coefficients of m; and m;,
we excite one flexural mode into its high-amplitude vibration
without coupling other flexural modes into the vibration and
then turn off the drive to perform ringdown measurements,
as shown in Fig. 7. In Figs. 7(a) and 7(b), we show the
nonlinear amplitude decays for m; and m;, respectively. We
fit the ringdown curve with [44]

X; 0T/

X0 = .
I X1 e

(BI)

Here, X is the vibration amplitude under the excitation
V;, t is the time after turning off V;, and X;(¢) is the vibra-
tion amplitude as a function of time. The nonlinear damping
factors n; of modes m; and m;, are also indicated in Table 1.

APPENDIX C: FREQUENCY SPECTRA AROUND THE
DRIVE TONE AND ITS THIRD HARMONIC

Figures 8(a) and 8(b) show line cuts at a fixed driving
frequency of f; = 581.7 kHz, corresponding to Figs. 2(a) and
2(b), respectively. The two pairs of sidebands, centered around
fa [Fig. 2(a)] and 3 f; [Fig. 2(b)], exhibit an amplitude imbal-
ance.

(a) 15 %10
= f, = 581.7 kHz
o 1
©
2
a

E 0.5
<
0
581 581.5 582 582.5
Frequency (kHz)

(b) -100 - 1
= f,=581.7 kHz
5105 ]
=
o -110
=
[@]

A _115
1744 .5 1745 1745.5 1746
Frequency (kHz)

FIG. 8. Frequency spectra around f; (a) and 3f; (b) in the up
sweep of f,.

APPENDIX D: CLASSIFICATION OF NOISE SIDEBANDS
TO THE EXCITED FLEXURAL MODES

Experimentally, the eigenmodes of a flexural mode j can
be visualized by the system fluctuations around the NESS
(f = fa) as noise sidebands [20,21]. The frequencies of the
noise sidebands strongly depend on the vibration amplitude,
nonlinearity, and the detuning frequency of the mode [20,21].
When the vibration amplitude of the mode is low, the noise
sideband has the same or similar frequency as the natural fre-
quency f;, and only one noise sideband can be well observed.
Instead, when the vibration amplitude of the mode is large,
especially entering into the upper branches with relatively
large detuning, one eigenmode splits into two eigenmodes and
thus a pair of noise sidebands can be observed. In this regime,
the frequency spacing between the pair of noise sidebands and
f4 becomes relatively constant [33].

Independently of the detailed modeling explained in the
main text, we can also assign the sidebands to their respective
modes from a purely experimental point of view; i.e., the
contribution of the flexural modes to each eigenmode can
be experimentally determined and hence each sideband can
be assigned as being predominantly arising from a specific
flexural mode j. The frequency spacing of the outer pair of
sidebands at f; = 581.7 kHz hardly changes (within 100 Hz)
with varying f; in the detuning range shown in Fig. 2. Com-
paring with the amplitude response of the two coupled modes
in Fig. 1(b), this pair of sidebands is assigned to m; because
the vibration amplitude and detuning of m; are large. In
contrast, the inner pair of the sidebands at f; = 581.7kHz
presents a significant f; dependence of the frequency spacing
at f; = 581-582kHz. Therefore, they correspond to m,.
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FIG. 9. 2D frequency spectra of the frequency comb excited
under V; = 80 mV. Panels (a) and (b) show the spectra around f;
and 3 f,, respectively.

In addition, we can also distinguish the eigenmodes of
my and m, by the bandwidth of the noise sidebands. The
linear response of an eigenmode vibrating in the nonlinear
regime shows a similar bandwidth as the natural mode [20].
Therefore, the linear response of eigenmodes dominated by
my shows a higher damping rate, and the noise sidebands are
spectrally broader than those dominated by m;. According to
the features described above, the comparison of the frequency
spectra in Fig. 2(b) with the frequency sweep in Fig. 1(b)
confirms the assignment.

APPENDIX E: 2D FREQUENCY SPECTRA UNDER
DIFFERENT DRIVE POWER

The generation of the frequency comb has been monitored
for different drive powers. Figure 9 shows the 2D frequency
spectra of the mechanical vibration under V| = 80 mV with
a PNP measurement. Before and after the frequency comb is
excited, two sets of noise sidebands are observed. As in the
case of V; = 100mV, the frequency comb is excited when
the frequencies of these two sets of noise sidebands approach
each other. The frequency spacing between the sidebands
of the frequency comb is smaller than that observed un-
der V| = 100 mV. Moreover, traditional phononic frequency
combs are driven by nonlinear wave mixing processes, where
the sideband intensity increases with the system’s oscillation
amplitude. In contrast, in our study the pair of the most in-
tense sidebands in the comb arises from the system’s limit
cycle, and the additional sidebands are harmonics of them.
Their amplitude is determined by the shape of the limit cycle
trajectory in the four-dimensional phase space, which itself
is determined by the cross-coupling strengths of the modes
[13,30]. Therefore, increasing the nonlinearity of the system
is beneficial for generating a greater number of sidebands in
the comb and for pumping more energy into them.

APPENDIX F: DERIVATION OF THE MODEL

1. Rectangular membrane model

Here, we derive the EOMs (1) and (2) of the main text by
describing a stretched rectangular elastic membrane under the
influence of an external force. This subsection is adapted from
Ref. [45]. We are particularly focused on the out-of-plane
displacement w = w(x, y, t), which is governed by the field
Lagrangian [46,47]

L= p—hw2 - ﬂ(Vw -Vw) — E(Vw -Vw)? — fw. (F1)
2 2 4

In the main text, x is used for displacement. However, in
this section, we use the w symbol such that x can be used as
one of the spatial coordinates. Here, & represents the applied
stress, p is the mass density, and 4 is the membrane thickness.
The nonlinearity coefficient, 8 = Eh/2(1 — v?), depends on
Young’s modulus E and Poisson’s ratio v. Furthermore, f =
f(x,y, 1) denotes the external force.

Using the Galerkin discretization method [29], the dis-
placement w can be represented through the normal modes
of the linear system (with 8 = 0). Each mode is described by
a pair of integers j = (ji, j»). For a membrane clamped at the
boundaries x =0, L, and y = 0, L,, the normal modes take

the form
. (qimx\ . [ jamy
¢i(x,y) = sin ( ) sin ( ) (F2)
! L, L,

These modes serve as a basis to decompose the displace-
ment w, where each mode is factored into its spatial profile
¢j(x,y) (dimensionless) and its amplitude u;(t) (having di-
mensions of length):

w(x, y, 1) = Y ci(O)j(x, ). (F3)
J

This approach is exact when the sum over j extends to
infinity. The corresponding Lagrange’s EOMs for each c;(7)

are
(ph / o7 ds>5j + <6h / Vi - Vi ds)cj
S N

+8 Z CikimCkCICm = /f¢jd5, (F4)
s

klm

where f P ds = f OL" dx fOL” dy and Cjim is a tensor defined by

Ciam = /S AS(Vey - Vo) (Vor - Vom).  (FS)

The linear part of Eq. (F4) provides the natural frequency

for each mode:
- .2 .2
o i J?
—=+=). F6
; < o Ly2> (F)

o fS Vi - V;dS
W= T T arae
o fs ¢; ds
The nonlinear part includes terms involving one or more
modes, often referred to as self-nonlinearities or cross-
nonlinearities. The self-nonlinearity for each mode, expressed
as

_ 9(1L)* + 2(j1jaLiLy)* + 9(jaLy)* -

Cisss
W 64(L, L)

0, (F7
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introduces a cubic term in u; within Eq. (F4). As a result, each
mode exhibits cubic nonlinearity, making the system behave
as a Duffing (or Kerr) oscillator.

In this particular case, not all potential mode-coupling
terms are present. Using the analytical expressions for ¢;, we
can identify the nonzero components of the tensor Cix,. From
Eq. (F5) and the mode shapes given in Eq. (F2), we encounter
two spatial integrals, each involving a product of four cosine
functions. For Gy, to be nonzero, these products must result
in a constant contribution in both x and y. This condition is
satisfied if

j]iklillimlzo and j2:|:k2:|:lz:|:ﬁ12=0 (F8)

hold true for at least one combination of the + signs. Evalu-
ating these cross-nonlinearities leads to the EOMs (1) and (2)
in the main text.

2. Slow-flow equations

The theoretical model used in the analysis is given by
Egs. (1) and (2). We are interested in the stationary responses
of both the m; and m; modes at the frequency of their re-
spective drives. Therefore, we employ a Floquet expansion in
the rotating frame of the drives [cf. Eq. (2)], separating the
fast dynamics from the stroboscopic dynamics. We do this
with the help of the open-source software package Harmon-
icBalance.jl [30]. Using the package, we can transform the
coupled equations from Eq. (1) into slow-flow equations for
the quadratures u; and v;:

d A 3 3
ﬂz _l_ﬂxlz ¢ XZZ——ngz vy
dr 2 80)d 4a)d 4wd
3¢ 2 ¢ 2 Y1
X2+ >y, ( X ——) :
(&Ud +4 12 Jv2 + g T Uy
(F9)
dUl 3Bi 2 ¢ 2 3¢
X —X; —Y,
(2 +4 +4wd 12 )i
Myo Y F
Ly ( X —) -0
(Swd 12)”2 g )V T 0,
(F10)
d A 3
ﬂ 22 g X12 _ P X22 vy
dr 2 12wy 24wy
§ ( )/2)
- —Z Xz - = , F11
Sws v + rRS T L (F11)
dv, As ¢ oo, 3B s
— = X X
dr (2 T e T 230, )
§ m Y2
+ o Z - (8 X+ 2 )vz, (F12)

with  detuning A} = (03 —o?)/wy; and Ay =
[Bwq)* — @31/(3wa), nonlinearity B;, amplitude X; =
(ui2 +vi2)1/ 2, linear damping y;, and nonlinear damping
n; of the ith resonator. The parameters & and ¢ are
the coupling coefficients to the xjx, and x7x7 terms,
respectively. For convenience, we define Z! = 3u + viz,

ZV =u? +3v?, and Yi = ujup + vjva. The equations can

be easily converted to the coherent fields in the main text by
the coordinate transformation o) = /(wy/2)(u; — ivy) and
=V Bwa/2)(uz — iv2).

We search for the system’s NESS, focusing on the solutions
for u; and v;, when 1i; = v; = 0. Hence, finding the NESS
boils down to identifying the roots of the polynomial system
defined by Egs. (F9)—(F12). To achieve this, HarmonicBal-
ance.jl employs homotopy continuation [48], a technique that
guarantees to find all the roots and therefore all the fixed-point
NESS (attractors) of the system.

We obtain a good fit with the measured stationary
amplitudes vui + v} and ~vuj +v3; see Fig. 2. All fig-
ures are generated using the following parameters: natu-
ral frequencies f| &~ 576.635kHz and f, ~ 1.744 375 MHz,
damping rates I'; /2w = 14.2Hz (Q; = 40600) and I'; /27 =
85.5Hz (Q, ~ 20400), Duffing nonlinearities f; = 1.4 x
10%m=2s"2 and B, =2.8 x 10®m~%s~2, and nonlinear
damping factors n; = 8.2 x 10" and n, = 1 x 10" m—2s72
for m; and my, respectively.

APPENDIX G: INTRODUCTION TO LINEAR RESPONSE
THEORY FOR RESONATORS

1. Jacobian

In the context of linear response theory, the Jacobian matrix
plays a fundamental role in characterizing the system’s behav-
ior near NESS. It encodes the linearized dynamics of small
perturbations around the steady state. Indeed, considering the
EOMs of the system, linearization is performed around the
steady state i, which represents the NESS in the phase space.
Introducing a small perturbation du = u — i, the system’s
dynamics can be expressed in terms of these deviations as

dr

% u = J(ii)du,
where 7 (11) is the Jacobian matrix evaluated at the steady
state @i. The Jacobian encapsulates the first-order derivatives
of the system’s EOMs with respect to the state variables, thus
governing the linearized dynamics of the perturbations.

The eigenvalues A; of the Jacobian matrix determine the
behavior of the perturbations. Since the equation above is a
system of first-order ordinary differential equations, the solu-
tions take the form

(G

su(r) o e™! (G2)

where A; are the eigenvalues of J. The real parts of these
eigenvalues, Re(A;), dictate the stability of the NESS: If
Re(1;) < O for all eigenvalues, the perturbations decay expo-
nentially, ensuring that the steady state 1 is stable. Instead, if
Re(Ar) > O for at least one eigenvalue, the perturbations grow
over time, leading to instability. In such a scenario, external
disturbances, such as noise or small external drives, can cause
the system to deviate significantly from .

The Jacobian matrix is thus central to linear response the-
ory, offering insights into the stability and transient dynamics
of resonator systems near a NESS. By analyzing its eigen-
spectrum, one can predict how the system will respond to
perturbations and assess the robustness of the steady state
under varying conditions.
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FIG. 10. Linear response of a driven damped harmonic oscillator in the rotating frame. (a) Dependence of the imaginary part of the
eigenvalues on detuning, illustrating the linear shift around resonance. The eigenvalues are color coded by the sign of the symplectic norm,
i.e., dS,f > (0 blue and dS,f > O red. (b)—(e) The real and imaginary parts of the response function y,(£2) are shown for fixed drive frequencies
below and above the natural frequency, highlighting the asymmetry between the absorbing and emitting sidebands. The response function is
colored by the contribution difference of the + and — eigenvectors, i.e., |A;| — |A_]|.

2. Linear response in the rotating frame

To analyze the linear response of NESS to an additional
oscillatory force, such as weak probes or external noise, we
study the behavior of small perturbations du in the presence
of a periodic driving term o ¢"*¥, where  is the frequency of
the external probe. The linear response of these perturbations
is governed by Eq. (G1) with the additional drive

dr - i

d8u = J@{@)éu+ oe””.

To solve this driven linearized equation, we assume a So-

lution of the form Su;, = A (2)wie™¥, where the eigenvector

Wy, is such that J(@)w; = AWy, with A; serving as the cor-

responding eigenvalue. By substituting this ansatz into the

differential equation and solving for the amplitude A;(€2) of
the response, we obtain

(G3)

0 - Wi
—Re(h) +i(Q — Im(y))’

A(Q) = (G4
For each eigenvalue 1;, we find a response amplitude that
follows a Lorentzian profile, centered at 2 = Im(A;). The
system’s response function y,o(2) = Zk Ar(2) around the
NESS resembles the response of a harmonic oscillator, with
resonance frequencies Im();) and damping rates Re(X).

Let us demonstrate for the driven damped harmonic oscil-
lator, given by the EOMs X + wox + yx = F cos wyt, with y
the linear damping coefficient and wy the natural frequency.
The system is driven with a strength F' and driving frequency
wy. Naturally, the response of the harmonic oscillator can be
solved exactly. However, as we later deal with the nonlinear
extension, we compute the linear response under the first order
in the Floquet expansion (as performed in the main text). For
this, the system is written in a rotating frame at the driving
frequency x = u cos(wyt) + v sin(wgt) and averaged over the
period T = 7 /w,. As such, the resulting autonomous EOMs
in the rotating frame yield

A

U= —Zu—i— —v,

5 > (GS5)

(G6)

The EOMs are linear, and the drive just acts as a dis-
placement in the rotating frame. Hence, we have a Jacobian
independent of the NESS:

_1f-y A

with y the linear damping coefficient and A = (0} — w})/wq
the detuning between the natural frequency wy and driving
frequency wy. The Jacobian has two eigenvectors: wy =
\/Li(:ti, 1) with eigenvalues Ay = %(—y F A). As expected,
due to the Jacobian being real, the eigenvalues come in com-
plex conjugate pairs. The dependence of the imaginary part of
the eigenvalues on the drive frequency is shown in Fig. 10(a).
The dependence is linear around the resonance condition of
the drive wy = w,, as expected for the harmonic oscillator.
Hence, the imaginary part of the complex conjugate eigenval-
ues changes sign when the sign of the detuning A changes.

The response function in the rotating frame then gives
Xrot (2) = A (2) + A_(R2). In Figs. 10(b)-10(e), we plot the
real and imaginary parts of the response function separately
for w; < wp [(b) and(c)] and w,; > wy [(d) and(e)]. The real
part quantifies the reactivity of the response. The larger the
real part, the more the system will respond to a given probe
frequency 2. The imaginary part quantifies how much energy
is absorbed or dissipated when the system interacts with an
external field. In addition, the response functions are color
coded by the respective contribution of the two eigenvalues
AL —1A_].

The imaginary part of the response function Im( ;o) has
two distinctive peaks at A, one for each eigenvalue. How-
ever, they have an opposite sign, indicating the resonator is
emitting (A_) or absorbing (). Which of the two complex
conjugate sidebands is the absorbing or emitting excitation is
determined by the corresponding eigenvector. We can encode
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FIG. 11. Linear response of a driven damped duffing oscillator
in the rotating frame. (a) Amplitude response X = +/u* + v? as a
function of the detuning of the up sweep undergoing a bifurcation
at the vertical black dashed line. (b) Corresponding imaginary part
of the eigenvalues color coded by the symplectic norm of each
eigenvector, indicating the transition between absorbing and emitting
responses. (c) and (d) Same as panels (a) and (b) but for the down
sweep.

this in a measure, dubbed the symplectic norm [7,31,32]:

ds; = i[c,f(c}(’)* — (CZ)*c,f]

= 2(Re(c})Im(c}) — Im(cf)Re(c})), (G7)
where ¢} and ¢’y are the components of the eigenvector w; =
(cy, ¢) of the Jacobian. Here, we assume that the eigenvectors
are Euclidean normalized, i.e., ||wi||» = /W - Wi = 1. For
a given eigenvector wy, the dS,% can be positive or negative,
indicating whether the excitation is emitting (dS; > 0) or
absorbing (dS,% < 0). Notice that for negative detuning A < 0,
the emitting sideband A has a positive frequency Im(Ay) =

J

—A. This reflects the fact that resonators need a frequency
—A to excite the resonant frequency at w; + Im(Ay) & wy.
Due to our Floquet expansion, we have that w; — A & w is
only approximately equal. This is because the perturbation
expands in a rotating frame of the driving frequency, only
adding order by order the dynamics at wy. As a result, the
steady state of the resonator, where there is no excitation at wy,
is captured exactly by the expansion. Nevertheless, the linear
response involves the resonant frequency wy, leading to an in-
correct sideband frequency. Similarly, for A > 0, the emitting
sideband A, has a negative frequency Im(1,) = —A, such
that wz + Im(A4) &~ wp. Hence, the symplectic norm of the
sidebands reveals whether the system is driven below or above
its eigenfrequency.

We can perform a similar analysis for the Duffing resonator
with the EOM ¥ + w}x + yx + Bx* = F cos(w,t), where
is called the Duffing coefficient. Computing the slow-flow
equations, we have

. y A 3B +v?)
= Ly (2 RV, G8
! 2”+<2 8oa )" (G8)
A 3B+ F
P P (L i P e )
2 2 Swd de

such that the Jacobian for a NESS with phase space coordi-
nates i reads

3w 3p(#2+3v%)
gL TV AT (G10)
B i’ 40 v
2 —-A+ 31(3(34;“} ) g + 32ﬂw(1

In contrast to the harmonic oscillator, the Duffing resonator
has two different NESS solutions to Egs. (G8) and (G9): one
with high amplitude uy; and one with low amplitude u; . We
show these NESS in Figs. 11(a) and 11(c) for both an up and a
down sweep, respectively. As shown, if one sweeps the drive
frequency w, continuously around the resonance frequency
wy, one can bifurcate from one NESS to another, leading to a
hysteresis upon inversion of the sweep direction.

The Jacobian gives the eigenvalues

4

=L L TRR@ 1 D) — 4Rwn)OB@ + 17) — dhan).

2 8(,z)d

Naturally, they still depend on the amplitude of the NESS
solutions of Egs. (G8) and (G9). In Figs. 11(b) and 11(d), the
imaginary part of the eigenvalues is shown for an up sweep
and a down sweep. For small amplitude of the NESS solu-
tions |[it||> = > + 9> < 1, the solutions behave effectively
linear, indicated by the dashed gray lines. However, due to
the nonlinearity, the sideband frequency renormalizes, avoid-
ing a crossing of the sidebands at the resonance frequency
wy = wg. Instead, the sidebands tend to be less influenced by
the change of the drive frequency, i.e., |[0Im(A)]/dw,| <K 1.
Furthermore, the NESS keeps its symplectic hierarchy. In
contrast to the harmonic oscillator, the system does not switch
sign of the eigenvalues at A = 0 (cf. Fig. 10). This is because
the natural frequency becomes renormalized by the nonlin-
earity, i.e., @y = wo + 3B8((@* + ©?)?/8, such that when the
system recedes in the NESS uyj, the system always needs

(

positive Im(A) to excite the renormalized natural frequency
(wg +Im(L) ~ @yp).

Similar to the harmonic oscillator case, pairs of an emit-
ting and an absorbing sideband appear, indicated by the red
(dS,% < 0) and blue (dS,f > 0) colors in Figs. 11(b) and 11(d).
The bifurcation in both the up and down sweeps coincide
with the resonance of the absorbing and emitting sidebands
at Im(1) = 0. The collision leads to an instability in the
system where the NESS becomes unstable, also known as a
saddle-node bifurcation. After the instability, the system falls
into the other NESS solution. When bifurcating from one
NESS to another, the amplitude of the sweep abruptly changes
and therefore the natural frequency is also renormalized to
@p. Hence, to still fulfill w,; + Im()) & &, for the emitting
eigenvalue, we need that the symplectic norm switches sign
for the two eigenvalues.
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3. Linear response in the laboratory frame

The PNP response in Fig. 2 is measured in the laboratory
frame. Hence, we need to determine the perturbation in terms
of the variables x;(¢). To achieve this, we re-express the solu-
tion found for Eq. (G3) as du; = Ax()(wy ¥ + w} e= ™).
Substituting this into the ansatz from Eq. (2) and reducing the
trigonometric terms, we obtain for the additional response to
the probe 8x;(t) = Y, Ax(Q)8x; 1 (¢) with

8x; (1) = (Re (c,l(‘) —Im (cZ") cos((2wy,; — Q)t)
+ (Im (') + Re (¢}')) sin((Qwa,; — 2)1)
+ (Re (cZ") +1Im (cZ)) cos(Q2t)

+ (Re (cz") —Im (c,‘j)) sin(€2t), (G11)
where ¢’ and ¢]' represent the components of Su correspond-
ing to the harmonics wy; in the slow-flow expansion [cf.
Eqgs. (F9)-(F12)].

Taking the Fourier transform of x;(¢) gives the linear re-
sponse function in the laboratory frame y(@). Hence, the
resulting PSD of the ith resonator in the laboratory frame is
given by

(@) =) (1= dS7) L@y 41 Repral
k

(G12)

where L(x)y,, = 1/((x — x0)* + y?) is the Lorentzian distri-
bution, and we used that L(x)y,,, = L(x + A), 44, Further-
more, we have defined the conversion factor
ds?, =2(Re[c']Im[c}'] —Im[c}']Re[c(]).  (G13)
This solution holds for each eigenvalue A; of the Jacobian.
The linear response function x [8x; x](@) for each eigenvalue
Ar and harmonic wy; consists of a Lorentzian centered at
g — Im[A;], with amplitude 1+ dSZk, and a Lorentzian

centered at wy; + Im[A], with amplitude 1 — dSZk. Hence,
the PSD of the system in the state @ is fully characterized
by the complex eigenvalues and eigenvectors of [J(i1).
In Appendix G2, we computed that the eigenvectors
wy = %(:l:i, 1) with eigenvalues Ay = %(—y F A) for
the harmonic oscillator. Hence, we find that the conversion
factor «yx = F1. Although in the rotating frame we have two
resonant sidebands, in the laboratory frame, the w,; + Im[A;]
sideband has a zero amplitude. This results in the harmonic
oscillator only having one sideband at w; — Im[A;] = wq
with a width of y /2.

For the Duffing resonator, the sidebands shown in Fig. 11
can be seen in the nonrotating frame in Figs. 12(b) and 12(d).
In the linear regimes discussed in Appendix G2, we have
the same PSD response as the harmonic oscillator, i.e., one
sideband wy; + Im[A;] & wy with a width of /2 and the
other w + Im[);] sideband not visible due to de’f ~ 1. More
interestingly, when the resonator has a high amplitude—and
therefore is in a nonlinear regime—two sideband frequencies
change linearly proportional to w,. The comparable intensity
of the sidebands is closely related to the squeezing of the
NESS due to the nonlinearity [20]. Indeed, we can define a
squeezing measure as the ratio between the amplitude of the

0.31 0.3
< 0.2 0.2
0.1 0.1
0.0 . n 0.0 i :
0.95 1.00 1.05 0.95 1.00 1.05
1.10 -y 1.10
% 1.00
= 005 0.01
0.90 0.00
0.95
0.8+ (f) :
0.6 :
0.4 ;
. 0.2 /
0.0 , | 0.0 , l :
0.95 1.00 1.05 0.95 1.00 1.05
w/wy w/wy

FIG. 12. Laboratory-frame linear response of a Duffing res-
onator. (a) Amplitude response X = +/u? + v? as a function of the
detuning of the up sweep undergoing a bifurcation at the verti-
cal black dashed line. (b) Corresponding PSD generated by the
probe figure illustrating the emergence of sidebands due to nonlinear
dynamics, highlighting how the spectral response evolves from a
single peak in the low-amplitude (linear) regime to a pair of distinct
sidebands when the resonator enters the nonlinear regime. (¢) Cor-
responding squeezing measure Eq. (G14) for the up sweep. (d)—(f)
Same as panels (a)—(c) but for the down sweep.

1 — dSl2k sign(dS%k)
q>i,k = —2’ .
1 +ds%,

Here, we have to take into account the simplecticity of
the sidebands (cf. Appendix G2). The measure can take a
value from O to 1, where ®;; = 0 means not squeezed and
®; » = 1 means maximally squeezed. Note that the squeezing
for sideband of A is the same as A_. In Figs. 12(e) and 12(f),
we show the squeezing measure for the up and down sweeps.

two sidebands:

(G14)

APPENDIX H: LINEAR RESPONSE THEORY
OF THE MODEL

1. Jacobian

In the main text, we derived the linear response on top of
the NESS to theoretically interpret the PNP measurements.
This was done by linearizing the EOMs for the effective
system, Eqgs. (F9)—(F12), around the rotating NESS i@i. We
introduce a small perturbation du = u — i1, which leads to a
new set of differential equations:

gu = J@)éu,

m (H1)

where the dynamics of the perturbations are governed by
the eigensystem of the 4 x 4 Jacobian J, evaluated at ii.
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FIG. 13. Matrix elements of the dynamical matrix. (a) and (b) The absolute value of the matrix elements for the up and down sweeps,
respectively. (¢) and (d) The phase the matrix elements for the up and down sweeps, respectively.

The Jacobian is expressed as

—% — %Zi’ —%ulvl 0 0
m P4l n—zv
— < U1V —5 417 0 0
8 2 841
T=Jx : (H2)
0 0 —% — %ZZM —%szz
1 Y. 1
0 0 —%uzvz —72 — fZ;
with
3(Euiva—Eupvy+Busvy) —6EY 1 4+20 X +3B1 ZY + Ay 20urv1 —3Eu1 v, 3 (ui—vh)+4cviv,
46(),1 Swd 2 4wd 8wd
_65Y12+2§X22+35121" + A _ 3w —Euwpvi+Biuivr) _3§V%—3EU12+4CM1M2 w1 (BEvi+2¢v))
Swd 2 4wd Swd 4w,1
J= (H3)
u; (30, +2¢v2) 3E(ui—vH)+4¢v v) Baur vy 20XE+3B2ZY + Ay
1 de 24a)d 4wd 24a)d 2
_ 3&ui—36vi+Aluu v1 (36w —2¢up) _XXIBZ Ay _ Py
24(1)d 1 de 24&),{ 2 4&),{
Given that Eq. (H1) is a set of first-order ordinary differen-
tial equations, the system’s dynamics are then determined by
the exponential e*', where A are the eigenvalues of the Jaco-
bian. If Re(A;) < O for all A, the NESS i is stable. However,
if Re(A;) > O for at least one eigenvalue, the state becomes (a) V, (mV) (b) =
unstable, and perturbations like noise or small external drives 107 — 100 5 5
will push the system away from ii. The eigenvalues for the . 5 ' _—
NESS for both the up and down sweeps are shown in Fig. 2. %107 400 FXJ: eriment
o= — Fitting
S 1200 © (
2. Fluctuation dynamical matrix a0 = 800
. . . A < —
In the main text, we introduced the matrices A" and B”, ) T 00 / Theoretical
which describe frequency shifts, hopping, and single- and LU bl by WAl s IR — Fitting
. i i . —2000 —1000 0 1000 2000 0.5 1T 15 2253
two-mode squeezing of fluctuations around the relevant re g (1) P, (10° m/)

sponses at w,; and 3w,, caused by nonlinearities. Here, we
present their explicit forms:
Ql .112 2G1 GIZ
n __ n _
A _( Qz)’ B = (Gn 2G2)'

. H4
5 (H4)

FIG. 14. (a) PNP-measured frequency spectra of the frequency
comb for V; = 100 and 500 mV. The injected white noise has V;,,s =
100 mV and bandwidth 2.5 MHz. (b) Measured and (c) predicted
dependence of A f on F, respectively.
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In Eq. (H4), the renormalized fluctuation frequencies are

_ 3iyiw3 + oo (9B + 3imwy) + el

Q= H5
1 602 (H5)
Q= — 3iyrw3 + o laf + (;206“(/32 + i772wd)’ (H6)
6w
the hopping amplitude is
a1 Lok + 34/3E(aF)?
Jip= -T2 T (H7)
12w}
and the single- and two-mode squeezing amplitudes are
307 (4B + imwq) + 8v3amEat + imwa(@])’ — 8Aw]
G = - . : (H8)
l6w;
o3 (4B, + 3imwy) + imwa()? — 24M,03
Gy = - . : (H9)
48wy
Grp = — 2 (H10)
2w;

where o) = /(wg/2)(u; —ivy) and op = /Bwq/2)(u; —
ivz).

The dependence of these quantities for experimental pa-
rameters corresponding to Eq. (2) in the main text is shown in
Fig. 13.

APPENDIX I: POWER-DEPENDENT FREQUENCY
SPACING IN THE FREQUENCY COMB

We study the tunability of the frequency comb properties.
The power intensity and bandwidth of the frequency combs
can be tuned by adjusting w,, while approximately maintain-
ing their free spectral range (i.e., spacing dw = 2w Af).

During a down sweep, the PSD initially increases in the
frequency range where the noise sidebands converge; see
Figs. 2(c) and 2(d). The frequency comb remains stable across

(

a wide range of excitation power V), as shown in Fig. 14(a).
The free spectral range of the comb is strongly dependent on
the input power, with Aw showing a logarithmic dependence
on the generalized force F, (where F; ~ 10°m/ s? corre-
sponds to V; ~ 200 mV by fitting of the linear and nonlinear
frequency responses shown in Fig. 5), as shown in Fig. 14(b).
This behavior aligns with the theoretical prediction, where A f
is derived from the fluctuations across the Hopf bifurcation
[Fig. 14(c)]. This simple dependence of A f on V| makes the
control of A f practical. As F; further increases, A f gradually
deviates from the logarithmic relationship in both experiment
and theory; see Figs. 14(b) and 14(c). Besides, the intensity
of the frequency comb decreases as V; increases. Figure 14(a)
shows the frequency comb for V| = 100 mV, where it shows
the highest intensity, and for 500 mV, where the intensity of
the innermost sideband has decreased to about 1/4 compared
to that for V| = 100 mV.
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