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Abstract: In thisworkwe consider the hyponormality of Toeplitz operators on the Bergman space of the annulus

with a logarithmic weight. We give necessary conditions when the symbol is of the form 𝜑+ 𝜓 where both 𝜑

and 𝜓 are analytic on the annulus {z ∈ ℂ; 1∕2 < |z| < 1} and of the form ∑n≥1anz
n + bn

1

zn
. We also show a

sufficient condition for hyponormality on the Bergman space of the unit disk with a square Logarithmic weight.
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1 Introduction

A bounded operator T on a Hilbert space is hyponormal if T∗T − TT∗ is positive. Hyponormality of Toeplitz

operators on the Hardy space was considered by Cowen [1,2]. The first work on hyponormality on the Bergman

space can be found in [3]. A general necessary condition, in the case of a harmonic symbol, is shown. An improve-

ment of the necessary condition, which consists of a local version of it, uses function theory and is due to Ahern

and Cuckovic [4]. Their method was recently extended to weighted Bergman spaces [5]. An improvement of the

necessary condition in a special case is due Curto and Cuckovic [6]. Many partial results can be found in the

literature, we cite for example results due to Phukon [7], Hwang [8,9]. Some of the results on hyponormality

on the Bergman space of the unit disk, in the case of non-harmonic symbols, are due to Fleeman, and Liaw

[10] and Simanek [11]. Sufficient conditions for hyponormality when the analytic part of the symbol is a mono-

mial are given in [3]. Most of the other results on hyponormality on the Bergman space deal mostly with the

case of specific symbols and use matrix computations. Some of these results can be found in [9]. Recent results

on hyponormality on the Bergman space of an annulus can be found in [12,13]. In this work we generalize the

necessary condition for hyponormality of Toeplitz operators B𝜑+𝜓 , on the Bergman space of a annulus with a

logarithmic weight [13], to the case where both 𝜑 and 𝜓 are of the form
∑

n≥1anz
n +∑n≥1bn

1

zn
. We begin with

definitions and notations. Set C1∕2 = {z ∈ ℂ; 1∕2 < |z| < 1}. The space L2𝜇 is the space of measurable functions
f on C1∕2 such that ∫C1∕2 | f |2d𝜇(z) <∞ where d𝜇(z) = 8

𝜋(3−2 ln 2)
r| log r|drd𝜃. The subspace of L2

𝜇
consisting of

analytic functions is denoted by A2
𝜇
. If f is analytic on C1∕2, we have f = ∑−1

−∞cnz
n +∑∞

0
cnz

n and

*Corresponding author: Borhen Halouani, Department of Mathematics, College of Sciences, King Saud University, P. O Box 2455 Riyadh

11451, Saudi Arabia, E-mail: halouani@ksu.edu.sa

Houcine Sadraoui, Department of Mathematics, College of Sciences, King Saud University, P. O Box 2455 Riyadh 11451, Saudi Arabia,

E-mail: sadrawi@ksu.edu.sa

Open Access. © 2025 the author(s), published by De Gruyter. This work is licensed under the Creative Commons Attribution 4.0 International

License.

https://doi.org/10.1515/math-2025-0212
mailto:halouani@ksu.edu.sa
mailto:sadrawi@ksu.edu.sa


2 — H. Sadraoui and B. Halouani: Hyponormality on a weighted Bergman space

‖ f ‖2 = 1

3− 2 ln 2

∞∑
0

22n+2 − 1− (2n+ 2) ln 2

22n(n+ 1)2
|cn|2 + 8(ln 2)2

3− 2 ln 2
|c−1|2

+ 4

3− 2 ln 2

∞∑
2

22n−1(n− 1) ln 2− 22n−2 + 1

(n− 1)2
|c−n|2.

The space A2
𝜇
has the following orthonormal basis:

{en; n ≥ 0} ∪ {e−1} ∪ {e−n; n ≥ 2} =
{√

3− 2 ln 2
2n(n+ 1)√

22n+2 − 1− (2n+ 2) ln 2
zn, n ≥ 0

}

∪
{√

3− 2 ln 2

2
√
2 ln 2

1

z

}

∪
{√

3− 2 ln 2

2

n− 1√
22n−1(n− 1) ln 2− 22n−2 + 1

1

zn
, n ≥ 2

}
.

For h bounded measurable on C1∕2 we define the Toeplitz operator Bh by Bh( f ) = P(hf ) where P is the

orthogonal projection of L2
𝜇
ontoA2

𝜇
. We also define Hankel operators byHh( f ) = (I − P)(hf ). We start with some

properties of Toeplitz operators in general. These properties are easy to prove and the proof is omitted.

2 General properties of Toeplitz and Hankel operators

Lemma 2.1. Let 𝜑 and 𝜓 be bounded measurable on C1∕2. The following holds:

(a) B𝜑+𝜓 = B𝜑 + B𝜓 .

(b) B∗
𝜑
= B𝜑.

(c) B𝜑B𝜓 = B𝜑𝜓 if 𝜓 is analytic or 𝜑 is conjugate analytic.

(d) B∗
𝜑
B𝜑 − B𝜑B

∗
𝜑
= H∗

𝜑
H𝜑 if 𝜑 is analytic.

As in the case of the Bergman space of the unit disk, the following proposition gives equivalent forms of

hyponormality. The Douglas lemma [14] is used to show (c) implies (d).

Proposition 2.2. For 𝜑1 and 𝜑2 bounded analytic on C1∕2 the following statements are equivalents:

(i) B𝜑1+𝜑2
is hyponormal.

(ii) B𝜑2
B𝜑2

− B𝜑2
B𝜑2

≤ B𝜑1
B𝜑1

− B𝜑1
B𝜑1

.

(iii) H∗
𝜑2

H𝜑2
≤ H∗

𝜑1

H𝜑1
.

(iv) H𝜑2
= KH𝜑1

where K is a bounded operator of norm less than or equal 1.

Computations involving the projection are given in the next lemma.

Lemma 2.3. [15] The orthogonal projection of L2
𝜇
onto A2

𝜇
satisfies the following properties:

(1) P(zmzn ) = 22m+2−1−(2m+2) ln 2

22m(m+1)2
22(m−n )(m−n+1)2

22(m−n )+2−1−(2(m−n)+2) ln 2
zm−n, m ≥ n ≥ 0.

(2) P(zmzn ) = 1

4

22m+2−1−(2m+2) ln 2

22m(m+1)2
((n−m−1)2

22(n−m )−1((n−m)−1) ln 2−22(n−m )−2+1
1

zn−m
, n−m ≥ 2, m ≥ 0.

(3) P(zmzm+1 ) = 1

8(ln 2)2
22m+2−1−(2m+2) ln 2

22m(m+1)2
1

z
, m ≥ 0.

(4) P(
1

zm
zn ) = 22m−1(m−1) ln 2−22m−2+1

(m−1)2
(m+n−1)2

22(m+n )−1(m+n−1) ln 2−22(m+n )−2+1
1

zm+n
, m ≥ 2, n ≥ 0.

(5) P(
1

z
zn ) = 2(ln 2)2

n2

22n+1n ln 2−22n+1
1

zn+1
, n ≥ 1.

(6) P(
1

zm
zn ) = 22n+2−1−(2n+2) ln 2

22n(n+1)2
22(m+n )(m+n+1)2

22(m+n )+2−1−(2(m+n)+2) ln 2
zm+n, n ≥ 0, m ≥ 0.
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(7) P(
1

zm
1

zn
) = 4

22n−1(n−1) ln 2−22n−2+1
(n−1)2

22(m−n )(m−n+1)2
22(m−n )+2−1−(2(m−n)+2) ln 2

zm−n, m ≥ n, n ≥ 2.

(8) P( 1

zm
1

z
) = 2(ln 2)2 22mm2

22m−1−2m ln 2
zm−1, m ≥ 1.

(9) P(
1

zm
1

zn
) = 22n−1(n−1) ln 2−22n−2+1

(n−1)2
(n−m−1)2

22(n−m )−1(n−m−1) ln 2−22(n−m )−2+1
1

zn−m
, n−m ≥ 2, m ≥ 1.

(10) P(
1

zm
1

zm+1)
) = 1

2(ln 2)2
m2

22m+1m ln 2−22m+1
1

z
, m ≥ 1.

3 The necessary condition

Set 𝜑 = 𝜑1 + 𝜑2 with 𝜑1 =
∑

n≥1anz
n, 𝜑2 =

∑
n≥1bn

1

zn
and 𝜓 = 𝜓 1 + 𝜓 2, with 𝜓 1 =

∑
n≥1cnz

n, 𝜓2 =
∑

n≥1dn
1

zn
.

We have the following identity

B𝜑B𝜑 − B𝜑B𝜑 = B𝜑1
B𝜑1

− B𝜑1
B𝜑1

+ B𝜑2
B𝜑2

− B𝜑2
B𝜑2

+ B𝜑1
B𝜑2

− B𝜑2
B𝜑1

+ B𝜑2
B𝜑1

− B𝜑1
B𝜑2

(1)

The following lemmas were proven in [13,15].

Lemma 3.1. Let 𝜑1 =
∑

n≥1anz
n be bounded and analytic on C1∕2. For k and l ≥ 1 we have

⟨B𝜑1
B𝜑1

− B𝜑1
B𝜑1

(ek ), el⟩
=

∑
n+k−l≥1,n≥1

an+k−l an
2k(k + 1)2l(l + 1)√

22k+2 − 1− (2k + 2) ln 2

(22(n+k )+2 − 1− (2(n+ k)+ 2) ln 2)√
22l+2 − 1− (2l + 2) ln 222(n+k )(n+ k + 1)2

−
∑

n+k−l≥1,l≥n≥1
an+k−l an

√
22k+2 − 1− (2k + 2) ln 2

2k(k + 1)2l(l + 1)

√
22l+2 − 1− (2l + 2) ln 222(l−n)(l − n+ 1)2

(22(l−n)+2 − 1− (2(l − n)+ 2) ln 2)

− 1

8(ln 2)2
ak+1al+1

√
22k+2 − 1− (2k + 2) ln 2

2k(k + 1)

√
22l+2 − 1− (2l + 2) ln 2

2l(l + 1)

− 1

4

∑
n≥l+2

an+k−l an

√
22k+2 − 1− (2k + 2) ln 2

2k(k + 1)2l(l + 1)

√
22l+2 − 1− (2l + 2) ln 2(n− l − 1)2

(22(n−l)−1(n− l − 1) ln 2− 22(n−l)−2 + 1)
.

Lemma 3.2. Let 𝜑2 =
∑∞

1
bn

1

zn
be bounded and analytic on C1∕2. For k and l ≥ 1 we have

⟨B𝜑2
B𝜑2

− B𝜑2
B𝜑2

(ek ), el⟩
=

∑
k≥n≥1,n+l−k≥1

bn+l−kbn(2
k(k + 1)2l(l + 1)(22(k−n)+2 − 1− (2(k − n)+ 2) ln 2)√

[22(k+2) − 1− (2k + 2) ln 2][22l+2 − 1− (2l + 2) ln 2]22(k−n)(k−n+1)
2

+ 8(ln 2)2bl+1bk+1
2k(k + 1)√

22(k+2) − 1− (2k + 2) ln 2

2l(l + 1)√
22l+2 − 1− (2l + 2) ln 2

+ 4
∑
n≥k+2

bn+l−kbn2
k(k + 1)2l(l + 1)[22(k−n)−1(k − n− 1) ln 2− 22(k−n)−2 + 1]√

[22(k+2) − 1− (2k + 2) ln 2][22l+2 − 1− (2l + 2) ln 2](k − n− 1)2

−
∑

n≥1,n+l−k≥1

bn+l−kbn
√
[22(k+2) − 1− (2k + 2) ln 2][22l+2 − 1− (2l + 2) ln 2]22(n+l)(n+ l + 1)2

2k(k + 1)2l(l + 1)[22(n+l)+2 − 1− (2(n+ l)+ 2) ln 2]
.

Denote by
(
𝜆k,l
)
the matrix of B𝜑1

B𝜑1
− B𝜑1

B𝜑1
in the orthonormal basis {en, n ∈ ℤ}, and by

(
𝛾k,l
)
the

matrix of B𝜑2
B𝜑2

− B𝜑2
B𝜑2

. On the Hardy space of the unit diskH2, denote by T𝜔 the Toeplitz operator onH
2 with

symbol 𝜔, and denote by
(
𝜃k,l
)
,
(
𝜒k,l
)
respectively the matrices of the (possibly unbounded) Toeplitz operators
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T2|𝜑′
1
|2 and T2|𝜑2

′|2 , where 𝜑2 =
∑

n≥1bnz
n. Note some of our results in [13] are in terms of matrices ml,l+p, while

here for our purposes we express convergence results in terms ofml+p,p. We need the following lemma.

Lemma 3.3. Assume that 𝜑′
1
∈ H2. Then we have liml→∞l

2𝜆l+p,l = 𝜃s+p,s

Proof. We have

𝜆l+ p,l =
∑

n≥ p+1
an−pan

2l(l + 1)2l+ p(l + p+ 1)√
22l+2 − 1− (2l + 2) ln 2

(22(n+l)+2 − 1− (2(n+ l)+ 2) ln 2)√
22(l+ p)+2 − 1− (2(l + p)+ 2) ln 222(n+l)(n+ l + 1)2

−
∑

l+ p≥n≥ p+1
an−pan

√
22l+2 − 1− (2l + 2) ln 2

2l(l + 1)2l+ p(l + p+ 1)

×

√
22(l+ p)+2 − 1− (2(l + p)+ 2) ln 222(l+ p−n)(l + p− n+ 1)2

(22(l+ p−n)+2 − 1− (2(l + p− n)+ 2) ln 2)

− 1

8(ln 2)2
al+1al+ p+1

√
22l+2 − 1− (2l + 2) ln 2

2l(l + 1)

√
22(l+ p)+2 − 1− (2(l + p)+ 2) ln 2

2l+ p(l + p+ 1)

− 1

4

∑
n≥l+ p+2

an−pan

√
22l+2 − 1− (2l + 2) ln 2

2l(l + 1)2l+ p(l + p+ 1)

√
22(l+ p)+2 − 1− (2(l + p)+ 2) ln 2(n− l − p− 1)2

(22(n−l− p)−1(n− l − p− 1) ln 2− 22(n−l− p)−2 + 1)
.

With obvious notations write

𝜆l+ p,l =
∑

p+1≤n≤l+ p

an−panRn,l, p + al+1al+ p+1Sp,l +
∑

n≥l+ p+2
an−panTn, p,l.

An involved, but elementary computation, shows that

lim
l→∞

l2Rn,l, p = 2n(n− p),

and that

l2|Rn,l, p| ≤ Cn(n− p), p+ 1 ≤ n ≤ l + p, C is a constant.

Writing
∑

p+1≤n≤l+ pan−panl
2Rn,l, p as an integral with respect to the counting measure and applying the

dominated convergence theorem we see, since
∑

n≥1n
2|an|2 is convergent, that

lim
l→∞

∑
p+1≤n≤l+ p

an−panl
2Rn,l, p = 2

∑
n≥ p+1

n(n− p)an−pan.

Clearly

lim
l→∞

l2al+1al+ p+1Sp,l = 0.

Similarly we show

lim
l→∞

l2
∑

n≥l+ p+2
an−panTn, p,l = 0.

We see that 2
∑

n≥ p+1n(n− p)an−pan = 𝜃s+ p,s, where
(
𝜃i, j
)
is thematrix of the Hardy space Toeplitz operator

T2|𝜑′
1
|2 . □

The following lemma can be shown using the same method and the proof is omitted.

Lemma 3.4. Assume 𝜑2
′ ∈ H2. Then we have liml→∞l

2𝛾 l+p,l = 𝜒 s+p,s.
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Let us compute the matrix of B𝜑1
B𝜑2

− B𝜑2
B𝜑1

in the orthonormal basis {en, n ∈ ℤ}. Set Qi =
2i(i+1)√

22i+2−1−(2i+2) ln 2
.

Lemma 3.5. The matrix of B𝜑1
B𝜑2

− B𝜑2
B𝜑1

is given by
(
𝜁l,k
)
where

𝜁l,k = QkQl

∑
1≤n≤k−l−1

1

Q2
n+l

anbk−n−l −
1

QkQl

∑
1≤n≤k−l−1

anbk−n−lQ
2
k−n.

Proof. We have for l, k ≥ 1 ⟨
B𝜑1

B𝜑2
ek, el

⟩
= QkQl(3− 2 ln 2)

∑
m,n≥1

anbm
⟨
zk−m, zn+l

⟩
= QkQl

∑
1≤n≤k−l−1

1

Q2
n+l

anbk−n−l

and
⟨
B𝜑1

B𝜑2
ek, el

⟩
= 0 if k − l ≤ 1. Similarly we have

⟨
B𝜑2

B𝜑1
ek, el

⟩
=
∑
m,l≥1

anbm

⟨
P
(
znek
)
, P
(
1

zm
el

⟩
=
∑
m,l≥1

anbm(3− 2 ln 2)QkQl

⟨
P(znzk ), P

(
1

zm
zl
)⟩

=
∑

1≤n≤k−l−1
anbk−n−l(3− 2 ln 2)QkQl

⟨
Q2
k−n
Q2
k

zk−n,
Q2
k−n
Q2
l

zk−n
⟩

= 1

QkQl

∑
1≤n≤k−l−1

anbk−n−lQ
2
k−n

and
⟨
B𝜑2

B𝜑1
ek, el

⟩
= 0 if k − l ≤ 1. □

Notice that
(
𝜁l,k
)
l,k≥2 is upper triangular. Since B𝜑2

B𝜑1
− B𝜑1

B𝜑2
is the adjoint of B𝜑1

B𝜑2
− B𝜑2

B𝜑1
we deduce

the following lemma.

Lemma 3.6. The matrix of B𝜑1
B𝜑2

− B𝜑2
B𝜑1

is given by

𝜂l,k = QkQl

∑
1≤n≤l−k−1

1

Q2
n+k

anbl−n−k −
1

QkQl

∑
1≤n≤l−k−1

anbl−n−kQ
2
l−n, k, l ≥ 2.

Let us rewrite the expression of 𝜂l,k .

𝜂l+ p,l = QlQl+ p

∑
1≤n≤ p−1

1

Q2
n+l

anbp−n −
1

QlQl+ p

∑
1≤n≤ p−1

anbp−nQ
2
l+ p−n

=
∑

1≤n≤ p−1
anbp−n

(
QlQl+ p

Q2
n+l

−
Q2
l+ p−n

QlQl+ p

)
.

We get an asymptotic expression of 𝜂l+p,l.

Lemma 3.7. liml→∞l
2𝜂l+ p,l = −2∑1≤n≤ p−1n( p− n)anbp−n.

The matrix
(
𝜎i, j
)
given by 𝜎i+ p,i = −2∑1≤n≤ p−1n( p− n)anbp−n and 𝜎i,i+ p = 𝜎i+p,i is the matrix of the Hardy

space Toeplitz operator with symbol −4 Re
(
𝜑′
1
𝜑2

′ − (a1b1 + 2(a2b1 + a1b2 )z)
)
, where 𝜑2(z) =

∑
n≥1bnz

n. Let
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(
Φi, j

)
denote the matrix of B𝜑B𝜑 − B𝜑B𝜑 in the basis {en, n ∈ ℤ}. From (1) using Lemmas 3.3, 3.4, and 3.7 we

deduce the following

Lemma 3.8. Under the assumptions 𝜑′
1
, 𝜑2

′ ∈ H2, we have

lim
l→∞

l2Φl+ p,l = 𝜃s+ p,s + 𝜒s+ p,s + 𝜎s+ p,s.

We have our first main result where we denote by
(
Ψi, j

)
the matrix of B𝜓B𝜓 − B𝜓B𝜓 .

Theorem 3.9. Assume 𝜑1, 𝜑2 are analytic and bounded, with 𝜑
′
1
, 𝜑2

′ ∈ H2 and that B𝜑+𝜓 is hyponormal. Then

𝜓 ′
1
, 𝜓2

′ ∈ H2 and we have

|𝜓 ′
1
|2 + |𝜓2

′|2 − 2 Re
(
𝜓 ′
1
𝜓2

′ − (c1d1 + 2(c2d1 + c1d2 )z)
)

≤ |𝜑′
1
|2 + |𝜑2

′|2 − 2 Re
(
𝜑′
1
𝜑2

′ − (a1b1 + 2(a2b1 + a1b2 )z)
)

a.e on the unit circle.

Proof. Hyponormality implies

i2Ψi,i ≤ i2Φi,i = i2(𝜆i,i + 𝛾i,i ).

Thus

lim inf
i→∞

i2Ψi,i ≤ lim inf
i→∞

i2Φi,i.

From Lemmas 3.3 and 3.4 we have

lim inf
i →∞

i2Φi,i =
∞∑
1

2n2
(|an|2 + |bn|2) <∞

since 𝜑′
1
, 𝜑2

′ ∈ H2. WriteΨi,i = Ci,i + Di,i, where
(
Ci, j
)
and

(
Di, j

)
, respectively, denote the matrices of B𝜓1

B𝜓1
−

B𝜓1
B𝜓1

and B𝜓2
B𝜓2

− B𝜓2
B𝜓2

. Using Lemma 3.2 we have with obvious notations

Ci,i =
∑
1≤n≤i

Ei,n|cn|2 + Fi|ci+1|2 + ∑
n≥i+2

Gi,n|cn|2
where, for example, we have

Ei,n =
22i(i+ 1)2

22i+2 − 1− (2i+ 2) ln 2

(22(n+i)+2 − 1− (2(n+ i)+ 2) ln 2)

22(n+i)(n+ i+ 1)2

− 22i+2 − 1− (2i+ 2) ln 2

22i(i+ 1)2
22(i−n)(i− n+ 1)2

(22(i−n)+2 − 1− (2(i− n)+ 2) ln 2)
.

We see that Ei,n is positive, since it is the ith diagonal term of BznBzn − BznBzn . Clearly Fi and Gi,n are positive.

A computation shows that

lim
i→∞

i2Ei,n = 2n2.

Writing
∑

1≤n≤ii
2Ei,n|cn|2 as an integral with respect to the counting measure and applying Fatou’s lemma

we obtain

lim inf
i→∞

i2Ci,i =
∑
n≥1

2n2|cn|2 ≤ ∞∑
1

2n2
(|an|2 + |bn|2) <∞.

We can deduce that i2
∑

n≥i+2Gi,n|cn|2 → 0 as i→∞ in a similar way, and it is clear that limi→∞i
2Fi|ci+1|2 = 0.

Thus 𝜓 ′
1
∈ H2. We similarly verify that 𝜓2

′ ∈ H2. We get that limi→∞i
2Ψi+p,i = 𝜚s+p,s where (𝜚i, j) is the matrix
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of the Hardy space Toeplitz operator with symbol 2|𝜓 ′
1
|2 + 2|𝜓2

′|2 − 4Re
(
𝜓 ′
1
𝜓2

′ − (c1d1 + 2(c2d1 + c1d2 )z)
)
.

Finally, by a property of Toeplitz forms [16, Theorem (c), p. 19], the inequality H∗
𝜓
H𝜓 ≤ H∗

𝜑
H𝜑 implies

|𝜓 ′
1
|2 + |𝜓2

′|2 − 2 Re
(
𝜓 ′
1
𝜓2

′ − (c1d1 + 2(c2d1 + c1d2 )z
)

≤ |𝜑′
1
|2 + |𝜑2

′|2 − 2 Re
(
𝜑′
1
𝜑2

′ − (a1b1 + 2(a2b1 + a1b2 )z
)
.

□

Corollary 3.10. If 𝜑1, 𝜑2, 𝜓 1, 𝜓 2 are analytic and bounded, with 𝜑
′
1
, 𝜑2

′ in H2 and satisfy c1d1 = c2d1 + c1d2 =
a1b1 = a2b1 + a1b2 = 0. Then if B𝜑+𝜓 is hyponormal we have𝜓 ′

1
,𝜓2

′ are in H2 and |𝜓 ′
1
− 𝜓2

′| ≤ |𝜑′
1
− 𝜑2

′| a.e on
the unit circle.

4 The sufficient condition

In the second part of this work we show a sufficient condition for hyponormality of Toeplitz operators on the

Bergman space of the unit disk, with a square logarithmic weight, in the case the symbol is of the form zm + g,

where g is a polynomial of degree m. We start with some definitions and notations. We consider the Hilbert

space of measurable functions on the unit disk D such that ∫
D
| f (z)|2d𝜈(z) <∞, where d𝜈(z) = 2

𝜋
(log |z|)2dA(z),

and dA(z) is the Lebesgue measure. When f is analytic on D, we have f = ∑anzn and ‖ f ‖2 = ∫
D
| f (z)|2d𝜇(z) =∑ 1

(n+1)(n+2)2 |an|2. Denote by L2
a,𝜈

the closed subspace of such functions. Its orthonormal basis is given by

{
√
n+ 1(n+ 2)zn, n ≥ 0}. Toeplitz operators are defined by B𝜑( f ) = P(f𝜑), where 𝜑 is a bounded and mea-

surable function on the disk, f is in L2
a,𝜈
, and P is the orthogonal projection of L2(D, d𝜈) on L2

a,𝜈
. Hankel operators

are defined byH𝜑( f ) = (I − P)(f𝜑). Basic properties of Toeplitz operators and Hankel operators on L2
a,𝜈

are iden-

tical to the ones on A2
𝜇
listed in the first part, and to the case of the unweighted Bergman space of the unit disk

[17,18]. We need the following computational lemma, wherem ≥ 1.

Lemma 4.1. The matrix of H∗
zm
H
zm
in the orthonormal basis

{√
i+ 1(i+ 2)zi, i ≥ 0

}
is diagonal and is given by:

di =
⎧⎪⎨⎪⎩

(i+ 1)(i+ 2)2

(i+ 1+m)(i+ 2+m)2
, i < m,

(i+ 1)(i+ 2)2

(i+ 1+m)(i+ 2+m)2
− (i+ 1−m)(i+ 2−m)2

(i+ 1)(i+ 2)2
, i ≥ m.

This leads to the following proposition.

Proposition 4.2. Let m, n be two integers with n < m. The operator Bzm+𝜆zn is hyponormal on L
2
a,𝜈

if and only if|𝜆| ≤√ n+1
m+1

n+2
m+2 .

Proof. Hyponormality is equivalent to three inequalities

|𝜆|2 (i+ 1)(i+ 2)2

(i+ 1+ n)(i+ 2+ n)2
≤

(i+ 1)(i+ 2)2

(i+ 1+m)(i+ 2+m)2
, i ≤ n− 1, (2)

|𝜆|2 (i+ 1)(i+ 2)2

(i+ 1+ n)(i+ 2+ n)2
− (i+ 1− n)(i+ 2− n)2

(1+ 1)(i+ 2)2
≤

(i+ 1)(i+ 2)2

(i+ 1+m)(i+ 2+m)2
, n ≤ i ≤ m− 1, (3)

|𝜆|2 (i+ 1)(i+ 2)2

(i+ 1+ n)(i+ 2+ n)2
− (i+ 1− n)(i+ 2− n)2

(1+ 1)(i+ 2)2
≤

(i+ 1)(i+ 2)2

(i+ 1+m)(i+ 2+m)2
− (i+ 1−m)(i+ 2−m)2

(1+ 1)(i+ 2)2
, i ≥ m.

(4)
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Inequality (2) is equivalent to

|𝜆| ≤ min

{√
i+ 1+ n

i+ 1+m

i+ 2+ n

i+ 2+m
, i ≤ n− 1

}
.

Clearly
√

i+1+n
i+1+m

i+2+n
i+2+m increases with i. Thus (2) is equivalent to

|𝜆| ≤√ n+ 1

m+ 1

n+ 2

m+ 2
.

Inequality (3) is equivalent to

|𝜆|2 ≤ min

{
i+ 1+ n

i+ 1+m

(i+ 2+ n)2

(i+ 2+m)2
(i+ 1)2(i+ 2)4

(i+ 1)2(i+ 2)4 − ((i+ 1)2 − n2 )((i+ 2)2 − n2 )2
, n ≤ i ≤ m− 1

}
. (5)

It is easy to see that i+1+n
i+1+m

(i+2+n)2
(i+2+m)2

increases with i. The expression 1− n2

(i+1)2 increases with i, and so does

(1− n2

(i+2)2 )
2. Thus

1−
(
1− n2

(i+ 1)2

)(
1− n2

(i+ 2)2

)2

is decreasing and its inverse
(i+1)2(i+2)4

(i+1)2(i+2)4−((i+1)2−n2 )((i+2)2−n2 )2 is increasing and the minimum in (5) is assumed at

i = n. We conclude that inequality (3) is equivalent to

|𝜆| ≤√ 2n+ 1

n+m+ 1

(2n+ 2)

(n+m+ 2)

(n+ 1)(n+ 2)2√
(n+ 1)2(n+ 2)4 − ((n+ 1)2 − n2 )((n+ 2)2 − n2 )2

.

Clearly the right hand side of the last inequality is greater than
√

n+1
m+1

n+2
m+2 . So if inequality (2) is satisfied so is

(3). Inequality (4) is equivalent to

|𝜆|2 ≤ inf

{
i+ 1+ n

i+ 1+m

(i+ 2+ n)2

(i+ 2+m)2
(i+ 1)2(i+ 2)4 − ((i+ 1)2 −m2 )((i+ 2)2 −m2 )2

(i+ 1)2(i+ 2)4 − ((i+ 1)2 − n2 )((i+ 2)2 − n2 )2
, i ≥ m

}
.

Sincem > n we have
(i+ 1)2(i+ 2)4 − ((i+ 1)2 −m2 )((i+ 2)2 −m2 )2

(i+ 1)2(i+ 2)4 − ((i+ 1)2 − n2 )((i+ 2)2 − n2 )2
> 1.

As mentioned before
i+1+n
i+1+m

(i+2+n)2
(i+2+m)2

increases with i, and thus if inequality (2) is satisfied, so is (4). Thus

hyponormality of Bzm+𝜆zn is equivalent to |𝜆| ≤√ n+1
m+1

n+2
m+2 . □

Notice the result holds also if m = n. It is not difficult to see that if Bzm+g1 and Bzm+g2 are hyponormal on

L2
a,𝜈
, and a and b are two complex numbers such that |a|+ |b| ≤ 1, then Bzm+ag1+bg2 is hyponormal. We state our

second main result.

Theorem 4.3. Assume 𝜆1,. . . ,𝜆m are complex numbers such that
∑

1≤n≤m|𝜆n| ≤ 1, and setg =∑
1≤n≤m𝜆n

√
n+1
m+1

n+2
m+2z

n. Then we have BgBg − BgBg ≤ BzmBzm − BzmBzm .
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