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Abstract: In this work we consider the hyponormality of Toeplitz operators on the Bergman space of the annulus
with a logarithmic weight. We give necessary conditions when the symbol is of the form ¢ + y where both ¢
and y are analytic on the annulus {z € C; 1/2 < |z| < 1} and of the form Y, .,a,z" + bnzin. We also show a
sufficient condition for hyponormality on the Bergman space of the unit disk with a square Logarithmic weight.

Keywords: hyponormality; Toeplitz operators; positive matrices; analytic functions; weighted Bergman space;
annulus

MSC 2020: 47B35; 47B20; 15B48; 30Bxx

1 Introduction

A bounded operator T on a Hilbert space is hyponormal if T*T — TT™ is positive. Hyponormality of Toeplitz
operators on the Hardy space was considered by Cowen [1,2]. The first work on hyponormality on the Bergman
space can be found in [3]. A general necessary condition, in the case of a harmonic symbol, is shown. An improve-
ment of the necessary condition, which consists of a local version of it, uses function theory and is due to Ahern
and Cuckovic [4]. Their method was recently extended to weighted Bergman spaces [5]. An improvement of the
necessary condition in a special case is due Curto and Cuckovic [6]. Many partial results can be found in the
literature, we cite for example results due to Phukon [7], Hwang [8,9]. Some of the results on hyponormality
on the Bergman space of the unit disk, in the case of non-harmonic symbols, are due to Fleeman, and Liaw
[10] and Simanek [11]. Sufficient conditions for hyponormality when the analytic part of the symbol is a mono-
mial are given in [3]. Most of the other results on hyponormality on the Bergman space deal mostly with the
case of specific symbols and use matrix computations. Some of these results can be found in [9]. Recent results
on hyponormality on the Bergman space of an annulus can be found in [12,13]. In this work we generalize the
necessary condition for hyponormality of Toeplitz operators B, ;, on the Bergman space of a annulus with a
logarithmic weight [13], to the case where both ¢ and y are of the form }’ .,a,z" + anlbnzin' We begin with
definitions and notations. Set G, , = {z € C; 1/2 < |z| < 1}. The space Li is the space of measurable functions

f on C,, such that fcmlflzd,u(z) < oo where du(z) = m

analytic functions is denoted by Ai- If f is analytic on C, ,, we have f = 2:; 2"+ X c,z" and

r|log r|drdé. The subspace of Li consisting of
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The space Ai has the following orthonormal basis:

{e; n>0}u{eJule; n>2}= {\/3—21n2 2'(n+1) z", nzo}

V2242 1 — (2n+2)In 2

3—2In21
U v - - -
2v/2In2 Z
U{\/a—zmz n—1 1 nzz}.

2 \2i(n—1Dn2-22 412"

For h bounded measurable on C;/, we define the Toeplitz operator B, by By(f) = P(hf) where P is the
orthogonal projection of Li onto Ai. We also define Hankel operators by H,(f) = (I — P)(hf). We start with some
properties of Toeplitz operators in general. These properties are easy to prove and the proof is omitted.

2 General properties of Toeplitz and Hankel operators

Lemma 2.1. Let ¢ and y be bounded measurable on C, ;,. The following holds:
@ By, =B,+B,.
(b) B, =B
() B,B, =B,, ify is analytic or ¢ is conjugate analytic.
(@ BB, —B,B, = H%H(p if @ is analytic.

As in the case of the Bergman space of the unit disk, the following proposition gives equivalent forms of
hyponormality. The Douglas lemma [14] is used to show (c) implies (d).

Proposition 2.2. For ¢, and ¢, bounded analytic on C, ;, the following statements are equivalents:
(@) B, 43, is hyponormal.

()  BgB,, — By, By, < By By, — By, By

(iii) H%H% < H%H(pl.

(iv) Haz = KHg; where K is a bounded operator of norm less than or equal 1.

Computations involving the projection are given in the next lemma.

Lemma 2.3. [15] The orthogonal projection of Li onto Ai satisfies the following properties:

B P = O e 72 M2 N 20,

@ Pz = e e e N M2 2 m 2 0.
© T = gl P 0

4) P(Ziml_") = ZZWl(m_(l,:lli\l)zz_zzrniZH 22(m+n)—1(m_,_(,r[n_-:;ll_nl)zz_zz(mm)—z_'_l Zmlw m>2nz20.

6 PCZY=2n2P " Lon>1

1.n 22142 _1_(2n+2)1n 2 220m+m (mn41)2 m+n
® P(5z" Py Eemmsom 2?0120 mz0.
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() P(5 1) =aftiniin o B mz 2 2.
®) P& =20n275 20 mim> 1
2
(10) P(%m ﬁ) = 2(1n1 2)% 22m+im lr: 2-22m41 %’ mx1

3 The necessary condition

Set @ = @, + @, with @, = Y .,a,2", @, = anlbnzln and y =y +y,, withyy = 3 .c,2" y, = anldnzi".
We have the following identity

BaBW - BWBE = BalB(pl - B(plBal + B(TzB(Pz - B(PzBaz + BalB(Pz - B(PZB(E + B@BW1 - B%B@ (1)

The following lemmas were proven in [13,15].
Lemma 3.1. Let ¢, = },,,,2" be bounded and analytic on Cy,. For k and l > 1 we have

(Bg:By, = By, By (e, )
2Kk +12U(1+1) (QUnth+2 _ 1 — (2(n+ k) +2)In 2)

2242 — 1 — (2k +2)In 2 /2242 — 1 — (21 + 2) In 2220 (n + k + 1)

= Z Apk—1Gn \/

n+k—1>1,n>1

- Y T V2¥42 — 1 — 2k +2)In 2 V222 — 1 — (21 + 2) In 2220-1(] — n + 1)?
kT ok (k+ D21+ 1) (2E=m+2 —1— (2(1—n)+2)In 2)

n+k—0>1,I>n>1

o V2542 _ 1 — (2k+2)In 2 V222 —1— (21 + 2)In 2
8(ln 2)2 k1T 2K(k +1) 21 +1)

1 Z“ . V222 1 — 2k +2)In2 V2242 —1— 21+ 2)In 2(n — [ — 1)?
_1 n+k—1%n

k l 2(n—0D—-1 N __92(n-1)-2 ‘
A, KEk+DAA+1) (@20 (n—1—1)In 2 — 22024 7)

Lemma3.2. Let @, = Y)}° bnzin be bounded and analytic on C, ;,. For k and 1 > 1 we have

(Bg,B,, — By, Bg(er). &)

b1 kb (2K(k + 1)21(1 + 1)(22k=M+2 — 1 — (2(k — n) + 2)In 2)
kenstrai—ie1 V226D — 1 — 2k + 2) In 2][222 — 1 — (20 + 2) In 2]22k-mk-n+17
25k +1) 2'(1+1)
V22042 — 1 — 2k +2)In 2 V/22H2 — 1 — (21 +2)In 2

+8(In 2)°by 1Dy i

+4 Z Byt _ibn2X(k + D211+ D22KM=Y(k — n — 1) In 2 — 22k==2 4 1]
it V22K — 1 — 2k + 2) In 2][22+2 — 1 — (21 + 2)In 2](k — n — 1)?

Dy b V122K — 1 — (2k + 2) In 2][2%+2 — 1 — (21 + 2)In 21220 (n + [+ 1)2
2K(k + D2!(1 + D[22HD+2 — 1 — (2(n + D) + 2) In 2] '

n>1,n+l-k>1

Denote by (4,) the matrix of BB, — B, B in the orthonormal basis {e,, n € Z}, and by () the

matrix of B;-B,, — B, B;-. On the Hardy space of the unit disk H?, denote by T, the Toeplitz operator on H* with

symbol w, and denote by (9,(’1), ( Zk,z) respectively the matrices of the (possibly unbounded) Toeplitz operators
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T ol and Ty g2, where @, = ¥’ .,b,z". Note some of our results in [13] are in terms of matrices m;;, ,, while
here for our purposes we express convergence results in terms of my, ,, ,. We need the following lemma.

Lemma 3.3. Assume that @] € H2. Then we havelim,_ I, ipl = Osips

Proof. We have

P Z = A+ 125+ p+1) (22n+D+2 — 1 — (2(n+ 1) +2)In 2)
+pl — -
P N 1 @l +2)In 2 AP 1~ 1+ p) +2)In 2220D(n 4 14 1)

- Y @ V222 — 1 — (214 2)1In 2
I+ p2n> p+ T2+ 2P+ p+ 1)
\/22(l+w+2 — U+ p) +2)In 222HP([ 4 p — n + 1)2
(XHp-m+2 1 — (2(I+ p—n)+2)In 2)
3 1 T \/221+2 —1-@l+2)In2 222 1 — (21 + p)+2)In 2
8(ln 2)2 1+ P 21+ 1) 25P(I+ p+1)
1y VT S T- @3 DIz 2P 1 @+ p)+ DI 2n— 1 - p— 17
4., TP+ D2HP(U+ p+1) (AP (n— - p—1)In 2 - 2XnEp-2 4 )

With obvious notations write

’ll+p,l = Z - pa Rnlp + al+1al+p+1sp,l + 2 an—panTn p.l*
p+1<n<l+p n>l+p+2

An involved, but elementary computation, shows that
lim°R,; , = 2n(n — p),
>0 ”
and that
lZ|Rn,,’p| <Cn(n—p), p+1<n<l+p, Cisaconstant.

Writing ) pHi<n<lt pan_pa,IIZRn,l! p as an integral with respect to the counting measure and applying the
dominated convergence theorem we see, sinceznzlnﬂanl2 is convergent, that

hm Z _paanlp—ZZn(n P)a,_ .

p+1<n<l+ p n>p+1
Clearly

i 2o —
lhml A 1104 p41Sp = 0.
—00

Similarly we show
llml2 Z @, ,a,T, 1 = 0.

n>l+ p+2

Weseethat2},, .,n(n— pla,_,a, = 0, , , where (6; j) is the matrix of the Hardy space Toeplitz operator
T2|(P{|Z . |

The following lemma can be shown using the same method and the proof is omitted.

Lemma 3.4. Assume @,’ € H% Then we have lim,__ Iy, ol = Xstps
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Lgt us compute the matrix of B;B, — B, B in the orthonormal basis {e,, n€ Z}. Set Q; =
21(i4+1)

V2242 _1-(2i+2)In 2°

Lemma 3.5. The matrix of BB, — B, By is given by ({ ) where

1 — 1
Ca=QQ Y, o Gabion —

- 2
Q Q anbk—n—le_n-
1<n<k—I-1 ¥n+l k¥li<n<k—1-1

Proof. Wehaveforl, k >1

(ByB,e0€) = Q@3 —21n2) ) @b, (™, 2z")

m,n>1

1 —
= 0O Z 7 by

1<n<k—1-1 *n+l

and (BB, ey, e;) = 0if k — I < 1. Similarly we have

<B¢ZB(71€k’el> = Za_nbm<P(Z"ek),P(zime,>

m,I>1

= Y @bu(3 -2 In 2000 ( PE'Z), P (zlmzl»

m,1>1
2 2
= Y @b, -2 2)()le< (’5;%"—", 5g"zk‘">
1<ngk—1-1 k !
1 — 2
=05 Ay bje—n-1Qy_
Qlelsngzk:—l—l ke
and (B, B¢, e;) = 0ifk —1<1. O

Notice that (&)
the following lemma.

Lks2 is upper triangular. Since BB, — B, B5-is the adjoint of B;.B,, — B, B;- we deduce

Lemma 3.6. The matrix of B;-B, — B, B is given by

1 1 —
Mx = Ok Z 7 by — 0.0, by 1 Qs K122
1<n<l-k—1 ¥n+k k¥li<n<i-k-1
Let us rewrite the expression of #7; ;..
1 1 — 2
Myp1 = QlQl+p Z Tanbp—n - W an p—nQH_p_n
1<n<p-1 “n+l [¥l+p1<n<p—1
2
_ b_ QlQl+p _ “lp-n
= Y ab,| 5 oo )
1<n<p—1 n+l I¥l+p
We get an asymptotic expression of ;, ;.
Lemma 3.7. lim,  Pryy, ) = =23 e p g PP — N)03D,_ .
The matrix (o; ]-) givenby oy, = 2% e p1M(p — Mayb,_, and oy, , = 0y, ; is the matrix of the Hardy

space Toeplitz operator with symbol —4 Re(qo{'qﬁg’ — (a,b, + 2(a,b, + alb_z)z)>, where @,(z) = znzlaz". Let
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(dbi, j) denote the matrix of BB, — B,B; in the basis {e,, n € Z}. From (1) using Lemmas 3.3, 3.4, and 3.7 we
deduce the following

Lemma 3.8. Under the assumptions ¢/, @, € H% we have
) —
ll_lg;ll (I)l+p,l - es+p,s + As+pss + Ostpse

We have our first main result where we denote by (¥; j) the matrix of B;;B,, — B, By;.

Theorem 3.9. Assume @, @, are analytic and bounded, with (p{, F(p\;’ € H? and that B, is hyponormal. Then
78 w, € H? and we have
W+ 17512 = 2 Re(y = (eid; + 2eds + )2 )
<Igif? + 157 - 2 Re( 9@ - (ajby + 2D, + aib)2))

a.e on the unit circle.

Proof. Hyponormality implies
iz‘Pi,i S lz¢ = l’z(ii’i + }/i,i)‘

1,1
Thus

liminf #¥;; < liminf #®,;.

i»oc0 ? i—oo

From Lemmas 3.3 and 3.4 we have
[e]
) _ 2 2 2
liminf #®;; = 21:2n (la,)* + 1b,)*) <

since ¢, @,’ € H:. Write ¥;; = C;; + D;;, where (C;;) and (D, ;), respectively, denote the matrices of BB, —
B, By and B;-B,, — B, By Using Lemma 3.2 we have with obvious notations

Ci= Z Egnleal® + Fileq > + Z Ginlcal?

1<n<i n>i+2
where, for example, we have
E = 2(i + 1) (22042 — 1 — (2(n + 1) +2)In 2)
BT 92042 _ 1 — (24 2)In 2 22+ 4 4 1)2
2P _1—(2i42)In 2 XM —n 1)
2%(i +1)2 Q¥=M+2 _ 1 —(2(i—n)+2)In 2)°

We see that E; ,, is positive, since it is the ith diagonal term of B;»B,» — B, B;. Clearly F; and G; , are positive.
A computation shows that
lim iE;, = 2n®.
1—00 ’
Writing Y, < S1.1'2}5,-’n|cn|2 as an integral with respect to the counting measure and applying Fatou’s lemma
we obtain
o0
liminf £C;; = Y2n?|c,[* < ) 2n*(|ay[* + [by|*) < oo
*© n>1 1
We can deduce that izznzi +2GinlC,|* = 0asi— oo in asimilar way, and it is clear that lim, F;|ciq|? = 0.

Thus y/ € H2. We similarly verify that ;" € H2 We get that lim_ "%, ,; = 05, ,; Where (¢; ) is the matrix

1—00
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of the Hardy space Toeplitz operator with symbol 2|y;|* + 2|y |* — 4Re<u/1’%’ — (cydy + 2(c,d; + cld_z)z)>.
Finally, by a property of Toeplitz forms [16, Theorem (c), p. 19], the inequality H%HW < H%H(p implies

15777

P+ 1712 = 2 Re(w{ — (eid; + 2cds + 1)z
<1+ 13, ~ 2 Re( 0], — (@b, +2ab, +aby)z ).

O

Corollary 3.10. If @;, @, W, W, are analytic and bounded, with ¢!, @, in H* and satisfy cld_1 = czd_1 + cld_2 =
alb_1 = azb_1 + alb_2 = 0. ThenifB
the unit circle.

o+ 1S yponormal we have !, y,' arein H* and |y — 7| < |} — @,'| a.e on

4 The sufficient condition

In the second part of this work we show a sufficient condition for hyponormality of Toeplitz operators on the
Bergman space of the unit disk, with a square logarithmic weight, in the case the symbol is of the form z" + g,
where g is a polynomial of degree m. We start with some definitions and notations. We consider the Hilbert
space of measurable functions on the unit disk D such that /| f(2)|*dv(z) < oo, where dv(z) = %(log |z|)?dA(2),
and dA(2) is the Lebesgue measure. When f is analytic on D, we have f = Y'q,z" and || f||* = N f(@))*du(z) =
> m |a,|?. Denote by Li,v the closed subspace of such functions. Its orthonormal basis is given by

{vn+1(n+2)z", n> 0}. Toeplitz operators are defined by B,(f) = P(f¢), where ¢ is a bounded and mea-
surable function on the disk, f isin Li’v, and P is the orthogonal projection of L*(D, dv) on Li,v. Hankel operators
are defined by H,,(f) = (I — P)(fg). Basic properties of Toeplitz operators and Hankel operators on wa are iden-
tical to the ones on Ai listed in the first part, and to the case of the unweighted Bergman space of the unit disk

[17,18]. We need the following computational lemma, where m > 1.

Lemma 4.1. The matrix of HzimH?m in the orthonormal basis { Vi+1(i+2)z, i>0 } is diagonal and is given by:

(i + D + 2)? ,
g diriemi+zeme (5™
l (+DE+2° i+ 1-m+2-m?
(i+1+m)i+ 2+ m)? (+D0+2?% ° —

This leads to the following proposition.

Proposition 4.2. Let m, n be two integers with n < m. The operator B, ;zn is hyponormal on Li , if and only if
n+1 n+2
A<\ i e

Proof. Hyponormality is equivalent to three inequalities

(i + 1) + 2) < (i + 1)@ + 2)?

2 ; _
A T+ 2 40P = Gri+m+zemp =ML @
2 (+DE+2¢ _ (i+1-n@i+2-n) i+ 1 +2) o
A i+ G+ 2+ P A+D0+27 S (+i+miit2+mp "Sism=1 0
I (+DE+27 (+1-nm@+2—n} _ (i+ 1) + 2)* _U+l-mG+2-mp? .
(i+14+n)(i+2+n)? A+DE+2?  ~ (+1+mi+2+m) A+DGE+2?* T

@
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Inequality (2) is equivalent to

|A] < min \/ .1+1+n .l+2+n, i<n-1;.
i+1+mi+24+m

Clearly /X% B2 4 epeases with i. Thus (2) is equivalent to
i+1+m i+2+m
1] < n+1ln+2 ‘
m+1m+2
Inequality (3) is equivalent to
i+1+n (i+2+n)? (i+DXi+2)*

2 .
141 Smm{ i+ 1+ m+2+m? G+ DX +2) — (+ D — )+ 27 — )’

nSiSm—l}. (5)

i+1+n (i+2+n)*

. . . . 2 . . .
e (dzamy DCTEASES with i. The expression 1 — " increases with i, and so does

(i+1)
n’ 2\
- (1_ (i+1)2><1_ (i+2)2>

. . oo (i17(i+2)"
is decreasing and its inverse T (R G =0

i = n. We conclude that inequality (3) is equivalent to

1Al < [ 2n4+1  (2n+42) (n+1(n+2)* '
S Vntm+1lntm+2) \(n+12(n+2)* — (n+ 1 — n?)(n+2)? — n2)?

Clearly the right hand side of the last inequality is greater than 4/ %11 %22 So if inequality (2) is satisfied so is
(3). Inequality (4) is equivalent to

It is easy to see that

"y
a (m)z).Thus

is increasing and the minimum in (5) is assumed at

I/llzsinf{ i+1+n (+2+n)? G+ 120+ 2)* = (I +1)2 — m®)((i + 2)2 — m?)? izm}.

i+1+m@+24+4m? (+DX+2)% — ((+ 1% —n?) (i +2)% —n2)p”’
Since m > n we have
(i 4+ 1%+ 2)* = (i + 1) — m®)((i + 2)? — m?)?
T+ D2+ 2)* — ((( + 1D? = n?)((i + 2)* — n?)?
i+14+n (i+2+n)*
i+14m (i4+2+m)*

hyponormality of B, ;3 is equivalent to |A| <

> 1

As mentioned before

increases with i, and thus if inequality (2) is satisfied, so is (4). Thus

n+1 n+2
m+1 m+2° O

Notice the result holds also if m = n. It is not difficult to see that if B,n,z and B,z are hyponormal on
wa and a and b are two complex numbers such that |a| + |b| <1, then B« +ag+bg; is hyponormal. We state our
second main result.

Theorem 4.3. Assume Ay,...,A, are complex numbers such that Y, _.14,1 <1 and setg=

YicnsmAn\/ o 42 g1 Then we have BgB, — BBy < B;nB,n — ByuBjn.
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