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Abstract:We develop a semicontinuity-based existence theory in BV for a general class of scalar linear-growth

variational integrals with additional signed-measure terms. The results extend and refine previous considera-

tions for anisotropic total variations and area-type cases, and they pave the way for a variational approach to

the corresponding Euler–Lagrange equations, which involve the signed measure as right-hand-side datum.
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1 Introduction

Linear-growth functionals with measure

In this paper, we are concerned with minimization among scalar functions w : Ω → ℝ of first-order variational
integrals of type ∫

Ω

f ( . , ∇w) dx + ∫
Ω

w dμ, (1.1)

where the given data are a dimension N ∈ ℕ, a bounded Lipschitz domain Ω ⊆ ℝN , a continuous integrand
f : Ω × ℝN → [0,∞), and a finite signed Radon measure μ on Ω. Our motivation partially stems from the corre-

sponding Euler–Lagrange equation, in which μ takes the role of the right-hand side. This equation – valid for
minimizers u : Ω → ℝ at least in suitably differentiable cases – reads

div[∇ξ f ( . , ∇u)] = μ in Ω. (1.2)

Specifically, we now focus on the case that f is convex in its second variable ξ ∈ ℝN and satisfies the linear

growth condition

α|ξ| ≤ f (x, ξ) ≤ β(|ξ| + 1) for all (x, ξ) ∈ Ω × ℝN (1.3)

with constants 0 < α ≤ β < ∞. In this situation, the natural energy space in which general existence results for
minimizers of (1.1) can be approached is the space BV(Ω) of functions of bounded variation on Ω. However,

some care is needed already in giving a good definition of the integral (1.1) for arbitrary w ∈ BV(Ω), since the
first term should take into account the derivative measure Dw ∈ RM(Ω,ℝN), while the second term requires

suitable μ-a.e. evaluation of w.
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First-order convex terms on BV

In case of the first term in (1.1), the common BV interpretation goes back to [29, 32] and consists in using the

convex functional of measures (compare Sections 2.4 and 2.5)∫
Ω

f ( . , Dw) := ∫
Ω

f ( . , ∇w) dLN + ∫
Ω

f∞( . , dDsw
d|Dsw| ) d|Dsw| for w ∈ BV(Ω).

Here, Dw = (∇w)LN + Dsw is the Lebesgue decomposition of Dw with respect to LN
, and in our convex case,

the recession function f∞ : Ω × ℝN → [0,∞) is given by f∞(x, ξ) := limt→0+ tf (x, ξ/t) and will also be assumed
continuous. Moreover, if one adds (as we will always do) a Dirichlet boundary condition, conveniently specified

in terms of some u0 ∈ W1,1(ℝN), then in the BV setting, this condition needs to be recast in the sense of an

additional boundary penalization term, that is, the first term in (1.1) is replaced with∫
Ω

f ( . , Dw) + ∫
∂Ω

f∞( . , (w − u0)νΩ) dHN−1
for arbitrary w ∈ BV(Ω),

where νΩ denotes the inward normal at ∂Ω (see again Sections 2.4 and 2.5 for more notation and details).

Zero-order measure terms on BV

For what concerns the second term in (1.1), a first plausible approach is to understand it as∫
Ω

w∗ dμ for w ∈ BV(Ω), (1.4)

where theHN−1
-a.e. defined precise representativew∗ takes the Lebesgue value in the Lebesgue points ofw and

the average of the two jump values in its jump points. The well-posedness of the term for arbitrary w ∈ BV(Ω)
is then equivalent with the vanishing of |μ| on all HN−1

-negligible sets plus a mild boundedness requirement

on |μ| (compare with Definition 3.2), and we here call such measures μ the admissible ones. In fact, the admissi-
bility conditions are very natural and have already been around in the literature in order to characterize either

the continuity of the embedding BV(Ω) 󳨅→ L
1(Ω; μ), or the inclusion μ ∈ BV(Ω)∗, or the divergence structure

μ = div σ with some σ ∈ L∞(Ω,ℝN), the latter also an obvious necessary condition for solving (1.2); compare

[39, 43, 44] for full-space results and [15, 25, 49] for results on domains Ω. Recently, however, it has been observed

that, for general admissible μ, one cannot expect lower semicontinuity and existence results when using (1.4),
but rather the results of [25, 36, 49] underpin that the proper understanding of the measure term for matters of

variational existence theory is⟨⟨μ±;w∓⟩⟩ := ∫
Ω

w− dμ+ − ∫
Ω

w+ dμ− for w ∈ BV(Ω). (1.5)

Here, μ = μ+ − μ− (with μ± ≥ 0 singular to each other) is the Jordan decomposition of μ, and w+ takes the larger,
w− the smaller of the two jump values in jump points of w, while both w+ and w− still take the Lebesgue
value in Lebesgue points. We remark that, specifically for w ∈ W1,1(Ω), the choice (1.5) still reduces to simply⟨⟨μ±;w∓⟩⟩ = ∫

Ω
w∗ dμ and that we have ⟨⟨H±LN

;w∓⟩⟩ = ∫
Ω
wH dLN

for w ∈ BV(Ω) and a measure HLN
with

H ∈ L1(Ω). Thus, for the precise convention in (1.5) to matter, w ∈ BV(Ω) \W1,1(Ω) needs to meet a measure μ
with non-vanishing singular part¹.

1 More precisely, the truly relevant cases are only those with |μ|(Jw) > 0 for the approximate jump set Jw of w ∈ BV(Ω).
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Literature context, isoperimetric conditions, and main results

All in all, the preceding considerations indicate that, for admissible μ and arbitrary w ∈ BV(Ω), the reasonable
extension of the functional in (1.1) is given by

F
μ
u0 [w] := ∫

Ω

f ( . , Dw) + ∫
∂Ω

f∞( . , (w − u0)νΩ) dHN−1 + ⟨⟨μ±;w∓⟩⟩. (1.6)

This functionalF
μ
u0 is the concern of ourmain results, and indeed, these results essentially parallel and general-

ize the ones obtained by Leonardi–Comi [36] and the first author [49] for the case of prescribed-mean-curvature

measures (i.e. for f (x, ξ) = √1 + |ξ|2 and a parametric counterpart of the corresponding functional) as well as
the ones of our predecessor paper [25] for the case of a possibly anisotropic total variation with measure (i.e.

for f (x, ξ) additionally homogeneous of degree 1 in ξ, in other words for f∞ = f ); compare also [16, 17, 37, 46, 53]
for previous related solution theory of equation (1.2) with right-hand-side measure in these specific cases. For

general functionals with measure of type (1.1), to the state of our knowledge, the sole results available are those

of Carriero–Leaci–Pascali [12–14] and Pallara [42], who in certain p-coercive cases with p ≥ 1 establish lower
semicontinuity restricted toW

1,p(Ω) (or subspaces thereof). Hence, in these works, the convention (1.4) suffices

and the finer choice in (1.5) is irrelevant. However, in our case with p = 1, these results come with the decisive
drawback that they remain restricted to W

1,1(Ω), which is not an adequate space for deducing any existence

results.

A crucial ingredient in our theory are (linear) isoperimetric conditions (ICs), which are more quantitative

versions of the admissibility conditions for the measure μ. These conditions depend on the integrand f through
f∞ only and essentially take the form−C ∫

∂A

f∞( . , νA) dHN−1 ≤ μ(A) ≤ C ∫
∂A

f∞( . , −νA) dHN−1
for all smooth A ⋐ Ω (1.7)

with inward normal νA and with a constant C ∈ [0,∞). Conditions of similar nature previously occurred in the
calculus of variations in [9, 16, 17, 20, 21, 25–28, 30, 36, 41, 49, 51–53], for instance, and despite an inherent techni-

cal flavor are nowadays well-understood. The prototype examples captured are (sums of) (N − γ)-dimensional
measures θHN−γ Swith γ ∈ [0, 1], a Borel set S, and a density θ ∈ L1(S;HN−γ). Given such ameasure μ, the ICs
can often be grasped and verified by geometrically interpreting the integral terms in (1.7) as anisotropic perime-

ters of A (which in case f∞(x, ξ) = |ξ| reduce to the standard isotropic perimeter). Alternatively, one can some-
times establish (1.7) in an elegant manner by finding a calibration σ ∈ L∞(Ω,ℝN) with ‖(f∞)∘( . , σ)‖L∞(Ω) ≤ C
(in the standard case reduced to ‖σ‖L∞(Ω,ℝN ) ≤ C) such that div(σ) = μ holds in the sense of distributions; this
calibration criterion is, in fact, necessary and sufficient and has been established in [25, Theorems 4.2, 4.6] in full

generality. Furthermore, a simple class of concrete examples in the most relevant borderline case γ = 1 is pro-
vided by [49, Proposition 8.1] where it is recorded that ICs (1.7) with f∞(x, ξ) = |ξ| are valid for CHN−1 ∂(∗)K
whenever K is a bounded (pseudo)convex set inℝN ; compare the discussion following [25, Definition 3.1] for the
extension to general anisotropies. For a more thorough treatment of ICs in similar framing and the more exten-

sive discussion of examples, we generally refer to [49, Sections 7, 8] and [15, Section 4] in case f∞(x, ξ) = |ξ|
and to [25, Sections 3, 4, 5] in general. Here, we limit ourselves to additionally recording, as a central indica-

tion of significance, the necessity of (1.7) for solving the Euler–Lagrange equation (1.2). Indeed, whenever u
is a smooth solution of (1.2) such that ∇ξ f ( . , ∇u) ∈ C0(Ω), the divergence theorem and the convexity-based

inequality ±∇ξ f (x, ξ) ⋅ ν ≤ f∞(x, ±ν) for x ∈ Ω and ξ, ν ∈ ℝN imply∓μ(A) = ± ∫
∂A

∇ξ f ( . , ∇u) ⋅ νA dHN−1 ≤ ∫
∂A

f∞( . , ±νA) dHN−1
for all smooth A ⋐ Ω

and thus confirm the validity of (1.7) with the specific constant C = 1.
The first and tentatively most decisive of our general results (Theorem 3.4) asserts that reversely ICs (1.7)

with C = 1 imply the lower semicontinuity ofFμ
u0 onBV(Ω)with respect to L1(Ω)-convergence. This is interesting,

since the measure term ⟨⟨μ±;w∓⟩⟩ alone is not lower semicontinuous with respect to this convergence, and



100  E. Ficola and T. Schmidt, Existence theory for linear-growth integrals

thus the result involves IC-governed compensation effects between the different terms of F
μ
u0 . In fact, the result

even applies for measures μ± which do not arise by Jordan decomposition of a signed measure μ, but we defer
the treatment of this more incidental generalization to the later sections. Moreover, if ICs (1.7) hold even with

C < 1, then it is comparably straightforward to check also coercivity of Fμ
u0 and deduce our second main result

(Theorem 3.6) on the existence of at least one minimizer of F
μ
u0 . Correspondingly, we demonstrate with the

later Example 3.7 that coercivity and existence indeed do not extend to the borderline case C = 1. Finally, we
complement the semicontinuity result with a construction of recovery sequences (Theorem 3.8), which does

not require a quantitative IC assumption like (1.7). Anyhow, if (1.7) with C = 1 is at hand, then the combination
of our results also identifies F

μ
u0 as the natural extension by semicontinuity from W

1,1

u0 (Ω) := u0 +W1,1

0
(Ω) to

BV(Ω) (Corollary 3.10). We believe that the results just described can be naturally complemented with duality

considerations, which are partially similar to those in [3, 7, 8, 36, 47] and which in particular yield a weak form

of the Euler–Lagrange equation (1.2) for the BV minimizers of our theory. However, we leave details of such

considerations for further work.

Assumptions on the integrand and exemplary cases

For the integrand f , in addition to the standard hypotheses already mentioned (that is, the growth condition

(1.3) plus convexity in ξ and continuity in (x, ξ) of both f (x, ξ) and f∞(x, ξ); cf. Assumption 3.1), our approach
requires imposing the mild extra requirement

f (x, ξ) ≥ f∞(x, ξ) − M for all (x, ξ) ∈ Ω × ℝN (1.8)

with a constantM ∈ ℝ. In fact, we tend to believe that (1.8) is not truly necessary for any of our results, but also
that, with our taken approach, its elimination would require quite some extra effort (see Remarks 4.9 and 4.12

for finer discussion). Additionally, (1.8) being satisfied in most relevant model cases and examples, as discussed

next, we conclude that this assumption seems reasonable at least, and we keep it here.

In particular, all our assumptions are satisfied for the standard total variation (i.e. f (x, ξ) = |ξ|) and more
generally for the anisotropic total variation cases already covered in [25]. In addition, we now include the

prominent model case of the area integrand

f (x, ξ) = √1 + |ξ|2
and in this case refine some of the results in [36] by treating measures μ of general form and extending semi-

continuity to the borderline case C = 1 of the ICs. Beyond that, further natural model cases covered here are
Finslerian area integrands and specifically Riemannian area integrands

f (x, ξ) = √ν2
0
+ φ(x, ξ)2 and f (x, ξ) = √ν2

0
+ gx(ξ, ξ)

with ν0 ∈ (0,∞), a C0 Finsler metric φ ∈ C0(Ω × ℝN), and a C0 Riemannian metric g on Ω. Some further x-inde-
pendent examples included in our treatment are

f (x, ξ) = (1 + |ξ|p)1/p , f (x, ξ) = {{{ 1

p |ξ|p if |ξ| ≤ 1,|ξ| − p−1p if |ξ| ≥ 1, and f (x, ξ) = |ξ| arctan|ξ|,
with parameter p ∈ (1,∞) (where the latter two integrands need M ≥ p−1

p and M ≥ 1 in (1.8), respectively).

Clearly, one may think of similar integrands with additional x-dependent coefficients as well. However, there

exist also negative examples which fulfill all other assumptions relevant here, but are ruled out by failure of

(1.8) only. Two among such cases closely related to each other are

f (x, ξ) = 1 + |ξ| − (1 + |ξ|)θ and f (x, ξ) = (|ξ| − |ξ|θ)+ + 1
with parameter θ ∈ (0, 1).
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On the main semicontinuity proof

At this stage, let us briefly comment on the underlying idea of the main semicontinuity proof in this paper.

Indeed, wewill rewrite the general functionalF
μ
u0 (up to harmless remainder terms) as an anisotropic total vari-

ation (TV) functional with measure and thus will essentially reduce to a case covered by the framework of [25].

The approach, by which we achieve this reduction, is passing from competitors w ∈ BV(Ω) to new competitors

w◊ ∈ BV(Ω◊) on Ω◊ := (0, 1) × Ω ⊆ ℝN+1, defined by
w◊(x0 , x) := x0 + w(x) for (x0 , x) ∈ Ω◊ (1.9)

with an extra variable x0 ∈ (0, 1). With these choices, for arbitrary w ∈ BV(Ω), we will additively split
F
μ
u0 [w] = Φ̂[w◊] + R[w],

where the remainderR is a harmless zero-order functional and is even continuouswith respect to L
1(Ω)-conver-

gence. The decisive terms instead go into Φ̂, an anisotropic TV functional withmeasure, defined onW ∈ BV(Ω◊)
by

Φ̂[W] = ∫
Ω◊

φ( . , dDW
d|DW| ) d|DW| + ∫

∂Ω◊

φ( . , (W − u0◊)νΩ◊) dHN + ⟨⟨L1 ⊗ μ±;W∓⟩⟩,
where the new integrand φ : Ω◊ × ℝN+1 → [0,∞) is a sort of 1-homogeneous extension of f (closely related to
what is occasionally called perspective function). Specifically, the extension of f (x, ξ) = √1 + |ξ|2 in the previous
sense is φ((x0 , x), Ξ) = |Ξ|, that is, the area case (in N variables) is reduced by our strategy to the standard total

variation case (in N + 1 variables). In any case, with the rewriting at hand and after some further considera-

tions (in particular on carrying over the ICs to the product measure L1 ⊗ μ), in the end, we will deduce lower
semicontinuity of F

μ
u0 from lower semicontinuity of Φ̂ guaranteed by our previous result in [25, Theorem 3.5].

Finally, we find it worth pointing out that w◊ from (1.9) has the derivative

Dw◊ = L1 ⊗ (LN
, Dw) ∈ RM(Ω◊ ,ℝN+1),

where after [29] the usage of the second factor (LN
, Dw) ∈ RM(Ω,ℝN+1) has become quite standard in the

analysis of variational problems on BV(Ω). Still, we believe that our additional small trick of recasting the func-
tional via the extra variable x0 and formula (1.9) on the level of the functions themselves has not yet been around
in the literature and might eventually find further applications.

Remarks on the vector-valued case

Before closing this introduction, we add some comments on reasons for restricting the considerations of this

paper to functionals which depend on scalar functions. Indeed, this limitation is inherent to our semicontinuity
proof inasmuch as we build on the predecessor results of [25] and these results in turn depend on the Fleming–

Rishel coarea formula for scalar BV functions. Still, at first glance, it seems plausible that a modified approach
may yield a semicontinuity result analogous to our central Theorem 3.4 also for vectorial functionals

F
μ
u0 [w] := ∫

Ω

f ( . , Dw) + ∫
∂Ω

f∞( . , (w − u0)⊗νΩ) dHN−1 + ∫
Ω

wμ ⋅ dμ for w ∈ BV(Ω,ℝd) (1.10)

with arbitrary d ≥ 2, with the first term understood as before, with a finite ℝd-valued Radon measure μ on Ω,
with a suitable μ-dependent representativewμ

ofwwhich is (at least) |μ|-a.e. defined, andwith ⊗ and ⋅ denoting
the dyadic product and the inner product, respectively. However, we will now show that lower semicontinuity

of (1.10) with respect to L
1(Ω,ℝ2)-convergence fails already in the basicmodel casewhere the first-order term is

the parametric or non-parametric length of functions w ∈ BV((−1, 1),ℝ2) with boundary datum u0(±1) = ( ±10 )
and the measure is theℝ2-valued measure μ := ( 0

−2θ )δ0 on (−1, 1)with the Dirac measure δ0 at 0 and arbitrary
θ ∈ (0, 1). In other words, for either f (ξ) := |ξ| or f (ξ) := √1 + |ξ|2, we consider the functional

F
μ
u0 [w] = 1∫

−1

f (Dw) + 󵄨󵄨󵄨󵄨󵄨󵄨󵄨w(1) − (10)󵄨󵄨󵄨󵄨󵄨󵄨󵄨 + 󵄨󵄨󵄨󵄨󵄨󵄨󵄨w(−1) − (−10)󵄨󵄨󵄨󵄨󵄨󵄨󵄨 − 2θwμ
2
(0) for w ∈ BV((−1, 1),ℝ2).
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Now, for fixed ε > 0, the sequence (uk)k in BV((−1, 1),ℝ2) given by uk(x) := ( sgn(x)
0
) for |x| > 1

k and uk(x) := ( 0ε )
for |x| < 1

k converges in L
1(Ω,ℝ2) to u ∈ BV((−1, 1),ℝ2) with u(x) := ( sgn(x)

0
). Moreover, whenever the choice

of wμ
at least preserves constancy intervals of the components, i.e. if, for i ∈ {1, 2}, constancy of wi near x0

guarantees wμ
i (x0) = wi(x0), then lower semicontinuity of Fμ

u0 fails along this specific sequence as soon as one

takes ε < 2θ
1−θ2 . Indeed, in case f (ξ) = |ξ|, an explicit computation gives

F
μ
u0 [uk] = 2(√1 + ε2 − θε) < 2 = Fμ

u0 [u] for all k ∈ ℕ,
and in case f (ξ) = √1 + |ξ|2, one gets the same with merely a constant 2 added, that is,

F
μ
u0 [uk] = 2(1 + √1 + ε2 − θε) < 4 = Fμ

u0 [u] for all k ∈ ℕ.
Since θ ∈ (0, 1) is arbitrary, this (counter)example includes measures μ = ( 0

−2θ )δ0 whose components satisfy
ICs of type (1.7) with arbitrarily small constants C. In conclusion, lower semicontinuity in the vectorial case

can only hold in severely restricted situations. For instance, it trivially holds in case that the integrand splits in

the sense of f (x, ξ) = ∑di=1 fi(x, ξi) (where ξi ∈ ℝN denotes the i-th row of ξ ∈ ℝd×N ) and consequently also the
functional F

μ
u0 [w] = ∑di=1(Fi)μi(u0)i [wi] splits additively into functionals of the single components. Moreover, as

our (counter)example pertains to the borderline case of (N − 1)-dimensional ℝd-valued measures μ on ℝN , it
leaves open the question if lower semicontinuity is or is not preserved for a variant of (1.10) in case of general

integrands f and suitable (N − γ)-dimensionalℝd-valued measures μ onℝN with γ ∈ (0, 1). Anyway, we do not
further pursue this last-mentioned issue in the present paper.

Finally, in contrast with the semicontinuity situation, we tend to believe that our result on recovery

sequences (Theorem 3.8) carries over to the vectorial case of (1.10) in a reasonably general framework. Indeed,

as soon as one can lift a precise approximation result analogous to [25, Proposition 4.4] or the more general

[15, Theorem 3.2] to the vectorial case with certain choices of representative wμ
, it seems likely that also our

construction of recovery sequences will carry over with a couple of adaptations. Furthermore, if one is willing

to put aside the interesting borderline case of (N − 1)-dimensional measures and rather focuses on measures μ
with bounded (N − γ)-dimensional density ratio supx∈ℝN , r>0(rγ−Nμ(Br(x) ∩ Ω)) < ∞ for some γ ∈ [0, 1), even
a more direct route is possible: in that case, one falls back to the term ∫

Ω
w∗ ⋅ dμ defined with the standard|μ|-a.e. representative w∗ and can deduce existence of recovery sequences for Fμ

u0 (both in the scalar and theℝd-valued case) by the well-known strict approximation result [8, Lemma B.2] in combination with the refined
strict continuity of such measure terms from [31, Theorem 6.10].

Plan of this paper

In the subsequent Section 2, we collect various preliminaries, while the full statements of our main results are

given and are contextualized in Section 3. In Section 4, we carry out the semicontinuity proof (by the strategy

described) and eventually deduce coercivity and existence. The counterexample to existence in the borderline

case C = 1 is addressed in Section 5, while the short Section 6 implements a construction of recovery sequences
in close analogy with [25]. Finally, Appendix A collects add-on observations on codimension-one slicing of BV

functions, relevant only for very general cases of our theory.

2 Preliminaries

2.1 General notation, measures, BV functions, and sets of finite perimeter

We work in Euclidean space ℝN with N ∈ ℕ, where |x| and x ⋅ y stand for Euclidean norm and inner product

of vectors x, y ∈ ℝN , respectively. For measurable sets A ⊆ ℝN , we denote by |A| := LN(A) the N-dimensional
Lebesgue measure of A. We write Br(x) for the open ball in ℝN centered in x ∈ ℝN and with radius r ∈ (0,∞),
andwe abbreviate Br in case x = 0. TheN-dimensional volume |B1| of the unit ball B1 ⊆ ℝN is abbreviated asωN .
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Moreover, we writeHM
for theM-dimensional Hausdorff measure onℝN , relevant mostly in the codimension-

one case. The usual notations A and ∂A are employed for the closure and boundary of A, respectively, and 𝟙A
is the indicator function of A.

Given m ∈ ℕ and an open set U ⊆ ℝN , we denote by RM(loc)(U,ℝm) the space of all (locally) finite ℝm-
valued Radon measures on U . Two non-negative measures μ, ̂μ on U are said to be mutually singular, written
μ ⊥ ̂μ, if there exist disjoint E, F ⊆ U such that μ(F) = ̂μ(E) = 0. Any signed Radon measure μ on U allows for

Jordan decomposition μ = μ+ − μ− with μ± non-negative, mutually singular Radon measures on U . We call μ+
and μ− the positive and negative part of μ, respectively, and the non-negative Radon measure |μ| := μ+ + μ−
the variation measure of μ. However, on occasion (compare Theorems 3.4 and 3.6 in particular), we eventually
denote by μ± some given non-negativemeasures which need not necessarily arise by Jordan decomposition and
need not be mutually singular. For a non-negative Borel measure μ on U and ν ∈ RMloc(U,ℝm), we say that ν
is absolutely continuous with respect to μ and write ν ≪ μ if, for every Borel set B such that μ(B) = 0, we have|ν|(B) = 0 aswell. Supposed μ is additionally σ-finite, we recall that the Radon–Nikodým theorem (comparewith

[2, Theorem 1.28]) yields the existence of a unique (up to μ-negligible sets)ℝm-valued density g ∈ L1
loc
(U,ℝm; μ)

and of anℝm-valued measure νs singular to μ such that it holds ν = gμ + νs as measures on U . In this situation,
we also write dν/dμ for the density g.

For open U ⊆ ℝN , we introduce the space of functions of (locally) bounded variation in U , written BV(loc)(U),
as the space of all u ∈ L1(loc)(U) such that the distributional gradient Du of u exists asℝN -valued Radonmeasure
on U . We then define the total variation of u in a Borel set B ⊆ U Borel as TV(u, B) := |Du|(B). The space BV(U) is
a Banach space when endowedwith the norm ‖u‖BV(U) := ‖u‖L1(U) + |Du|(U). However, norm convergence in BV

is often too restrictive, and we will rather work with strict convergence of a sequence (uk)k in BV(U) to a limit u
in BV(U), which by definitionmeans nothing but uk → u in L1(U) togetherwith |Duk|(U) → |Du|(U). Evenmore
useful will be a variant, the area-strict convergence of (uk)k to u in BV(U), which is reasonable in case |U| < ∞
and then requires uk → u in L

1(U) together with ∫U √1 + |Duk|2 → ∫U √1 + |Du|2 (where ∫U √1 + |Du|2 may
be equivalently defined either as a the total variation |(LN

, Du)|(U) of (LN
, Du) ∈ RM(U,ℝN+1) or as a func-

tional of measures in the sense of Section 2.5). Moreover, if E ⊆ ℝN is such that 𝟙E ∈ BVloc(U) holds for some
open U ⊆ ℝN , we call E a set of locally finite perimeter in U , and its perimeter in a Borel set B ⊆ U is given by

P(E, B) := |D𝟙E|(B) ∈ [0,∞). In this situation, the Radon–Nikodým density νE := dD𝟙E/d|D𝟙E| is defined, and is
a unit vector field |D𝟙E|-a.e. on U . In fact, De Giorgi’s structure theorem gives D𝟙E = νEHN−1 ∂∗E as measures
in U with the reduced boundary ∂∗E of E (compare [2, Definition 3.54, Theorem 3.59]), and this allows under-

standing νE as the generalized inward unit normal of E at U ∩ ∂∗E. Finally, a set of locally finite perimeter such
that P(E, U) < ∞ is called a set of finite perimeter in U , and in case U = ℝN , we abbreviate P(E) := P(E,ℝN).

Given a measurable set A ⊆ ℝN and θ ∈ [0, 1], we write Aθ for the set of density-θ points for A, that is,
Aθ := {x ∈ ℝN : lim

r→0

|Br(x) ∩ A||Br| = θ}.
Particularly relevant are the measure-theoretic interior A1 and the measure-theoretic closure A+ := (A0)c of A.
Moreover, for x ∈ U ⊆ ℝN andmeasurable u : U → ℝ, we introduce the approximate upper limit and the approx-
imate lower limit of u at x as

u+(x) := sup{t ∈ ℝ : x ∈ {u > t}+}, u−(x) := sup{t ∈ ℝ : x ∈ {u > t}1},
and we define the precise representative u∗ of u by setting u∗(x) := (u+(x) + u−(x))/2. If specifically we have
u ∈ L1

loc
(U), all the above-mentioned representatives coincide at Lebesguepoints of u, and u± represent the jump

values of u at its jump points. For u ∈ BVloc(U), the Federer–Vol’pert theorem (see for example [2, Theorem 3.78])

implies thatHN−1
-a.e. point outside the jump set Ju of u is a Lebesgue point, and thus, in this case, u+ = u− = u∗

holdsHN−1
-a.e. in U \ Ju . Clearly, in case of u ∈ W1,1

loc
(U), the coincidence holds evenHN−1

-a.e. in U .

2.2 Polars of positively 1-homogeneous integrands

We say that φ : ℝN → ℝ is positively 1-homogeneous if it satisfies φ(tξ) = tφ(ξ) for all ξ ∈ ℝN and t ∈ [0,∞)
(which in particular includes the requirement φ(0) = 0). For every differentiability point ξ ∈ ℝN of such φ,
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differentiation with respect to t at t = 1 gives Euler’s relation ξ ⋅ ∇φ(ξ) = φ(ξ). Furthermore, a sort of dual of
a positively 1-homogeneous function is given by the following well-known construction.

Definition 2.1 (Polar). Consider a positively 1-homogeneous function φ : ℝN → [0,∞) such that φ(ξ) > 0 holds
for all ξ ∈ ℝN \ {0}. Then the polar function φ∘ : ℝN → [0,∞) of φ is defined by

φ∘(ξ∗) := sup

ξ∈ℝN\{0}

ξ∗ ⋅ ξ
φ(ξ) for ξ∗ ∈ ℝN .

The polar φ∘ is always positively 1-homogeneous and convex in ℝN with φ∘(ξ∗) > 0 for all ξ∗ ∈ ℝN \ {0}; thus
it is also continuous and a.e. differentiable with non-zero gradient in ℝN . Moreover, the definition of the polar
implies the anisotropic Cauchy–Schwarz inequality

ξ∗ ⋅ ξ ≤ φ∘(ξ∗)φ(ξ) for all ξ, ξ∗ ∈ ℝN , (2.1)

where for each ξ∗ ∈ ℝN , there exists at least one ξ ∈ ℝN \ {0} such that (2.1) becomes an equality. Beyond that,
we record the following lemma.

Lemma 2.2 (Equality cases in the anisotropic Cauchy–Schwarz inequality). Consider a positively 1-homogeneous
function φ : ℝN → [0,∞) such that φ(ξ) > 0 holds for all ξ ∈ ℝN \ {0}. Then, for every differentiability point
ξ∗ ∈ ℝN \ {0} of φ∘, the corresponding ξ ∈ ℝN \ {0} which achieve equality in (2.1) are fully characterized by the
condition ξ/φ(ξ) = ∇φ∘(ξ∗). In particular,

φ(∇φ∘(ξ∗)) = 1
holds for every differentiability point ξ∗ ∈ ℝN \ {0} of φ∘ and thus for a.e. ξ∗ ∈ ℝN .
Proof. Wefix a differentiability point ξ∗ ∈ ℝN \ {0} of φ∘. One one hand, if ξ ∈ ℝN \ {0} achieves equality in (2.1),
then ξ∗maximizes τ∗ 󳨃→ τ∗ ⋅ ξ − φ∘(τ∗)φ(ξ) onℝN , and by the first-order criterion, this implies ξ = φ(ξ)∇φ∘(ξ∗);
in other words, ξ/φ(ξ) = ∇φ∘(ξ∗). On the other hand, if ξ/φ(ξ) = ∇φ∘(ξ∗) holds, we bring in Euler’s relation for
the homogeneous function φ∘ in order to get ξ∗ ⋅ ξ = φ(ξ)ξ∗ ⋅ ∇φ∘(ξ∗) = φ(ξ)φ∘(ξ∗) and thus achieve equality in
(2.1). Finally, since some ξ ∈ ℝN \ {0}with the previous properties always exists (as recorded directly after (2.1)),
by homogeneity of φ, we obtain φ(∇φ∘(ξ∗)) = φ(ξ/φ(ξ)) = 1.
2.3 Anisotropic total variations and anisotropic perimeters

Given a setU ⊆ ℝN and arbitrary function φ : U × ℝN → [0,∞), we denote by φ̃ : U × ℝN → [0,∞) themirrored
integrand which is defined by

φ̃(x, ξ) := φ(x, −ξ) for (x, ξ) ∈ U × ℝN .
Wewill often consider integrands φwhich are positively 1-homogeneous and/or convex in ξ (i.e. ξ 󳨃→ φ(x, ξ) has
the respective property for every x ∈ U), have linear growth in ξ (i.e. α|ξ| ≤ φ(x, ξ) ≤ β|ξ| for all (x, ξ) ∈ U × ℝN
with some 0 < α ≤ β < ∞), or are continuous in (x, ξ). For future usage, we briefly record that all these proper-
ties trivially carry on from φ to φ̃.

Now we recall the definition of the anisotropic total variations and anisotropic perimeters.

Definition 2.3 (Anisotropic total variation and anisotropic perimeter). Consider an open set U ⊆ ℝN and a Borel

function φ : U × ℝN → [0,∞)which is positively 1-homogeneous in ξ. For w ∈ BVloc(U), the φ-anisotropic total
variation of w on a Borel set B ⊆ U is

TVφ(w, B) := |Dw|φ(B) := ∫
B

φ( . , νw) d|Dw|,
where νw := dDw/d|Dw| denotes the Radon–Nikodým derivative. In particular, for a set E ⊆ ℝN of locally finite
perimeter in U , the φ-anisotropic perimeter of E in a Borel set B ⊆ U is obtained as

Pφ(E, B) := |D𝟙E|φ(B) = ∫
B

φ( . , νE) d|D𝟙E|
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with the generalized inward normal νE = dD𝟙E/d|D𝟙E|. We abbreviate Pφ(E,ℝN) as Pφ(E). Moreover, by
convention, we understand TVφ(w, B) = ∞ if w ∉ BVloc(U󸀠) for every open U󸀠 such that B ⊆ U󸀠 ⊆ ℝN and

Pφ(E, B) = ∞ if a E does not have locally finite perimeter in any open U󸀠 such that B ⊆ U󸀠 ⊆ ℝN . Finally,
with slight abuse of notation, we identify a positively 1-homogeneous φ : ℝN → [0,∞) with its extension

φ : ℝN × ℝN → [0,∞) such that φ(x, ξ) = φ(ξ) and tacitly adopt the previous notions to this understanding.
In the situation of the definition, we have the easy relations TVφ̃(w, B) = TVφ(−w, B) and Pφ̃(E, B) = Pφ(Ec , B).
Moreover, we stress that the usage of the inward normal (rather than the outward normal) in our definition

of Pφ is not fully standard and causes an opposite sign or the occurrence of φ̃ in some of our statements. Still,

we prefer this convention which ensures TVφ(𝟙E , B) = Pφ(E, B) without an additional minus sign. Clearly, for
even φ, we have φ̃ = φ; then these details do not matter anyway.

The next statements are originally due to Reshetnyak [45] and may be read off from [2, Theorems 2.38,

2.39], essentially by specializing the assertions to the case of derivative measures Dw ∈ RM(U,ℝN). The first
one extends the central semicontinuity property of the total variation to the anisotropic case.

Theorem 2.4 (Reshetnyak semicontinuity, homogeneous version). For an open set U ⊆ ℝN , assume that the func-
tion φ : U × ℝN → [0,∞) is positively 1-homogeneous in ξ, convex in ξ, lower semicontinuous in (x, ξ), and satis-
fying φ(x, ξ) ≥ α|ξ| for all (x, ξ) ∈ U × ℝN and some α > 0. Then, whenever a sequence (uk)k in BV(U) converges
in L1(U) to u ∈ BV(U), there holds

lim inf
k→∞
|Duk|φ(U) ≥ |Du|φ(U).

The subsequent companion result concerns the more restricted class of sequences which converge strictly in
BV(U). Along such sequences it grants continuity without any convexity assumption on the integrand.
Theorem 2.5 (Reshetnyak continuity, homogeneous version). For an open set U ⊆ ℝN , assume that the function
φ : U × ℝN → [0,∞) is positively 1-homogeneous in ξ and continuous in (x, ξ) and satisfies φ(x, ξ) ≤ β|ξ| for all(x, ξ) ∈ U × ℝN and some β ∈ [0,∞). Then, whenever a sequence (uk)k in BV(U) converges strictly in BV(U) to
u ∈ BV(U), there holds

lim
k→∞
|Duk|φ(U) = |Du|φ(U).

Finally, we put on record the anisotropic isoperimetric inequality, originally established in [10, Section 1] and

converted into our framework in [1, Proposition 2.3].

Theorem 2.6 (φ-anisotropic isoperimetric inequality). If φ : ℝN → [0,∞) is a positively 1-homogeneous and con-
vex function such that φ(ξ) > 0 holds for all ξ ∈ ℝN \ {0}, then for measurable A ⊆ ℝN and r ∈ [0,∞) such that|A| = |{φ∘ < r}| < ∞, one has

Pφ̃(A) ≥ Pφ̃({φ∘ < r}).
2.4 Linear-growth integrands, recession and perspective function

For this section, we fix an open set U ⊆ ℝN .
Definition 2.7. A function f : U × ℝN → ℝ has linear growth (to be understood in the second variable) if

α|ξ| ≤ f (x, ξ) ≤ β(|ξ| + 1) for all (x, ξ) ∈ U × ℝN
holds with constants α, β ∈ [0,∞). If f is moreover convex in its second variable ξ ∈ ℝN , we introduce the
recession function f∞ : U × ℝN → [0,∞) of f by setting

f∞(x, ξ) := lim
t→0+

tf(x, ξt ) = lims→∞
f (x, sξ)

s for all x ∈ U, ξ ∈ ℝN .
The perspective (or homogenized) function of f is f : U × [0,∞) × ℝN → [0,∞) given by

f (x, t, ξ) := {{{tf (x, ξt ) for t > 0,
f∞(x, ξ) for t = 0.
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By definition, t 󳨃→ f (x, t, ξ) is continuous at t = 0, and there hold f (x, 1, ξ) = f (x, ξ) and f (x, 0, ξ) = f∞(x, ξ) for
all (x, ξ) ∈ U × ℝN .
We now state some relevant properties of the recession and perspective function.

Lemma 2.8. If f : U × ℝN → ℝ has linear growth and is convex in ξ ∈ ℝN , then the following hold:
(i) The recession function f∞ is well-defined, convex in ξ, positively 1-homogeneous in ξ, and it satisfies

α|ξ| ≤ f∞(x, ξ) ≤ β|ξ| for all (x, ξ) ∈ U × ℝN . (2.2)

Similarly, the perspective function f is convex in (t, ξ), positively 1-homogeneous in (t, ξ), and it satisfies
α|ξ| ≤ f (x, t, ξ) ≤ β(t + |ξ|) for all (x, t, ξ) ∈ U × [0,∞) × ℝN .

(ii) If f itself is positively 1-homogeneous in ξ, then it holds

f (x, t, ξ) = f∞(x, ξ) = f (x, ξ) for all (x, t, ξ) ∈ U × [0,∞) × ℝN .
(iii) If f is lower semicontinuous, then f∞ and f are lower semicontinuous as well.
(iv) If both f and f∞ are continuous, then f is continuous.

We stress that, in the x-independent case f (x, ξ) = f (ξ), the convexity of f , f∞, f already implies their continuity.
Therefore, Lemma 2.8 (iii) and (iv) are relevant only in coping with x-dependent cases.

Proof of Lemma 2.8. We start with part (i). For any fixed x ∈ U and ξ ∈ ℝN , the convexity of f in ξ implies that
gx,ξ(s) := f (x, sξ) − f (x, 0)s

is non-decreasing in s ∈ (0,∞). This implies existence of f∞(x, ξ) = lims→∞ gx,ξ(s) and validity of (2.2). In order
to check convexity of f in (t, ξ), we fix x ∈ U , ξ1 , ξ2 ∈ ℝN , t1 , t2 > 0, λ ∈ (0, 1), and we set t := λt1 + (1 − λ)t2 and
ξ := λξ1 + (1 − λ)ξ2. By convexity of f in ξ, we find

λf (x, t1 , ξ1) + (1 − λ)f (x, t2 , ξ2) = t( λt1t f(x, ξ1t1 ) + (1 − λ)t2t
f(x, ξ2t2 )) ≥ tf(x, ξt ) = f (x, t, ξ),

which confirms convexity of f in (t, ξ) ∈ (0,∞) × ℝN . Cases with t = 0 and the convexity claim for f∞ are then

reached by taking limits t → 0
+
, and the remaining claims in part (i) follow straightforwardly.

The assertions in part (ii) are direct consequences of the definition.

In order to establish part (iii), we consider a converging sequence (xk , tk , ξk) → (x, t, ξ) in U × [0,∞) × ℝN .
In case t > 0, lower semicontinuity of f along the sequence is immediate by definition of f and lower semiconti-
nuity of f . In case t = 0 instead, taking into account f∞(x, ξ) = lims→∞(f (x, 1s , ξ) − βs ), for any given ε > 0, there
exists a corresponding s ∈ (0,∞) such that f∞(x, ξ) ≤ ε + f (x, 1s , ξ) − βs . Bringing in lower semicontinuity of f
in the case already treated and bounding − βs ≤ −f (xk , 1s , 0), we infer

f (x, 0, ξ) = f∞(x, ξ) ≤ ε + lim inf
k→∞
(f(xk , 1s , ξk) − f(xk , 1s , 0)).

To proceed further, we deduce from f (xk , t, ξk) − f (xk , t, 0) = gxk ,ξk ( 1t ) for t > 0, the monotonicity of gxk ,ξk
observed earlier, and again limits t → 0

+
that f (xk , t, ξk) − f (xk , t, 0) is non-increasing even in t ∈ [0,∞). Then,

since we have tk ≤ 1

s for k ≫ 1, we conclude

f (x, 0, ξ) ≤ ε + lim inf
k→∞
(f (xk , tk , ξk) − f (xk , tk , 0)) = ε + lim inf

k→∞
f (xk , tk , ξk).

As ε > 0 is arbitrary, this proves lower semicontinuity of f also at points (x, 0, ξ). In view of f∞(x, ξ) = f (x, 0, ξ),
lower semicontinuity of f∞ follows as well.

Finally, we check part (iv). In the light of part (iii), it remains to prove lim supk→∞ f (xk , tk , ξk) ≤ f (x, t, ξ)
whenever (xk , tk , ξk) → (x, t, ξ) in U × [0,∞) × ℝN . By continuity of f , this is immediate for t > 0. In case t = 0
instead, the continuity assumption for f∞ gives

f (x, 0, ξ) = f∞(x, ξ) = lim
k→∞

f∞(xk , ξk) = lim
k→∞
(f (xk , 0, ξk) − f (xk , 0, 0)). (2.3)
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Then, via equality (2.3), via the monotonicity property exploited already in the proof of part (iii), and via the

x-uniform bounds 0 ≤ f (x, t, 0) ≤ βt, we arrive at
f (x, 0, ξ) ≥ lim sup

k→∞
(f (xk , tk , ξk) − f (xk , tk , 0)) = lim sup

k→∞
f (xk , tk , ξk).

This completes the proof of part (iv) and of the lemma.

We point out that any positively 1-homogeneous and convex function g : ℝk → [0,∞) satisfies the triangle in-
equalities

g(ξ + τ) ≤ g(ξ) + g(τ) and g(ξ) − g(τ) ≤ g(ξ − τ) for all ξ, τ ∈ ℝk . (2.4)

Specifically, by Lemma 2.8 (i), the estimates in (2.4) apply to the mappings ξ 󳨃→ f∞(x, ξ) and (t, ξ) 󳨃→ f (x, t, ξ)
for any fixed x ∈ U .
Lemma 2.9. Suppose that f : U ×ℝN→ℝhas linear growth and is convex in ξ ∈ℝN . If f ≥ f∞ holds, then f (x, t, ξ)
is non-decreasing in t ∈ [0,∞) for any fixed (x, ξ) ∈ U × ℝN .
Proof. From the homogeneity of f∞ and the assumption f ≥ f∞, we infer f (x, 0, ξ) = f∞(x, ξ) = tf∞(x, ξt ) ≤
tf (x, ξt ) = f (x, t, ξ) for all t > 0. We combine the resulting inequality with the convexity property of f ensured
by Lemma 2.8 (i) to find

f (x, t1 , ξ) ≤ (1 − t1t2 )f (x, 0, ξ) + t1t2 f (x, t2 , ξ) ≤ f (x, t2 , ξ) whenever t2 > t1 ≥ 0.
This proves the claimed monotonicity.

We record one more estimate which relates f and its recession function.

Lemma 2.10. Suppose that f : U × ℝN → ℝ has linear growth and is convex in ξ ∈ ℝN . Then we have
f (x, ξ + z) ≤ f (x, ξ) + f∞(x, z) for all x ∈ U and ξ, z ∈ ℝN .

Proof. The convexity assumption yields

f (x, ξ + z) ≤ (1 − t)f(x, ξ
1 − t) + tf(x, zt ) for all t ∈ (0, 1),

and the claim follows by sending t → 0
+
.

Remark 2.11. If f : U × ℝN → ℝ has linear growth and is convex in ξ ∈ ℝN , then it holds±∇ξ f (x, ξ) ⋅ ν ≤ f∞(x, ±ν) for all x ∈ U, a.e. ξ ∈ U, and all ν ∈ ℝN .
Proof. Wecombine the supporting hyperplane inequality f (x, z) ≥ f (x, ξ) + ∇ξ f (x, ξ) ⋅ (z − ξ) for z := ξ ± νwith
the estimate f (x, ξ ± ν) ≤ f (x, ξ) + f∞(x, ±ν) provided by Lemma 2.10.
2.5 General convex functionals of measures

The functionals of measures we use in this paper go back to [29, 32] and, in the first instance, are introduced in

analogy with Definition 2.3, just now with (LN
, ν) in place of Dw.

Definition 2.12 (Functionals of measures). Given an open set U ⊆ ℝN and an arbitrary Borel function

f : U × [0,∞) × ℝN → [0,∞)
which is positively 1-homogeneous in its variables (t, ξ) ∈ [0,∞) × ℝN , we may understand f (x, ξ) := f (x, 1, ξ)
for (x, ξ) ∈ U × ℝN and then obtain a functional of measures ν by setting∫

U

f ( . , ν) := ∫
U

f( . , dLN

dμ ,
dν
dμ) dμ for ν ∈ RMloc(U,ℝN), (2.5)

where μ is any non-negative Radon measure on U such that LN ≪ μ and |ν| ≪ μ (for instance, μ = LN + |ν|).
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It follows from the Radon–Nikodým theorem and the homogeneity of f that the quantity defined in (2.5) does
not depend on the choice of μ. However, the notation is truly well-chosen only if f is the perspective function
of an a priori given function f : U × ℝN → [0,∞), where for our purposes we assume that also f is a Borel
function and, for consistency with the underlying Definition 2.7, has linear growth and is convex in ξ. In this
situation, it is well known [29, 32] that the functional can be split in accordancewith the Lebesgue decomposition

ν = dν
dLN L

N + νs as ∫
U

f ( . , ν) = ∫
U

f( . , dν
dLN ) dLN + ∫

U

f∞( . , dνs
d|νs| ) d|νs|. (2.6)

Specifically, for ν = gLN
with g ∈ L1

loc
(U,ℝN), this reduces to ∫U f ( . , ν) = ∫U f ( . , g) dLN

. In particular, the pre-

ceding applies to the derivativemeasure ν = Dw ofw ∈ BVloc(U). In this case, the Lebesgue decomposition takes
the form Dw = (∇w)LN + Dsw, and equality (2.6) turns into∫

U

f ( . , Dw) = ∫
U

f ( . , ∇w) dLN + ∫
U

f∞( . , dDsw
d|Dsw| ) d|Dsw|,

and specifically, for w ∈ W1,1

loc
(U), one gets ∫U f ( . , Dw) = ∫U f ( . , ∇w) dLN

.

Even without any homogeneity requirement for f , the Reshetnyak semicontinuity and continuity theorems
apply to functionals ofmeasures in the preceding sense. Aswas the case for the earlier Theorems 2.4 and 2.5, this

may be read off from [2, Theorems 2.38, 2.39], now applied to f and measures of type (LN
, Dw) ∈ RM(U,ℝN+1)

and decisively based on the 1-homogeneity of f in (t, ξ); compare [29, Section 2], [19, Section 4], [34, Appendix],
[6, Remark 2.5], for instance. Also taking into account the further properties of f from Lemma 2.8, this yields the

following statements.

Theorem 2.13 (Reshetnyak semicontinuity, non-homogeneous version). For an open set U ⊆ℝN such that |U| <∞,
assume that f : U × ℝN → [0,∞) has linear growth, is convex in ξ, and is lower semicontinuous in (x, ξ). Then,
whenever a sequence (uk)k in BV(U) converges in L1(U) to u ∈ BV(U), there holds

lim inf
k→∞
∫
U

f ( . , Duk) ≥ ∫
U

f ( . , Du).
Theorem 2.14 (Reshetnyak continuity, non-homogeneous version). For an open set U ⊆ ℝN such that |U| < ∞,
assume that f : U × ℝN → [0,∞) has linear growth and that both f and f∞ are continuous in (x, ξ). Then,
whenever a sequence (uk)k in BV(U) converges area-strictly to u ∈ BV(U), there holds

lim inf
k→∞
∫
U

f ( . , Duk) = ∫
U

f ( . , Du).
As mentioned in the introduction, it is nowadays well known that a Dirichlet boundary condition can be incor-

porated into the existence theory of linear-growth functionals via an additional boundary term. Since this

involves boundary traces,wenowrestrict ourselves to Lipschitz domains, forwhich the boundary trace theorem

[2, Theorem 3.87] applies. We give the following definition.

Definition 2.15 (Functionals of measures with boundary penalization term). We consider an open bounded set

Ω ⊆ ℝN with Lipschitz boundary and a Borel function f : Ω × ℝN → [0,∞) which has linear growth and is

convex in ξ. Given u0 ∈ W1,1(ℝN), we introduce a functional F0

u0 by setting

F0

u0 [w] := ∫
Ω

f ( . , Dw) + ∫
∂Ω

f∞( . , (w − u0)νΩ) dHN−1
for w ∈ BV(Ω),

where the occurrences of w and u0 in the boundary integral are understood as traces.

The technical convenience of Definition 2.15 lies partially in the fact that the additional term can be naturally

incorporated into the functional of measures on an enlarged domain. In fact, for the extension

w := w𝟙Ω + u0𝟙ℝN\Ω ∈ BV(ℝN)
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ofw ∈ BV(Ω) via the values of u0, from [2, Theorem3.84], we get Dw = Dw in Ω andDw = (∇u0)LN
inℝN \ Ω, but

also Dw = (w − u0)νΩHn−1
at ∂Ω. Therefore, for an arbitrary open set Ω󸀠 ⊆ ℝN such that Ω ⋐ Ω󸀠 and |Ω󸀠| < ∞,

with the understanding that f suitably extends to Ω󸀠 × ℝN , the definition of F0

u0 can be recast as

F0

u0 [w] = ∫
Ω󸀠

f ( . , Dw) − ∫
Ω󸀠\Ω

f ( . , ∇u0) dLN
. (2.7)

2.6 Product structure and slicing ofHN

Finally, we collect some useful observations on the product structure of Hausdorff measures.

In these regards, we follow the terminology of [2, Definition 2.57]. We say that a set R ⊆ ℝL is countably
K-rectifiable if there holds R ⊆ ⋃∞i=1 Fi(ℝK) for countably many Lipschitz maps Fi : ℝK → ℝL . Moreover, we say
that a set R ⊆ ℝL is countablyHK

-rectifiable if there holds R ⊆ R󸀠 ∪ R0 for a countably K-rectifiable set R󸀠 ⊆ ℝL
and anHK

-negligible set R0 ⊆ ℝL .
By [23, 3.2.23], one hasHN(R × S) = HK(R)HK󸀠 (S) for a countably K-rectifiable set R ⊆ ℝL , a countablyHK󸀠

-

rectifiable set S ⊆ ℝL󸀠 , and N = K + K󸀠. For our purposes, this will be relevant for K = L = 1, K󸀠 = N − 1, L󸀠 = N ,
where we recast the statement and briefly review the proof as follows.

Lemma 2.16 (Product structure on products of rectifiable sets). For a countablyHN−1-rectifiable Borel set S ⊆ ℝN ,
we have

HN (ℝ × S) = L1 ⊗ (HN−1 S) as measures on ℝN+1 .
In particular, for a Borel set A ⊂ ℝ, a countablyHN−1-rectifiable Borel set S ⊂ ℝN , and a Borel function h : A × S→[0,∞), it is ∫

A×S

h(t, x) dHN(t, x) = ∫
A

∫
S

h(t, x) dHN−1(x) dt.
Sketch of proof. By the product structure of Borel σ-algebras and Fubini’s theorem, it is enough to prove

HN(A × S) = L1(A)HN−1(S) for a Borel set A ⊂ ℝ and a countablyHN−1
-rectifiable Borel set S ⊂ ℝN . ForHN−1

-

negligible S, this is easy to check with the definition of Hausdorff measures. Then, relying on [50, Lemma 3.1.1]

and possibly decomposing S, we can further assume S = F(D) for a single one-to-one C1mapping F : ℝN−1 → ℝN
and a Borel set D ⊆ ℝN−1. With F⧫ : ℝN → ℝN+1 given by F⧫(t, x) := (t, F(x)), we clearly get A × S = F⧫(A × D)
and JF⧫(t, x) = JF(x) for the Jacobians JF⧫ := det(DFT⧫ DF⧫) and JF := det(DFT DF). Therefore, a double appli-
cation of the area formula confirms

HN(A × S) = ∫
A×D

JF⧫(t, x) d(t, x) = L1(A) ∫
D

JF(x) dx = L1(A)HN−1(S),
as required.

Specifically, for negligible sets Z, the preceding result is improved by the subsequent one, which applies even if
a negligible Z is not contained in ℝ × S for some countably rectifiable S.
Lemma 2.17 (Slicing negligible sets). Consider an arbitrary HN -negligible set Z ⊆ ℝN+1. Then, for a.e. t ∈ ℝ, the
section tZ := {x ∈ ℝN : (t, x) ∈ Z} isHN−1-negligible.

Lemma 2.17 follows straightforwardly from Eilenberg’s inequality in the form of [23, 2.10.25]. Nonetheless, we

here include an elementary deduction, which involves a basic version of Eilenberg’s inequality for Hausdorff

premeasuresHN
δ only and thus avoids using the limit procedures for upper integrals in [23, 2.10.24].

Proof of Lemma 2.17. We first observe that HN(Z) = 0 implies HN
δ (Z) = 0 for the Hausdorff premeasure HN

δ
with arbitrary δ > 0. For fixed δ > 0, we then consider an arbitrary sequence (Ci)i of sets Ci ⊆ ℝN+1 such that
diam Ci < δ and Z ⊆ ⋃∞i=1 Ci . We write p(Ci) := {t ∈ ℝ : (t, x) ∈ Ci for some x ∈ ℝN} and use the basic estimates
L1(p(Ci)) ≤ diam Ci and HN−1

δ (t(Ci)) ≤ ωN−1( 12 diam Ci)N−1 in deriving (with the upper integral since, at this
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stage, we do not yet have any measurability of t 󳨃→ HN−1
δ (tZ))

∗∫
ℝ

HN−1
δ (tZ) dt ≤ ∞∑

i=1

∗∫
ℝ

HN−1
δ (t(Ci)) dt = ∞∑

i=1

∗∫
p(Ci)

HN−1
δ (t(Ci)) dt ≤ 2ωN−1 ∞∑

i=1
(diam Ci

2
)N .

In view ofHN
δ (Z) = 0, the right-hand side of the preceding estimate can be made arbitrarily small, and we infer

HN−1
δ (tZ) = 0 for a.e. t ∈ ℝ. This conclusion, applied for δ = 1/k, k ∈ ℕ, gives a commonL1

-negligible set E ⊆ ℝ
such thatHN−1

1/k (tZ) = 0 for all t ∈ Ec and all k ∈ ℕ. Thenwe deduceHN−1(tZ) = 0 for all t ∈ Ec and have verified
the claim.

3 Statement of the main results

As set out in the introduction, we aim at an existence theory for BV-minimizers of the general functional F
μ
u0

introduced in (1.6) and building on (1.5). With the notation of Section 2.5, this functional takes the form

F
μ
u0 [w] = F0

u0 [w] + ⟨⟨μ±;w∓⟩⟩ for w ∈ BV(Ω). (3.1)

In order to precisely state our results, from here on, we generally understand that Ω denotes an open and

bounded subset of ℝN with Lipschitz boundary, and we now specify the precise hypotheses, first for the inte-

grand f of F0

u0 and then for the measures μ±.

Assumption 3.1 (Admissible integrands). For an integrand f : Ω × ℝN → [0,∞) in the variables (x, ξ) ∈ Ω × ℝN ,
we impose the following set of assumptions.

(H1) The function f has linear growth in ξ, that is, there exist β ≥ α > 0 such that
α|ξ| ≤ f (x, ξ) ≤ β(|ξ| + 1) holds for all (x, ξ) ∈ Ω × ℝN .

(H2) The function f is convex in ξ ∈ ℝN .
(H3) The function f and the recession function f∞ are continuous in (x, ξ) ∈ Ω × ℝN .
(H4) There is a constant M ∈ ℝ such that

f (x, ξ) ≥ f∞(x, ξ) − M holds for all (x, ξ) ∈ Ω × ℝN .
Here, (H1)–(H3) are standard assumptions, while the mild extra requirement (H4) is less usual. In principle,

we believe that one may further generalize the framework by allowing discontinuity of f in x (as long as some
continuity for f∞ is kept; compare [7, 33]), and by dispensing with (H4) (compare the discussion in the introduc-

tion and in Remarks 4.9 and 4.12). However, for our taken approach, the above form of Assumption 3.1 seems

just right.

For the measures μ±, a preliminary mild requirement will be their admissibility in the following sense.

Definition 3.2 (Admissible measures). We call a non-negative Radon measure μ on Ω ⊆ ℝN admissible if it satis-
fies

μ(Z) = 0 for everyHN−1
-negligible Borel set Z ⊆ Ω

and ∫
Ω

υ+ dμ < ∞ for every non-negative υ ∈ BV(Ω). (3.2)

In particular, we record that (3.2) implies finiteness of μ on the bounded domain Ω. Moreover, we know

from [25, Proposition 4.1] that the conditions of Definition 3.2 are equivalent with requiring an (isotropic

or anisotropic) IC with arbitrarily large constant for μ.
As foreshadowed in the introduction, our main assumptions on the measures μ± then take the form of

signed anisotropic ICs for a pair of measures, as introduced in [25, Definition 3.1]. We recast the definition here

for a pair (μ1 , μ2), but directly stress that the subsequently relevant choices are in fact (μ1 , μ2) = (μ∓ , μ±).



E. Ficola and T. Schmidt, Existence theory for linear-growth integrals  111

Definition 3.3 (Anisotropic ICs). Consider an open set U ⊆ ℝN and a Borel function φ : U × ℝN → [0,∞) which
is positively 1-homogeneous in ξ. A pair (μ1 , μ2) of finite non-negative Radon measures on U satisfies the φ-
anisotropic isoperimetric condition (in brief, the φ-IC) in U with constant C ∈ [0,∞) if we have

μ1(A+) − μ2(A1) ≤ CPφ(A) for all measurable A ⋐ U.
We say that the single measure μ1 satisfies the φ-IC if this condition holds for μ2 ≡ 0.
We observe that, by [25, Theorem 4.2], if U = Ω is bounded and Lipschitz, we can equivalently express the ICs

by testing with BV functions instead of the sets A above.

Now we are ready for stating our first result on lower semicontinuity of F
μ
u0 from (1.6) and (3.1).

Theorem 3.4 (Semicontinuity). We consider a bounded open set Ω ⊆ ℝN with Lipschitz boundary and some u0 ∈
W

1,1(ℝN). Moreover, we impose Assumption 3.1 for f . If μ± are admissible measures on Ω such that (μ− , μ+) sat-
isfies the f∞-IC in Ω with constant 1 and (μ+ , μ−) satisfies the f̃∞-IC on Ω with constant 1, then F

μ
u0 is lower

semicontinuous on BV(Ω) with respect to the strong topology of L1(Ω).
The proof of Theorem 3.4 works by reduction to the TV cases of [25] and is explicated in Section 4.3.

Remark 3.5. If one weakens the requirement in (H1) to merely 0 ≤ f (x, ξ) ≤ β(|ξ| + 1) and otherwise keeps the
assumptions of Theorem 3.4, then F

μ
u0 is still lower semicontinuous along L

1(Ω)-convergent sequences (uk)k
in BV(Ω) such that additionally supk∈ℕ|Duk|(Ω) < ∞. This is in fact a routine corollary, which is deduced by

applying the theorem for the integrands fε(x, ξ) := f (x, ξ) + ε|ξ| with arbitrary ε > 0.
As indicated in the introduction, existence of minimizers is a straightforward consequence of Theorem 3.4 on

one hand and of a comparably straightforward coercivity property on the other hand. We emphasize, however,

that coercivity indeed requires the ICs in the slightly stronger version with constant strictly smaller than 1

(compare the later Proposition 4.11). Therefore, our existence theorem reads as follows.

Theorem 3.6 (Existence of minima). We consider a bounded open set Ω ⊆ ℝN with Lipschitz boundary and a func-
tion u0 ∈ W1,1(ℝN). Moreover, we impose Assumption 3.1 for f . If μ± are admissible measures on Ω such that(μ− , μ+) satisfies the f∞-IC in Ω with constant C ∈ [0, 1) and (μ+ , μ−) satisfies the f̃∞-IC on Ω with constant
C ∈ [0, 1), then there exists a minimizer of Fμ

u0 in BV(Ω).
Full details on coercivity and the proof of Theorem 3.6 are given in Section 4.4.

It seems worth pointing out that the analogous existence theorem of [25] for anisotropic TV cases with

measures could be pushed to the limit case C = 1 of the ICs at least in case of a bounded boundary datum u0. The
following example in dimension N = 2 shows that there is no hope for an analogous extension of Theorem 3.6

and thus that the present case of the general functional F
μ
u0 differs from the situations of [25].

Example 3.7 (Non-existence of minima in the borderline case). In dimension N = 2, we consider an arbitrary x-
independent integrand φ : ℝ2 → [0,∞) which is positively 1-homogeneous and convex and satisfies φ(ξ) > 0
for all ξ ∈ ℝ2 \ {0}. Moreover, on the φ̃∘-unit ball Ω := {φ̃∘ < 1} ⋐ ℝ2 (where φ̃∘ is the polar of φ̃ in the sense of

Section 2.2), we consider the anisotropic area functional

Aφ[w] := ∫
Ω

√1 + φ2(Dw) + ∫
∂Ω

φ(wνΩ) dH1 − ∫
Ω

w
φ̃∘ dx for w ∈ BV(Ω)

with integrand f (ξ) = √1 + φ(ξ)2, f∞(ξ) = φ(ξ), measures μ+ ≡ 0 and μ− = HL2
, where H(x) := 1/φ̃∘(x) for

0 ̸= x ∈ ℝ2, and with zero boundary datum u0 ≡ 0. Then we will prove in Section 5 that μ− satisfies the φ-IC
in ℝ2 with precisely constant 1, but also thatAφ has no minimum in BV(Ω).
We emphasize that Example 3.7 covers in particular the standard area integrand f (ξ) = √1 + |ξ|2, and hence,
in case of the borderline IC, it recovers non-existence phenomena in case of the 2d prescribed-mean-curvature

problem with datum H ∈ Lp(Ω) for all p ∈ [1, 2), but H ∉ L2(Ω).
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Our final result establishes a natural connection between our BV-functional F
μ
u0 and its more straightfor-

ward W
1,1
-version, given by

F
μ[w] := ∫

Ω

f ( . , ∇w) dx + ∫
Ω

w∗ d(μ+ − μ−).
Evidently, F

μ
u0 coincides with F

μ
on the Dirichlet class W

1,1

u0 (Ω) := u0 +W1,1

0
(Ω). What is more, we have the fol-

lowing result.

Theorem 3.8 (Existence of recovery sequences). Weconsider a bounded open setΩ ⊆ ℝN with Lipschitz boundary,
fix u0 ∈ W1,1(ℝN), and recall the notation u := 𝟙Ωu + 𝟙ℝN\Ωu0. Moreover, we impose Assumption 3.1 for f with
the lower bound in (H1) weakened to mere non-negativity and with (H4) entirely dropped. If μ± are admissible
measures on Ω such that μ+ and μ− are singular to each other, then for every u ∈ BV(Ω), there exists a recovery
sequence (uk)k inW1,1

u0 (Ω) such that (uk)k converges to u area-strictly in BV(Ω󸀠), on any open Ω󸀠 ⊆ ℝN such that
Ω ⋐ Ω󸀠 and |Ω󸀠| < ∞, with

lim
k→∞

F
μ[uk] = Fμ

u0 [u].
More specifically, for the single terms, we achieve

lim
k→∞
∫
Ω

f ( . , ∇uk) dx = ∫
Ω

f ( . , Du) + ∫
∂Ω

f∞( . , (u − u0)νΩ) dHN−1
,

lim
k→∞
∫
Ω

u∗k dμ− = ∫
Ω

u+ dμ− and lim
k→∞
∫
Ω

u∗k dμ+ = ∫
Ω

u− dμ+ .

The proof of Theorem 3.8 is implemented in Section 6 and decisively exploits that μ+ and μ− are singular to
each other, i.e. are indeed the positive and negative part of the signed measure μ+ − μ−. If this assumption
were not at hand, μ+ and μ− could partially cancel out in computing μ+ − μ−, and F

μ
u0 might depend on the

separate measures μ+ and μ−, while Fμ generally and evidently depends on μ+ − μ− only. Therefore, the mutual
singularity assumption for μ± cannot be dropped from Theorem 3.8 or the subsequent Corollaries 3.9 and 3.10,

and actually [25, Example 3.13] shows that the conclusions may fail without this assumption.

As a straightforward consequence of Theorem 3.8, we now record a coincidence of infimum values.

Corollary 3.9 (Consistency). Under the assumptions of Theorem 3.8, we have

inf
BV(Ω)

F
μ
u0 = inf

W
1,1

u0 (Ω)
F
μ
.

The combination of our results also identifies the relaxation on all of BV(Ω) of Fμ restricted to W1,1

u0 (Ω), that is,
the functional (Fμ)relu0 abstractly defined by(Fμ)relu0 [w] := inf{lim inf

k→∞
F
μ[wk] : W1,1

u0 (Ω) ∋ wk → w in L
1(Ω)} for w ∈ BV(Ω).

In fact, Theorem 3.4 guarantees (Fμ)relu0 ≥ Fμ
u0 on BV(Ω), while Theorem 3.8 yields (Fμ)relu0 ≤ Fμ

u0 on BV(Ω). There-
fore, we may state the following corollary.

Corollary 3.10 (Relaxation). We impose the general hypotheses of Theorems 3.4 and 3.8 (in particular the full
Assumption 3.1 and admissibility of mutually singular measures μ±). If (μ− , μ+) satisfies the f∞-IC in Ω with
constant 1 and (μ+ , μ−) satisfies the f̃∞-IC on Ω with constant 1, then we have(Fμ)relu0 = Fμ

u0 on BV(Ω).
We stress that it is quite usual to consider the lower semicontinuous envelope (Fμ)relu0 as the natural extension
by semicontinuity fromW

1,1

u0 (Ω) to all of BV(Ω). Therefore, Corollary 3.10 steadily underpins that our functional
F
μ
u0 is a meaningful and natural choice.
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4 Lower semicontinuity and existence theory forFμ
u0

In this section, we establish Theorems 3.4 and 3.6. To this end, we recall the general assumption that Ω is

a bounded open set with Lipschitz boundary in ℝN , and we record that we can preserve all properties of

Assumption 3.1 when extending the integrand f : Ω × ℝN → [0,∞), first to fx∗ : (Ω ∪ Ux∗ ) × ℝN → [0,∞), for
a suitably small neighborhood Ux∗ of any boundary point x∗ ∈ ∂Ω, and then, by pasting together local exten-
sions fx∗ via a partition of unity, even to f : ℝN × ℝN → [0,∞). Therefore, for simplicity, we can andwill assume
in the sequel that Assumption 3.1 applies with Ω = ℝN to f defined onℝN × ℝN . Furthermore, since the conclu-
sions of the theorems are not affected by adding any finite constant to the integrand f , we replace assump-
tions (H1) and (H4) with the following slight variants which are technically convenient for our approach.

(H1
󸀠
) There exist β ≥ α > 0 such that α√1 + |ξ|2 ≤ f (x, ξ) ≤ β√1 + |ξ|2 for all (x, ξ) ∈ ℝN × ℝN .

(H4
󸀠
) There holds f (x, ξ) ≥ f∞(x, ξ) for all x, ξ ∈ ℝN .

Here, the passage from (H1) to (H1
󸀠
)may require enlarging the constant β, for instance, replacing βwith α + √2β,

but this does not harm any subsequent argument.

4.1 The functionalFμ
u0 with extra variable

As explained earlier, our semicontinuity proof is based on rewriting the functional F
μ
u0 with the help of an

extra variable x0. In fact, the 1-homogeneous integrand of the rewritten functional is roughly the perspective
function f (see Section 2.4) and in technically precise language is the following function φ, which is properly
defined on ℝN+1 × ℝN+1 = (ℝ × ℝN) × (ℝ × ℝN).
Definition 4.1. Given f as in Assumption 3.1 with Ω = ℝN , we introduce φ : (ℝ × ℝN) × (ℝ × ℝN) → [0,∞) by
setting, for (x0 , x), (ξ0 , ξ) ∈ ℝ × ℝN ,

φ((x0 , x), (ξ0 , ξ)) = φ(x0 , x, ξ0 , ξ) := f (x, |ξ0|, ξ) = {{{|ξ0|f (x, ξ
|ξ0| ) if ξ0 ̸= 0,

f∞(x, ξ) if ξ0 = 0.
In particular, we have φ(x0 , x, 1, ξ) = f (x, ξ) and φ(x0 , x, 0, ξ) = f∞(x, ξ), and the integrand φ falls into the

framework of [25] in the sense recorded next.

Lemma 4.2. For f as in Assumption 3.1 with Ω = ℝN , (H1󸀠), (H4󸀠), and φ given by Definition 4.1, we have:
(i) φ is positively 1-homogeneous and even in (ξ0 , ξ), that is, φ∞ = φ̃ = φ.
(ii) φ is comparable to the Euclidean norm, that is,

α|(ξ0 , ξ)| ≤ φ(x0 , x, ξ0 , ξ) ≤ β|(ξ0 , ξ)| for all (x0 , x), (ξ0 , ξ) ∈ ℝ × ℝN .
(iii) φ is convex in (ξ0 , ξ).
(iv) φ is continuous in (x0 , x, ξ0 , ξ).
(v) There holds

φ(x0 , x, ξ0 , ξ) ≥ f∞(x, ξ) for all (x0 , x), (ξ0 , ξ) ∈ ℝ × ℝN .
In summary, (i)–(iv) express that, with the variables grouped into (x0 , x) and (ξ0 , ξ), the integrand φ = φ̃ is admis-
sible in the sense of [25, Assumption 2.11].

Proof. Claims (i)–(iv) are straightforward consequences of the properties of f provided by Lemma 2.8, where
(ii) draws on the adjusted assumption (H1

󸀠
), and otherwise only the convexity property (iii) needs further expli-

cation. Indeed, fix (x0 , x), (ξ0 , ξ), (ξ󸀠0 , ξ󸀠) ∈ ℝ × ℝN and λ ∈ [0, 1]. Then the convexity of f (x, . , . ) on [0,∞) × ℝN
guaranteed by Lemma 2.8 (i) combined with the (H4

󸀠
)-based monotonicity property of Lemma 2.9 ensures

φ((x0 , x), λ(ξ0 , ξ) + (1 − λ)(ξ󸀠0 , ξ󸀠)) = f (x, |λξ0 + (1 − λ)ξ󸀠0|, λξ + (1 − λ)ξ󸀠)≤ f (x, λ|ξ0| + (1 − λ)|ξ󸀠0|, λξ + (1 − λ)ξ󸀠)
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≤ λf (x, |ξ0|, ξ) + (1 − λ)f (x, |ξ󸀠0|, ξ󸀠)= λφ(x0 , x, ξ0 , ξ) + (1 − λ)φ(x0 , x, ξ󸀠0 , ξ󸀠).
This ends the proof of claim (iii). Finally, claim (v) follows from (H4

󸀠
) via Lemma 2.9.

In order to achieve the rewriting of F
μ
u0 , we recall from the introduction that we use the cylinder

Ω◊ := (0, 1) × Ω ⊆ ℝN+1
over Ω ⊆ ℝN as new domain and, for arbitrary w ∈ BV(Ω), define w◊ ∈ BV(Ω◊)with extra variable x0 by setting

w◊(x0 , x) := x0 + w(x) for (x0 , x) ∈ Ω◊ . (4.1)

In similar vein, for a non-negative Radonmeasure μ on Ω, we introduce a new non-negative Radonmeasure μ◊
on Ω◊ as

μ◊ := (L1 (0, 1)) ⊗ μ.
With this notation, the next proposition allows for rewriting all terms of F

μ
u0 . First, it identifies ∫Ω f ( . , Dw),

understood in the sense of Section 2.5, as the φ-anisotropic total variation |Dw◊|φ(Ω◊). Second, it provides
a corresponding rewriting of boundary terms. Third, it recasts also the terms with μ± via μ±◊.

Proposition 4.3. Consider f as in Assumption 3.1 with Ω = ℝN , (H1󸀠), (H4󸀠), φ given by Definition 4.1, admissible
measures μ± on Ω, and u0 ∈ W1,1(ℝN). Then, for every w ∈ BV(Ω), we have|Dw◊|φ(Ω◊) = ∫

Ω

f ( . , Dw), (4.2)

∫
∂Ω◊

φ( . , (w◊ − u0◊)νΩ◊) dHN = ∫
∂Ω

f∞( . , (w − u0)νΩ) dHN−1 + 2∫
Ω

f ( . , 0)|w − u0| dLN
, (4.3)

∫
Ω◊

(w◊)∓ dμ±◊ = ∫
Ω

w∓ dμ± + μ±(Ω)
2

, (4.4)

where clearly (4.3) involves the traces of w◊ − u0◊ on ∂Ω◊ and of w − u0 on ∂Ω. In particular, in the short-hand
notation of (1.5) and with μ(Ω) := μ+(Ω) − μ−(Ω), equality (4.4) gives⟨⟨μ±◊; (w◊)∓⟩⟩ = ⟨⟨μ±;w∓⟩⟩ + μ(Ω)

2
. (4.5)

Proof. In order to establish (4.2), we first split into absolutely continuous and singular parts in the sense of|Dw◊|φ(Ω◊) = ∫
Ω◊

φ( . , ∇w◊) dLN+1 + ∫
Ω◊

φ( . , dDsw◊
d|Dsw◊| ) d|Dsw◊|.

For the absolutely continuous part, using first constancy of φ in its first variable, then Fubini’s theorem together

with ∇w◊(x0 , x) = (1, ∇w(x)) for LN+1
-a.e. (x0 , x) ∈ Ω◊, and finally φ(1, x, 1, ξ) = f (x, ξ), we get∫

Ω◊

φ( . , ∇w◊) dLN+1 = ∫
Ω◊

φ((1, x), ∇w◊(x0 , x)) dLN+1(x0 , x)
= L1((0, 1)) ⋅ ∫

Ω

φ(1, x, 1, ∇w(x)) dLN(x) = ∫
Ω

f ( . , ∇w) dLN
.

For the singular part, since D
sw◊ = (0,L1 ⊗ Dsw) implies

dD
sw◊

d|Dsw◊| (x0 , x) = (0, dDswd|Dsw| (x)) for |Dsw◊|-a.e. (x0 , x) ∈ Ω◊ ,
and since we have φ(1, x, 0, ξ) = f∞(x, ξ), we may similarly rewrite∫

Ω◊

φ( . , dDsw◊
d|Dsw◊| ) d|Dsw◊| = ∫

Ω◊

φ((1, x), dDsw◊
d|Dsw◊| (x0 , x)) d|Dsw◊|(x0 , x)
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= L1((0, 1)) ⋅ ∫
Ω

φ(1, x, 0, dDsw
d|Dsw| (x)) d|Dsw|(x)= ∫

Ω

f∞( . , dDsw
d|Dsw| ) d|Dsw|.

Combining the previous equalities and recalling Definition 2.12, we arrive at (4.2).

Next we turn to equality (4.3) for the boundary integral at ∂Ω◊ = ([0, 1] × ∂Ω) ⊍ ({0} × Ω) ⊍ ({1} × Ω). We

initially record w◊(x0 , x) − u0◊(x0 , x) = w(x) − u0(x) for HN
-a.e. (x0 , x) ∈ ∂Ω◊, and observe that the inward

normal νΩ◊ at ∂Ω◊ equals (1, 0) ∈ ℝ × ℝN on the boundary portion {0} × Ω, whereas it equals (−1, 0) ∈ ℝ × ℝN
on {1} × Ω. Then, on these two boundary portions, we may employ the 1-homogeneity of φ in (ξ0 , ξ) and
φ(x0 , x, ±1, 0) = f (x, 0) to compute∫

{0}×Ω

φ( . , (w◊ − u0◊)νΩ◊) dHN = ∫
Ω

φ(0, x, w(x) − u0(x), 0) dLN(x) = ∫
Ω

f ( . , 0)|w − u0| dLN
,

∫
{1}×Ω

φ( . , (w◊ − u0◊)νΩ◊) dHN = ∫
Ω

φ(1, x, u0(x) − w(x), 0) dLN(x) = ∫
Ω

f ( . , 0)|w − u0| dLN
.

Moreover, forHN
-a.e. (x0 , x) in the remaining boundary portion [0, 1] × ∂Ω, we observe νΩ◊ (x0 , x) = (0, νΩ(x)).

Then, using φ(x0 , x, 0, ξ) = f∞(x, ξ) and exploiting Lemma 2.16 with S = ∂Ω (in other words, the product struc-

ture ofHN
on [0, 1] × ∂Ω) via Fubini’s theorem, we also deduce∫
[0,1]×∂Ω

φ( . , (w◊ − u0◊)νΩ◊) dHN = ∫
[0,1]×∂Ω

φ(x0 , x, 0, (w(x) − u0(x))νΩ(x)) dHN(x0 , x)
= ∫
[0,1]×∂Ω

f∞(x, (w(x) − u0(x))νΩ(x)) dHN(x0 , x)
= L1([0, 1]) ⋅ ∫

∂Ω

f∞( . , (w − u0)νΩ) dHN−1

= ∫
∂Ω

f∞( . , (w − u0)νΩ) dHN−1
.

By combining the equalities on the three boundary portions, we arrive at (4.3).

Finally, (4.4) follows quickly from the definitions of Ω◊, μ◊± and from Fubini’s theorem. Indeed, we have

∫
Ω◊

(w◊)∓ dμ◊± = μ±(Ω) 1∫
0

x0 dx0 + L1((0, 1)) ∫
Ω

w∓ dμ± = μ±(Ω)
2
+ ∫
Ω

w∓ dμ± ,

which gives (4.4).

Before closing this subsection, we add two technically convenient remarks.

Remark 4.4. The application of Proposition 4.3 for the mirrored integrand f (x, −ξ), which is connected with

f∞(x, −ξ) = f̃∞(x, ξ) and φ(x0 , x, ξ0 , −ξ) = φ(x0 , x, −ξ0 , −ξ) = φ̃(x0 , x, ξ0 , ξ), turns equality (4.2) into|Dw◊|φ̃(Ω◊) = ∫
Ω

f ( . , −∇w) dx + ∫
Ω

f∞( . , − dDsw
d|Dsw| ) d|Dsw| (4.6)

for w ∈ BV(Ω). Equality (4.3) is recast in an analogous fashion.
Remark 4.5. Combining (4.2) and (4.6) with the bound f ≥ f∞ of (H4

󸀠
), for w ∈ BV(Ω), we find|Dw◊|φ(Ω◊) ≥ |Dw|f∞ (Ω) and |Dw◊|φ̃(Ω◊) ≥ |Dw|f̃∞ (Ω).
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4.2 ICs with extra variable

The rewriting (4.4), (4.5) of the measure terms naturally brings up the question for the properties of the

measures μ±◊. Indeed, in this regard, a preliminary observation is that admissibility in the sense of Definition 3.2
carries over from μ± to μ±◊.

Lemma 4.6. If a non-negative Radonmeasure μ on Ω is admissible in the sense of Definition 3.2, then the measure
μ◊ on Ω◊ is also admissible.

Proof. We need to show

μ◊(Z) = 0 for everyHN
-negligible Borel set Z ⊆ Ω◊ (4.7)

and ∫
Ω◊

υ+ dμ◊ < ∞ for every non-negative υ ∈ BV(Ω◊). (4.8)

In order to check (4.7), we consider a Borel set Z ⊆ Ω◊ such that HN(Z) = 0. By Lemma 2.17, the Borel set
x0Z := {x ∈ Ω : (x0 , x) ∈ Z} satisfiesHN−1(x0Z) = 0 for a.e. x0 ∈ (0, 1). Consequently, the admissibility of μ implies
μ(x0Z) = 0 for a.e. x0 ∈ (0, 1), and then μ◊(Z) = (L1 ⊗ μ)(Z) = 0 follows from Fubini’s theorem. This completes

the proof of (4.7).

Next we turn to the proof of (4.8). We start observing that the admissibility of μ in the sense of Definition 3.2
implies by [25, Proposition 4.1] that the (isotropic) IC holds for μ in Ω with some constant C ∈ [0,∞). This in turn
implies by the characterization result [49, Theorem 7.5]² that we have∫

Ω

ψ(x) dμ(x) ≤ C∫
Ω

|∇ψ(x)| dx
for all non-negative ψ ∈ C∞

c
(Ω). This version of the IC with smooth test functions allows for easily incorporating

the extra variable; in fact, with Fubini’s theorem, we infer

∫
Ω◊

Ψ(x0 , x) dμ◊(x0 , x) = 1∫
0

∫
Ω

Ψ(x0 , x) dμ(x) dx0 ≤ C 1∫
0

∫
Ω

|∇xΨ(x0 , x)| dx dx0 ≤ C ∫
Ω◊

|∇Ψ(x0 , x)| d(x0 , x)
for all non-negative Ψ ∈ C∞

c
(Ω◊). At this stage, we deduce (4.8) either directly by specializing [25, Theorem 4.6] to

the case of a singlemeasure or by using [49, Theorem 7.5] to reach (4.8) first for υ ∈ W1,1(Ω◊) and then observing
that every υ ∈ BV(Ω◊) satisfies υ ≤ ̂υ for some ̂υ ∈ W1,1(Ω◊).
The decisive point for our approach is now that also our anisotropic ICs suitably carry over from μ± to μ±◊. This
is recorded next.

Proposition 4.7 (Anisotropic ICs with extra variable). Consider f as in Assumption 3.1 with Ω = ℝN , (H1󸀠), (H4󸀠),
and φ given by Definition 4.1. If μ± are admissible measures on Ω, then the f∞-IC for (μ− , μ+) and the f̃∞-IC for(μ+ , μ−), both in Ω with a constant C ∈ [0,∞), imply the φ-IC for (μ−◊ , μ+◊) and the φ̃-IC for (μ+◊ , μ−◊), now both
in Ω◊ and still with the same constant C.

We recall at this point that, in the case we consider most relevant, the measures μ+ and μ− are the positive and
negative part of a signed measure or in other words are singular to each other. For now, we limit ourselves to

proving Proposition 4.7 in this case, in which we can draw on a characterization of the relevant ICs with smooth

test functions and can keep the reasoning comparably straightforward. A proof in full generality can be based

on more cumbersome slicing arguments on the level BV test functions, but may be less relevant and is deferred

to Appendix A.

2 At this point, we refer also to [39, Theorem 4.7], [54, Theorem 5.12.4], [43, Theorem 3.5], [44, Theorem 4.4] for closely related prede-

cessor versions of the result on all ofℝN and with potential enlargement of the constant C and to [25, Theorems 4.2, 4.6] for a version
for pairs of measures.
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Proof of Proposition 4.7 in case μ+ and μ− are singular to each other. We first observe that, by Lemma 4.6, the

admissibility of μ± carries over to μ±◊. Moreover, by [25, Theorem 4.2], the assumed ICs for (μ− , μ+) and (μ+ , μ−)
imply −C∫

Ω

f̃∞(x, ∇ψ(x)) dx ≤ ∫
Ω

ψ(x) d(μ− − μ+)(x) ≤ C∫
Ω

f∞(x, ∇ψ(x)) dx (4.9)

for all non-negative ψ ∈ C∞
c
(Ω). We next apply a Fubini argument very similar to the one in the preceding proof

and additionally exploit the estimate f∞(x, ξ) ≤ φ(x0 , x, ξ0 , ξ) of Lemma 4.2 (v). In this way, we see that the

right-hand estimate in (4.9) induces∫
Ω◊

Ψ(x0 , x) d(μ−◊ − μ+◊)(x0 , x) = 1∫
0

∫
Ω

Ψ(x0 , x) d(μ− − μ+)(x) dx0
≤ C 1∫

0

∫
Ω

f∞(x, ∇xΨ(x0 , x)) dx dx0
≤ C 1∫

0

∫
Ω

φ(x0 , x, ∂x0Ψ(x0 , x), ∇xΨ(x0 , x)) dx dx0= C ∫
Ω◊

φ(x0 , x, ∇Ψ(x0 , x)) d(x0 , x)
for all non-negative Ψ ∈ C∞

c
(Ω◊). In addition, the left-hand estimate in (4.9) induces an analogous lower estimate

which involves φ̃. Finally,we exploit that μ+ and μ− are singular to each other and thuswehave the full spectrum
of IC characterizations from [25, Theorem 4.6] at our disposal. This in fact allows tomove back from the previous

estimates with smooth test functions Ψ to the original set-based definition of our ICs and thus yields the φ-IC
for (μ−◊ , μ+◊) in Ω◊ and the φ̃-IC for (μ+◊ , μ−◊), as claimed.
Remark 4.8. The statement of Proposition 4.7 suffices for our purposes, but in fact can be slightly improved

inasmuch that just one of the two assumed ICs is enough to deduce the corresponding one in the conclusion, e.g.

the IC for (μ− , μ+) implies the one for (μ−◊ , μ+◊). However, as the equivalence results in [25, Section 4] are stated
with combined ICs on (μ− , μ+) and (μ+ , μ−), their verbatim application in the preceding proof gives only the

above “combined” version of Proposition 4.7. The proof of the improved version mentioned is fully analogous

in principle, but would require revisiting a certain amount of arguments in [25, Section 4].

4.3 Lower semicontinuity

With the previous results at hand, we are now ready for implementing a comparably short proof of Theorem 3.4

by reduction to our previous result in [25, Theorem 3.5] for the case of anisotropic total variations.

Proof of Theorem 3.4. We consider a sequence (uk)k in BV(Ω) which converges to u ∈ BV(Ω) strongly in L1(Ω).
For the functions uk◊ , u◊ ∈ BV(Ω◊) given by (4.1), we observe that also (uk◊)k converges to u◊ strongly in L1(Ω◊),
and we exploit Proposition 4.3 to recast our functional F

μ
u0 on arbitrary w ∈ BV(Ω) as

F
μ
u0 [w] = Φ̂[w◊] − 2∫

Ω

f ( . , 0)|w − u0| dLN − μ(Ω)
2

for w ∈ BV(Ω) (4.10)

with the abbreviations μ(Ω) := μ+(Ω) − μ−(Ω) and
Φ̂[w◊] := |Dw◊|φ(Ω◊) + ∫

∂Ω◊

φ( . , (w◊ − u0◊)νΩ◊) dHN + ⟨⟨μ±◊; (w◊)∓⟩⟩.
Here, Φ̂ is an anisotropic total variation functional with measures of the type treated in [25]. In fact, Lemma 4.2

gives the relevant assumptions for the integrand φ, Lemma 4.6 ensures admissibility of μ±, and most impor-
tantly, by Proposition 4.7, the assumed f∞-IC for (μ− , μ+) and f̃∞-IC for (μ+ , μ−) imply the φ-IC for (μ−◊ , μ+◊)
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and the φ̃-IC for (μ+◊ , μ−◊) with constant 1. Therefore, [25, Theorem 3.5] applies for the functional Φ̂ and guar-

antees its lower semicontinuity along the sequence (uk◊)k . Sincemoreover we have f ( . , 0) ∈ L∞(Ω), the second
term on the right-hand side of (4.10) is even continuous with respect to strong convergence in L

1(Ω). All in all,
we thus conclude

lim inf
k→∞

F
μ
u0 [uk] = lim inf

k→∞
Φ̂[uk◊] − 2 lim

k→∞
∫
Ω

f ( . , 0)|uk − u0| dLN − μ(Ω)
2≥ Φ̂[u◊] − 2∫

Ω

f ( . , 0)|u − u0| dLN − μ(Ω)
2
= Fμ

u0 [u].
This establishes the lower semicontinuity claim of the theorem.

Remark 4.9 (On the role of assumption (H4) for semicontinuity). The proof of Theorem 3.4 exploits (H4), in fact

its recasting (H4
󸀠
), in two regards.

First, (H4
󸀠
) together with (H2) ensures convexity of φ in (ξ0 , ξ) ∈ ℝ × ℝN (cf. Lemma 4.2 (iii)), and this con-

vexity in turn allows for dealing with Φ̂ in the preceding proof of Theorem 3.4 via [25, Theorem 3.5]. In contrast,

when dropping (H4), we would merely have convexity in (ξ0 , ξ) ∈ [0,∞) × ℝN (i.e. restricted to ξ0 ≥ 0) at our
disposal and would not reach the exact framework of [25, Theorem 3.5]. It seems likely that this technical point

can be overcome by taking Reshetnyak-type semicontinuity for measures with values in the cone [0,∞) × ℝN
as a starting point (cf. [6, Theorem 2.4]) and by correspondingly adapting a larger chunk of arguments from [25].

However, not all necessary adaptations are entirely straightforward. For instance, one may no longer rely on

an underlying parametric theory in full space ℝN+1 only, as provided by [25, Section 6]. In any case, when

dropping (H4), we can no longer proceed by reduction to a standard anisotropic TV framework and by using

[25, Theorem 3.5] as stated.

Furthermore, (H4
󸀠
) in form of Lemma 4.2 (v) also enters into the verification of the ICs for μ±◊ in Proposi-

tion 4.7 and seems more or less indispensable in deriving exactly these ICs. Still, since the proof of Theorem 3.4

truly necessitates semicontinuity of Φ̂ only on the subset {w◊ : w ∈ BV(Ω)} of BV(Ω◊), one may hope to get

through with weaker ICs and without need for (H4). Once more, however, this cannot be achieved by reduction

to the exact framework of [25] and rather requires revisiting the theory developed there to amore cumbersome

extent.

4.4 Coercivity and existence

We now identify ICs as criteria for coercivity of the functional F
μ
u0 , and then we briefly conclude the proof of

the existence result in Theorem 3.6. Essentially, these considerations parallel the very classical ones for the area

case; see e.g. [27, 28]. However, in our framework, it seems worth remarking that the ICs bound the measures

μ± in terms of the recession function f∞ only. In this sense, the intuition that coercivity should depend only on

the behavior of the integrand f (x, ξ) for |ξ| → ∞ is confirmed. For a quite analogous discussion of coercivity

with W
−1,∞

right-hand sides and bounds in terms of f∞, we refer to [5, Section 1.1].

Proposition 4.10 (Necessity of ICs for coercivity). We consider u0 ∈ W1,1(ℝN) and impose Assumption 3.1 for f . If
μ± are admissible measures on Ω and if Fμ

u0 is bounded from below on BV(Ω), then (μ− , μ+) satisfies the f∞-IC
in Ω with constant 1, and (μ+ , μ−) satisfies the f̃∞-IC in Ω with constant 1.

Proof. We argue by contradiction. Suppose (μ− , μ+) does not satisfy the f∞-IC in Ω with constant 1, that is, there

exists a measurable A ⋐ Ω such that

μ−(A+) − μ+(A1) > Pf∞ (A).
Then, for uk := k𝟙A ∈ BV(Ω), k ∈ ℕ, we compute by definition of our functional

F
μ
u0 [uk] = ∫

Ω

f ( . , 0) dx + kPf∞ (A) + ∫
∂Ω

f∞( . , −u0νΩ) dHN−1 − kμ−(A+) + kμ+(A1)= k(Pf∞ (A) − μ−(A+) + μ+(A1)) + const(Ω, f, u0),
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and thus obtain limk→∞ F
μ
u0 [uk] = −∞. This contradicts the boundedness of Fμ

u0 from below and thus estab-

lishes the claimed IC for (μ− , μ+). The IC for (μ+ , μ−) follows analogously (with uk := −k𝟙A).
Proposition 4.11 (Sufficiency of ICs for coercivity). Consider u0 ∈ W1,1(ℝN) and impose Assumption 3.1 for f with
Ω = ℝN , (H4󸀠). If μ± are admissible measures on Ω such that (μ− , μ+) satisfies the f∞-IC in Ω with constant
C ∈ [0, 1) and (μ+ , μ−) satisfies the f̃∞-IC on Ω with constant C ∈ [0, 1), then Fμ

u0 is coercive on BV(Ω) in the sense
of Fμ

u0 [w] ≥ ν‖w‖BV(Ω) − L for all w ∈ BV(Ω) with constants ν > 0 and L ∈ ℝ. Moreover, in the borderline case of
ICs with C = 1, Fμ

u0 is at least bounded from below on BV(Ω).
Proof. Both assumed ICs together yield by [25, Remark 4.3] the inequality−⟨⟨μ±;w∓⟩⟩ ≤ C(|Dw|f∞ (Ω) + ∫

∂Ω

f∞( . , wνΩ) dHN−1)
for all w ∈ BV(Ω). We now use in turn assumption (H4

󸀠
), the preceding inequality and the triangle inequality of

(2.4), the lower bound in (2.2), and Poincaré’s inequality (cf. [25, equation (2.6)]). In this way, in the case C < 1,
we derive

F
μ
u0 [w] ≥ |Dw|f∞ (Ω) + ∫

∂Ω

f∞( . , (w − u0)νΩ) dHN−1 + ⟨⟨μ±;w∓⟩⟩≥ (1 − C)(|Dw|f∞ (Ω) + ∫
∂Ω

f∞( . , wνΩ) dHN−1) − ∫
∂Ω

f∞( . , u0νΩ) dHN−1

≥ (1 − C)α(|Dw|(Ω) + ∫
∂Ω

|w| dHN−1) − L ≥ ν‖w‖BV(Ω) − L
with ν > 0, which depends on C, α, and the Poincaré constant, and with L := ∫∂Ω f∞( . , u0νΩ) dHN−1

. Clearly, in

the case C = 1, we get Fμ
u0 [w] ≥ −L in an analogous (and in fact even slightly simpler) way.

Remark 4.12 (On the role of assumption (H4) for coercivity). While the given proof of Proposition 4.11 exploits

(H4), in fact its variant (H4
󸀠
), a refined reasoning ensures coercivity in the case C < 1 evenwithout assuming (H4)

or (H4
󸀠
). Indeed, one still has continuity of f (cf. Lemma 2.8 (iv)) and as consequence obtains|f (x, ξ) − f∞(x, ξ)| ≤ (|ξ| + 1)ω(|ξ|) for all (x, ξ) ∈ ℝN × ℝN

with some ω : [0,∞) → [0,∞) such that lims→∞ ω(s) = 0 holds. Taking into account (2.2), one deduces
f (x, ξ) ≥ C∗f∞(x, ξ) − M for all (x, ξ) ∈ ℝN × ℝN

with any fixed C∗ ∈ (C, 1) and some corresponding M ∈ ℝ, and this last observation then suffices to check

coercivity by a reasoning analogous to the one above.

In contrast, the claim on boundedness of F
μ
u0 from below in the limit case C = 1 does inevitably depend

on (H4). Indeed, all our assumptions except (H4) are fulfilled in N = 2 dimensions on Ω := B2 ⋐ ℝ2 for f (x, ξ) :=|ξ| + 1 − √|ξ| + 1 with f∞(x, ξ) = |ξ| and for μ+ :≡ 0, μ− := HL2
B2 with H(x) := 1

|x| ; compare [25, Section 5]

for ways of verifying the limit IC for μ−. Still, for υk := k2max{min{wk , 1}, 0} with wk(x) := 1 − k(|x| − 1), it is
a matter of computation checking that |Dυk|(B2) = π(2k2 + k) = ∫

B2
υk dμ− and

F
μ
0
[υk] = ∫

B2

[1 − √|∇υk| + 1] dL2 = π[1 − √k3 + 1]( 2k + 1

k2
)

hold. This yields

lim
k→∞

F
μ
0
[υk] = −∞

and confirms that, in this exemplary case, F
μ
0
is unbounded from below.

With suitable lower semicontinuity and coercivity at hand, the proof of existence is now a routine matter.
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Proof of Theorem 3.6. We consider a minimizing sequence (uk)k for Fμ
u0 in BV(Ω). Since we assume C < 1, the

coercivity property of Proposition 4.11 implies boundedness of (uk)k in BV(Ω), and a subsequence (ukℓ )ℓ con-
verges in L

1(Ω) to some u ∈ BV(Ω). By the lower semicontinuity result of Theorem 3.4, we conclude

F
μ
u0 [u] ≤ lim inf

k→∞
F
μ
u0 [uk] = inf

w∈BV(Ω)
F
μ
u0 [w].

Thus u is a minimizer of Fμ
u0 in BV(Ω).

5 An example of non-existence in case of the borderline IC

In this section, we prove the claims made in Example 3.7 by a reasoning in parts analogous to [25, Section 5.3].

We start with an auxiliary lemma which verifies a suitable anisotropic IC.

Lemma 5.1. We assume that the function φ : ℝ2 → [0,∞) is positively 1-homogeneous and convex and that it
satisfies φ(ξ) > 0 for all ξ ∈ ℝ2 \ {0}. Then we have∫

A

1

φ∘(x) dx ≤ Pφ̃(A) (5.1)

for every A ⊆ ℝ2 such that |A| < ∞. Moreover, equality occurs in (5.1) if and only if |A △ {φ∘ < r}| = 0 holds for
some r ∈ [0,∞).
Proof. We first verify the auxiliary equality∫

{φ∘<r}

1

φ∘(x) dx = Pφ̃({φ∘ < r}) for all r ∈ [0,∞). (5.2)

Indeed, taking into account the homogeneity of φ, we can recast the standard coarea formula (see e.g. [22, Sec-
tion 3.4.3]) in form of the anisotropic coarea formula∫

U

gφ(∇H) dx = ∞∫
−∞

∫
U∩{H=t}

gφ(νH) dH1
dt

for any Lipschitz function H : U → ℝ such that ∇H ̸= 0 a.e. in U and any Borel function g : U → [0,∞) on open
U ⊆ ℝ2. Here, νH := ∇H/|∇H| is defined a.e. in U and is consistent with the notation of Definition 2.3 for the

Radon–Nikodým derivative. We now combine the a.e. equality φ(∇φ∘) = 1 from Lemma 2.2 and the preceding

formula with H = φ∘ and g = 1/φ∘ on U = {φ∘ < r}. In this way, we infer∫
{φ∘<r}

1

φ∘ dx = ∫
{φ∘<r}

1

φ∘ φ(∇φ∘) dx = r∫
0

1

t ∫
{φ∘=t}

φ(νφ∘ ) dH1
dt. (5.3)

Next, taking into account convexity and homogeneity of φ∘, we deduce that {φ∘ < t} is a bounded convex set
with ∂∗{φ∘ < t} = ∂{φ∘ < t} = {φ∘ = t} for all t > 0, andmoreover, we record that νφ∘ = −ν{φ∘<t} holdsH1

-a.e. on{φ∘ = t} for a.e. t > 0 at least; compare e.g. [25, equation (2.19)] for the last property. These observations together
with the 1-homogeneity of φ∘ allow to recognize∫

{φ∘=t}

φ(νφ∘ ) dH1 = Pφ̃({φ∘ < t}) = Pφ̃( tr {φ∘ < r}) = trPφ̃({φ∘ < r}) for a.e. t > 0. (5.4)

The combination of the previous chains of equalities then straightforwardly yields the auxiliary claim (5.2).

Now we consider A ⊆ ℝ2 such that 0 < |A| < ∞, and we fix r ∈ (0,∞) such that |{φ∘ < r}| = |A|. In view of|A \ {φ∘ < r}| = |{φ∘ < r} \ A|, we infer∫
A

1

φ∘ dx ≤ 1r |A ∩ {φ∘ ≥ r}| + ∫
A∩{φ∘<r}

1

φ∘ dx = 1r |{φ∘ < r} \ A| + ∫
A∩{φ∘<r}

1

φ∘ dx ≤ ∫
{φ∘<r}

1

φ∘ dx,
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where the condition for turning both inequalities into equalities is precisely |A △ {φ∘ < r}| = 0.Moreover, equal-
ity (5.2) and the anisotropic isoperimetric inequality of Theorem 2.6 yield∫

{φ∘<r}

1

φ∘ dx = Pφ̃({φ∘ < r}) ≤ Pφ̃(A)
with equality in particular in case |A △ {φ∘ < r}| = 0. The combination of these observations then implies both
the claimed inequality (5.1) and the characterization of its equality cases.

Remark 5.2. Replacing φ with the mirrored integrand φ̃, from Lemma 5.1, we obtain also∫
A

1

φ̃∘(x) dx ≤ Pφ(A),
under the same assumptions and with equality precisely in case |A △ {φ̃∘ < r}| = 0.
Proof of the claims from Example 3.7. By Lemma 5.1 in the modified version of Remark 5.2, it follows that the

measure μ− = (1/φ̃∘)L2
satisfies the φ-IC in ℝ2 with the borderline constant 1. In view of [25, Theorem 4.2], we

equivalently recast this IC as ∫
ℝ2

w
φ̃∘ dx ≤ |Dw|φ(ℝ2) for all w ∈ BVc(ℝ2). (5.5)

Furthermore, we record that f given by f (ξ) := √1 + φ(ξ)2 falls under Assumption 3.1 with f∞(ξ) = φ(ξ) and
f (t, ξ) = √t2 + φ(ξ)2. For the corresponding functional of measures, we observe the strict inequality∫

Ω

√1 + φ2(Dw) > |Dw|φ(Ω) for all w ∈ BV(Ω),
and consequently, via the IC in (5.5), we find

Aφ[w] = ∫
ℝ2

√1 + φ(Dw)2 − ∫
ℝ2

w
φ̃∘ dx > |Dw|φ(ℝ2) − ∫

ℝ2

w
φ̃∘ dx ≥ 0

for allw ∈ BV(Ω), wherew denotes the extension ofw to all ofℝ2 with value 0 outside Ω. Recalling Ω = {φ̃∘ < 1},
we now define a sequence of functions uk ∈ W1,1

0
(Ω) by setting³

uk(x) := k(1 − φ̃∘(x)).
Moreover, since Ω is the φ̃∘-unit ball in ℝ2, in analogy with the isotropic case (e.g. by a computation analo-

gous to those in (5.3) and (5.4)), we get Pφ(Ω) = 2|Ω|. We then combine the definition of u1, the equality case of
Remark 5.2, the preceding observation, and Lemma 2.2 in computing∫

Ω

u1
φ̃∘ dx = ∫

Ω

1

φ̃∘ dx − |Ω| = Pφ(Ω) − |Ω| = |Ω| = ∫
Ω

φ̃(∇φ̃∘) dx = ∫
Ω

φ(∇u1) dx.
Thus we conclude that u1 and in fact all uk are extremals for the IC (5.5). In turn, this extremality property and
the homogeneity of φ yield

Aφ[uk] = ∫
Ω

√1 + φ(k∇u1)2 dx − k∫
Ω

u1
φ̃∘ dx= ∫

Ω

(√1 + k2φ(∇u1)2 − kφ(∇u1)) dx
= ∫

Ω

1√1 + k2φ(∇u1)2 + kφ(∇u1) dx≤ ∫
Ω

1

1 + kφ(∇u1) dx 󳨀󳨀󳨀󳨀→k→∞
0,

3 Alternatively, the example can be built with uk(x) := kg(φ̃∘(x)) for any fixed decreasing C1 function g : [0, 1] → [0,∞) such that
g(1) = 0. The extremality property of uk can then be checked by a coarea argument.
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where the final convergence results from the dominated convergence theorem and crucially exploits the obser-

vation that ∇u1 = −∇φ̃∘ ̸= 0 and hence φ(∇u1) ̸= 0 hold a.e. in Ω. Collecting the previous findings, we have

shown

inf
BV(Ω)

Aφ = 0 < Aφ[w] for all w ∈ BV(Ω).
Therefore, the minimum ofAφ is not attained.

6 Construction of recovery sequences

In this section, we work out the proof of Theorem 3.8. The implementation follows [25, Section 8] and merely

requires comparably minor adaptations. So we here give an account on the general strategy of proof, restate

relevant auxiliary results in the present framework, and indicate the necessary adaptations. For full details of

some technical procedures, however, we still refer the reader to [25, Section 8].

Before going into the details, we recall once more the general assumption that Ω is a bounded open set

with Lipschitz boundary in ℝN . In addition, as in Section 4, we assume also here that f is defined on ℝN × ℝN
and satisfies Assumption 3.1 to the extent relevant for Theorem 3.8 (i.e. lower bound in (H1) weakened to non-

negativity and (H4) dropped) with Ω = ℝN .
This said, in analogy with [25, Proposition 8.1], we initially record that a first type of recovery sequence

(indeed, a sequence in W
1,1(Ω), but not yet in W1,1

u0 (Ω)) is straightforwardly available from [25, Proposition 4.4]

or in slightly different framework from [36, Lemma 4.1].

Proposition 6.1 (Recovery sequences with unconstrained boundary values). We impose on f the above assump-
tions and consider admissible measures μ± on Ω such that μ+ and μ− are singular to each other. Then, for every
u ∈ BV(Ω), there exists a sequence (wk)k inW1,1(Ω) such that (wk)k converges to u area-strictly in BV(Ω) with

lim
k→∞

F
μ
u0 [wk] = Fμ

u0 [u]
for every u0 ∈ W1,1(ℝN). More specifically, for the single terms, we achieve

lim
k→∞
∫
Ω

f ( . , ∇wk) dx = ∫
Ω

f ( . , Du), (6.1)

lim
k→∞
∫
∂Ω

f∞( . , (wk − u0)νΩ) dHN−1 = ∫
∂Ω

f∞( . , (u − u0)νΩ) dHN−1
, (6.2)

lim
k→∞
∫
Ω

w∗k dμ− = ∫
Ω

u+ dμ− and lim
k→∞
∫
Ω

w∗k dμ+ = ∫
Ω

u− dμ+ . (6.3)

Proof. We rely on the approximation result of [25, Proposition 4.4] and the observation of [25, Remark 4.5]

that this result remains valid even with area-strict convergence. This gives existence of a sequence (wk)k in
W

1,1(Ω) such that (wk)k converges to u area-strictly in BV(Ω) with (6.3). Then Theorem 2.14 yields (6.1), and

via [2, Theorem 3.88], we deduce first convergence of the traces in L
1(∂Ω;HN−1) and then (6.2). Finally, the

combination of (6.1), (6.2), (6.3) entails limk→∞ F
μ
u0 [wk] = Fμ

u0 [u].
The subsequent auxiliary lemma resembles [25, Lemma 8.2] and allows for adjusting the boundary values of

a recovery sequence at least in case the prescribed boundary datum u0 is in L
∞(ℝN). The precise statement

employs once more the notation u := 𝟙Ωu + 𝟙ℝN\Ωu0 ∈ BV(ℝN) for the extension of u ∈ BV(Ω) via the values of
the given datum u0 ∈ W1,1(ℝN).
Lemma 6.2 (From unconstrained to L∞ boundary values). We again impose on f the above assumptions and con-
sider admissible measures μ± on Ω. Then, for every w ∈ W1,1(Ω) and every u0 ∈ W1,1(ℝN) ∩ L∞(ℝN), there exists
a sequence (υk)k inW1,1

u0 (Ω), thusF0

u0 [υk] = F0[υk] = ∫Ω f ( . , ∇υk) dx, such that (υk)k converges to w area-strictly
in BV(Ω󸀠), on any open Ω󸀠 ⊆ ℝN such that Ω ⋐ Ω󸀠, |Ω󸀠| < ∞, with

lim
k→∞

F
μ[υk] = Fμ

u0 [w].
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More specifically, for the single terms, we achieve

lim
k→∞
∫
Ω

f ( . , ∇υk) dx = ∫
Ω

f ( . , ∇w) dx + ∫
∂Ω

f∞( . , (w − u0)νΩ) dHN−1
,

lim
k→∞
∫
Ω

υ∗k dμ− = ∫
Ω

w∗ dμ− and ∫
Ω

υ∗k dμ+ = ∫
Ω

w∗ dμ+ .

Proof. We follow the reasoning previously developed for [25, Lemma 8.2]. In rough summary, this reasoning

involves a result on strict approximation of the arbitraryw ∈ W1,1(Ω)by functions uℓ ∈ W1,1

u0 (Ω)with prescribed
boundary datum u0, the usage of truncations (uℓ)M of uℓ at levels M ≥ ‖u0‖L∞(ℝn), the passage to the limit with
the μ-independent terms via the Reshetnyak continuity theorem and with ∫

Ω
((uℓ)M)∗dμ± via the dominated

convergence theorem, and finally the choice υk := (uℓk )Mk for suitableMk , ℓk →∞. In fact, the main deviation
from [25] is that here we involve general functionals of measures in the sense of Section 2.5 instead of just

anisotropic total variations. However, we can take uℓ even as area-strict approximations of w in BV(Ω󸀠) (see
[8, Lemma B.2] or [48, Theorem 1.2]), and then we can rely on the rewriting of (2.7) and can still apply the

Reshetnyak continuity theorem on the enlarged domain Ω
󸀠
if we only use this theorem in the inhomogeneous

version of Theorem 2.14 rather than the homogeneous version of Theorem 2.5. With these minor adaptations,

the above-mentioned strategy carries over to the present situation, and we refer the reader to the proof of

[25, Lemma 8.2] for further details of the implementation.

From the preceding auxiliary results, we obtain the desired recovery sequences in case u0 ∈ L∞(ℝN).
Proof of Theorem 3.8 in case u0 ∈ W1,1(ℝN) ∩ L∞(ℝN). Weuse the sequence (wk)k of Proposition 6.1 and record
in particular that also (wk)k converges to u area-strictly in BV(Ω󸀠), on any open Ω

󸀠 ⊆ ℝN such that Ω ⋐ Ω󸀠,|Ω󸀠| < ∞. In view of u0 ∈ L∞(ℝN), we can apply Lemma 6.2 to determine, for each k, a sequence (υk,ℓ)ℓ in
W

1,1

u0 (Ω) such that (υk,ℓ)ℓ converges to wk area-strictly in BV(Ω󸀠), Ω󸀠 as before, with limℓ→∞ Fμ[υk,ℓ] = Fμ
u0 [wk]

and also the other conclusions of Lemma 6.2 valid in corresponding versions. Then we obtain all claims of

Theorem 3.8 for uk := υk,ℓk ∈ W1,1

u0 (Ω) by choosing, for each k, a suitably large ℓk , and by putting together the
convergence properties of Proposition 6.1 and Lemma 6.2.

Remark 6.3 (On the L∞ constraints). The basic reason for requiring some L
∞

control in the preceding is that

this control enables the application of the dominated convergence theorem in the proof of Lemma 6.2 and thus

allows for deducing convergence of μ±-measure terms from μ±-a.e. convergence of precise representatives.
Essentially, we can produce the required control in the proof of Lemma6.2 itself by passing to the L

∞
truncations(uℓ)M , but in doing so, we can preserve prescribed boundary values u0 only if, at least for u0, an extra L∞ bound

is assumed and we take M ≥ ‖u0‖L∞ . We refer once more to [25, Section 8] for full details.

It remains to establish Theorem 3.8 in the general case without the extra assumption u0 ∈ L∞(ℝN). To this end,
we will approximate an arbitrary u0 ∈ W1,1(ℝN) by u0,k ∈ W1,1(ℝN) ∩ L∞(ℝN) and will then rely on the next
lemma to slightly perturb competitors zk with zk = u0,k at ∂Ω into uk with uk = u0 at ∂Ω. To avoid ambiguity,
from here on, we upgrade the notation for the extension of u via u0 from u to uu0 .

Lemma 6.4. We impose on f the general assumptions of this section and consider admissible measures μ± on Ω.
If a sequence (u0,k)k converges in W

1,1(ℝN) to u0 and a sequence (zk)k in W
1,1(Ω) is such that zk ∈ W1,1

u0,k (Ω)
for each k, then there exists a sequence (uk)k in W

1,1

u0 (Ω) such that (uk − zk)k converges to 0 in W
1,1(Ω) and

consequently also (uku0 − zku0,k )k converges to 0 inW1,1(ℝN) with
lim
k→∞
(∫
Ω

f ( . , ∇uk) dx − ∫
Ω

f ( . , ∇zk) dx) = 0,
lim
k→∞
(∫
Ω

u∗k dμ− − ∫
Ω

z∗k dμ−) = 0 and lim
k→∞
(∫
Ω

u∗k dμ+ − ∫
Ω

z∗k dμ+) = 0.
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Proof. All claims except the convergence with general integrand f are provided by [25, Lemma 8.3]⁴ (which is
based on the straightforward choice uk := zk − u0,k + u0). However, since a.e. on Ω we have the upper bound

f ( . , ∇uk) − f ( . , ∇zk) ≤ f∞( . , ∇uk − ∇zk) ≤ β|∇uk − ∇zk|
together with an analogous lower bound, the W

1,1(Ω)-convergence uk − zk → 0 implies this remaining conver-

gence as well.

Finally, we are ready to verify the existence of recovery sequences in W
1,1

u0 (Ω) in full generality.
Proof of Theorem 3.8 for general u0 ∈ W1,1(ℝN). Given an arbitrary u0 ∈W1,1(ℝN), we choose a sequence (u0,k)k
in W

1,1(ℝN) ∩ L∞(ℝN) such that (u0,k)k converges to u0 in W
1,1(ℝN). We then follow closely the proof of

[25, Theorem 8.4]. First, we apply Theorem 3.8 for the arbitrary given u ∈ BV(Ω) and any of the chosen u0,k as
the boundary datum (for which the theorem is already established) to determine, for each k, a sequence (yk,ℓ)ℓ
inW

1,1

u0,k (Ω) such that (yk,ℓu0,k )ℓ converges to uu0,k area-strictly in BV(Ω󸀠), on any open Ω󸀠 ⊆ ℝN such that Ω ⋐ Ω󸀠,|Ω󸀠| < ∞, with
lim
ℓ→∞
∫
Ω

f ( . , ∇yk,ℓ) dx = ∫
Ω

f ( . , Du) + ∫
∂Ω

f∞( . , (u − u0,k)νΩ) dHN−1
,

lim
ℓ→∞
∫
Ω

y∗k,ℓ dμ− = ∫
Ω

u+ dμ− and lim
ℓ→∞
∫
Ω

y∗k,ℓ dμ+ = ∫
Ω

u− dμ+ .

We then choose, for each k, a suitably large ℓk , set zk := yk,ℓk ∈ W1,1

u0,k (Ω), and take into account both the con-
vergence u0,k → u0 in W1,1(ℝN) and the convergence of traces u0,k → u0 in L1(∂Ω;HN−1). In this way, we can
achieve that (zku0,k )k converges to uu0 area-strictly in BV(Ω󸀠), Ω󸀠 as before, with

lim
k→∞
∫
Ω

f ( . , ∇zk) dx = ∫
Ω

f ( . , Du) + ∫
∂Ω

f∞( . , (u − u0)νΩ) dHN−1
, (6.4)

lim
k→∞
∫
Ω

z∗k dμ− = ∫
Ω

u+ dμ− and lim
k→∞
∫
Ω

z∗k dμ+ = ∫
Ω

u− dμ+ . (6.5)

By applying Lemma 6.4, we find a new sequence (uk)k inW1,1

u0 (Ω), whichmay be seen as a perturbation of (zk)k ,
such that the same convergence properties remain valid. Spelled out, this means that (uku0 )k converges to uu0
area-strictly in BV(Ω󸀠) and that formulas (6.4), (6.5) hold verbatim in the samewaywith zk replaced by uk . In par-
ticular, the combination of these convergences gives limk→∞ F

μ[uk] = Fμ
u0 [u], and thus all claims of Theorem 3.8

are established.

A Codimension-one sections and general ICs

In this section,we return to the proof of Proposition 4.7 in the full generality ofmeasures μ+ and μ− not necessar-
ily singular to each other. However, before carrying out themain argument in this regard,we collect preliminary

estimates which involve codimension-one sections of BV functions. Also, in these considerations, we generally

assume that Ω is a bounded open set with Lipschitz boundary in ℝN .
A.1 Some estimates for codimension-one sections of BV functions

We start with a small lemma of general measure theory, here arranged in a form suitable for our purposes.

4 The statement of [25, Lemma 8.3] is partially made for measures which satisfy an isotropic IC in Ω, possibly with large constant.

By [25, Proposition 4.1], the admissibility of μ±, as assumed in the present Lemma 6.4, does ensure this type of IC for μ±, and thus all
conclusions of [25, Lemma 8.3] indeed apply here.
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Lemma A.1. For an arbitrary measure space (X,A , μ), consider a sequence (hk)k in L1(X; μ) such that hk ≥ 0
on X for all k ∈ ℕ and h ∈ L1(X; μ). If lim infk→∞ hk ≥ h is valid μ-a.e. on X and limk→∞ ∫X hk dμ = ∫X h dμ
holds, then there exists a subsequence (hkℓ )ℓ such that also limℓ→∞ hkℓ = h is valid μ-a.e. on X.
Proof. Since limk→∞(hk − h)− = 0 holds μ-a.e. on X and since we have 0 ≤ (hk − h)− ≤ h+ ∈ L1(X; μ), we may
apply the dominated convergence theorem to deduce limk→∞ ∫X(hk − h)− dμ = 0. As a consequence, we infer
limk→∞ ∫X(hk − h)+ dμ = limk→∞[∫X hk dμ − ∫X h dμ + ∫

X
(hk − h)− dμ] = 0, that is, (hk − h)+ converge to 0 in

L
1(X; μ). A standard result inmeasure theory then gives a subsequence (hkℓ )ℓ such that first limℓ→∞(hkℓ − h)+ =
0 holds μ-a.e. on X and all in all also limℓ→∞ hkℓ = h holds μ-a.e. on X.

Our main observations and estimates for sections of BV functions follow.

Lemma A.2. Consider an arbitrary V ∈ BV(Ω◊). Then, for a.e. x0 ∈ (0, 1), there hold
V(x0 , . ) ∈ BV(Ω), (A.1)

V(x0 , . )±(x) = V±(x0 , x) forHN−1-a.e. x ∈ Ω. (A.2)

Moreover, with f and φ as in Section 4, and writing DxV(x0 , . ) for the derivative measure of V(x0 , . ) ∈ BV(Ω), the
f∞-anisotropic total variations |DxV(x0 , . )|f∞ (Ω) are measurable in x0 ∈ (0, 1), and we have

1∫
0

|DxV(x0 , . )|f∞ (Ω) dx0 ≤ |DV|φ(Ω◊), (A.3)

1∫
0

∫
∂Ω

f∞( . , V(x0 , . )νΩ) dHN−1
dx0 ≤ ∫

∂Ω◊

φ( . , VνΩ◊ ) dHN
. (A.4)

Actually, (A.1) and the isotropic version of (A.3) (including the relevant measurability claim) are covered by

[40, Appendice, Teorema 3.3], and in our subsequent proof, we will revisit some of the arguments provided

there in order to establish our further claims.

Proof of Lemma A.2. To check (A.1), we first deduce from V ∈ L1(Ω◊) and Fubini’s theorem that V(x0 , . ) ∈ L1(Ω)
holds for a.e. x0 ∈ (0, 1). Thenwe argue by approximation. Indeed, the BV-version of theMeyers–Serrin theorem
(see e.g. [4, Teorema 1] or [2, Theorem3.9]) gives a sequence (Vk)k inW1,1(Ω◊) such that Vk converges to V strictly
in BV(Ω◊). In view of

lim
k→∞

1∫
0

‖Vk(x0 , . ) − V(x0 , . )‖L1(Ω) dx0 = lim
k→∞
‖Vk − V‖L1(Ω◊) = 0, (A.5)

we may choose a subsequence (Vkℓ )ℓ such that Vkℓ (x0 , . ) tends to V(x0 , . ) in L
1(Ω) for a.e. x0 ∈ (0, 1). Then

Fatou’s lemma, Fubini’s theorem, and the strict convergence give

1∫
0

lim inf
ℓ→∞
∫
Ω

|∇xVkℓ (x0 , x)| dx dx0 ≤ lim inf
ℓ→∞
∫
Ω◊

|∇Vkℓ (x0 , x)| d(x0 , x) = |DV|(Ω◊),
and by semicontinuity of the total variation, we deduce claim (A.1). In fact, we achieve V(x0 , . ) ∈ BV(Ω) with|DxV(x0 , . )|(Ω) ≤ lim infℓ→∞ ∫

Ω
|∇xVkℓ (x0 , x)| dx < ∞ for a.e.x0 ∈ (0, 1).

Next we establish the claimed measurability of |DxV(x0 , . )|f∞ (Ω) in x0 ∈ (0, 1) (plus another useful auxil-
iary assertion). We first recall that the corresponding measurability of the isotropic quantity |DxV(x0 , . )|(Ω) is
guaranteed already by [40, Proposizione 3.2]⁵. Then we exploit that strict convergence of (∇Vk)LN+1

to DV in

5 The proof of [40, Proposizione 3.2] draws crucially on the usage of specific strict approximations which can be obtained, in our

notation, away from ∂Ω by mollification of V with respect to the variable x ∈ ℝN only.
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RM(Ω◊ ,ℝN+1) induces strict convergence of (∇xVk)LN+1
to DxV in RM(Ω◊ ,ℝN), and by slight modification of

the previous reasoning, we deduce

1∫
0

|DxV(x0 , . )|(Ω) dx0 ≤ lim inf
ℓ→∞

1∫
0

∫
Ω

|∇xVkℓ (x0 , x)| dx dx0 ≤ lim sup

ℓ→∞

1∫
0

∫
Ω

|∇xVkℓ (x0 , x)| dx dx0 = |DxV|(Ω◊) (A.6)

for a suitable subsequence of every sequence (Vk)k in W1,1(Ω◊) which converges strictly to V in BV(Ω◊). Addi-
tionally, we now bring in that |DxV|(Ω◊) ≤ ∫1

0
|DxV(x0 , . )|(Ω) dx0 holds by [40, Teorema 3.3]⁶. This improves the

preceding chain of inequalities to a chain of equalities. In terms of the functions hk(x0) := ∫
Ω
|∇xVk(x0 , x)| dx

and h(x0) := |DxV(x0 , . )|(Ω), for which we already know hk , h ∈ L1((0, 1)) and lim infℓ→∞ hkℓ (x0) ≥ h(x0) for
a.e. x0 ∈ (0, 1), this means limℓ→∞ ∫1

0
hkℓ (x0) dx0 = ∫10 h(x0) dx0. Possibly passing to yet another subsequence,

we then achieve the convergence limℓ→∞ hkℓ (x0) = h(x0) for a.e. x0 ∈ (0, 1) by Lemma A.1; in other words,
lim
ℓ→∞
∫
Ω

|∇xVkℓ (x0 , x)| dx = |DxV(x0 , . )|(Ω) for a.e. x0 ∈ (0, 1). (A.7)

As this confirms strict convergence in BV(Ω), at the present stage, the continuity property of Theorem 2.5 applies

and gives

lim
ℓ→∞
∫
Ω

f∞(x, ∇xVkℓ (x0 , x)) dx = |DxV(x0 , . )|f∞ (Ω) for a.e. x0 ∈ (0, 1).
In particular, we may now read off the claimed measurability of |DxV(x0 , . )|f∞ (Ω) in x0 ∈ (0, 1).

With measurability of |DxV(x0 , . )|f∞ (Ω) in x0 ∈ (0, 1) at hand, the proof of (A.3) is mostly an anisotropic

version of the initial reasoning for (A.1). Indeed, we take right the same (Vkℓ )ℓ and then use in turn the lower
semicontinuity of Theorem 2.4, Fatou’s lemma and Fubini’s theorem, the estimate f∞(x, ξ) ≤ φ(x0 , x, ξ0 , ξ) of
Lemma 4.2 (v), and finally the continuity property of Theorem 2.5. In this way, we infer

1∫
0

|DxV(x0 , . )|f∞ (Ω) dx0 ≤ 1∫
0

lim inf
ℓ→∞
∫
Ω

f∞(x, ∇xVkℓ (x0 , x)) dx dx0≤ lim inf
ℓ→∞
∫
Ω◊

f∞(x, ∇xVkℓ (x0 , x)) d(x0 , x)≤ lim inf
ℓ→∞
∫
Ω◊

φ(x0 , x, ∂x0Vkℓ (x0 , x), ∇xVkℓ (x0 , x)) d(x0 , x) = |DV|φ(Ω◊),
which proves (A.3).

To prove (A.4), we exploit once more the product structure ofHN
on [0, 1] × ∂Ω provided by Lemma 2.16.

Furthermore, we make use first of φ(x0 , x, 0, ξ) = f∞(x, ξ) and then of the inclusion ([0, 1] × ∂Ω) ⊂ ∂Ω◊ with
νΩ◊ (x0 , x) = (0, νΩ(x)) forHN

-a.e. (x0 , x) ∈ ([0, 1] × ∂Ω) and of φ ≥ 0. This yields
1∫
0

∫
∂Ω

f∞( . , V(x0 , . )νΩ) dHN−1
dx0 = ∫

[0,1]×∂Ω

f∞(x, V(x0 , x)νΩ(x)) dHN(x0 , x)
= ∫
[0,1]×∂Ω

φ(x0 , x, V(x0 , x)(0, νΩ(x))) dHN(x0 , x)
≤ ∫
∂Ω◊

φ( . , VνΩ◊ ) dHN

and leaves us precisely with (A.4).

6 In fact, [40, Teorema 3.3] gives even equality |DxV|(Ω◊) = ∫
1

0
|DxV(x0 , . )|(Ω) dx0. From the proof of this equality, the argument for

“≥” has already been revisited in form of (A.6), while the presently relevant inequality “≤” follows quite straightforwardly from the

distributional characterization of the total variation and Fubini’s theorem.
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Finally, we turn to (A.2) and in a first step verify this claim for V ∈ W1,1(Ω◊). By the Meyers–Serrin theorem
and the 1-capacitary results in [24, Sections 4 and 10] (compare also [38, Theorem 4] and [18, Proposition 1.2,

Section 6]), there exists a sequence (Vk)k in W
1,1(Ω◊) ∩ C∞(Ω◊) such that Vk converge to V in W

1,1(Ω◊) and
moreover Vk = V∗k converge to V∗ pointwiseHN

-a.e. in Ω◊. By Lemma 2.17, this implies, for a.e. x0 ∈ (0, 1), the
HN−1

-a.e. convergence of Vk(x0 , . ) to V∗(x0 , . ) in Ω. Next, by a reasoning analogous to (A.5), for a subsequence(Vkℓ )ℓ, we may moreover assume, again for a.e. x0 ∈ (0, 1), convergence of Vkℓ (x0 , . ) to V(x0 , . ) in W1,1(Ω) and
then alsoHN−1

-a.e. convergence of Vkℓ (x0 , . ) = Vkℓ (x0 , . )∗ to V(x0 , . )∗ in Ω. Comparing theHN−1
-a.e. conver-

gences, we infer, still for a.e. x0 ∈ (0, 1), theHN−1
-a.e. equality V∗(x0 , . ) = V(x0 , . )∗ in Ω, which confirms (A.2)

in this case. In a second step, we generalize to arbitrary V ∈ BV(Ω◊) by a similar, but slightly more involved
approximation argument. Indeed, we apply [11, Theorem 3.3] to find strict approximations of V from above

and exploit the fact that, by [35, Theorem 3.2], these approximations necessarily are HN
-a.e. approximations

of V+ as well (compare e.g. [25, proof of Lemma 2.23] for similar reasoning). In more technical terms, both the
results together in fact guarantee existence of a sequence (Vk)k inW1,1(Ω◊) such that Vk converge to V strictly in
BV(Ω◊)with Vk ≥ V a.e. in Ω◊ andmoreover V∗k converge to V

+
pointwiseHN

-a.e. in Ω◊. By Lemma 2.17, the last

convergence carries over to the sections as before. Moreover, recalling that we derived (A.7) for a subsequence

of an arbitrary strictly convergent sequence, for a.e. x0 ∈ (0, 1), we furthermore achieve strict convergence of
Vkℓm (x0 , . ) to V(x0 , . ) in BV(Ω), and in view of Vk(x0 , . ) ≥ V(x0 , . ) by another application of [35, Theorem 3.2],

we can get HN−1
-a.e. convergence of Vkℓm (x0 , . )∗ to V(x0 , . )+ in Ω as well. Comparing the convergences, we

deduce (A.2) for the case of the approximate upper limit. Finally, (A.2) for the approximate lower limit follows

by applying the result obtained to −V .
A.2 ICs with extra variable for general pairs of measures

With LemmaA.2 at hand, we are ready to carry on the ICs from (μ− , μ+) and (μ+ , μ−) to (μ−◊ , μ+◊) and (μ+◊ , μ−◊)
even for μ+ and μ− not necessarily singular to each other.

Proof of Proposition 4.7 in the general case. We first recall that, by Lemma 4.6, the admissibility of μ± carries
over to μ±◊. Now, instead of working with ICs for sets as in Definition 3.3, we rather employ [25, Theorem 4.2]

and work with the equivalent reformulation of the ICs for BV functions. Then it will be enough to show that−⟨⟨μ±; υ∓⟩⟩ ≤ C(|Dυ|f∞ (Ω) + ∫
∂Ω

f∞( . , υνΩ) dHN−1) for all non-negative υ ∈ BV(Ω) (A.8)

implies −⟨⟨μ±◊; V∓⟩⟩ ≤ C(|DV|φ(Ω◊) + ∫
∂Ω◊

φ( . , VνΩ◊ ) dHN) for all non-negative V ∈ BV(Ω◊) (A.9)

(whereby the analogous implication with (μ+ , μ− , f∞ , φ) replaced by (μ− , μ+ , f̃∞ , φ̃) is also valid).
Therefore, we now suppose that (A.8) holds, and we consider an arbitrary non-negative V ∈ BV(Ω◊). From

(A.1), we have V(x0 , . ) ∈ BV(Ω) for a.e. x0 ∈ (0, 1). We can thus proceed by using first Fubini’s theorem along

with (A.2), then (A.8) with υ = V(x0 , .), and finally (A.3) and (A.4). In this way, we deduce
−⟨⟨μ±◊; V∓⟩⟩ = 1∫

0

(−⟨⟨μ±; V(x0 , . )∓⟩⟩) dx0 ≤ C 1∫
0

(|DV(x0 , . )|f∞ (Ω) + ∫
∂Ω

f∞( . , V(x0 , . )νΩ) dHN−1) dx0≤ C(|DV|φ(Ω◊) + ∫
∂Ω◊

φ( . , VνΩ◊ ) dHN)
and arrive at (A.9), as required.
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