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Abstract

This paper develops an axiomatic framework for decision making when preferences
depend not only on the current alternative but also on the past frequency with which
alternatives have been chosen. We identify key independence axioms that character-
ize frequency-dependent preferences. In addition, we derive representation results for
preference structures that separate the intrinsic utility of an alternative from the effect
associated with its consumption frequency. The framework provides a foundation for
modeling variety-seeking behavior, while remaining closely connected to classical utility

theory and extending it to encompass history-sensitive preferences.
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1 Introduction

Humans often exhibit a preference for variety: the value of an alternative is shaped not
only by its intrinsic qualities but also by how often it has been experienced in the past. A
child grows restless when playing with the same toy repeatedly. A researcher may feel an
initial surge of excitement when embarking on a new project, only to find that enthusiasm
diminishes as the work progresses. A wine enthusiast may only come to fully appreciate a
grand cru after years of sampling excellent, but less distinguished, bottles. In each case,
preferences are history-sensitive: past consumption affects current satisfaction.

This paper develops an axiomatic foundation for such preferences over a finite set of
alternatives, where utility depends on the frequency with which each option has been chosen.
Formally, we model preferences as a complete and transitive binary relation on the product
space of alternatives and finite histories of alternatives. Thus, the decision maker can
compare, for example, choosing alternative a after history g with choosing alternative b
after history h. Our framework captures the intuition that preferences are shaped by both
intrinsic attributes and the experiential context created by past choices, providing a rigorous
basis for analyzing variety-seeking and other forms of history-dependent behavior.

The history-dependent preferences we study fall into two broad categories. In the first,
the utility of an alternative is determined entirely by the history of past choices, with no
separate role assigned to the alternative’s intrinsic characteristics. In the second, current
utility can be decomposed into two components: an intrinsic utility that reflects the inherent
attractiveness of the alternative, and a history-dependent component that captures how
past consumption shapes present satisfaction. This distinction allows us to isolate purely
frequency-driven preferences, in which histories alone determine utility, from those in which
history modulates, but does not fully determine, the value of an alternative. In the former
case, the utility derived from the same alternative may vary arbitrarily across different
histories, with no direct connection between them. In the latter, by contrast, the intrinsic
value of the alternative provides a stable benchmark that interacts with history to shape

preferences whenever that alternative is chosen.

The main axioms. Two axioms underlie all the behavioral schemes we consider. The
first, Independence of self-concatenation, requires that an alternative be viewed as equally
desirable after a given history as after a repetition of that history. In isolation, this axiom
still allows preferences to depend on the order in which alternatives were previously chosen.
To rule out such order-dependence, we add a second axiom: Independence of permutations.
This axiom states that an alternative is equally desirable after a history as after any permu-
tation of that history, thereby making the order of past choices irrelevant. Taken together,

the two axioms capture the idea that what matters for desirability is not the specific order



of past choices but only their frequencies.

Up to now, the desirability of an alternative may depend on the frequencies of all
other alternatives as well. To rule out complementarities or substitution effects across
alternatives, we introduce the axiom of Independence of irrelevant alternatives. It requires
that an alternative a be equally desirable after a history ending with some b # a as after
the same history in which b is replaced by another ¢ # a. In other words, the desirability
of a is unaffected by which other alternatives have appeared in the past. What ultimately
matters is only the frequency with which a itself has been chosen. Taken together, the three
axioms imply that preferences can be represented by a family of payoff functions, one for
each alternative, each depending solely on the past frequency of that alternative.

We next turn to the properties of these functions. The desirability of an alternative
may vary systematically with the frequency of its past consumption. For instance, it may
increase with frequency, reflecting habit formation or learning-by-doing, where repeated
engagement makes the alternative more attractive. Conversely, desirability may decrease
with frequency, capturing satiation or fatigue effects.

As a simple illustration, consider a consumer who repeatedly chooses between tea and
coffee. If the consumer has already consumed coffee many times, the appeal of yet another
cup may diminish—capturing either a desire for variety or an aversion to overindulgence.
In this case, the desirability function for coffee decreases with the frequency of its past
consumption. The Taste-for-Variety axiom formalizes this idea: it requires that choosing a
after some history h is weakly preferred to choosing a after the extended history in which a
occurs once more after h. Consequently, the representing functions must be monotonically
decreasing.

Another behavioral scheme is that the desirability of an alternative first increases when
its frequency is low, but then decreases once a certain fatigue threshold is crossed. This
captures situations where initial repetition creates familiarity or comfort, while excessive
repetition leads to satiation.

For example, consider a student listening to a new song. At first, each replay makes
the song more enjoyable, as familiarity with the melody enhances the experience. Yet, after
many repetitions, enjoyment begins to fade, and the song eventually becomes tiresome.

The axiom of alternative concavity formalizes this idea: it requires that the decision
maker weakly prefers choosing alternative a after the concatenated history hh’ to choosing
a separately after h and then after A’. This condition implies that the representing functions
must be quasi-concave. Intuitively, it captures situations like that of the student, where the
desirability function rises at low frequencies but declines after a certain fatigue threshold,
producing a hump-shaped curve.

The axioms discussed so far characterize history-dependent preferences in which the



desirability of each alternative depends on past choices in a structured way, without explic-
itly accounting for the alternative’s intrinsic value. In many real-world situations, however,
preferences reflect both an intrinsic attractiveness and a frequency effect. Building on this
idea, we next consider a modeling approach that separates preferences into two compo-
nents: the frequency with which a specific choice has been selected, and the identity of
the choice itself. This separation naturally lends itself to representing preferences over a
product space, with one component corresponding to the set of histories and the other to
the set of alternatives. We focus on preference relations defined on such product spaces,
where one component is finite and the other countably infinite—a setting that introduces
unique analytical challenges.

For example, consider a gourmet enjoying different types of desserts. Chocolate cake
may have a higher intrinsic value than a fruit tart due to personal taste. At the same
time, repeated consumption of chocolate cake may lead to diminishing enjoyment, whereas
a less-preferred dessert may become more appealing after occasional consumption. In this
case, the overall desirability of an alternative depends both on its intrinsic value and on the
frequency with which it has been chosen, illustrating how intrinsic preferences and frequency
effects can coexist.

The axiom of Consistency formalizes a related idea at the level of histories: it requires
that extending histories by the relevant alternatives has analogous effects across all alterna-
tives. Specifically, if choosing alternative a after history g is at least as desirable as choosing
alternative b after history h, then the same ordering must hold after extending g by a and
h by b. This axiom, together with mild additional conditions, implies that the representing
functions take a specific functional form, corresponding to the class of preferences recently
introduced and analyzed by Ashkenazi-Golan et al. (2024]).

Further related Literature. Here we review the psychological and economic literature
on preferences relevant to our work. There are several psychological findings motivating our
axiomatic approach. The “mere exposure effect” (Zajonc,|1968), also called the “familiarity
effect”, describes the change in preferences resulting from mere exposure to an object. Early
studies, including those involving wine connoisseurs, found exclusively positive effects: the
more frequently a decision maker was exposed to an object, the more favorably it was
regarded. However, the familiarity effect is not the sole consequence of past exposure
on current behavior. Experimental research indicates that individuals often actively seek
variety, even when this preference leads to reduced enjoyment of the selected products (see
Kahn, 1995; Zhang, 2022, for surveys).

Similarly, Crisp et al. (2008) show that the familiarity effect can be reversed, as in the
case of the child mentioned above. Due to the interdependence between the mere exposure

effect, boredom (Bornstein et al., [1990), and the novelty principle (Liao et al., [2011]), even



non-monotonic relationships can emerge: preferences may increase with exposure, reach a
point of satiation, and then decline—much like the researcher who becomes disenchanted
with a new project over time (Williams, 1987; Zajonc et al., [1972).

Clearly, such behavior cannot be accounted for by classical economic theory, which relies
on the assumptions of static preferences and discounted utility as introduced by Samuel-
son (1937) and later given an axiomatic foundation by Koopmans (1960). It is therefore
unsurprising that this framework has been challenged across a range of contexts.

This behavior cannot be fully explained by uncertainty or information-seeking motives
(Read and Loewenstein, [1995). It therefore raises the question: what form does variety-
seeking behavior take? Empirical evidence suggests that preferences for variety are influ-
enced by factors such as age, framing, timing of the decision, and other contextual elements
(Zhang, 2022). To address this, we propose a hierarchy of axioms that capture varying
degrees of restrictions on variety-seeking preferences, potentially applicable across different
settings.

We are not the first to pursue this line of inquiry. Notably, Becker and Murphy (1988)

introduced a model of “rational addiction,”

in which a decision maker maximizes aggregated
future utility, with stage utility at any point depending on past consumption. Building on
this idea, axiomatic characterizations of history-dependent preferences over future consump-
tion paths have been developed to formalize and generalize such effects (e.g., He et al., 2013;
Rozen, 2010; Rustichini and Siconolfi, 2014).

Non-linearly separable representations over product spaces involving finite and count-
ably infinite sets have been studied previously (see Gonzales, 2000 Jaffray, 1974)). Following
these works, our characterization is somewhat technical. To keep the main exposition clear,
we relegate the detailed derivations to Appendix [A]

As we impose additional restrictions on the relationship between preferences and histo-
ries, the class of functions we consider converges toward standard linearly additive models,
such as quasilinear, expected, or case-based utility, as in Gilboa and Schmeidler (1995).
Classical work by Rochet (1987) and Rockafellar (1970]) connected quasilinear representa-
tions to a property known as cyclical monotonicity.

As in Rochet, [1987], our characterizations give rise to revealed preference tests on finite
datasets. When all sets involved are finite, the corresponding proofs reduce to applications
of Farkas’ Lemma. However, because histories form a countably infinite set, this approach
does not carry over to our axiomatic results.

Frequencies of alternatives also play a central role in the cumulative utility model of
Gilboa and Schmeidler (1997) and Gilboa and Pazgal (2001)). However, our approach differs
substantially from this line of research: our decision maker does not form preferences over

future consumption paths, nor do we examine limiting behavior as the horizon tends to



infinity, as is done in Gilboa and Schmeidler (1997) and Gilboa and Pazgal (2001)). Instead,
we focus on characterizing the decision maker’s myopic, instantaneous preferences at any
given point in history.

In this respect, the closest work to ours is Maltz (2016)), who also provide an axiomatic
characterization of variety-seeking behavior, but takes choice as primitive. Their setup
differs in that each time an alternative is selected, its future payoff is updated additively by

a fixed term, rather than being shaped by frequency-dependent effects.

The structure of the paper. The remainder of the paper is organized as follows.
Section [2|introduces the notation and presents two of our three independence axioms, which
ensure that preferences depend only on frequencies, not on full histories. Section [3| develops
our continuity and concavity axioms. In Section [4] we introduce the third independence
axiom together with a monotonicity assumption. Section [5| presents our main result: a
characterization of the preferences introduced in Ashkenazi-Golan et al. (2024). Finally,

Section [6l concludes with a brief discussion.

2 Preliminaries

2.1 Notation

Let A be a finite set of alternatives with |A| > 2. A history of length ¢ € N is a non-empty
sequence h = (hq,...,hy) such that h; € A for all i = 1,...,¢. In particular, for any a € A,
we write (a) to denote the history of length 1 that consists solely of a. We denote by H the
set of all histories of finite length, and by ¢(h) the length of a history h € H.

For any two histories h, h' € H, we write hh/ for their concatenation, and for any positive
integer n, we write h" for the n-fold concatenation of h with itself. In particular, for a € A
and h € H, we write h(a) for the concatenation of h and the history (a), and we write (a)”
for the history consisting of n repetitions of a.

Let R denote the set of complete and transitive binary relations on A x H and let =€ R.
Consider any two elements (a, g), (b,h) € A x H. We interpret the statement (a,g) > (b, h)
as the following: choosing alternative a after history g is (weakly) preferred to choosing
alternative b after history h. Finally, (a,g) ~ (b,h) if (a,g) = (b,h) and (b, h) = (a,g)

A function v : A x H — [0,1] is said to represent the preference relation > if, for all
(a,g9),(b,h) € Ax H,

(a,g) = (b,h) if and only if wv(a,g) > v(b,h).

Since A x H is countable, the completeness and transitivity of > are necessary and sufficient

for the existence of such a numerical representation. The goal of this paper is to identify



meaningful axioms on > and to characterize the corresponding necessary and sufficient

properties of its representation.

2.2 Frequency Dependence

Let A denote the rational (|A| — 1)-dimensional simplex. We define a function ¢ : H —
A that encodes the frequency with which each alternative appears in a history h € H.
Formally, for each a € A, define

1

w(a!h):m\{i€{17-~7€(h)}Ihi:a}\

and ¢(h) := (¢(a | h))a c 4+ Which takes values in A. (Recall that H contains only nonempty

histories.)

Definition 2.1 (Frequency dependence). Let =€ R and let v be a representation of .

We say that = is frequency-dependent if there exists a family of functions (fs),c4, where
each f, : A — [0,1], such that for all (a,h) € A x H,

v(a, h) = fa (gp(h))
In this case, the family (f,),c4 is called a frequency-dependent representation of . O

Frequency dependence means that the value assigned to choosing alternative a after his-
tory h depends solely on the relative frequencies of past alternatives, as captured by ¢(h).
Importantly, it allows for the dependence to be alternative-specific: different alternatives
may respond differently to the same frequency profile. That is, the mapping f, may differ
from f, for a # b, reflecting that each alternative can be evaluated according to its own
sensitivity to the past composition of alternatives. This structure restricts preferences to
be driven by aggregate patterns of behavior rather than the precise order in which past
alternatives occurred.

We start with the following two axioms, which will be assumed throughout the paper.

Independence of self-concatenation. A preference relation »€ R is said to be inde-
pendent of self-concatenation if, for all (a,h) € A x H and all positive integers n, it
holds that

(a,h) ~ (a,h™).

Independence of permutations. A preference relation =€ R is said to be independent



of permutations if, for all (a,h) € A x H and all permutationsﬂ g of h, it holds that
(a,9) ~ (a,h).

Proposition 2.2. A preference relation =€ R is frequency-dependent if and only if it is

independent of self-concatenation and permutations.

Proof. Let = be frequency-dependent, and let (f,),c4 be a frequency-dependent repre-
sentation. Since p(h) = @(h™) for all h € H and all positive integers, n, and since
o(h) = ¢(g) for any permutation g of h, it follows that > satisfies both the independence
of self-concatenation and the independence of permutations.

Conversely, suppose that > satisfies both axioms, and let v : A x H — R be a represen-
tation of »=. Let g,¢’ € H be such that p(g) = ¢(¢’). Then there exists a history h € H
with ¢(h) = ¢(g) such that both g and ¢’ are permutations of concatenations of h.

By the two axioms, we have
(a,g) ~ (a,h) ~ (a,g') foralla € A,
which implies that
v(a,g) =v(a,g’) forallae A.

Thus, for each a € A, the function f, : A — R defined by

fa (gp(h)) = U(a7 h)

is well-defined, and the family (f4),c4 forms a frequency-dependent representation of >.
[

3 Concave and Continuous Preferences

Let D C Q™ be a convex setE| A function f : D — [0, 1] is quasi-concave if f (ax + (1 — ) y)
min (f(z), f(y)) for all z,y, and o € [0,1] N Q.

Suppose that choosing a after some history h or h' is preferred over choosing b after
some history A”. In this case, it might be natural to assume that a is also preferred after a

combination of h and h’ over b after h”. This is captured by the following axiom.

Concavity. A preference relation =€ R is concave if for all a,b € A and h, h',h” € H with
(a,h) = (b, k") and (a, h') = (b, h") it holds that (a, hh') = (b, B").

'A sequence g is a permutation of h if £(g) = £(h) and there exists a bijection o : {1,...,0(h)} —
{1,...,£(h)} such that g; = hy(;) for all i =1,...,£(h).
2Throughout the paper, convexity is defined with respect to the space Q™.

AV



Concavity, together with frequency dependence, implies the following: if alternative a at
frequency = and 2’ is preferred over alternative b at frequency z”, then at any frequency
between = and z’ alternative a is preferred over b at z”.

A weaker notion, which we refer to as alternative concavity, requires this property only

when comparing the same alternative, i.e., when a = b.

Alternative-Concavity. A preference relation =€ R is alternative-concave if for all a € A
and h,h',h" € H with (a,h) > (a,h”) and (a,h’) = (a,h”) it holds that (a,hh’) =
(a,h").

Our next result establishes that alternative-concavity, together with the two independence
axioms, is both necessary and sufficient for a frequency-dependent representation to exhibit

quasi-concavity.

Proposition 3.1. A preference relation =€ R has a frequency-dependent representation
(fa)aea such that each fq is quasi-concave if and only if it is independent of self-concatenation

and permutations, as well as alternative-concave. In this case, = is also concave.

Proof. Let =€ R have such a representation (f,),c 4. By Propositionand since concavity

implies alternative-concavity, it is sufficient to show that > is concave. Let a,b € A and
h,h',h" € H be such that (a,h) = (b,h”) and (a,h’) = (b,h"). Let a = % € Q and
note that ¢(hh') = ap(h) + (1 — a)e(h’). Since f, is quasi-concave, we have f, (p(hh')) =
fo (0p(h) + (1~ a)o(R)) > min (fu ((h)) , fa (9(H)) > fo (0 (W), that is, (a, hl) =
(b, h"") as required.

Suppose next that > satisfies both independence axioms and alternative-concavity. By
Proposition there is a family (f4),c4 that represents =. Let a € A, let 2,y € A, and
let @ € [0,1] N Q. Let h,h" € H be such that p(h) = z and ¢(h') = y, and let ¢,r € N5
be such that o = Z. Suppose, without loss of generality, that f,(z) > fa(y). Clearly,
¢ (h?) = x and ¢ ((W')"~7) = y. Hence, (a,h?) = (a,h’) and (a, (h')""9) = (a,h’), so that
the alternative-concavity of > implies that (a,h?(h')"~9) »= (a,h’). As by construction
@ (h1(h)7) = ax + (1 — a)y, we have f, (ax+ (1 —a)y) > fq (y) as required. [ ]

Independence of self-concatenation requires that choosing a particular alternative after some
history yields the same evaluation as choosing it after any number of repetitions of that
same history. The following axiom weakens this condition by allowing payoffs to decrease

as the history is repeated.

Semi-independence of self-concatenation. A preference relation =€ R is semi-independent
of self-concatenation if for all (a,h) € A x H and all n € N5 it holds that (a,h) >
(a, h™).



One can easily verify that alternative-concavity implies that (a, h™) = (a,h) for all a € A,

h € H, and n € Nyg. Thus, we obtain the following corollary.

Corollary 3.2. A preference relation =€ R has a frequency-dependent representation
(fa)gea such that each f, is quasi-concave if and only if it is semi-independent of self-
concatenation, independent of permutations, and alternative-concave. In this case, = is

also concave.

We now turn to the study of continuous representations. To facilitate this, we introduce
the following axioms, which will serve as the foundation for our analysis in the continuous

setting.

Upper semicontinuity. A preference relation =€ R is upper semicontinuous if for all
a,b € A and all g,h,h' € H such that (a,g) = (b, h), there exists N > 0 such that
(a,g"h’) = (b,h) for all n > N.

Lower semicontinuity. A preference relation =€ R is lower semicontinuous if for all
a,b € A and all g,h,h' € H such that (a,g) = (b, h), there exists N > 0 such that
(a,g) = (b,h™h') for all n > N.

Continuity. A preference relation =€ R is continuous if it is both upper and lower semi-

continuous.

Upper semicontinuity requires that if (a,g) = (b, h), then this preference persists when the
history g is extended by repeating itself sufficiently many times and then concatenated with
an arbitrary continuation h’. That is, after sufficiently many repetitions of g followed by A/,
the alternative (a, g™h') remains preferred to (b, h). Lower semicontinuity, symmetrically,
requires that the preference persists even when the history h is extended by repeating itself
sufficiently many times and then concatenated with an arbitrary continuation A’. That is,
(a,g) = (b, k') for all sufficiently large n.

Continuity could be defined using topology on the set of finite histories. Here, however,
rather than introducing topology, we interpret “closeness” in terms of repetition. Specifi-
cally, a history g is considered sufficiently close to another history g if g consists of many

repetitions of g, followed by an additional segment h’.

Proposition 3.3. A preference relation =€ R has a frequency-dependent representation
(fa)gea such that each f, is quasi-concave and continuous if and only if it satisfies inde-

pendence of self-concatenation and permutations, alternative-concavity, and continuity.

Proof. Assume that =€ R has such a frequency-dependent representation (fq),c4. By
Propositions and it is sufficient to show that > is continuous. So, let a,b € A

10



and g,h,h' € H with (a,g) > (b,h), that is, fa (9)) > fo(e(g)). By the continuity of
fa there is N > 0 such that f, ((Tﬂ) (%) ) > fy (e(h)) and f, (p(g)) >

i ((#1) o(h) + (M) (h’)) forall n > N. Thus, (a, g"h') = (b, h) and (a, g) = (b, A"1)
for all n > N as required.

Suppose next that the axioms are satisfied. By Proposition there is a representation
(fa)gea of = such that each f, is quasi-concave. We show that each f, is continuous as well.
For this purpose, it is sufficient that for all x € A the strict upper and lower contour sets,
U(zx) = {y € Alfa(y) > fa(x)} and L(z) = {y € A|fa(y) < fo(z)}, respectively, are open.
First, let y € U(x). By the upper semicontinuity axiom, there is for each extremal point
ey € A some Ny € N such that f, ( ep + —y) > fu(x) for all n > Ny. Let N = max; Ny,
which is well-defined as the number of extremal points is finite. By the quasi-concavity of

fa we have, for each z € A, that

fa (Tll n;ly) = fa (bEZAZb (71161)-1- n; 1y>> > mbinfa (711617-1- Tl;ly> > fa(x)

for all n > N. Hence, the %—ball around y is contained in U(z), which means that U(z) is
open.

Next, we show that L(x) is open. So, let y € L(z) and let g,h € H be such that
x = @ (x) and y = ¢ (h). It is sufficient to show that for all z € A there is € > 0 such
that fo(z) > fo (1 —€)y+ez). So, let z € A be fixed but arbitrary and let »’ € H be
such that ¢ (h') = 2. Since (a,g) = (a,h), there is, by lower semicontinuity, N € N such
that (a,g) = (a,h"R’) for all n > N. Hence, fo(z) > fo (o (h"R)) = fo (=ly+12) as
required. |

4 Alternative-Specific Frequency Preferences

So far, the functions f, in a frequency-dependent representation have depended on the
frequencies with which all alternatives have been chosen in the past. In many contexts,
however, the payoff of an alternative a depends only on the past frequency of a itself, rather

than on the entire frequency profile. The following definition formalizes this idea.

Definition 4.1 (Alternative-specific frequency dependence). Let =€ R and let v be
a representation of >. We say that > is alternative-specific frequency-dependent if there
exists a family (fa),c4 of maps fq : [0,1] — [0, 1] such that for all (a,h) € A x H, it holds
that fo (¢ (h)) = fa(p(a|h)). In this case, the family (fu),c4 is called an alternative-

specific frequency representation of . O

Alternative-specific frequency dependence means that the utility derived from choosing a

11



after history h depends only on the frequency of a within h, and not on the frequencies of
any other alternatives in h.

We continue with a third independence axiom.

Independence or Irrelevant Alternatives. A preference relation »€ R is independent
of irrelevant alternatives if for all a,b,c € A with b,c # a and all h € H it holds that
(a, hb) ~ (a, hc).

Note that when |A| = 2, every preference order satisfies this axiom. Under the axiom, the
payoff from choosing alternative a after a history h ending in some alternative b # a remains
unchanged if b is replaced by any other alternative ¢ # a.

Independence of irrelevant alternatives together with independence of permutations im-
ply that the payoff from choosing a after history A depends only on the number of times
a has been chosen and the total number of times all other alternatives have been chosen,

collectively. This observation leads to the following characterization.

Proposition 4.2. A preference relation =€ R has an alternative-specific frequency-dependent
representation if and only if it is independent of self-concatenation, permutations, and ir-

relevant alternatives.

Proof. Let =€ R be an alternative-specific frequency-independent representation, (fa),c4-
By Proposition we only need to show that > is independent of irrelevant alternatives.
So, let a,b,c € A with b,c # a, and let h € H. Then ¢ (a|lhb) = ¢ (alhc), implying that
(a, hb) ~ (a, hc) as required.

Let now > satisfy the three independence axioms. By Proposition[2.2] > has a frequency-
dependent representation (fq),c 4. Let a € Aandlet g, h € H be such that ¢ (alg) = ¢ (alh).
It is sufficient to show that f, (¢(g)) = fa (p(h)). For the case where |A| = 2, this is evident.
So, let |A| > 3 without loss of generality.

By the history dependence of f,, we can assume without loss of generality that ¢(g) =
¢(h). Let m (blh) = ¢ (blh) £(h) be the number of occurrences of b in h, and define d(g, h) =
> aca Im(alg) —m (alh)|, which is an even number. We prove that f, (¢(g)) = fa (¢(h))
by induction over k = d(g, h).

The claim is clearly true for £ = 0 as in this case g = h.

Let £ > 2 be even and let the claim be true for £ — 2. There are b,c # a such that
m (blg) > m (blh) and m (c|g) < m (c|h). Let h' be a history that coincides with A in all
positions except one, in which ¢ is replaced by b. Then ¢ (alh’) = ¢ (a|h) and the distances
satisfy d(h/,h) = 2 and d(g,h’) = k — 2. By the induction hypothesis, we have

fa (90(9)) = fa (gp(h/)) and fa (Qo(h,)) = fa (@(h)) .
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This completes the proof. |

A function f :[0,1]NQ — [0,1] is said to be N-shaped if it is quasi-concave and does
not attain its maximum at 1. An alternative-specific frequency-dependent representation
(fa)qea of a preference relation = is called N-shaped if each f, is N-shaped. This implies
that the stage payoff from choosing alternative a after history h may initially increase
with frequency ¢ (a|h), but reaches a satiation point and subsequently decreases as ¢ (alh)
increases beyond that point. We aim to derive necessary and sufficient conditions on > that

imply this behavior.

Non-degeneration. A preference relation =€ R is non-degenerate if for any a € A there
is a history h € H, such that (a, h) > (a, (a)).

Non-degeneration together with independence of self-concatenation imply that the highest
payoffs cannot be obtained from a pair (a, h) with ¢ (a|h) = 1. This observation essentially

delivers the following result.

Proposition 4.3. A preference relation =€ R has an alternative-specific frequency-dependent
and N-shaped representation if and only if it satisfies the three independence axioms and is

alternative-concave and non-degenerate.

Proof. Suppose that =€ R has an alternative-specific frequency-independent N-shaped rep-
resentation (fy),c4- By Propositions and it is sufficient to show that > is non-
degenerate. But this is clear as there is © € A with 2, < 1 and f,(z,) > fa(1), so that for
any history h with ¢(h) = z it holds that (a,h) = (a, (a)) as required.

Suppose next that =€ R satisfies the axioms. By Propositions[3.1]and [£.2]the preference
relation > has an alternative-specific frequency-independent representation (f,),c4 such
that each f, is quasi-concave. Let a € A. Since ¢ (a|(a)) = 1, there is some history h with
v (alh) <1 and f, (¢ (alh)) > fa(1). Thus, f, is N-shaped. [ |

Recall from the introduction the child who quickly grows bored and the wine drinker whose
appreciation increases with familiarity. Both exhibit monotonic preferences: an object
becomes more attractive the less or more it has been used in the past. The following two

axioms formalize these ideas.

Taste for Variety. A preference relation =€ R satisfies taste for variety if for all a € A
and h € H, (a,h) = (a,h(a)).

Familiarity. A preference relation =€ R satisfies familiarity if for all a € A and h € H,
(a,h(a)) = (a,h).

13



Proposition 4.4. A preference relation =€ R has an alternative-specific frequency-dependent
representation (fq),ca such that each f, is decreasing (increasing) if and only if it satisfies

the three independence azioms and taste for variety (familiarity).

Proof. We prove the claim for the case of taste for variety; the case of familiarity follows
by a similar argument.

Let =€ R have an independent of irrelevant alternatives representation (fq),c4 such
that each f, is decreasing. Consider any a € A and h € H. If ¢ (alh) = 1, then (a,h) ~
(a,h(a)) by independence of self-concatenation. If instead ¢ (alh) < 1, then ¢ (alh) <
¢ (alh(a)), so that fo(¢(alh)) > fa(e(a|h(a))) since f, is decreasing. Hence, (a,h) >
(a,h(a)).

Let now = satisfy the three independence axioms and taste for variety. By Proposition
> has an alternative-specific and frequency-dependent representation (fq),c4. Let
a,b € A be fixed but arbitrary with a # b, and let z,y € [0,1] N Q be rational numbers
with > y. Let ¢,7,¢ € N be integers such that + = ¢ and y = . By definition
@ (a’(a)q(b)g_q) =z and ¢ (a}(a)r(b)f_r) = y. Using independence of self-concatenation

and permutations, as well as a taste for variety, we find that

(o @®)7) ~ (@ (@) )

(@)= (p) (#r)(e—q)))

Thus, fo(z) < fu(y) as required. [

5 Linear Separability

Let =€ R satisfy the three independence axioms, so that it has a restricted representation.
We say that > is separable if there are maps v : A — Ryp and f : A — R>q such that
v(a,h) = f(¢(alh))u(a). In Appendix [A| we provide an axiomatic characterization of
general restricted and separable preference orders, which is based on a condition proposed
in Jaffray, [1974|

Ashkenazi-Golan et al. (2024) consider the special case where f (p(alh)) =1 — vp(alh)
for some v € (0,1]. In this section, we will axiomatically characterize preferences that such

functions with v = 1 can represent. Axioms for general v are derived in Appendix [C]
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Our main axiom is the following.

Consistency A preference relation =€ R satisfies consistency if for all (a, g), (b, h) € AxH
where g and h are histories of the same length, it holds that (a, g) > (b, h) if and only

if (a,9(a)) = (b, h(D)).

Consistency requires that if a after g is preferred over b after h, where g and h have the
same length, then this does not change if g is extended by a and h is extended by b.
Taste for variety (resp. familiarity) implies that utility decreases (resp. increases) for both
alternatives. Consistency requires that these changes are sufficiently similar in magnitude
so that the original preference ordering is preserved. This implies, as the following lemma

shows, a stronger version of non—degenerationﬂ

Lemma 5.1. Suppose that the preference relation =€ R satisfies the three independence
azioms, consistency, and non-degeneration. Then, for any (a,h) € A x H with ¢(alh) < 1
it holds that (a,h) = (a,(a)).

We introduce our last axiom.

Irreducibility A preference relation =€ R satisfies irreducibility if for all a,b € A, there
is h € H, such that (a,h) = (b, h).

Irreducibility ensures that the relation of any two alternatives is not entirely independent
of histories: if it is violated for some a,b € A, then without loss (a, h) = (b, h), which means
that there is no history after which a rational decision maker would choose b/

To prove our main theorem, we rely on three further lemmas, each of independent
interest. The first one establishes the key connection between our consistency axiom and
the function f(z) = 1 — x, which features in the representation. The proof, along with the
subsequent proofs in this section, follows the general approach of Rockafellar (1970) and
Rochet (1987)), adapted to our setting with the multiplicative form of the utility function.

Lemma 5.2. Suppose that the preference relation =€ R satisfies the three independence
axioms, irreducibility, consistency, lower semi-continuity, and non-degeneration. Then, for
any a,b € A it holds that (a, (a)) ~ (b, (b)).

3The proofs of all results in this section are deferred to Appendix

4A more technical interpretation is the following: We can define a relation ~ on A x A such that for any
a,b € A it holds that a = b if there are histories g,h € H such that (a,g) > (b,g) and (b,h) > (a,h). If
> satisfies our independence axioms, non-degeneration, and consistency, then = is an equivalence relation.
Irreducibility then implies that all members of A belong to the same equivalence class.
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Lemma 5.3. Suppose that the preference relation =€ R satisfies the three independence az-
ioms and consistency. Leta,b € A andg,g',h,h’ € H be such that p(alg), p(alg’), p(blh),o(blh') <
1, and

1—p(alg) _ 1= p(blh)

1—op(alg)  1—(blh)’

Then the following equivalence holds:
(a,g) = (b,h) if and only if (a,g’) - (b, h') .

For the next lemma we introduce the following notions of cycles. A weak cycle is a finite
sequence (ai,gi, hi)?zl with a* € A and ¢*,h* € H for all i = 1,...,n, such that (ai,gi) >
(a“‘l,hi) for all i = 1,...,n, and a"t! = alﬂ A strict cycle is a weak cycle for which,
additionally, (ai, gi) - (a”l,hi) for some i = 1,...,n. It is worth mentioning that here
alternatives are connected by > to form a cycle, while histories ¢* and A’ are independent

of one another.

Lemma 5.4. Let =€ R be a preference relation that satisfies the three independence axioms,
taste for variety, consistency, and non-degeneration. Then for alln € Nsg and all and weak
with o(a'lg') < 1 for alli=1,...,n it holds that

n

cycles (ai, g’ h")i:1

(2

16— e o) = [0 @), 0

i=1
Moreover:

1. If the cycle is strict or o(a'THh?) =1 for some i = 1,...,n — 1, then Inequality

18 strict.

2. If the cycle is not strict and @(a**1|h) < 1 for alli =1,...,n, then is satisfied
with equality.

Some intuition for Equation can be gained from the Farkas’ lemma. Representation by
a linear function can be seen as a linear program: u(a) (1 — p(alg)) > u(b) (1 — ¢(blh)) if
and only if (a,g) = (b,h). If > were defined on a finite space, then applying the Theorem
of the Alternative to this linear program would give exactly this condition.

We can now state the main result of this section. It shows that under a few behavioral
assumptions, preferences admit the required representation, where repetition reduces utility

in a linear way.

+1

®We will use the convention a"** = a' without mentioning it explicitly.
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Theorem 5.5. Let =€ R be a preference relation. The following statements are equivalent:

1. There exist a payoff function u : A — (0, 1] such that the function v : A x H — [0, 1]
defined by

v(a, h) = (1= ¢(a|h))u(a)
represents . Moreover, the function u is unique up to positive scaling.

2. The preference relation = satisfies the three independence axioms, continuity, taste

for variety, consistency, non-degeneration, and irreducibility.

This theorem characterizes preferences over alternatives and histories that can be repre-
sented by a simple utility function capturing diminishing returns due to repetition (through
the term ¢ (a|h)). Specifically, it characterizes when there exists a utility function u over
alternatives such that preferences are represented by a payoff function that adjusts u(a) by
how frequently alternative a has occurred in the history h. As the share of a in h increases,

its payoff is discounted more severely via (1 — ¢ (a|h)).

6 Discussion

6.1 Limited memory and connection with Maltz (2016))

Until now, we have assumed that the decision maker possesses perfect memory—that is,
every alternative she has taken in the past continues to influence her preferences indefinitely
through its frequency. It is natural to consider relaxing this infinite-memory assumption.
Specifically, following Lehrer, [1988, suppose the decision maker has bounded recall. In our
setting, this means that only the last K > 0 elements of each history affect her preferences,
as in Maltz (2016]). Formally,

Memory-K (Maltz, 2016) A preference relation =€ R satisfies Memory-K if there is
an integer K, such that for all a € A and h,h' € H with |h|] = K it holds that
(a,h) ~ (a,h'h).

If this axiom is imposed, independence of self-concatenation and permutations together im-
ply that preferences are entirely independent of histories, and the representation reduces to
fale(h)) = u(a) for some function u : A — Rs¢. To see this, note that the independence ax-
ioms ensure that, any history h containing alternatives a and b # a can be self-concatenated
K times and rearranged, so that (at least) K occurrences of a appear at the end, or at least

K occurrences of b appear at the end. This makes h equivalent, in terms of preference,
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to both histories (a) and (b). Since the choice of a and b is arbitrary, it follows that all

histories are preference-equivalent. This conclusion mirrors Proposition 1 in Maltz (2016]).

Proposition 6.1. There is a functions u : A — Rsq, such that

fa (p(h)) = u(a)

represents = if and only if = satisfies the three independence axioms and Memory-K.

6.2 Discounting the history

Ashkenazi-Golan et al. (2024)) analyze a setting in which the impact of past choices on cur-
rent utility depends on their timing. Specifically, alternatives taken further in the past exert
less influence on current utility than those taken more recently. This temporal sensitivity
is formally captured by a discount factor, reflecting diminishing memory.

In contrast, the present study does not aim to axiomatize such temporally sensitive,
frequency-dependent preferences. Instead, we focus on models in which the influence of
past alternatives on utility depends solely on their relative frequencies, irrespective of their

position within the history.

6.3 Discounting future payoffs

In the present study, we focus on the one-time utility derived from choosing a particular
alternative, modeled as a function of past experience. In contrast, Ashkenazi-Golan et al.,
2024 examine a dynamic programming framework in which future payoffs are discounted.
An axiomatization of a dynamic model that incorporates both discounted future payoffs
and discounted past frequencies—potentially with distinct discounting schemes—remains

an open and worthwhile direction for future research.
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A Separability

In many contexts, each alternative is associated with an individual stage payoff, but the
way these payoffs are affected by the taste for variety is identical across alternatives.

For a restricted and frequency-dependent representation { fa},c 4 this would be captured
by the existence of two functions f : [0,1] N Q — [0,1] and v : A — R such that for all
x € [0,1] N Q it holds that f, (x) = f(z)u(a). If such two functions exist, we shall call
{fa}aca separable. An axiomatization of such preferences for countable spaces is given
by Jaffray (1974). For completeness we adapt this condition to our setting below, but in
the main paper we focus on the particular case v (a,h) = (1 —yp(alh))u(a) that is also
considered in Ashkenazi-Golan et al. (2024]).

Following Jaffray (1974), (n;2?) stands for (', ..., 2%, ..., 2%).

nt
Condition H. (Jaffray, (1974) For any (a,«), (b, ), (¢,0),(d,d) € A x H, (a,a) < (b, B),
(c,0) < (d,0), there is a sufficiently small, L ((a, «), (b, 8), (¢, 0), (d,d)) > 0, such that
for any finite sets I C N* and J C N*, J % 0, any (a;, ), (bi, 5i), (¢i, 0), (di, 6:), (€5, €5), (f5, ¢j) €
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Ax H,wherei € I,j€J, and any n;, p; € N* with:

(i) ( ) L ((as, o), (bi, Bi), (ciy 04), (ds, 6;)) ,for all i € I,

(i) [(nsaq)ier, (pidi)ier, (ej)jes) a permutation of [(n:b;)icr, (pici)icr, (fj)jer)s

(111) [(nzaz)zeb (2%5 )1617 (Q)]GJ] a permutation of [(n162>1617 (pz'Yz)zEb ((PJ )JEJ] and
)

(@i, a) < (bi, Bi),  (ciyo4) < (di, 8;) foralliel, (fj,p5) = (ej,€¢) forallje
J,

(iv

it holds that (ej,¢€;) ~ (fj, ;) for all j € J,

Theorem A.1 (Theorem 5.4. in Jaffray, 1974). Let X C X1 x X3 be a countable set and
suppose that condition H holds for the weak order X on X; then there is an additive utility
u(x) = up(x1) + uz(we), where v = (x1,x2) € X, such that x <y if and only if u(z) < u(y).

Let { fa}aca be arestricted frequency-dependent representation in Proposition Then
it is possible to define a new complete binary relation = on [0, 1] X A, such that (x,a)=(z',b)

if and only if f,(z) > fp(2').

Corollary A.2. A preference relation =€ R has a restricted, frequency-dependent, and sep-
arable representation if and only if it satisfies the three independence axioms and Condition

H for = and X =[0,1] x A.

Proof. Without loss, consider a separable representation of the additive form f,(¢(h)) =
u(a) + f(p(alh)), which is a monotonic (logarithmic) transformation, and so represents the
same preferences as {f,},c4- Then the statement of the proposition is equivalent to the
existence of a linearly separable utility on (A x [0,1], =). The H condition is necessary and
sufficient for such utility to exist by Theorem [

The characterization in Jaffray (1974) is complex and does not easily yield practical
applications, so stronger but more intuitive conditions remain a topic of research (Gonzales,
2000; Wakker, 1991). When I = (), condition H implies the set of cancellation conditions,
which are necessary and sufficient in the finite case (Scott, [1964). This situation is also
studied in Gonzales (2000]), who shows that even with finite X and an additional assumption
of solvability on one of the dimensions, the characterization cannot be simplified to a finite

set of axioms.

B Proofs related to Section [B

B.1 Proof of Lemma [5.1]

Fix a € A. By non-degeneration, there is a history ' € H, such that (a,h’) > (a, (a)).
Suppose, for the sake of contradiction, that there is a history € H with ¢ (alh) < 1 such

21



that (a,(a)) = (a,h). By the independence of self-concatenation we can assume without
loss of generality that A and h’ have the same length, i.e., £(h) = £(h') = £. Moreover,
by the independence of irrelevant alternatives, we can assume without loss of generality
that there are numbers ¢,r € N and an alternative b # a such that h = ((a)?(b)*~%) and

h/ — ((a)r7 (b)E_T).

Suppose ¢ > r. Then, by the independence of permutations
(a,(}/)f—ﬂ ()@ ) ( () -0+t (b)(g_ﬁg(g_q)>

~ (a,(a (=) () (=)= q))
(o (m)- )
h).

~ (a’

~

But this means that, by consistency,

(a,h) ~ (a, (1) (@) = (a, (@)@ ) ~ (@ (@) = (a,h),

which is impossible.

Suppose next that ¢ < r. Then, with the same arguments as before

(a,) = (a. (@) ~ (2. (@)(@) ") = (a, ()7 (@) ~ (a 1),

which is impossible as well. |

B.2 Proof of Lemma [5.2]

Suppose (a, (a)) > (b, (b)) for some a,b € A. By irreducibility, there are histories g, h such
that (b,h) > (a,g). Then, by consistency (b, h(b)") = (a, g(a)™) for all n. Moreover, by lower
semi-continuity and independence of permutations, (a, (a)) > (b, h(b)") for sufficiently large
n. Thus, by Lemma [5.1] (a,g(a)") = (a, (a)) = (b, h(b)") = (a,g(a)™), which is impossible.
Hence, (a, (a)) ~ (b, (D).

|

B.3 Proof of Lemma [5.3|

Let the premise of the lemma hold, and define

1-— S (AN
o= tolalg) _1-wblh) o

L—oplalg)  1—=w(]h)
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which is well-defined since both numerators and denominators are strictly less than 1.
Without loss of generality, assume that (a,g) > (b,h). By the three independence axioms,
we may further assume without loss of generality that ¢(g) = ¢(h) = ¢ and g and h are of

the form

and note that, by construction, k € Z.
Suppose that k& > 0. Since (a,g) = (b, h), the k-fold application of the consistency
axioms implies that (a, (a)™(b)"""(a)¥) = (b, (b)"*(a)'~™(b)*). Thus, by independence of

permutations,

(a.") = (0. (@™ F ) ™) = (b0 (@) ) = (0.07) @

Suppose next that £ < 0. We will first show that m + k& > 0 and n + k > 0, and then
verify that holds. Indeed, from the definition of £ and a we find

m+k= é (%m%— %k‘) = é (g (alg) + (1 —a)) = é (I—a(l—(ag)) = é‘ﬂ (alg’) = 0

and, similarly

n+k= é (%n + %k) = é (oo (bR) + (1 — ) = é (1—a(l—pblh) = égp (b[n) > 0.
Hence, the histories § = [(a)™*(0)""™](a)~* and h = [(b)""*(a)!="](b)~* are well-defined.
By independence of permutations, (a, §) ~ (a,g) and (b, h) ~ (b, h). Now, by the (—k)-fold
application of the consistency axiom we find that is equivalent to (a,g) = (b, iz) and
hence to (a,g) »= (b, h), which is true.

Finally, note that,

m+k  m+ 122
l+k 4 (0=

p(alg”) = = Ja+(l-a)=1-a(l-¢ag)) = ¢(alg),

(1-a)
mw n+k  n+ al_ﬁ B B ,
POl = o = T = (1= ) = agl0lh) + (0 = 1) = $(011)

As, by Proposition > is alternative-specific frequency-dependent, these two qualities
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imply (a,g’) ~ (a,g") = (b, ") ~ (b, 1), as required. [ ]

B.4 Proof of Lemma [5.4]

L. If p(a™|n’) = 1 for some 4,1 < i < n, then [[l;1 — ¢(a'lg’) > 0 =[], 1 —
¢(a*1|h?) = 0 and the claim is proven.
So, suppose that p(a"™|h?) < 1 for alli =1,...,n, and let (a’, ¢’ hi)?zl be a strict
cycle. We can assume without loss of generality that (a", ") >~ (al, h”), as otherwise
we could renumber the cycle. By the independence of self-concatenation, we can
further assume that there is £ € Ny with /¢ (gl) =/ (hl) =/(forallil<i<n.
Let aq,...,ay € (0,1) be rational numbers such that a;11 = ai% for all
1=1,...,n. (Such o exist as p(a’|g’) < 1 and ¢(a*t1|h?) < 1forallic {1,...,n—
1}.) Foralli =1,...,nlet ¢, h' € H be such that ¢(a?|§") = (1—a;)+ap(ailgh) < 1,
o(a™hi) = (1 — ;) + azp(a’™|hi) < 1. Surely, such histories exist.

Claim 1. For all i = 1,...,n — 1 it holds that (a*,§") = (a”l,ﬁi), and (a™, g") -
(at, ™).
Proof. By construction, we have

- p(@ilg) _ 1= pla i)

1—(alg) " 1—p(a1|n)

for all ¢ = 1,...,n. Hence, Lemma applies: since (ai,gi) = (a”l, hi), it is also
true that (ai,gi) = (a”l,ﬁi) for all i = 1,...,n. Since (a”, g") = (a', "), the same

lemma implies (a”, §") > (a*, ™). [ ]
Claim 2. For alli=1,...,n it holds that (a™t!, h') ~ (a'T1, §"*1).
Proof. By construction, we have

L—p(a™Mh) e (1= (a]nT))
L—(a™gh)  aipr (1= @ (alt]git))

=1,

so that @(ait|h?) = p(a’t1]g"*1) for all i = 1,...,n. Thus, as = has a alternative-
specific frequency-dependent representation by Proposition it holds that (a’*!, iﬂ) ~
(@, gt foralli=1,...,n. [

By Claims [I] and [2] we have
(al,gl) =~ (ai_l,gi_l) - (ai,ﬁi_l) ~ (ai,gi) oo~ (a" ") - (al,h"> .
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Hence, by transitivity, (a', §') = (a', ﬁ”) By Proposition the preference relation

> has a restricted representation such that each f, is monotonically decreasing. Hence,

%) (al‘gl) < (al ﬁ")
n—1 1=p(a"t|g"")

By the definition of o, ...y, we find that a; = oy, [[7 @ )
n Ty (1 (a1
Hl—SD(CLH_l‘hZ)7%1_90(a1|hn)7%6!71 (l gO(CL

. Thus,

_ i) _1e(eli)

L—o(dlg) a1 1-p(allg)) a1 L(1-g(al]gh)) 1 - (allgh)

<1

i=1
as required.
. We now prove that is satisfied for weak cycles that are not strict and with

o(a’tHh) < 1foralli=1...,n. So,let C; = (ai,gi,hi)?:1 be such that (a’,g") ~

(a1, h") for all i = 1,...,n. Define Cy = (a"*i“,h”*i,g"*i)?;ol, which is the
reversion of C; and also a weak cycle that is not strict.

Because of irreducibility there is a history g such that (a', g) = (a2, g). In particular,
¢(allg) < 1. Indeed, if ¢(allg) = 1, then, by Lemma (a2, (a?)) ~ (al,(al)) ~
(a',g) = (a?,g), in contradiction to Lemma

Let C3 = ((al,gag) ’ (aiagi’hi)?ﬁ)'

Claim 3. For all integers k', k*> € N the concatenation (C{“170§2,C3> 18 a strict

cycle.
Proof. The concatenation (C{“l, 052, 03) is given as

((alagl7h1) sy (an’gn’hn) ) (an-l-l,hn,gn) sty (a2>hlagl) ) (alag>g) PR (anagnahn)) :

As C1, C?, and C? are cycles and C? is strict, we only have to consider the connection

between these three cycles. It is, hence, sufficient to show that

—
s}
“3
N}
3
~—
Y

(anJrl?hn)
(a2,h1) t (CLl,gl)
(an’gn) - (al,hn) )

By the definition of C!, all three relations are satisfied with ~, thus the concatenation

is a cycle. Since (al,g) - (aQ,g) by construction, the cycle is strict. |
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Applying part 1 of the proof on the strict cycle <C{“1, Cé“z, Cg) delivers

L (I (= e (@]g) (1= @)\ (1 pla2h) Ty (1 — @ (a7
[T—, (1 —¢(a'tt|n?)) H 1 (1= (atlg?)) 1—p(atlg) I, (1 —¢(a’lg?))
(I 0= (@) \ (1= @) T (1 — ¢ (a1 h))
[T, (1 —¢(art|n?)) 1—p(at|g) sz (1= (atlg?))

for all k', k2 € N. But this is only possible if the expression in the first brackets equals
1, that is, if

10 e (@) =0 o (@ in)

i=1 i=1

as claimed. [

B.5 Proof of Theorem [5.5|
We start by showing that (1) implies (2).

(a) Since v is an alternative-specific frequency-dependent representation, the three inde-

pendence axioms as well as taste for variety follow from Proposition
(b) Non-degeneration is clear as u(a) > 0 for all a € A.

(¢) Foreach a € Alet fu : A — [0,1] be defined as f, () = fa (24). Then f, is continuous

and quasi-concave for all a € A, and the continuity of > follows from Proposition [3.3]

(d) We show consistency. Let a,b € A and h € H. Suppose first that ¢ (blh) =
Then v (b,h) = v (b,h(b)) = 0 < v(a,g(a)) < v(a,g) for all g € H. Thus, both
(a,g) = (b,h) and (a,g(a)) = (b,h(b)) are always true.

Suppose next that ¢ (b|h) < 1 and let g € H be such that ¢(g) = ¢(h) = ¢. Then

1 - o(alg(a)) _ i~ mrlelalg)l+1)  1(1-y(alg) _ 1-(alg)
+

l
L=o@h(®)  H — grle@n)i+1) 11 =e@h)  1-e®lh)

Hence,

so that (a,g(a)) = (b, h(b)) if and only if (a,g) = (b, h).
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(e) For irreducibility observe that for all a,b € A it holds that v (a, (b)) = u(a) > 0 =
v (b, (b)), so that (a, (b)) > (b, (b))-

We next show that (2) implies (1). We will use an argument similar to “cyclic mono-
tonicity” found in Castillo and Freer, 2023} Chambers and Echenique, [2018; Rochet, [1987;
Rockafellar, 1970 for different contexts.

Let a € A and h € H be such that (a,h) = (a,h) for all a € A and h € H. This is well
defined because, since A is finite, the alternatives can be ordered so that (@, k) = (a1, (a2)) =
(az,(as)), ..., (a;, (ait1)),. ., (an,a1), so that, by taste for variety, (a,h) = (a,h) for all
a€ Aand h € H.

For each a € A let S(a) be the set of all sequences [( at, g', hz) i1 ”“], such that
a' = a, a"! = a, (a’,¢") = (a"*', k%) and ¢ (a'lg") < 1, for all 1 < i < n. For all
a € A it holds that S(a) # 0: Surely, [(a,g,9),a] € S (a) for all ¢ € H with ¢ (al]g) < 1.
On the other hand, for a # a there is, by irreducibility, Lemma and independence of
self-concatenation, some history g such that (a,g) > (@,g) = (a,(a)). By Lemma[5.2 and
independence of self-concatenation, ¢ (alg) < 1. Thus, [(a,g,(a)),a] € S(a).

For each a € A define

— olait R
u(a) = sup H M {(a q', h’)l . "H} € Sa) p. (3)

\Zien 1 ela'le)

By construction, the set S (a) isomorphic to the set of all weak cycles that start and end
with @ and have (p( Z|g) < 1, for all 1 <4 < n. Thus, by Lemmaﬂ, u(a) < 1. Since
[(@,h,h),a] € S(a) for any history h with p(alh) < 1, it must also be that u(a ) > 1. Thus,
u(a) = 1.

Let a # @ and recall that there is g € H with ¢ (a|g) < 1 such that [(a, g, (a)),a] € S(a).
Thus, by the continuity of >, there is k € N such that {(a,g, (a)" (a)) ,c‘z] € S(a) as well.

Since go(d’(a)k (a)) < 1, it holds that u(a) > 0. We show that u(a) < u(a) for all
a € A. Assume this were not the case, so that u(a) > w(a) + ¢ for some € > 0. Then

z+l 7
there is [(a’, g", h’) ,»a] € S(a) such that T, % > u(a) + 5. By definition

[(d,ﬁ, (b)) , ( a', g, fﬁ)I L } € S (a) for all b # a. Thus, since a! = a # b,

et 1 G (O) ﬁl—w( a'"!|h) ﬁ e (a1 |n)

>u(c_z)-i-E
N 1—90(6_"B) il (a'lg") p(a'lg’) ~

27

which is impossible.
We now show that v represents »=. For this purpose let (a,g), (b,h) € A x H be such
that (a,g) = (b, h). Suppose first that ¢(b|h) = 1. Then v (a,g) > 0 = v (b, h) as required.
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Moreover, if (a, g) > (b, h), then ¢ (a,g) <1 by Lemma[5.2} Thus, v (a,g) > 0= (b,h) as
required.

Next, let p(blh) < 1. We show that in this case ¢ (alg) < 1 as well. Indeed, assume for
the sake of contradiction that ¢ (a|g) = 1. Then, by Lemmas|5.1| and (b, h) = (b, (b)) ~
(a,(a)) ~ (a,g) = (b, h), which is impossible. Thus, ¢ (a|g) < 1.

We have to show that v (a,g) > v (b, h). So, assume, for the sake of contradiction, that
this were not the case, so that (1 — ¢ (b|h)) u(b) > (1 — ¢ (alg)) u(a) + ¢ for some € > 0. By
the definition of u(b) thereis [(a’, ¢, hi)?zl ,@| € S(b) such that [T, 1p(a![1) > u(b)—e.

e 1—¢p(a’lg")
Moreover, since (a,g) *= (b, h), it holds that [(a,g, h), (az,g’, hl)?:1 ,d] € S(a). Thus,

ey = L@ 0lh) Fr 1= (o)
<)_1—¢(a!g)g 1—-¢(d'lg’)
Lo,
2 T o (alg) “® 9
B p0h) 10l
I pldg) 11— p(alg)
u(@) (1= (alg)) += 1 (blh)_
= T T () I~ (alg)
el
=)t T algy

which is impossible. Thus, v (a,g) > v (b, h).
Moreover, if (a,g) = (b, h), then, by upper semicontinuity, (a,g"(a)) > (b, h) for suffi-
ciently large n > 2. Thus,

1 —p(blh)

w(a) > u(b)——20) T

= O T Sl (gyay ~ )

so that u(a)(1—¢(alg)) > u(b)(1 —¢(blh)) as required. Hence, v represents = on the set of

all pairs (a, g), such that ¢(alg) < 1.
|

C Weak Consistency

We can complement our results from Section 5| by introducing a taste parameter v € (0, 1)
as in Ashkenazi-Golan et al. (2024) and considering the utility function v (a,h) = (1 —
ye(alh)u(a) = yu(a) + (1 —v)(1 — ¢(alh)). Observe that

v(a,h) = (1 —~yp(alh)u(a) = yula) + (1 = 7)(1 = ¢(alh))u(a),
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meaning that such preferences can be interpreted as a mixture of our main model and simple
history-independent utility.
The main axiom needed for a characterization of preferences that can thus be represented

is the following weaker version of consistency.

Weak Consistency A preference relation =€ R satisfies weak consistency, if there are ¢ €
N,r € N5, ¢ < r, such that for all (a, g), (b, h) € Ax H where g and h are histories of
the same length, it holds that (a, g(a)") = (b, h(d)") if and only if (a, g(b)?) = (b, h(a)9).

One easily observes that a weakly consistent preference relation is consistent if and only if
q = 0. The following three results—Lemmas and Theorem [C.3]—are adaptations
of Lemmas and Theorem

Lemma C.1. Suppose that the preference relation =€ R satisfies the three independence
azioms and weak consistency with 0 < q < r. Then there is v € (0,1), such that for any
two choices a,b € A and histories g,q’, h, h with

1 —p(alg’) _ 1—p(blh')
1L—vp(alg)  1—~p(alh)

the following equivalence holds:

(a,g) = (b,h) if and only if (a,g') - (b, h') .

Proof. Let the premise of the lemma hold, let ¢ and r be given by the weak consistency

axiom, and let 7 =1— £ € (0,1). Let o = 122000 - 1926 0 which is well-defined

as v < 1. Without loss of generality, assume that (a, g) > (b, h). By the three independence

axioms, we can further assume without loss of generality that g and h have the same length
I, and that they are of the form g = (a)™(b)'™™ and h = (b)"*(a)""" for some m,n € N,

m,n <. Define
k_l—oz l __l—a l

Q q—r @ 'E’

which by construction is an integer and can be positive or negative.
Suppose that &k > 0. We first show that m — kr,n — kr > 0. Indeed,

l ra o l 1 l ,
m — kr ( T k:r) 5 (ag@(a\g) +(1 a)’y> agp(a|g )>0

and, similarly

l /1« « l 1
_ — — | =n — — = — 1— - = — ! > 0.
n—kr 5 (ln lkr) s <ag0(b|h)+( a)’y> ago(b|h) >0



Recall that (a, [(a)™*" (0)""™](a)*") = (a,9) = (b,h) = (b, [(b)""*"(a)"""](b)*"). Applying
the weak consistency of = (from the left to the right) k times implies (a, [(a)™ *"(b)'"=™](b)*?) =
(b, [(b)"*"(a)!="](a)*?). Thus, by independence of permutations,

(a:") = (. (@)™ (@)= +5) = (b, (0)" (@) 740 ) = (5,17). (4)
Suppose now that k < 0. We show that | — m + kq,l — n + kg > 0. Indeed,

«

l—m+kq= é (7(l—m)+%kq> = é <a(1—<p(a|g))+(1—a)(1—

(1- 00!~ asta) -

é (1—-¢(alg)) =0

SHES

and, similarly

I~ nt kg = é (S =n)+ The) = é <a(1 —o(bR) + (1 —a)(1 -
_ L (1 - a)lo oup(b]h)) L pemy) o
a vy «
Hence, the histories § = [(a)™(b)"™~(=F4)(5)(=F)4 and h = [(b)"(a)"~ (R4 (a)(-F)4 are
well-defined, and (a,§) ~ (a,g) and (b,h) ~ (b, h) by independence of permutations. Ap-
plying weak consistency (from the right to the left) altogether —k times on (a, §) = (b, l~1>
implies for k < 0 as well.
With ¢” and h” defined as in Equation we find

—a 1 1—
@(a\g”)— m — kr _ m_Taﬁr _%_Taqrj
- _ - 1— l - 1-—
I+k(g—7) 1+12 L (a—) 1+ 5%
1
= oot (1) T = aplalg) + (1~ ) = plalg),
l—a 1 n l—a r
A n—kr _ =" = 17 "o gq-r
@(blh") = —a 1 =

q
l+k(g—r) H‘Tq —(q—r) 1+ L@

n r
S 1—
la+( a)r—q

1
= agp(blh) + (1 - a); = o(b|1)
Thus, as = has an alternative-specific frequency-dependent representation by Proposition
Equation (4] implies that (a,g’) ~ (a,g"”) = (b, ") ~ (b, h), as required. [ ]

The remaining proofs of Lemma and Theorem are very similar to those of Lemma
and Theorem However, if ¢ > 0, then v < 1, so that 1 — y¢(alh) > 0 for all
(a,h) € Ax H. In this case there is no need for a special treatment of pairs with ¢(alh) = 1.
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Lemma C.2. Let =€ R be a preference relation that satisfies the three independence az-
ioms, taste for variety, weak consistency with 0 < q¢ < r, and non-degeneration. Then for
alln € Nsg and all weak cycles (ai,gi, hi)?zl it holds that

n

[T = >[I (=g (a™n7)). (5)

i=1 i=1
Moreover:
1. If the cycle is strict, then (@ 18 strict.

2. If the cycle is not strict, then (@ 1s satisfied with equality.
Proof. Let g and r be given by the weak consistency axiom and let v =1— 12 € (0,1).

1. We start by proving the strict inequality for strict cycles. Let n € Nsg and let

( , 9, hZ) be a strict cycle. We can assume without loss of generality that ( , gi) >

( ZH,hl) for all i € {1,...,n — 1} and (a™,¢") > (a ,h”). By the independence of

self-concatenation we can assume without loss of generality that there is £ € N5y with

E(gi) :E(hi) =/{foralli,l<i<n.

Let a1,...,a, € Qs be such that a;41 = ai% and o; < 1 for all 4 =
1,...,n. (Such o' exist as v < 1.) For all i = 1,...,n let §*',h* € H be such that
p(a'g") = (1— )t + aip(a'lg’), p(a™|h') = (1 - ai) L + aip(a™!|R?). Surely, such
histories exist.

Claim 4. For all i = 1,...,n it holds that (a',3") = (a”l,ﬁi), and (a™,g") =
(a*, h™).

Proof. By construction, we have

1 —yp(a'lg?) 1 — yp(a’|h?)
— L = = , :
1—vp(allg) " 1—vyp(atl|n?)

for all ¢ = 1,...,n. Hence, Lemma applies: since (ai,gi) > (a”l, hi), it is also
true that (ai,gi) = (a”l,ﬁi> for all i = 1,...,n. Since (a”, g") = (a', "), the same
lemma implies (a”, §") > (a', h™). [ ]

Claim 5. For alli =1,...,n it holds that (a'™, ') ~ (ait!, §it1),
Proof. By construction, we have

1—yp(@thl) i (1= g (a"t]h?))
1 —yp(at1|giH1) i (1 — v (aitl]gitl))
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so that ¢ <ai+1 iLZ> = ¢ (a"™|g"t!) foralli = 1,...,n. Thus, as = has an alternative-
specific frequency-dependent representation by Proposition it holds that (a**1, iL’) ~
(a1, gt foralli=1,...,n. [

By Claims [4 and [5] we have
(a',9") = oo~ (a0 = (0 BT ) ~ (01,97) =~ (0 5) = (ol ).

Hence, by transitivity, (a', §') = (at, fl") By Proposition the preference relation
> has a restricted representation such that each f, is monotonically decreasing. Hence,
%) (al‘gl) < (al h”).
o i1 i1
ot 1w (@ e ) oy

By the definition of o, ... ay, we find that oy = a, [[15 T o @ )

n ; i 1 _ 1|pn _ 1{7n
Hl_,}/gp(awllhz)_%1_7()0(@1‘]111) _%an (1 ’y(p(a ‘h )) _1 mp(a h > -
o Lmoeldlg)  an T=qp(allg) o -(1-qp(allgh))  1-7e(allgh)

a1
as required.

. We now prove that Equation is satisfied with equality for weak cycles that are
not strict. Let C = (ai,gi, hi)?zl be a weak cycle that is not strict. Thus, (a', g*) ~
(a27 hl), (a2’92) ~ (CL3, hZ)’ s (an’gn) ~ (al, hn). Let 02 — (an—i-i-l, ]ﬂLn—l’gn—i)?:—Ol7
which is the reversion of C'! and also a weak cycle that is not strict.

We first show that for all 4,5 = 1,...,n there are histories g, h € H such that (a’, g) =

(a?, h). Indeed, assume this were not the case, i.e., there are a’, a/ € A such that for all

g,h € H it holds that (ai,g) ~ (aj, h). Then, in particular, (ai,g) ~ (aj, (aj)) for all

g € H and as well as (aj, (aj)) ~ (ai, (ai)). Thus, by transitivity, (ai,g) ~ (ai, (ai))
contradicting non-degeneration.

Assume without loss of generality that (a',g) = (a?,h). (Otherwise, consider the
reversed cycle Co and/or renumber the triples.)

Let C3 = ((a17ga h) 9 (aia gi7 hl):;z) Since (a17 g) - (a27 h)a (a27 92) ~ (a’37 h2)7 i3} (anv gn) ~
(a', h™), this is a strict cycle.

Claim 6. For all integers k',k*> € N the concatenation (C{“170§2,C3> 18 a strict

cycle.

Proof. As in the proof of Claim [3] within the proof of Lemma it is sufficient to
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show that

(an’gn) t (anJrl?hn)

which is true by the definition of C*. |

By part 1 of the proof, it must hold that
Lo (I (L =0e (a']g)) I (= @)\ (1= el T (1= e (a10)
[T=, (1 = vp (a't1n?)) [T (1 =y (alg)) 1—vp(atly) TIii, (1 —ye(a'lgh))

_ ( ITi=y (1= (a']g’ )g ) - (1 —yp(a?h) Ty (1 =19 (a”llhi)))

[Ti2; (1 =@ (aiFt|hi) 1L —vp(atlg) I, (1 =y (a'lgh)

for all k', k? € N. This is only possible if the expression in the first brackets equals 1,
that is, if

ﬁ (1 (a ﬁ o ()

i=1 i=1

as claimed. [

Theorem C.3. Let =€ R be a preference relation. The following are equivalent:

1. There is v € (0,1) N Q and a payoff function u : A — (0,1] such that the function

v:AXx H — R defined by

v(a,h) = (1 —~yp(alh))u(a) (6)

represents =. Moreover, the function u is unique up to positive scaling.

2. The preference relation = satisfies the three independence axioms, continuity, taste

for variety, weak consistency, non-degeneration, and, if ¢ = 0, irreducibility.

Proof. 1. We start by showing that (1) implies (2). If ¢ = 0, then v = 1, so that (2) is

true by Theorem So, let v € (0,1).

(a) Since v is a restricted representation, the three independence axioms follow from

Proposition Taste for variety is clear.

(b) We show weak consistency. For this purpose let g, € N+ be such that 1 —g = .
(Recall that v € Q.) Since v € (0,1) it holds that 0 < ¢ < r. Let a,b € A
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and g,h € H with {(g) = ¢(h). Assume first that (a,g(a)") = (b,h(b)") and
(a,g(b)?) < (b, h(a)?).

Note that for any ¢, € Nsg, ¢ < 7, v = 1 — %, and any histories g, h with
£(g) = £(h) =1 it holds that

1 —vp(alg(@)) _ 1= s(plalg)l+r) 11— "(alg)l +
e P e R = U R
1= elg)l) 11— qp(alg(h)?)
1= (plh)l) 1= yp(blh(a)e)’
Further, by the representation of > it holds that
u(a) (1 —vp (alg(a)”)) = u(d) (1 —vp (b|R(b)")), (8)
u(b) (1 =y (b|h(a)?)) > u(a) (1 — v (alg(b)?)) . 9)
Hence, together with we find
u(b) > 1- ’YSO(a‘g(b>q)u a) _ 1- ’Y(p(am(a)?ﬂ)u(a) 2 u(b),

1—~yo(blh(a)d) 7 1 —~p(blh(b)")

which is impossible.

For the other direction in the definition of weak consistency assume that (a, g(a)") <
(b, h(b)") and (a, g(b)?) = (b, h(a)?). Then the negations of () and (9] hold, and

a similar contradiction can be obtained from .

(c) Continuity follows from the same arguments as in the proof of Theorem [5.5

2. We next show that (2) implies (1). If = satisfies consistency, then the claim follows for
v =1 from Theorem So, assume without loss of generality that > satisfies weak
consistency with ¢, € N, but not consistency. Then 0 < ¢ <r. Let vy =1-2 € (0,1).

Let @ € A and h € H be such that (a,h) = (a,h) for all @ € A and h € H.
This is well defined because, since A is finite, the alternatives can be ordered so that
(@,h) = (a1, (a2)) = (a2, (a3)),..., (ai, (ait1)),- -, (an,a1). Then, by taste for variety,
(@,h) = (a,h) foralla € A and h € H.

For any a € A let S(a) be the set of all sequences [(ai,gi,hi)?zl ,a"H], such that
a' = a, a" = a and (a%,¢%) = (a1, A?) for all 1 <4 < n. For all @ € A it holds
that S(a) # (). Indeed, by assumption, (a, (h)) = (a,h) for all a € A and h € H, so

(@, h,h),a] € S(a).

Moreover, the set S (a) is isomorphic to the set of all weak cycles that start and end
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_ 1 —p(a’lg’) R R

u(a)lnf{ H T (@ 1[0 [(a,g,h)i: ]GS()
1<i<n

By Lemma[C.2] u(a) > 1. Since [(a, h,h),a] € S(a) for any history h, it must also be

that u(a) < 1. Thus, u(a) = 1.

As v < 1, it holds that u(a) > 0 for all a € A. Moreover, since ((EL, h, h) ,a) € S(a)

for all h € H it holds that u(a) < infpepy % =1=ul(a).

We now show that v represents »=. So, let (a,g),(b,h) € A x H be such that
(a,g) > (b,h). Assume for the sake of contradiction that v (b,h) > v(a,g), i.e

(1=~ (blh)) u(b) = (1 =y (alg)) u(a) + & for some & > 0.

By the definition of u(a) there is [(a g, hz) ] € S(a) such that ;" , % <

u(a) + €. Moreover, since (a,g) = (b,h), it holds that [( a', g ,hZ)Z: (a,g, h),b] €
S(b). Thus,

1—7yp(alg) 77 L~ (@']g)
U(b)g 1—7(,0(17’ ),};[11 o) az—l—l’hz)
1—v¢(alg)
_71_%0(%)(() £)
_ (A —vp(alg))ula)  1-7p(alg)_
1 — ¢ (blh) L— e (blh)°
_ (A —rplh)uld) —c  1-p(alg)_
1=y (blh) 1=y (blh)
_ v (alg)
=4O T

which is impossible.

If (a, g) > (b, h), then, by upper semicontinuity, (a, g"(a)) > (b, h) for sufficiently large
n > 2. Thus,

1 —yp(blh) 1 — p(blh)
ula) 2 wlb)g— ve(al(g)"a) “O ve(alg)’
so that u(a)(1 — yp(alg)) > u(b)(1 — y¢(blh)) as required. [ ]
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