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weder einer anderen Prüfungsbehörde vorgelegt noch wurde das Gesamtdokument

bisher veröffentlicht.
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Summary

Understanding how collective patterns emerge on graphs is a fundamental chal-

lenge across disciplines, from biological and ecological networks to computational

and physical systems. This thesis explores the interplay between network topology

and emergent dynamics using minimal models and spectral graph techniques.

A first investigation focuses on network inference, showing that Turing patterns

encode structural information about the underlying graph, which we use to infer

missing links. The second study investigates multistability in reaction-diffusion net-

works, showing how local spectral gaps influence the attractor landscape of Turing

patterns using a heuristic binary classification algorithm. Finally, the third study

applies the sandpile model to soil erosion processes, bridging concepts from self-

organised criticality and connectivity-based geomorphology to investigate the role

of minimal models in empirical research.

This thesis combines theoretical analysis, computational modelling and empirical

validation to highlight how structure shapes dynamics across different contexts and

illustrate the potential of minimal models as predictive, explanatory and exploratory

tools for complex systems.



Chapter 1

Introduction

1.1 Reductionism and Complexity

The mathematisation of nature was a cornerstone of the scientific revolution. And

as such, it reinforced the belief in a predictable, law-governed natural world, a

vast, disenchanted [1] precise clockwork [2] to be disassembled. Over the next

few centuries, scientific reductionism dominated the scientific discourse and led to

groundbreaking advances in physics, chemistry and biology. A wide range of phe-

nomena could now be explained if broken down to their smallest parts, in terms of

fundamental physics. The reductionist paradigm inevitably came to a halt in the

middle of the twentieth century, as it failed to explain the complex phenomena clos-

est to our concerns. These include, but are not limited to, the chaotic meanders of

the climate; the dynamics of masses giving way to economic, political and cultural

movements; the intricacies of modern technical and communications networks; the

nature of consciousness and its implications for so-called artificial intelligence; and,

more generally, the emergence of living organisms and their adaptations.

These systems, described as complex and adaptive, can no longer be reduced to

their isolated parts. Interconnectedness is now emphasised as the primary cause

of the (rediscovered) complexity of our surroundings. Linear causal relationships

cannot account for emergent phenomena [3], which involve non-linear interactions

[4] and feedback loops, where infinitesimal changes can lead to abrupt system-wide

1
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changes [5]. Predictability and mathematical tractability are now in jeopardy, set-

ting the stage for the sciences of complexity, which once again blurs the boundaries

between scientific disciplines.

1.2 Network Science

Early complex systems research primarily relied on statistical mechanics [6], differ-

ential analysis [7, 8], and agent-based modelling [9–12], without accounting for the

fact that these dynamics unfold on irregular discrete spaces. Meanwhile, graph the-

ory [13] developed primarily as a niche branch of discrete mathematics that focused

on theoretical problems, and a handful of domain-specific applications in computer

science or operations research.

However, it was not until the late 1990s that the two were brought together,

giving rise to network science and a unified framework for interdisciplinary research

in which the universal properties of networks could be explored in relation to their

collective behaviour. Moreover, the discovery of small-world (1998) [14] and scale-

free networks (1999) [15] marked a turning point, highlighting the importance of

network topology in shaping dynamics.

While graph theory provided a structural backbone to network science, linking

micro-level interactions (links between nodes) and macro-level phenomena (system-

wide collective behaviour), dynamical systems theory provided a theoretical frame-

work that allowed exploring the dynamics of network-organised systems, consider-

ing: (i) time-varying networks involving the reorganisation – addition and removal

– of links and nodes over time, sometimes as a function of node states in the case of

adaptive networks [16]; or (ii) the temporal evolution of node states as a function

of their interactions.

Furthermore, several minimal models were developed and adapted to discrete

systems to distil complexity into manageable forms depending on the level of detail

and the specific questions being addressed. This integration of graph theory and

dynamical systems theory has brought insights into the study of: (i) epidemics,

using disease spread models [17, 18], providing insights into vaccination strategies
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and herd immunity; (ii) gene regulatory networks, using boolean dynamics [19, 20],

suggested a mechanism for cell differentiation and stability in biological systems;

(iii) synchronisation in power grids [21] and neural networks [22], using the Ku-

ramoto model [23, 24], (iv) social structures including opinion spreading using the

voter model [25], or consensus formation using the DeGroot model [26], (v) neu-

ral population dynamics using the leaky integrate-and-fire model to encode neural

synchronisation as in the brain gamma waves [27], or the Wilson-Cowan model to

encode activator-inhibitor interactions and rhythmic neural activity as in the brain

alpha and beta waves [28]; among others.

In this thesis, we explore two paradigmatic types of self-organised behaviour on

networks, often used to explain collective patterns common to a variety of systems

from seemingly unrelated scientific disciplines. The next section addresses reaction-

diffusion systems and in particular, Turing pattern formation. The section after

addresses cellular automata, in particular the sandpile model in the context of

modelling erosion processes.

1.3 Reaction-diffusion systems and Turing pattern forma-

tion

1.3.1 Turing patterns

Although best known for laying the theoretical foundations for modern computing,

Alan Turing’s foray into the biology of pattern formation demonstrated the inter-

disciplinary potential of mathematical modelling to provide a framework for under-

standing self-organisation in complex systems. In his seminal 1952 paper, Turing

proposed a reaction-diffusion model of morphogenesis [7], wherein two chemical sub-

stances (morphogens, such as skin pigments) diffuse and react within a medium to

spontaneously generate stable spatial patterns (such as leopard’s spots) [29]. Under

certain conditions, an initially homogeneous state is disrupted by spatially hetero-

geneous perturbations in morphogen concentrations. While diffusion is typically

seen as a homogenising process, in this case, it can amplify perturbations, break
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system symmetry, and lead to the formation of Turing patterns. The mathematical

conditions governing this phenomenon define the so-called Turing instability regime.

Despite its theoretical significance, it was only until 1972, with the contributions

of Gierar and Meinhardt [30] that Turing framework began to gain traction in the

chemical and biological communities [31], and was later applied to the study of

ecological [32, 33], neural [34, 35] and even social structures [36, 37], from both

theoretical and experimental standpoints [38–43]. Their work extended Turing’s

abstract mathematical ideas by providing a mechanistic description of the model

where a short-range diffusing autocatalytic activator promotes its own production

and that of a long-range diffusing inhibitor which suppresses it. In 1981, James

Murray systematically analysed the influence of domain geometry on diffusion rates

and pattern selection, showing that the shape of emergent Turing patterns depends

on the eigenvalues of the Laplacian operator [44].

In 2010, Nakao and Mikhailov synthesised earlier ideas into a unified framework,

extending the mathematical conditions for Turing instabilities to the graph Lapla-

cian, linking the formation of Turing patterns to the eigenmodes of the graph Lapla-

cian [45]. They also demonstrated the coexistence of multiple stationary states for

identical dynamical parameters, a phenomenon known as multistability, which does

not occur in traditional continuous-media Turing patterns. This work has catalysed

several avenues of research, driven by the emerging field of network science and in

search for Turing-like pattern formation on arbitrary network topologies [46–55].

1.3.2 Network inference

Parallel to advances in dynamical systems theory on networks, researchers have

tackled the inverse problem: inferring network structure from observed dynamics.

Network inference is crucial for understanding complex systems [56–62], particularly

when direct observation of network topology is infeasible, as in biological [63–69],

ecological [70], social [71–73], and financial networks [74], where inference techniques

are developed to determine the presence and strength of links between nodes based

on observed correlations, causal relationships, or dynamical interactions.
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Many traditional methods rely on extracting pairwise relationships from the data

using various correlation-based [75], regression-based [76, 77], probabilistic [78] and

information-theoretic [79, 80] tools. Alternative approaches focus on reconstructing

links from group interactions, whether by identifying mesoscopic structures such as

motifs [81–83], or higher-order interactions such as hyper-graphs [84, 85].

Introducing the first manuscript

In the first manuscript of this thesis, we explore collective network patterns as an

underrated source of information on the underlying hidden structure. By leverag-

ing the relationship between Turing pattern formation and the graph Laplacian’s

eigenmodes, we develop a network inference algorithm based on a partial spectral

decomposition of the graph Laplacian from which we infer missing links of the

network.

Research questions

• Assuming an idealised form of our algorithm, how well can missing network

links be inferred using eigenmodes of the incomplete graph Laplacian?

• How is link prediction affected if we use Turing patterns as proxies for Laplacian

eigenmodes?

• How does this pattern-based inference method compare to correlation-based

approaches under varying levels of missing information and across different

spectral regions, depending on their eigenvalue rank?

• What do these findings reveal about the informational content of different

Laplacian eigenmodes, and how can this guide future pattern-based inference

techniques?

1.3.3 Multistability in network-organised complex systems

Multistability is a key property of many complex systems, both natural [86–91]

and artificial [86, 92–94]: In gene regulatory networks, a cell can adopt a vari-

ety of stable gene expression patterns [95, 96]. Neuropsychiatric disorders (e.g.
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epilepsy, schizophrenia) can be seen as perturbations of the brain’s multistable

regimes [97, 98]. Resting state networks in the brain switch between different activ-

ity patterns depending on the underlying network structure [99–101]. Power grids

are also multistable, where perturbations (such as faults, fluctuations in supply and

demand) can push them into undesirable states (blackouts) [94]. Likewise, climatic

and anthropogenic perturbations to food webs can lead to regime shifts and possibly

system collapse, highlighting the need to understand the multistability of ecological

networks as it relates to the conservation and renewal of biodiversity [102–105].

Turing patterns on graphs are characterised by their rich multistability. Given

identical dynamical parameters, a networked system may converge to multiple sta-

ble states, depending on initial perturbations. Despite growing interest in net-

worked Turing patterns, the link between network topology and multistability re-

mains underexplored in the literature. Nakao and Mikhailov [45] approximated the

Turing instability threshold, predicting which eigenmodes are unstable and con-

tribute to pattern formation. Hütt et al. [106] later proposed that the number of

pattern-forming eigenmodes is proportional to pattern diversity near the instabil-

ity threshold, and suggested a formal calibration strategy that allows studying the

multistability of Turing patterns in a standardised fashion.

Introducing the second manuscript

In the second manuscript of this thesis, expanding on the formalism from [106],

we search heuristically for more general structural indicators explaining changes

in pattern diversity. Using a binary classification approach, we explore how Tur-

ing pattern multistability responds to small structural perturbations of the graph,

and more specifically, how it is modulated by the sensitivity of graph’s Laplacian

eigenvalues.

Research questions

• Can the observed pattern diversity be attributed to the graph structure and

not to initial conditions?
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• Is it possible to predict multistability changes using purely structural indica-

tors?

• Beyond the number of unstable eigenmodes, how does eigenmode competition

affect pattern diversity [107, 108], and how does this translate in terms of the

graph’s Laplacian eigenvalues? And how does this delimit the validity of the

linear stability analysis?

1.4 Sandpile dynamics and modelling erosion processes

1.4.1 Sandpile model

The sandpile model, introduced by Bak, Tang and Wiesenfield in 1987 [109], is

a cellular automata model [110, 111] that constitutes a paradigmatic example of

how simple, threshold-based local interactions can lead to large-scale emergent be-

haviours in a parameter-free manner, an idea that became a cornerstone in the

study of system self-organisation.

In its simplest and original form, the sandpile model consists of particles, repre-

senting stress (or energy), distributed over a 2-D square lattice. Once the number

of particles at a node exceeds a threshold, typically equal to 4 (i.e. the coordination

number of the square lattice), that node becomes unstable and its four particles

are distributed equally to each of its four nearest neighbours. A chain reaction of

topplings triggered by a single particle addition is called an avalanche. Starting

from simple local rules, the system self-organises to a critical state where a single

particle can generate an avalanche of any size, following a scale-invariant power-law

distribution.

In order to better capture the complexity of the real world, several classes of

sandpile universality emerged shortly afterwards, most notably the Manna model

(1989) [112], which studied the stochastic redistribution of particles, and the Olami-

Feder-Christensen model (1992) [113], which introduced particle dissipation. The

widespread influence of the sandpile model and its bold claims to universality have
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attracted several criticisms, most of which revolve around its lack of empirical vali-

dation and highly idealised assumptions.

1.4.2 Empirical evidence for sandpile-like behavior

The sandpile model [109] has inspired a vast body of research across multiple dis-

ciplines including biology [114], physics [115] and socioeconomics [116–118], foster-

ing interdisciplinary research, in search for real-world phenomena exhibiting self-

organised criticality.

Early on, the OFC model [113], also known as the earthquake model, showed

frequency-magnitude distributions similar to the Gutenberg-Richter law observed in

real seismic data [119, 120]. The size of neuronal avalanches, another strong candi-

date for self-organised behaviour, was found to follow power-law distributions [121].

Similarly, the predictions of the model were statistically compared with observed

distributions of solar flare energies [122] and drainage patterns in river networks

[123]. Alternatively, in artificial systems, the sandpile model and its large-scale

avalanches have been used to model the dreaded system-wide blackouts in power

grids [124] and stock market crashes [116]. Several studies of sandpile formation of

granular materials in controlled laboratory environments have highlighted the po-

tential and limitations of the sandpile paradigm [125–127], namely the influence of

particle shape [128–131] and the role of memory [132, 133] in stress distribution, two

factors overlooked in the idealised model. We argue that the case of sediment trans-

port in the context of soil erosion is another intuitive application of the sandpile

model that is not been addressed in the literature.

1.4.3 Soil erosion as a complex system

Soil erosion is a critical driver of land degradation, with far-reaching implications for

ecosystem stability, biodiversity conservation and the support of human activities

ranging from food production to water purification. In 2024, UNESCO1 reports the

degradation of 75% of Earth’s land surface, a figure that is expected to reach 90%

by 2050.
1https://www.unesco.org/en/articles/unesco-raises-global-alarm-rapid-degradation-soils
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Soil erosion is a complex multifactorial problem involving a wide range of in-

terconnected co-evolving factors, including climatic [134] (rainfall, wind and tem-

perature), edaphic [135, 136] (soil properties such as organic matter content and

moisture), topographic [137], ecological and anthropogenic [138–140] (fauna, flora

and human influence) factors. In addition, erosion processes shape landscape evo-

lution over variable spatial and temporal scales. And data are generally collected

from specific locations and time periods, making it difficult to generalise findings

to regional and global scales, notwithstanding the inherent limitations of field ob-

servations and remote sensing. These include logistical challenges, measurement

uncertainty and the scarcity of extreme weather events of particular interest [141–

143].

1.4.4 Quantitative modelling of erosion processes

Several quantitative models have emerged with the aim of refining our theoreti-

cal understanding of soil erosion processes and extrapolating from collected data

[144–147]. For example, connectivity-based approaches have gained popularity in

the field of geomorphology because of their emphasis on the interconnectedness (or

lack thereof) of different parts of a landscape and their role in the distribution of

water, sediment and nutrients through the system, taking into account the spa-

tial heterogeneity and temporal dynamics of the landscape. These studies gave

rise to the concepts of hydrological [148, 149] and sediment connectivity [150–153],

two concepts that fall under the transdisciplinary notion of functional connectiv-

ity (FC) [154, 155], to be compared with complementary measures of structural

connectivity (SC) [156, 157]. A notable contribution to connectivity-based geo-

morphology is MAHLERAN [158–160] (Model for Assessing Hillslope to Landscape

Erosion, Runoff And Nutrients), a process-based model designed to simulate runoff,

soil erosion and nutrient transport at different spatial scales, from hillslopes to en-

tire landscapes. MAHLERAN has been validated in a number of dryland environ-

ments, reproducing observed sediment yields and erosion patterns under varying

environmental conditions. However, these quantitative models tend to be highly

parametrised and computationally demanding, often limiting their generalisability

across multiple spatial and temporal scales.
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Introducing the third manuscript

In the third manuscript of this thesis, we explore the potential contributions of

a more abstract –and therefore more flexible– sandpile-based approach, a model

originally criticised for its overgeneralisation [126, 161, 162]. In order to validate the

sandpile model in the context of erosion modelling, we consider the aforementioned

MAHLERAN as a benchmark and compare the two on the basis of the structural

and functional connectivity patterns they describe, alongside direct comparisons

with field observations of sediment yield.

Research questions

• Can a minimal model such as the sandpile model capture the complex connec-

tivity patterns of hillslope erosion observed in process-based geomorphological

models such as MAHLERAN?

• Which factors (vegetation and topographic properties) modulate SC-FC cor-

relations and hence, allow the prediction of critical geomorphic hotspots?

• Drawing the analogy between avalanche size (sandpile abstraction) and soil

loss (natural phenomenon), how do different landscape properties such as xeri-

fication, vegetation species and patchiness, affect land degradation?

• How does this analysis inform practical interventions and contribute to our

understanding of ecosystem transitions such as shrub encroachment?

• More broadly, how can a layered approach to modelling complex real-world

systems, combining abstract and more comprehensive models, help overcome

the shortcomings of both, namely the lack of empirical evidence for the former

and the lack of flexibility (data dependency and computational complexity) of

the latter?

The following three chapters comprise the manuscripts that form the core out-

comes of my dissertation. The final chapter summarises the key findings from each

manuscript, synthesises the results and discusses potential directions for future re-

search.
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Abstract

Many real-life networks are incomplete. Dynamical observations can allow estimat-

ing missing edges. Such procedures, often summarized under the term ’network

inference’, typically evaluate the statistical correlations among pairs of nodes to de-

termine connectivity. Here we offer an alternative approach: completing an incom-

plete network by observing its collective behavior. We illustrate this approach for

the case of patterns emerging in reaction-diffusion systems on graphs, where collec-

tive behaviors can be associated with eigenvectors of the network’s Laplacian matrix.

Our method combines a partial spectral decomposition of the network’s Laplacian

matrix with eigenvalue assignment by matching the patterns to the eigenvectors of

the incomplete graph. We show that knowledge of a few collective patterns can

allow the prediction of missing edges and that this result holds across a range of

network architectures. We present a numerical case study using activator-inhibitor

dynamics and we illustrate that the main requirement for the observed patterns is

that they are not confined to subsets of nodes, but involve the whole network.

12
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2.1 Introduction

At the core of network science [163] is the representation of large amounts of data in

the form of mathematical graphs. Data about the binding of proteins yield protein-

interaction networks [164, 165], contact data and surveys of behavioral patterns yield

social networks [166, 167], compilations of transcription factor binding sites can be

summarized as transcriptional regulatory networks [64], connectivities of brain areas

can be estimated from measured asymmetries in local water diffusion via diffusion

tensor imaging (DTI) leading to connectome representations of biological neural

networks [168, 169].

It is by now widely accepted that most network representations of biological,

social and technical networks are incomplete [56–60, 64, 71, 170]. The most com-

mon type of incompleteness is to be equipped with complete (or near-complete)

knowledge of the nodes of the network (e.g., having an inventory of all genes of an

organism or all social actors in a community), but only with incomplete informa-

tion on their connections (e.g., the regulatory processes among genes or the acts

of communication or interactions among social actors). A large body of algorithms

predicts missing edges either evaluating the plausibility of certain topological fea-

tures (like the degree of a node or its betweenness centrality) or similarity of the

network to a particular class of generic network topologies (e.g., hierarchical mod-

ular networks) or via the embedding of the network in a geometric (e.g. 3D) space

exploiting spatial proximity for prediction purposes (see also Ghasemian et al. [170]

for details of these categories and a clear summary and comparative analysis of

these algorithms). Examples of such edge prediction algorithms are [56, 171–175].

Often, dynamical information of nodes in a network is analyzed in one of two

ways: (i) A set such dynamical ’snapshots’ is converted into pairwise relationships

among nodes, thus leading to a network representation of this dynamical infor-

mation, which is then thought of as an approximation of the (e.g., regulatory)

interaction structure underlying the system at hand and which is used to determine

missing edges[60, 176–179]. This is the core of the rich topic of network inference

[180, 181]. (ii) The dynamical information is represented in a network-like fashion
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(often called functional connectivity and then compared to a given (structural) net-

work. This is the core idea of comparisons of structural and functional connectivity

(SC/FC relationships), as frequently employed in computational neuroscience [182]

and other disciplines [155].

Beyond the research described above, the general challenge posed by incomplete

networks has led to a range of other investigations, such as the question of accurate

community detection or centrality in incomplete or erroneous networks [183, 184]

or the reconstruction of topological and dynamical information when only incom-

plete dynamical information is available, as in compressive sensing approaches [185].

Other recent methods leverage observed heterogeneous patterns of activity of non-

linear random walks [186, 187] and spiking neuron models [188, 189] to infer on

the underlying network topology (see also [190] for details on patterns on graphs

based on random walks). In [60], a formalism is presented for estimating network

structure from noisy and erroneous data in cases where additional information is

provided. Newman [60] discusses how to leverage this information, in order to

maximise the agreement between network structure and data, using a variant of

Bayesian statistics.

Here we draw attention to an underrated source of information – collective pat-

terns – about missing edges in a network and more generally we construct a frame-

work for a pattern-based network inference. Our focus is on a special case associated

for example with Turing patterns on graphs [45, 106, 191], where (near the Turing

instability) these collective patterns are proportional to eigenvectors of the Lapla-

cian matrix. By simulating a reaction-diffusion system on a graph, we show how

this approach can be operationalized in practice.

Pattern forming capabilities of complex networks unites two fields of fundamen-

tal relevance to statistical physics, namely the theory of complex networks and the

theory of self-organization and spatiotemporal pattern formation. Prominent ex-

amples of this combination of fields are Turing patterns on graphs [45, 106, 191]

and self-organized waves in excitable networks [192–194].

Only few investigations consider the perspective of dynamical systems to enhance
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Figure 2.1: Schematic illustration of the pattern-based network inference method. Collective
(reaction-diffusion) patterns emerge as a dynamical process on the original graph (unknown)
and bear the imprints of its (Laplacian) eigenvectors. Measuring the former and using them as
a proxy for the latter, and adding to it the partial knowledge of the graph edges (known), we
are able to infer the full network topology (prediction).

edge prediction of networks, for example leveraging recorded statistics of time in-

variants [195], response patterns [196, 197] or entire dynamical trajectories [198].

In the following, we will first present the technicalities involved in our method,

including the eigenvalue assignment procedure and the formalism undertaken for

the simulation of Turing patterns. We show how we can reliably infer the missing

edges of a partially unknown graph from the incomplete graph together with the

knowledge of a few eigenvectors of the corresponding original graph. In a subse-

quent step, we reconstruct the original graph using Turing patterns instead of the

eigenvectors of the latent network, Figure 2.1 summarizes our approach. Further,

we assess the role of network architecture, the importance of eigenvector ranks,

measure and explain the performance of our method as a function of the amount

of missing information. Later, we finish by discussing its strengths, identify its

limitations and propose future directions to explore.
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Table 2.1: Information availability in our investigation.

quantity symbol known/unknown
original graph G = (N , E) partially known (via G(D))
incomplete graph G(D) = (N , E ′) known

eigenvectors of G ϕ⃗α partially known
eigenvalues of G Λα unknown

eigenvectors of G(D) ϕ⃗
(D)
α known

eigenvalues of G(D) Λ
(D)
α known

2.2 Methods

2.2.1 Notation

Let G = (N , E) be an undirected unweighted graph with N = |N | nodes and

E = |E| edges with no self-loops or multiple edges. For i = 1...N , the degree of

the node i is denoted as ki. The adjacency matrix of G is an N × N symmetric

matrix denoted as A = (aij) such that i, j = 1...N , where aij = 1 if j is adjacent

to i and aij = 0 otherwise. Hence, ki =
∑N

j=1 aij. The Laplacian matrix of G is

denoted as L = (lij) and is defined as lij = aij − kiδij. Via an eigenvector equation∑N
j=1 lijϕjα = Λαϕiα , we can obtain Λα, the real negative Laplacian eigenvalue

associated to the eigenvector ϕ⃗α = (ϕ1α, ..., ϕNα). The indices α are sorted in

increasing order of the eigenvalues such that Λ1 ⩽ Λ2 ⩽ ... ⩽ ΛN = 0. For

α, β = 1...N , all ϕ⃗α and ϕ⃗β are orthonormal such that
∑N

i=1 ϕiαϕiβ = δαβ.

After deleting pE edges from G with 0 < p < 1, we are left with a graph denoted

as G(D) = (N , E ′) with an adjacency matrix A(D) and a Laplacian matrix L(D)

which has for eigenvalues Λ
(D)
α and eigenvectors ϕ⃗

(D)
α for α = 1...N .

Note that, while some eigenvectors of the original graph are known (in terms of

observed collective patterns), the eigenvalues of the original graph are not known.

In fact, a core component of our approach is to estimate these quantities from the

eigenvalues and eigenvectors of the incomplete graphs (via eigenvector matching;

see Section 2.2.3). Table 2.1 summarizes our starting point.
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2.2.2 Spectral decomposition

G is reconstructible [199, 200] and its Laplacian L has a spectral decomposition

such that

L =
N∑

α=1

Λαϕ⃗αϕ⃗
T
α . (2.1)

Since L is a negative semi-definite matrix, the coefficient Λα associated to ϕ⃗α in

the eigen-decomposition always keeps the same negative sign for α = 1...N .

2.2.3 Matching coefficients

In order to select coefficients of the truncated spectral decomposition, we need

to find the eigenvalue among the Λ
(D)
α , which is likely to be most similar to the

(unknown) eigenvalue Λα corresponding to the eigenvector ϕ⃗α of the original network

(which is given as an observed pattern). This is done by computing the (Pearson)

correlation coefficient between the eigenvector ϕ⃗α and all N eigenvectors ϕ⃗
(D)
β . The

index β∗, which gives the maximal correlation with the given eigenvector ϕ⃗α, is then

allowing us to select Λ
(D)
β∗ as the missing coefficient of ϕ⃗α in the truncated spectral

decomposition.

For α = 1...N , we estimate the Pearson correlation coefficients [201]

C(ϕ⃗α, ϕ⃗
(D)
β ) =

N
∑

i ϕiαϕ
(D)
iβ

−
∑

i ϕiα

∑
i ϕ

(D)
iβ√

N
∑

i(ϕiα )
2 − (

∑
i ϕiα )

2

√
N

∑
i(ϕ

(D)
iβ

)2 − (
∑

i ϕ
(D)
iβ

)2

between ϕ⃗α and all N ϕ⃗
(D)
β for β = 1...N and select the maximally correlated

ϕ⃗β∗ . After matching each α with the corresponding β∗ = argmaxβ|C(ϕ⃗α, ϕ⃗
(D)
β )|, we

write the inferred Laplacian L(I) = (l
(I)
ij ) according to

L(I) = Θ

(
N∑

α=1

Λ
(D)
β∗ ϕ⃗αϕ⃗

T
α , τ

)
, (2.2)

where Θ is the Heavyside function applied element-wise such that Θ(lij, τ) =1 if lij ⩾ τ

0 if lij < τ
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with τ serving as binarization threshold.

After estimating L(I) and its corresponding adjacency matrix A(I) = (a
(I)
ij ) =

l
(I)
ij (1− δij), we fully reconstruct the graph denoted as G(R) by writing its adjacency

matrix denoted as A(R) as a combination of A(I) and A(D). A(R) = (a
(R)
ij ) such that

a
(R)
ij =

1 if a
(I)

ij = 1 ∨ a
(D)
ij = 1

0 if a
(I)

ij = 0 ∧ a
(D)
ij = 0

.

2.2.4 Pairwise correlations from eigenvectors

For comparison of pattern view with standard inference methods based on pairs of

nodes, we use the following correlation-based classifier: We extract pairwise correla-

tions from the eigenvectors, or interchangeably from measured Turing patterns, and

use them to reconstruct the original graph. Having {ϕ⃗α}, a set of k eigenvectors, as

a starting point, for every pair of nodes i, j = 1...N , we compute the Pearson corre-

lation C(φ⃗i, φ⃗j) such that φ⃗i = (ϕi1 , ϕi2 ..., ϕik) a vector made of the ith component

of every eigenvector available.

Shuffling nS times every vector φ⃗i and φ⃗j into φ⃗
(si)
i and φ⃗

(sj)
j with si, sj = 1...nS,

we compute a list of mutual correlation coefficients of length nS×nS and z-score the

corresponding C(φ⃗i, φ⃗j) according to it. We construct a matrix A(P ) = (a
(P )
ij ) where

a
(P )
ij is the aforementioned z-transformed pairwise correlation coefficient between i

and j. After applying a binarization threshold and including the information from

A(D), we obtain an adjacency matrix for G(R).

2.2.5 Turing patterns

Turing patterns emerge from reaction-diffusion systems [202] described on a graph

G = (N , E) by a set of 2N equations modeling the populations of activators and

inhibitors [30, 203] such that in every node i = 1...N [45], the following dynamical

equations hold:
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∂

∂t
ui(t) = f(ui, vi) + ϵ

N∑
j=1

Lijuj, (2.3)

∂

∂t
vi(t) = g(ui, vi) + σϵ

N∑
j=1

Lijvj. (2.4)

The diffusive mobility of the activator and the inhibitor species are given by

Dact = ϵ and Dinh = σϵ respectively. Hence, σ is the ratio of the inhibitor and

activator diffusion coefficients, σ = Dinh/Dact. The functions f(u, v) and g(u, v)

represent the local interaction terms of both species. f(ū, v̄) = 0 and g(ū, v̄) =

0 correspond to the uniform stationary state (u, v) = (ū, v̄). In the case of the

Gierer-Meinhardt model [30], the reaction terms are formulated with two kinetic

parameters a and b as f(u, v) = a− bu + u2/v and g(u, v) = u2 − v, and for which

(ū, v̄) = (a+1
b
, (a+1

b
)2).

Then, following the same formalism described by Nakao and Mikhailov [45], we

obtain the growth rates λα as

λα =
1

2

{
− b +

2b

a + 1
+ ϵΛα(1 + σ)

+

√
8b

a + 1
+

[
1 − b +

2b

a + 1
+ ϵΛα(1 − σ)

]2}
.

To excite a narrow range of the graph eigenvectors around the mode α corre-

sponding to ϕ⃗α, we follow the procedure from Hütt et al. [106] and tune all four

parameters, a, b, ϵ and σ so that λα is located on top of the dispersion curve given

by λα as a function of log(−Λ) (see Figure 2.2a). This is done by first solving the

system of equations {λα = 0, ∂λα

∂Λα
= 0} and then, incrementing σ by ∆σ to translate

the curve upward and be in the unstable regime. Note that the term ∂λα/∂Λα is

meant in the following way: The mathematical expression yields a curve λ(Λ) and

the actual eigenvalues Λα constitute a discrete sampling of this curve (see [106] for

a detailed discussion).

Projected on the {ϕ⃗α} basis for α = 1...N , ui(t) time evolution is proportional

to eλα . Thus, only the unstable terms αc with λαc > 0 do not vanish and contribute
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Figure 2.2: (a) Dispersion relation for Gierer-Meinhardt (reaction-diffusion) dynamics on an
Erdős–Rényi graph of N = 100 nodes and E = 300 edges, using the same parameters as in
Figure 2.5. The dispersion relation indicates the relation between the growth rates λ
(representing dynamics) and the graph eigenvalues Λ (representing network topology). In this
case, Turing patterns are driven by the 5 unstable modes α = {9, ..., 13} verifying λα > 0.
(b) Distribution of the correlations between the graph eigenvectors and a single Turing
pattern for the same graph and parameters as in (a), as a function of the corresponding
eigenvector index.

to the stationary state, that is, the Turing pattern u⃗ = (u1, ..., uN) ∝ ϕ⃗α for all

λα > 0. The correlations between u⃗ (i.e., the concentration of activators per node)

representing the patterns, and the eigenvectors ϕ⃗α are shown in Figure 2.2b.

2.3 Results

As schematically illustrated in Figure 2.1, augmenting an incomplete knowledge

of the network structure by the measurement of a few Turing patterns, we can
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Table 2.2: ROC confusion matrix adapted to the network inference problem.

if a
(D)
ij = 0 a

(O)
ij = 1 a

(O)
ij = 0

a
(I)
ij = 1

True
Positive

False
Positive

True Positive Rate:
TPR = TP

TP+FN

a
(I)
ij = 0

False
Negative

True
Negative

False Positive Rate:
FNR = FN

FN+TN

construct a partial spectral decomposition of the graph’s Laplacian matrix and, in

this way, infer its missing edges. Detailed characterization and explanation of this

procedure, including the coefficients matching process are given in Section 2.3.3.

The graph reconstruction problem can be represented as a set of binary classifica-

tions, every pair of nodes can either be linked by an edge (returns 1) or not (returns

0). A common method to evaluate the performance of a classifier is by plotting

the receiver operating characteristic (ROC) curve which describes the variation of

the true positive rate (TPR) as a function of the false positive rate (FPR) over a

range of decision thresholds. Then, by computing the area under the ROC curve

(denoted as AUC [204]), we obtain the probability for a classifier to rank a randomly

chosen positive case higher than a randomly chosen negative one. The quality of

our inference is assessed by comparing the original adjacency matrix A = (a
(O)
ij )

to the reconstructed adjacency matrix A(R) = (a
(R)
ij ), the edges already present in

A(D) = (a
(D)
ij ) being excluded from the evaluation, according to Table 2.2.

In the case, where an edge exists between i and j, we are faced with two possibil-

ities, when going from the original network (where aij = 1) to the deleted network:

(i) The edge has not been deleted and we can recover it given that we observe

a
(D)
ij = 1 (even if we infer a

(I)
ij = 0). (ii) The edge has been deleted (a

(D)
ij = 0)

and we can recover it, in case we infer that a
(I)
ij = 1. Hence, the logical statement

(a
(D)
ij = 1 ∨ a

(I)
ij = 1) (i.e., a logical OR) covers the two cases for which we can

conclude that a
(R)
ij = 1 is the correct assumption.

We consider an Erdős–Rényi graph G of N = 100 nodes and E = 300 edges,

and attempt reconstructing it after random deletion of 50% of all its edges based on

the information contained in different sets of its eigenvectors. The resulting ROC

curves are given in Figure 2.3. The role of the eigenvector rank is later explored in

Section 2.3.3.
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Figure 2.3: ROC curves of the reconstruction of an Erdős–Rényi graph G of N = 100 nodes
and E = 300 edges. We infer the original graph structure after random deletion of 50% of all
network edges, using: a set of 5 non-adjacent eigenvectors from the intervals ϕ⃗3...ϕ⃗17 (blue

curve with AUCb = 0.81), ϕ⃗8...ϕ⃗22 (orange curve with AUCo = 0.76), ϕ⃗31...ϕ⃗45 (green curve

with AUCg = 0.56), ϕ⃗84...ϕ⃗98 (red curve with AUCr = 0.27) or the latter set after swapping
edges and non-edges of the inferred graph adjacency matrix (purple curve with AUCp = 0.73).
The grey line indicates random predictions, curves covering an area superior (resp. inferior) to
it, meaning AUC > 0.5 (resp. AUC < 0.5) correspond to better (resp. worse) than random
predictions.

2.3.1 Inferring from eigenvectors

The outlined method stands out by its resilience to topological damage as observed

in Figure 2.4 depicting, for three Erdős–Rényi graphs Gi of N = 100 nodes and

Ei = 250, 300, 350 edges, the evolution of the AUC – that is, the accuracy of our

predictions – as a function of the percentage of deleted edges. As a proof of principle,

in each of these cases, the AUC is estimated starting from nR = 100 different

selections of a set of 5 eigenvectors randomly picked, in this case, from the interval

ϕ⃗3...ϕ⃗17.

For comparison, we use a naive classifier where the eigenvectors are not consid-

ered as ’patterns’, but rather as ’data’, from which we compute (Pearson) correla-

tions among all pairs of nodes, in order to predict missing edges. The results are

shown in Figure 2.4 as well (pale colors). This numerical experiment with pairwise

correlations as a classifier following traditional network inference paradigm high-

lights the significant advantage of considering eigenvectors as collective modes of

the network (brighter colors). Details about this process are given in Section 2.2.4.
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Figure 2.4: AUC estimation of the reconstruction of three Erdős–Rényi graphs Gi of
N = 100 nodes and Ei = 250, 300, 350 edges as a function of the percentage of deleted edges.
In each case and for a nR = 100 iterations each, we use a set of 5 eigenvectors randomly picked
from the interval ϕ⃗3...ϕ⃗17. We infer the original graph structures after random deletion of a
single edge and up to 50% of all network edges. For each graph, the resulting AUCs are
depicted as bands (standard deviation) of which average is indicated by a line within each
band. These values are compared with those drawn from pairwise correlations, depicted in
corresponding pale colors.

We observe that performance tends to decrease as the connectivity of the graph

increases, as in the previous case, going from E1 = 250 edges to E3 = 350 edges.

This is intuitively clear: The same number of 5 eigenvectors is provided in both

cases but is leveraged for different amounts of information to cover the entire graph

structure and compensate for the increased number of missing edges.

We observe initial fluctuations of the AUC as a function of the percentage of

deleted edges. This is due to the significant and statistically inevitable fluctuations

of the number of true positives (TP) when only a small number of edges are missing

from G (see Table 2.2).

We conduct the same numerical experiments on regular random graphs and scale-

free graphs of different connectivities. The results are presented in Appendix B.

2.3.2 Inferring from collective patterns

Were all graph eigenvectors and eigenvalues empirically available, graph reconstruc-

tion would ensue directly according to Eq.(2.1) (see Methods). In practice, this is

not the case. Only collective patterns approximating eigenvectors will be given,
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often only a small number of distinct patterns will be available, and eigenvalues are

unknown. These points will be addressed in the following.

We resort to the use of measurable collective patterns focusing on Turing patterns

(see Section 2.2.5 for a detailed description). We consider a Gierer-Meinhardt [30]

system of reaction-diffusion equations while keeping in mind that the outlined

method is model-independent. Using the method from [106] for parameter selec-

tion to active a specific region of the spectrum, we excite a narrow range of the

graph eigenvectors around the mode α = 10 (see Figure 2.2). The AUC as a func-

tion of the percentage of deleted edges is given in Figure 2.5. As in the previous

case, the reconstruction process remains robust with regards to edge deletion, al-

though – understandably – our method overall works better with eigenvectors due to

their mutual orthogonality, they tend to collectively carry more information about

the latent structure than patterns do. This can be largely compensated by the

measurements of multiple patterns. Using the same previously considered network

configuration and parameters, and after random deletion of 50% of all the network

edges, we estimate the AUC using an increasing number of Turing patterns. The

results are presented in Figure 2.6.

So far, our analysis has focused on predictability in general, by computing the

AUC averaged over multiple runs. In practical applications, one would rather be

confronted with a single incidence of a network, together with a few measured

patterns. In Appendix A, we provide two examples of such a practical application,

demonstrating that, indeed, our approach leads to a good prediction of missing

links, outperforming substantially a simple heuristic based on pairwise correlations.

2.3.3 Eigenspace characterization of prediction quality

2.3.3.1 Eigenvector rank importance and network architecture

Not all eigenvectors contribute similarly to the reconstruction process. Across all

network architectures, those associated with the largest eigenvalues lead to more

accurate predictions, represented in a higher AUC downstream. This is outlined by

Figure 2.7 where the AUC is estimated from 5 eigenvectors randomly picked from
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Figure 2.5: AUC estimation of the reconstruction of an Erdős–Rényi G of N = 100 nodes
and E = 300 edges, as a function of the percentage of deleted edges. We run a
Gierer-Meinhardt model with kinetic parameters obtained via the selection scheme from [106]
(here: a = 0.077 and b = 0.759, and diffusion parameters ϵ = 0.025 and σ = 10.02) in order to
excite a narrow range of the graph eigenvectors around the mode α = 10. We obtain 5 Turing
patterns and use them to infer the original graph structure after random deletion of a single
edge and up to 50% of all the network edges. This process is repeated for a nR = 100
iterations. The resulting AUCs are depicted as a band (standard deviation) of which average is
indicated by a line within it (blue). These values are compared with those drawn from pairwise
correlations (orange).

Figure 2.6: AUC estimation of the reconstruction of an Erdős–Rényi graph G of N = 100
nodes and E = 250 edges, as a function of the number of patterns used. Parameters for the
Gierer-Meinhardt model are the same in Figure 2.5. We obtain np = 1...100 Turing patterns
and use them to infer the original graph structure after random deletion of 50% of all the
network edges. This process is repeated for a nR = 100 iterations. The resulting AUCs are
depicted as a band (standard deviation) of which average is indicated by a lighter color.

a moving interval of 15 eigenvectors, of which index ranges from 1 to N − 14. This

process is iterated for three different network topologies, for nn = 100 networks
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each.

Figure 2.7: AUC estimation of the reconstruction of three different network architectures: A
regular random graph GR of NR = 100 nodes, degree d = 6 and ER = 300 edges, an
Erdős–Rényi graph of NE = 100 nodes and EE = 300 edges, and a scale-free graph of
NS = 100 nodes, attachment parameter m = 3 and ES = 291 edges. In all three cases, the
method is applied after random deletion of 50% of all network edges and taking as input a
moving interval of 5 eigenvectors. The resulting AUCs are depicted as bands (standard
deviation) of which average is indicated by a line within each band. The grey line AUC = 0.5
indicates random predictions.

The trend is consistent in all three cases: There is an increasing linear relation

between the eigenvectors’ indices and the resulting AUC. In other words, the eigen-

vectors associated with the largest eigenvalues – those corresponding to the first

indices – lead to more accurate predictions. Additionally, we observe increased per-

formances going from a scale-free to an Erdős–Rényi to a regular random graph. We

hypothesize that this is due to the differences in eigenvectors localization: Widely

distributed eigenvectors generally provide more information about the overall graph

structure than localized eigenvectors. This results in the method – statistically –

performing better for graphs with more widely distributed eigenvectors, such as

regular random graphs [205].

Less intuitive, however, is that the eigenvectors from the other end of the spec-

trum provide precisely opposite information, suggesting that placing the edges not

in the slots derived from these patterns is a better strategy for missing-edge de-

tection (see red and purple curves in Figure 2.3). We believe that this is due to

the residual (but opposite) information about large-scale patterns contained in the

localized patterns coming from the mutual orthogonality of eigenvalues.
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2.3.3.2 Matching coefficients in the spectral decomposition

Inferring the original graph Laplacian involves associating the measured eigenvectors

ϕ⃗α (or patterns) to the right coefficients, the exact values of which would be the

Laplacian eigenvalues Λα. Having access, in practice, only to the incomplete graph

Laplacian eigenvalues Λ
(D)
α , we match the latter with the former according to a

process described in Section 2.2.3.

To assess the added performance of this matching process, we compare, at each

step of the deletion process, the AUC derived using matched coefficients to the one

using N random real numbers uniformly distributed between −1 and 0. Repeating

this process nr = 100 times, we obtain Figure 2.8a. Conducting the same experiment

using Turing patterns instead of eigenvectors, we get Figure 2.8b.

In both cases, we observe that, at any step of the deletion process, AUCm ≳

AUC r,i for i = 1...nr, i.e. the reconstruction using matched eigenvalues performs

almost consistently as good as the best recorded reconstruction derived over the

accumulated nr = 100 trials using random coefficients. As eigenvectors are ran-

domly selected from a comparatively small interval, the corresponding eigenvalues

are not so different from each other. This explains why the matching of coefficients

enhances the AUC only by about 3.2% for eigenvectors (see Figure 2.8a) and 2.1%

for patterns (see Figure 2.8b) on average, in the present case. We expect this in-

crease to be more significant if eigenvectors (or patterns) are selected from a broader

range.

2.3.3.3 Resilience to topological damage

As observed in Figure 2.5, edge deletion causes increasingly poor matching between

the original eigenvectors ϕ⃗ and the eigenvectors of the incomplete graph ϕ⃗(D) (see

Figure 2.8c). Yet, its adverse effects on the AUC – beyond a certain limit – remains

minimal. The limited, though visible, importance of coefficient matching is due to

the selection of patterns from a comparatively small region of the spectrum. As the

spectrum is locally rather flat, the impact of coefficient matching is reduced.
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Figure 2.8: Coefficient matching panel: (a) AUC estimation of the reconstruction of three
Erdős–Rényi graphs Gi of N = 100 nodes and degrees di = 4, 5, 6 as a function of the
percentage of deleted edges. In each case, we use a set of 5 eigenvectors randomly picked from
the interval ϕ⃗3...ϕ⃗17. We infer the original graph structure after random deletion of a single
edge and up to 50% of all network edges. Each case (blue, orange and green lines) is then
compared with a nr = 100 benchmark trials where we do not match eigenvalues but use
random numbers between −1 and 0 as coefficients (blue, orange and green bands).
(b) AUC estimation of the reconstruction of an Erdős–Rényi graph G of N = 100 nodes and
E = 250 edges, as a function of the percentage of deleted edges. Parameters for the
Gierer-Meinhardt model are the same as in Figures 2.5 and 2.6. We obtain 5 Turing patterns
and use them to infer the original graph structure after random deletion of a single edge and
up to 50% of all the network edges (line). Benchmark comparison is performed as in (a).
(c) Levenshtein edit-distance [206] between the sequence of matched eigenvectors indices {α}
and the ideal sequence of {1...N} as a function of the percentage of deleted edges. We consider
the same regular random graph G as in (a) and (b). The Levenshtein edit-distance between
two sequences measures the minimal number of single-character edits needed to transform one
into another. Thus, its maximum possible value is equal to the length of the considered
sequence which is, in this case, N = 100. As a benchmark test assessing the precision of index
matching, the Levenshtein edit-distance relative to the matched indices (blue) is compared, at
each step of the deletion process, with the same distance relative to a random sequence of
integers between 1 and N = 100 (orange).
(d) Coefficient drift as a function of the percentage of deleted edges for the same Erdős–Rényi
graph G as in (a) and (b).

Next, we define the ’coefficient drift’ as ∆α(e) = |Λ(D)
β∗ (e) − Λα|/e for e deleted

edges, that is, the difference between the matched coefficients Λ
(D)
β∗ and the ideal

original eigenvalues Λα normalized by the number of deleted edges e. Its variation,

as a function of the number of deleted edges, is illustrated in Figure 2.8d. We

argue that, although the matched eigenvalues Λ
(D)
β∗ ranking can vary highly under
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edge deletion, the amplitude of the coefficient mismatching remains constrained in

the same narrow range even after the deletion of a large proportion of the graph

edges, an observation that can be partly explained by the interlacing theorem [207].

Consequently, increased mismatchings only have a limited negative impact on the

final prediction.

2.4 Discussion

Network inference methods have been developed to estimate missing edges, or even

whole networks, from available data. The bulk of network inference methods eval-

uates pairwise relationships between nodes. Here we formulate a new paradigm of

network inference evaluating data as self-organized collective patterns. We illustrate

this approach for Turing patterns in reaction-diffusion dynamics on graphs, a case

where patterns are related to eigenvectors of the graph’s Laplacian matrix.

In this instance, the task of inferring missing edges is a truncated and inexact

version of spectral decomposition where accuracy is constrained by the segment of

eigenvectors available, as well as the rank stability of the eigenvalues as a function

of the percentage of missing edges.

We first show that this approach works in a stylized form, where patterns are

assumed to be eigenvectors. Then we illustrate how it can be operationalized also

for (simulated) Turing patterns. We observe only a weak dependence of inference

quality on global network architecture. However, the eigenvalue range (indirectly

representing the spatial scale of the patterns) available has a dramatic effect on the

final output (performance/quality).

Several limitations of our method need to be mentioned. Our approach is re-

stricted to undirected graphs, as we require real eigenvectors and eigenvalues of the

Laplacian matrix. We acknowledge that, in many applications, graphs will be di-

rected (see, e.g., [208–211]). We anticipate, however, that our approach might work

for approximately symmetric interaction matrices, like connectomes in neuroscience

[212, 213].
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It would be interesting to further elaborate on possible generalizations of the

approach to account for different network settings such as non-normal [48], di-

rected [51], modular [214] and multi-layer networks [46, 47], as often encountered

in real-world reaction-diffusion systems [215–219].

Additionally, our present framework stands on the validity of the linear stability

analysis. This limits the accuracy of the inverse problem is two ways: (i) It neglects

the contribution of stable modes (see Figure 2.8b). (ii) Equating patterns and

eigenvectors is only possible close to the Turing instability. Nonlinear combinations

of eigenvectors become relevant with increasing distance from the bifurcation point.

Moreover, specific topological features can hinder the quality of our predictions.

As depicted in Figure 2.7, eigenvectors – and by extension, patterns – need to

be ’global’ enough to contain network-wide information. Localized eigenvectors,

such as those observed in modular networks, are poorly informative. Nonetheless,

network architectural features might also facilitate such inference, e.g., in cases

where the missing edges are not uniformly distributed but degree-dependent or

module-based. Note that for a uniform random distribution of missing edges (the

case discussed in the present work) we have not found a strong network dependence

(see Appendix B).

While we are convinced that any type of self-organized patterns could be op-

erationalized in this way, we here focus on patterns approximating eigenvectors of

the Laplacian matrix of the graph. It is clear, of course, that eigenvectors and spa-

tial embeddings of networks (via ’graph layout algorithms’ like spring embedding)

are not independent (see, e.g., [194] or a comparison of spring embedding and self-

organized excitation waves on graphs). In this sense, on a formal level, we expect

that our approach can help understand and refine embedding-based edge prediction

algorithms (see, e.g., [175]).

An important component of our pattern-based network completion algorithm is

the robustness of eigenvalue under removal of edges, as these eigenvalues derived

from the incomplete network serve as coefficients in our truncated spectral decom-

position. This robustness (or, conversely, fluctuation) of the rank under decreasing

network information (see Figure 2.8c) is also of relevance to the fascinating topic
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of ranking nodes in incomplete or evolving complex networks, which has been ad-

dressed by [220, 221].
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2.5 Appendix A

In this Appendix we present two worked-out examples illustrating our method.

Figure 2.9 summarizes our prediction results. Table 2.3 and Table 2.4 provides the

numerical details.

Graph sparsity entails a number of negative tests largely outweighing the number

of positive tests: Most pairs of nodes, in the original graph, are not connected by

an edge, thus, not predicting any link leads to a significant number of TN and

therefore, a misleading large specificity, as pointed-out in [223]. To better assess

our results for the different chosen thresholds, beyond the previously introduced (i)

sensitivity TPR = TP/(TP + FN) and (ii) specificity TNR = TN/(TN + FP ),

we measure:

(iii) The balanced accuracy BA = (TPR+TNR)/2, the arithmetic average between

sensitivity and specificity.

(iv) The precision, also called the Positive Predictive Value PPV = TP/(TP+FP ),

which does not resort to TNs and outputs the proportion of TPs out of the all

positive calls.

(v) The F1-score F1 = 2PPV ∗TPR/(PPV +TPR), the harmonic average between

precision and sensitivity.
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Figure 2.9: Performance panel of graph reconstruction of:
(1) an Erdős–Rényi graph G1 of N1 = 100 nodes, E1 = 248 edges and density d1 = 0.05 on
which we run a Gierer-Meinhardt model with kinetic parameters a1 = 0.06 and b1 = 0.72, and
diffusion parameters ϵ1 = 0.029 and σ1 = 10.02, in order to excite a narrow range of the graph
eigenvectors around the mode α1 = 10. We obtain 5 Turing patterns and use them to infer the
original graph structure after random deletion of 50% of all the network edges. (a1)
Histogram of the inferred adjacency matrix elements (aij) for i, j = 1...N1. (b1) ROC curves:
true positive rates as a function of false positive rates. (c1) Sensitivity and specificity as a
function of the applied (aij) threshold.
(2) an Erdős–Rényi graph G2 of N2 = 100 nodes, E2 = 1485 edges and density d2 = 0.3 on
which we run a Gierer-Meinhardt model with kinetic parameters a2 = 0.09 and b2 = 0.79, and
diffusion parameters ϵ2 = 0.007 and σ2 = 10.02, in order to excite a narrow range of the graph
eigenvectors around the mode α2 = 10. We obtain 5 Turing patterns and use them to infer the
original graph structure after random deletion of 50% of all the network edges. (a2)
Histogram of the inferred adjacency matrix elements (aij) for i, j = 1...N2. (b2) ROC curves:
true positive rates as a function of false positive rates. (c2) Sensitivity and specificity as a
function of the applied (aij) threshold.

The prediction of missing links requires the selection of discrimination thresholds for the
inferred adjacency matrix elements (aij). In the two present examples, we select four
thresholds, depicted as vertical lines: arbitrary 1 and arbitrary 2 are chosen arbitrarily, closest
is the threshold approximating the original graph connectivity, assuming this is known
empirically, and Youden’s is the threshold maximizing the Youden’s index, that is, the sum of
sensitivity and specificity [222].

2.6 Appendix B

This Appendix summarizes the statistics of our method for different network archi-

tectures (beyond the ER graphs studied in the main text): regular random (RR)

graphs and scale-free (SF) graphs (i.e., BA graphs, [15], generated via preferential

attachment). The results are given in Figure 2.10. These support our previous find-

ings regarding the influence of network architecture via eigenvectors localization,

see Section 2.3.3).
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arbitrary 1 arbitrary 2 closest Youden’s
patterns pairwise patterns pairwise patterns pairwise patterns pairwise

threshold 0.1 0.2 0.263 1.871 0.022 0.371
number of edges 707 2325 366 2179 247 248 1489 1937
sensitivity 0.484 0.629 0.274 0.589 0.202 0.081 0.728 0.629
specificity 0.889 0.543 0.956 0.575 0.979 0.977 0.728 0.629
balanced accuracy 0.686 0.543 0.615 0.582 0.59 0.529 0.719 0.601
precision 0.103 0.035 0.14 0.035 0.203 0.083 0.064 0.039
F1-score 0.17 0.066 0.186 0.067 0.202 0.082 0.118 0.073

Table 2.3: Inference results for G1 using ’collective patterns’ (AUC 1 = 0.76) vs ’pairwise
correlations’ (AUC 1∗ = 0.625).

arbitrary 1 arbitrary 2 closest Youden’s
patterns pairwise patterns pairwise patterns pairwise patterns pairwise

threshold 0.2 0.5 0.257 1.155 0.02 -0.536
number of edges 1626 2550 1112 2218 1484 1483 2391 3356
sensitivity 0.371 0.443 0.197 0.348 0.327 0.177 0.575 0.709
specificity 0.825 0.576 0.936 0.65 0.856 0.826 0.648 0.354
balanced accuracy 0.598 0.51 0.566 0.499 0.592 0.501 0.612 0.531
precision 0.311 0.183 0.396 0.175 0.328 0.178 0.259 0.19
F1-score 0.338 0.259 0.263 0.233 0.328 0.178 0.357 0.3

Table 2.4: Inference results for G2 using ’collective patterns’ (AUC 2 = 0.649) vs ’pairwise
correlations’ (AUC 2∗ = 0.519).

Figure 2.10: AUC estimation of the reconstruction of: (a) Three regular random graphs Gi

of N = 100 nodes, degree di = 4, 5, 6 and Ei = 200, 250, 300 edges, as a function of the
percentage of deleted edges. In each case and for a nR = 100 iterations each, we use a set of 5
eigenvectors randomly picked from the interval ϕ⃗3...ϕ⃗17. We infer the original graph structures
after random deletion of a single edge and up to 50% of all network edges. For each graph, the
resulting AUCs are depicted as bands (standard deviation) of which average is indicated by a
line within each band. These values are compared with those drawn from pairwise correlations,
depicted in corresponding pale colors. (b) Three scale-free graphs Gi of N = 100 nodes,
attachment parameter mi = 2, 3, 4 and Ei = 196, 291, 384 edges, as a function of the
percentage of deleted edges. In each case and for a nR = 100 iterations each, we use a set of 5
eigenvectors randomly picked from the interval ϕ⃗3...ϕ⃗17. We infer the original graph structures
after random deletion of a single edge and up to 50% of all network edges. For each graph, the
resulting AUCs are depicted as bands (standard deviation) of which average is indicated by a
line within each band. These values are compared with those drawn from pairwise correlations,
depicted in corresponding pale colors.
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Abstract

Due to their self-organised, collective nature, Turing patterns on graphs are an im-

portant source of information about the relationship between graph architecture and

dynamics. One defining feature of these dynamics is the coexistence of multiple sta-

ble patterns (’pattern diversity’), the dependency of which on network architecture

is still not well understood. Here we create standardised situations near the Turing

instability threshold and study the multistability of patterns as a function of struc-

tural perturbations of the graph. In particular, we analyse the resulting changes in

pattern diversity as a binary classification problem. We find an asymmetry between

lower and higher eigenvalues near the Turing instability, which can be understood

in terms of the interlacing theorem, known from spectral graph theory. This al-

lows us to derive rules governing the multistability of Turing patterns using local

spectral gaps of the graph’s Laplacian as input, but also evaluate the contribution

of nonlinear interactions between eigenmodes to pattern diversity, independently of

the interaction model considered.

36
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3.1 Introduction

In their seminal work [45], Nakao and Mikhailov established the theoretical basis for

the study of Turing pattern formation on graphs. Since then, the Turing framework

[7] has been extended to several graph topologies including temporal [52, 224],

directed [49–51], non-normal [48] and multiplex [46, 47] networks, but also time-

delayed [225, 226], non-diffusive [227] and higher-order interactions via hyperlinks

[54], simplicial [55] and cell complexes [53].

What still remains poorly understood is, how network architecture shapes one

of the decisive features of Turing patterns, their multistability: For a given set of

dynamical parameters within the Turing instability regime, a reaction-diffusion de-

terministic system converges to, not one, but often a substantial number of possible

stable states, under different initial conditions. These coexisting solutions in the

deterministic model are a property of network-organised systems that can only be

attributed to their complex structure.

The analytical solution provided by the linear stability analysis [45], as described

in Sec 3.2.4, constitutes a first step towards a structural understanding of this phe-

nomenon. This solution translates into a dispersion relation that combines the

eigenvalues of the graph Laplacian with the system’s dynamical parameters to pre-

dict which of the graph Laplacian eigenmodes contribute to pattern formation.

A challenge in addressing the question is the lack of comparability among dif-

ferent models implementing the Turing framework, parameter choices and network

architectures. In [106], a formal calibration strategy has been suggested based on the

original formalism from [45]: By selecting, for each model and network, parameters

such that the dispersion relation is placed in a standardised fashion, comparability

is ensured.

Hütt et al. [106] postulate that the number of unstable pattern-forming eigen-

modes is proportional to pattern diversity near the instability threshold. This is

true insofar as all unstable eigenmodes contribute to pattern formation and their

nonlinear interactions are negligible, which is yet to be proven. In practice, the
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relationship between the graph eigenmodes and emergent pattern diversity is more

complex than originally deposited.

To better understand the multistability of Turing patterns, we need to: (i) relate

each growth rate to the effective contribution of its eigenmodes to pattern diversity,

(ii) evaluate the importance of nonlinear interactions between joint pattern-forming

eigenmodes and (iii) identify key structural regulators of pattern diversity.

The spectral gap and its structural sensitivity, sometimes referred to as the dy-

namical importance [228], are known to regulate various dynamical systems [229–

233]. In this study, we highlight the importance of local spectral gaps [234] and

the entire Laplacian spectrum in the case of reaction-diffusion systems, namely in

regulating the multistability of Turing patterns.

We first present the theoretical foundations of our study and how we use them

to build our predictive toolbox. We then perform extensive numerical experiments

on several random graphs and observe how different structural perturbations affect

both the Laplacian spectrum of the graph and the multistability of the emerging

Turing patterns. Then, through heuristic arguments and formal classification, we

derive eigenvalue-based criteria capable of predicting changes in pattern diversity

caused by structural perturbations. We conclude on the central role of local spec-

tral gaps in explaining the structural sensitivity of Turing pattern diversity and,

consequently, its multistability in general.

3.2 Methods

3.2.1 Graph

Let G(N , E) be a simple connected graph with |N | =N nodes and |E| =E edges, i.e.

undirected and unweighted with neither self-loops nor parallel links. Let L = A−kI

denote the Laplacian matrix of G where A is its adjacency matrix, k is its vector of

node degrees and I is its identity matrix of size N ×N .

Let Λi denote the N real non-positive eigenvalues of the Laplacian matrix, sorted

in ascending order such that Λ1 ⩽ Λ2 ⩽ · · · ⩽ ΛN = 0. Let ϕ⃗(i) = (ϕ
(i)
1 , . . . , ϕ

(i)
N )
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denote the eigenmode associated with the eigenvalue Λi such that Lϕ⃗(i) = Λiϕ⃗
(i),

which we will generally refer to by its index i for simplicity. We refer to ∆i =

Λi+1 − Λi > 0 as the local spectral gap between i and i + 1.

After removing an edge e from G, we obtain a perturbed graph G∗(N , E∗) with N

nodes, |E∗| =E − 1 edges and N Laplacian eigenvalues Λ∗
i for which the interlacing

theorem [235] states that Λi ⩽ Λ∗
i ⩽ Λi+1 for i = 1...N − 1, with Λ∗

N = 0.

Let Λ̃i denote the structural sensitivity of the eigenvalue Λi: a real number

between 0 and 1 measuring how much an eigenvalue Λi shifts after edge removal

Λ̃i =
Λ∗

i − Λi

Λi+1 − Λi

=
Λ∗

i − Λi

∆i

.

In the case of edge addition, we write Λ̃i =
Λ∗

i − Λi

Λ∗
i−1 − Λ∗

i

=
Λi − Λ∗

i

∆∗
i−1

.

3.2.2 Model

The Gierer-Meinhardt model [30] is an activator-inhibitor model capable of creating

Turing patterns. Two species, an activator and an inhibitor diffuse and interact on

a graph G. Their respective concentrations are given by the vectors u⃗ and v⃗, and

they evolve according to the following set of differential equations:

∂u⃗

∂t
= a− bu⃗ + u⃗2

v⃗
+ϵLu⃗

∂v⃗

∂t
= u⃗2 − v⃗ +σϵLv⃗

(3.1)

The reaction part of the dynamics is modulated by two positive kinetic parame-

ters a and b, defining the homogeneous steady state (ū, v̄) = (a+1
b
, (a+1

b
)2), solution

of Eq.(3.1).

The diffusion part of the dynamics is driven by the graph Laplacian L and mod-

ulated by ϵ and ϵσ the respective diffusion coefficients of activators and inhibitors.

A Turing pattern is a heterogeneous steady-state solution of Eq.(3.1) induced by

perturbations (δu⃗, δv⃗) of the homogeneous distribution (ū, v̄), i.e. u⃗(t = 0) = ū+δu⃗

and v⃗(t = 0) = v̄ + δv⃗. Here we conventionally refer to u⃗(t → ∞), the final

distribution of activator concentration, as the Turing pattern.
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3.2.3 Pattern diversity

A number of different Turing patterns can coexist on a graph G for the same set of

dynamical parameters (a, b, ϵ, σ), depending on the initial conditions (δu⃗, δv⃗).

Two simulation runs are said to converge to the same Turing pattern if their

steady states have a mutual Pearson correlation coefficient (see [201]) superior to

0.9. Clustering the results of n simulations yields r ⩽ n distinct Turing patterns p⃗,

each with multiplicity mp ⩽ r. To quantify the observed multistability, we compute

a pattern diversity score d = 1 − s where s = 1
sr

∑P
p⃗

mp

2
(mp − 1) is the pattern

pairwise similarity score, with sr = r
2
(r − 1) a normalisation factor and P the set

of r distinct Turing patterns.

3.2.4 Linear stability analysis

We linearise Eq.(3.1) around (ū, v̄) and solve the decoupled system of equations{
∂u⃗
∂t

= 0; ∂v⃗
∂t

= 0
}

to obtain the linear growth rates λi relative to each eigenmode i

as a function of its eigenvalue Λi for i = 1...N . As established in [45], this dispersion

relation is given by

λi(Λi) =
1

2

{
− b +

2b

a + 1
+ ϵΛi(1 + σ) +

√
8b

a + 1
+

[
1 − b +

2b

a + 1
+ ϵΛi(1 − σ)

]2}
(3.2)

where the activator concentration at a given node k can be expanded over the

set of Laplacian eigenmodes: δuk(t) =
∑N

i=1 ciϕ
(i)
k eλit, where the expansion coef-

ficients ci are given by the initial perturbation. The linear solution presented in

Eq.(3.2) then provides initial estimates of: (i) the parameters required for pattern

onset, driven by the non-vanishing contribution of the eigenmodes, (ii) how differ-

ent eigenmodes compete for pattern formation [107, 108], the weight of which is

approximated by their respective linear growth rates.
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An eigenmode i is

unstable if λi ⩾ 0

stable if λi < 0
. The Turing instability regime is the

parameter space allowing at least one positive growth rate and thus, the formation

of Turing patterns according to the linear approximation.

Without loss of generality, we restrict our analysis to configurations starting

with two unstable eigenmodes and find that, in this case, only three eigenmodes are

relevant to the problem of multistability under structural perturbations:

(1) The stable eigenmode S that can become unstable after structural perturba-

tion, i.e. of eigenvalue ΛS and growth rates λS < 0 (before perturbation) and

λ∗
S ≶ 0 (after perturbation) with λ∗

S ⩾ λS.

(2) The unstable eigenmode U that can become stable after structural perturba-

tion, i.e. of eigenvalue ΛU and growth rates λU > 0 (before perturbation) and

λ∗
U ≶ 0 (after perturbation) with λ∗

U ⩽ λU .

(3) The remaining unstable eigenmode M , i.e. of eigenvalue ΛM and growth rates

λM > 0 (before perturbation) and λ∗
M > 0 (after perturbation) with λ∗

M ⩾ λM .

3.2.5 Parameter selection

To isolate the main drivers of pattern diversity changes using Laplacian eigenvalues,

we adopt the following standardised protocol to ensure that we always start with

two degenerate unstable eigenmodes. This restrains our system near the instability

threshold where its dynamics remain dominated by linear terms and growth rates

can be used as a proxy for eigenmode contribution to pattern formation.

First, assuming a continuous dispersion relation λ(x), we solve {λ(x) = 0, ∂λ
∂x

(x) =

0}, which holds for

a∗ =
(ϵσx)2 + 2ϵσx− 1

(ϵσx− 1)2

b∗ = ϵ2σx2.

(3.3)

Then, for each α = 1...N − 1, we compute (ϵ∗α, a
∗
α, b

∗
α, σ

∗
α) in this way:
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(1) We set ϵ∗α = ϵk + (ϵb − ϵk)d inside the Turing regime. ϵk defines the kinetic

limit below which a∗(ϵ = ϵk, σ = σ∗, x = Λα) < 0 (see Eq.(3.3)) and ϵb defines

the Hopf bifurcation limit above which |λα| ⩾ 0 (see Eq.(3.2)). Without loss

of generalisation, we choose σ∗ = 10 and d = 0.8.

(2) Since λ(x) is quadratic around 0, we have λα ≈ λα+1 ≈ 0 at the edge of the

Turing regime by setting x = 1
2
(Λα + Λα+1) and calculating the corresponding

kinetic parameters (a∗α, b
∗
α) according to Eq.(3.3).

(3) We want to obtain two unstable degenerate eigenmodes α and α+ 1, i.e. λα ≈

λα+1 > 0. Therefore, we choose σ = σ∗ + δσ such that δσ is an increment for

which λα ≈ λs where λs = min(|λα|, |λα+1|) is the smallest stable growth rate

λi < 0 of the dispersion relation.

Let αS denote the set of indices α such that ∆S ⩽ ∆U (hence λM ≈ −λS) and

αU the set of indices α such that ∆S > ∆U (hence λM ≈ −λU+1).

3.2.6 Dispersion relation and parametrisation

According to Eq.(3.2) and the interlacing theorem applied to a single structural

perturbation (see Sec 3.2.1), both growth rates λS and λU are monotonous as a

function of Λ̃U and Λ̃S respectively: After edge removal, λ∗
S ⩾ λS and λ∗

U ⩽ λU ,

and after edge addition, λ∗
S ⩽ λS and λ∗

U ⩾ λU . However, in both cases, the growth

rate λM is not monotonous as a function of Λ̃M , but convex around 0.5 due to the

dispersion relation being locally quadratic.

Therefore, to relate the eigenvalues of the three eigenmodes S, U and M to

changes in pattern diversity, we track Λ̃S, Λ̃U and µM = |Λ̃M − 0.5| respectively.

In the case of an edge removal, starting with two unstable degenerate modes α

and α + 1, we identify S = α − 1, M = α and U = α + 1. Therefore, the three

relevant structural sensitivities are Λ̃S =
Λ∗

α−1 − Λα−1

Λα − Λα−1

, Λ̃U =
Λ∗

α−1 − Λα−1

Λα − Λα−1

and

µM =
∣∣∣ Λ∗

α − Λα

Λα+1 − Λα

− 0.5
∣∣∣. In Fig 3.5 in the Appendix, we present a fully annotated

version of the dispersion relation shown in Fig 3.1(j).
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In the following, we only consider the effects of edge removal. The case of edge

addition is explored in Sec 3.6.6.2 in the Appendix, where we prove that our results

can be generalised to both cases of structural perturbations.

3.2.7 Numerical analysis strategy

For illustration, we run the Gierer-Meinhardt model on an Erdős-Rényi graph G of

30 nodes and 70 edges (see Fig 3.1(a)) for a given set of dynamical parameters and

represent the growth rates of the eigenmodes S, M and U on the corresponding

dispersion relation in Fig 3.1(d). The Turing patterns that emerge out of 500 runs

are given in Fig 3.1(g) and their pattern diversity is represented in Fig 3.1(j).

After removing an edge from G (see dashed red line in Fig 3.1(b) or dashed blue

line in Fig 3.1(c)) and we observe the corresponding motions of S, M and U along

the dispersion relation in Figs 3.1(e) and 3.1(f), respectively. The Turing patterns

that emerge out of 500 runs (assuming the same dynamical parameters) are given

in Figs 3.1(h) and 3.1(i), respectively. Their pattern diversity are represented in

Figs 3.1(k) and 3.1(l), respectively.

The multistability analysis of a graph G consists in studying the response of the

network (dynamics) to varying:

(1) Dynamical parameters, by making pairs of adjacent eigenmodes degenerate and

unstable (e.g. M and U in Fig 3.1(b)). This amounts to at most N − 1 = 29

possible instances, since not all eigenmodes can converge to Turing patterns.

See Fig 3.5 in the Appendix for a quantitative analysis of this frequency of

convergence to Turing patterns.

(2) Structural perturbations, by removing one edge of the graph at a time. This

amounts to exactly E = 70 possible instances.

Moreover, G can have up to 29× 70 configurations, one for each eigenmode-edge

pair. For each one of these, we run 500 simulations before and after edge removal,

and measure pattern diversity changes.
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Figure 3.1: Structural understanding versus numerical analysis of Turing patterns,
before (first row) and after edge removal (second or third row): (a), (b) and (c) represent an
Erdős-Rényi random graph G of 30 nodes and 70 edges before and after removal of an one edge
(red dashed line) or another (blue dashed line). (d), (e) and (f) represent the dispersion
relation for a Gierer-Meinhardt model [30] with reaction parameters a5 = 0.27 and b5 = 1.57
and diffusion parameters ϵ5 = 0.05 and σ5 = 10.014, zoomed into the three eigenmodes S, M
and U around the Turing instability regime. (g), (h) and (i) represent the distinct Turing
patterns that emerge from 500 simulations of each separate network. (j), (k) and (l) represent
pie charts of their multiplicity, which translates to pattern diversity scores of d1 = 0.54 (before
edge removal), d2 = 0.75 (after edge removal, causing an increase in pattern diversity) and
d3 = 0.15 (after edge removal, causing a decrease in pattern diversity).

3.3 Predicting multistability as a binary classification prob-

lem

Structural perturbations simultaneously impact both the Laplacian eigenvalues of

a graph and the multistability of Turing patterns. We translate this complex re-

lationship into a binary classification problem that systematically maps how mi-

croscopic structural changes (structural condition) probabilistically correspond to

macroscopic higher or lower pattern diversity (binary dynamical outcome).
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3.3.1 Hypotheses

Unstable eigenmode degeneracy is hypothesised to be the dominant factor influenc-

ing pattern diversity [106]. Here we want to challenge this basic view and look for

other, more general and similarly strong, structural indicators of pattern diversity.

Our approach uses the structural sensitivities of the eigenmodes S, U and M as

features to discriminate between below-average and above-average pattern diver-

sity changes. For simplicity, we refer to these as pattern diversity decreases and

increases, respectively.

In a condensed form, our hypotheses are:

(1) Dissimilar growth rates near the Turing instability (e.g. breaking an eigen-

mode degeneracy) indicate a pattern diversity decrease. In terms of Laplacian

eigenvalues, this means defining boundaries on Λ̃S < Λ̃
(max)
S , Λ̃U ⩾ Λ̃

(min)
U and

µM < µ
(max)
M .

(2) Similar growth rates near the Turing instability (e.g. approaching an eigen-

mode degeneracy) indicate a pattern diversity increase. In terms of Laplacian

eigenvalues, this means defining boundaries on Λ̃S ⩾ Λ̃
(min)
S , Λ̃U < Λ̃

(max)
U and

µM ⩾ µ
(min)
M .

3.3.2 Evaluation

Understanding the multistability of Turing patterns can be reduced to a binary

classification problem, where two non-intersecting Boolean criteria c(+) and c(−) can

either succeed or fail in discriminating between decreases (identified as the negative

outcome N) and increases (identified as the positive outcome P) in pattern diversity.

We define:

(1) The negative criterion c(−) = (Λ̃S < Λ̃
(max)
S ) ∧ (µM < µ

(max)
M ) ∧ (Λ̃U ⩾ Λ̃

(min)
U ),

a Boolean criterion predicting pattern diversity decreases as a function of the

boundaries Λ̃
(max)
S , µ

(max)
M and Λ̃

(min)
U , and where ∧ is the AND Boolean operator.
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(2) The positive criterion c(+) = (Λ̃S ⩾ Λ̃
(min)
S ) ∧ (µM ⩾ µ

(min)
M ) ∧ (Λ̃U < Λ̃

(max)
U ),

a Boolean criterion predicting pattern diversity increases as a function of the

boundaries Λ̃
(min)
S , µ

(min)
M and Λ̃

(max)
U , and where ∧ is the AND Boolean operator.

Table 3.1 summarises the classification outcomes of our evaluation algorithm,

where d is the pattern diversity measured on a given graph for a given of set of

dynamical parameters (corresponding to a given pair of unstable eigenmodes, see

Sec 3.2.4), d∗ is the pattern diversity measured on that same configuration but

after structural perturbation, and D is the average pattern diversity changes (d∗ −

d) measured for a given graph for all possible pairs of unstable eigenmodes and

structural perturbations.

Table 3.1: Confusion matrix relative to the pattern diversity prediction problem.

dynamical outcome

d∗ − d ⩾ D d∗ − d ⩽ D

st
ru
ct
u
ra
l

co
n
d
it
io
n c(+) True

Positive
False
Positive

Positive Predictive Value

PPV=
TP

TP+FP

c(−) False
Negative

True
Negative

Negative Predictive Value

NPV=
TN

TN+FN

We evaluate the proportion of correct predictions of:

(1) The negative criterion c(−) using the negative predictive value NPV = TN
TN+FN

for different values of Λ̃
(max)
S , µ

(max)
M and Λ̃

(min)
U .

(2) The positive criterion c(+) using the positive predictive value PPV = TP
TP+FP

for different values of Λ̃
(min)
S , µ

(min)
M and Λ̃

(max)
U .

We also evaluate the joint performance of c(−) and c(+) by measuring their accu-

racy ACC = TP+TN
TP+FP+FN+TN

.

These performance metrics are then balanced against two structural quanti-

ties: the predicted negatives N = TN+FN
TP+FP+FN+TN

and the predicted positives

P = TP+FP
TP+FP+FN+TN

, which measure the size of the samples predicted by c(−) (clas-

sified as negative outcomes) and c(+) (classified as positive outcomes) respectively,

regardless of whether they are correct.



Contents 47

Furthermore, we aim to identify the optimal eigenvalue-based criteria c(−) and

c(+) capable of accurately predicting pattern diversity decreases (maximising NPV )

and increases (maximising PPV ), across a meaningful range of the graph spectrum

(maximising N and P, respectively). To heuristically search for these criteria, we

analyse the multistability of 50 different Erdős-Rényi random graphs, each compris-

ing N = 30 nodes and E = 70 edges.

3.4 Results

For each graph, we find a characteristic distribution of pattern diversity changes

that is robust within the chosen volume of numerical simulations, indicating that

this phenomenon has a structural origin. We illustrate this convergence to a stable

distribution in Fig 3.6 in the Appendix.

Next, we compute the negative predictive value NPV and corresponding pre-

dicted sample size N as a function of the possible boundaries Λ̃
(max)
S , µ

(max)
M and

Λ̃
(min)
U ; and the positive predictive value PPV and corresponding predicted sample

size P as a function of the possible boundaries Λ̃
(min)
S , µ

(min)
M and Λ̃

(max)
U .

3.4.1 Predicting pattern diversity decreases

In this subsection, we search for the optimal criterion c(−). Fig 3.2 shows the average

measured NPV (first row) and corresponding N (second row) over all 50 graphs as

a function of the possible boundaries Λ̃
(max)
S and Λ̃

(min)
U , while assuming µ

(max)
M = 0.5

(unbounded), for α ∈ αS (left column) and α ∈ αU (right column) separately.

We find that the primary factor predicting pattern diversity decreases is the

sensitivity of U : The influence of Λ̃
(min)
U greatly outweighs that of Λ̃

(max)
S .

Another striking finding here is that the sign λ∗
U ≶ 0 is not accompanied by

a shift in pattern diversity as predicted by linear stability analysis. This suggests

that, in general, the sign of λi is not a reliable predictor as to whether an eigenmode

i contributes to pattern diversity. If the sign of growth rates regulated pattern

diversity, we would observe that:
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Figure 3.2: Predicting pattern diversity decreases as a function of Λ̃S and Λ̃U . For
50 Erdős-Rényi graphs with 30 nodes and 70 edges, we split the results into two columns
according to the two initial degenerate unstable eigenmodes (α, α+ 1): on the left, α ∈ αS (if
∆S ⩽ ∆U ), and on the right, α ∈ αU (if ∆S > ∆U ). (a) and (b): Average negative predictive

value for Λ̃U ⩾ Λ̃
(min)
U and Λ̃S < Λ̃

(max)
S , respectively for α ∈ αS and α ∈ αU . (b) and (d):

Average proportion of cases predicted as pattern diversity decreases for Λ̃U ⩾ Λ̃
(min)
U and

Λ̃S < Λ̃
(max)
S , respectively for α ∈ αS and α ∈ αU .

(1) λ∗
S changing sign from negative to positive values (as Λ̃S increases) is accompa-

nied by a pattern diversity increase due to the added contribution of eigenmode

S. This boundary is crossed at Λ̃S = 0.5 (where λ∗
S = 0) for α ∈ αS and we

illustrate as a dashed white line in Fig 3.2(a).

(2) λ∗
U changing sign from positive to negative values (as Λ̃U increases) is accom-

panied with a pattern diversity decrease due to the withdrawn contribution

of eigenmode U . This boundary is crossed at Λ̃U = 0.5 (where λ∗
U = 0) for

α ∈ αU and we illustrate as a dashed white line in Fig 3.2(b).
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However, Fig 3.2(a) shows the existence of two regimes in the data, as a func-

tion of Λ̃
(max)
S : The NPV (capturing the proportion of pattern diversity decreases)

fluctuates around 0.94 and starts decreasing only after Λ̃
(max)
S = 0.6. The fact that

λ∗
S becomes positive (at 0.5 < Λ̃S < 0.6) does not, in itself, affect pattern diversity.

This trend is better illustrated in Fig 3.8(a) in the Appendix.

Similarly, Fig 3.2(b) shows the existence of two regimes in the data, as a func-

tion of Λ̃
(min)
U : The NPV increases and then plateaus, fluctuating around 0.9 after

Λ̃
(min)
U = 0.4. The fact that λ∗

U becomes negative (at Λ̃U > 0.5) does not affect the

pattern diversity any further. This trend is better illustrated in Fig 3.8(b) in the

Appendix.

The failures of propositions (1) and (2) indicate that pattern diversity is tied to

the position of growth rates, not relative to 0 (as suggested by the linear stability

analysis), but to a larger, positive offset l > 0 which in our numerical results

corresponds approximately to Λ̃S = 0.6 if α ∈ αS (where λ∗
S > l > 0) and Λ̃U = 0.4

if α ∈ αU (where λ∗
U > l > 0). We illustrate this growth rate offset l > 0 on the

dispersion relation in Fig 3.8(c) in the Appendix.

The importance of Λ̃
(min)
U and Λ̃

(max)
S outweighs that of µ

(max)
M , which cannot

further improve our predictions of pattern diversity decreases. We illustrate its role

in Fig 3.9 (when coupled to Λ̃S) and Fig 3.10 (when coupled to Λ̃U) in the Appendix.

Nevertheless, the observation of the effect of λ∗
M (inversely proportional to µM) leads

us to conclude that pattern diversity is not simply the product of having multiple

eigenmodes contributing to pattern formation, but is also an emergent property of

them having comparable growth rates λi > l > 0, indicating that the patterned

activity is distributed across different eigenmodes, thus producing a richer attractor

landscape. This phenomenon is confirmed in the next subsection.

3.4.2 Predicting pattern diversity increases

In this subsection, we search for the optimal criterion c(+). Fig 3.3 shows the average

measured PPV (first row) and corresponding P (second row) over all 50 graphs as

a function of the possible boundaries µ
(min)
M and Λ̃

(max)
U , while assuming Λ̃

(min)
S = 0

(unbounded), for α ∈ αS (left column) and α ∈ αU (right column) separately.
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Figure 3.3: Predicting pattern diversity increases as a function of µM and Λ̃U .
Considering the dataset used in Fig 3.2, we split the results into two columns according to the
two initial degenerate unstable eigenmodes (α, α+ 1): on the left, α ∈ αS (if ∆S ⩽ ∆U ), and
on the right, α ∈ αU (if ∆S > ∆U ). (a) and (c): Average positive predictive value for

Λ̃U < Λ̃
(max)
U and µM = |Λ̃M − 0.5| ⩾ µ

(min)
M , respectively for α ∈ αS and α ∈ αU . (b) and (d):

Average proportion of cases predicted as pattern diversity increases for Λ̃U < Λ̃
(max)
U and

µM = |Λ̃M − 0.5| ⩾ µ
(min)
M , respectively for α ∈ αS and α ∈ αU .

The primary factor predicting pattern diversity increases is the robustness of U ,

and secondarily the robustness or highly sensitivity of M (i.e., for µM = |Λ̃M−0.5| ≈

0.5), two constraints that maximise eigenmode interaction, of which eigenmode

degeneracy is a limit case verified for Λ̃U = 0 and µM = 0.5.

What is less intuitive is that an increase of λ∗
S (via Λ̃

(min)
S ) does not enhance

pattern diversity, assuming the aforementioned constraints on Λ̃U and µM . The

importance of Λ̃
(max)
U and µ

(min)
M outweighs that of Λ̃

(min)
S , which cannot further im-

prove our predictions of pattern diversity decreases. We illustrate its role in Fig

3.11 (when coupled to λU) and Fig 3.12 (when coupled to λM) in the Appendix.
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Also, a larger local spectral gap ∆S > ∆U is statistically more likely to result

in a larger λ∗
S, and thus theoretically more pattern diversity after edge removal.

However, in terms of precision, whether in Fig 3.2 or Fig 3.3, there is only a marginal

advantage to considering separate criteria for α ∈ αS and α ∈ αU . The diffusion

parameter selection protocol has a negligible effect on our predictions. We therefore

drop all distinctions between αS and αU .

3.4.3 Application to a population of graphs

In this subsection, we apply the previously derived criteria c(−) and c(+) and evaluate

our ability to split simulated data into two subsets, separating pattern diversity

decreases and increases using only structural quantities.

Figure 3.4: Histograms of changes in pattern diversity for the dataset used in Fig 3.2
which amounts to a total of 65107 cases (100%, grey histogram) of average pattern diversity
change d = −0.06 (black dashed vertical line) according to which we can define two sets: (1)
27616 observed pattern diversity decreases (42.4% of all observations) of average
d(−) = −0.167 (black-blue dashed vertical line) and 37491 observed pattern diversity increases
(57.6% of all observations) of average d(+) = 0.0145 (black-red vertical line). The negative

criterion c(−) = (Λ̃U ⩾ 0.3) ∧ (Λ̃S < 0.8) predicts pattern diversity decreases for 15749 cases

(26% of all observations, blue histogram) of average d
(−)
p = −0.157 (blue dashed vertical line)

which translates into a negative predictive value of 0.86. The positive criterion
c(+) = (Λ̃U ⩾ 0.1) ∧ (µM < 0.4) predicts pattern diversity increases for 17024 cases (24% of all

observations, red histogram) of average d
(+)
p = −0.003 (red dashed vertical line) which

translates into a positive predictive value of 0.91. Using both c(−) and c(+), we obtain an
accuracy of 0.88.

Fig 3.4 compares the overall distribution of changes in pattern diversity versus

those predicted by c(−) and c(+) where:

(1) c(−) is the intersection between the two sets verifying Λ̃U ⩾ 0.3 and Λ̃S > 0.8

identifying pattern diversity decreases (below-average changes).
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(2) c(+) is the intersection between the two sets verifying Λ̃U ⩾ 0.1 and µM < 0.4

identifying pattern diversity increases (above-average changes).

Note that the choice of c(−) and c(+) involves a trade-off between prediction

performance and predicted sample size. We can have more accurate predictions on

a smaller sample by considering more extreme value boundaries (e.g. Λ̃U < 0.05

and µM > 0.45 as c(+) would increase the PPV but drastically reduce P), and vice

versa. We detail our prediction performance per graph in Fig 3.13 in the Appendix.

In addition, we present the detailed analysis of a single graph in Fig 3.14, Fig 3.15,

Fig 3.16 and Fig 3.17 in the Appendix, where we show how our conclusions extend

to the case of edge addition.

3.5 Discussion

The problem of predicting changes in pattern diversity under structural perturba-

tions can be treated as a binary classification problem, where each data point is

defined by a set of dynamical parameters and an edge of the graph, and for which

local spectral gaps of the graph Laplacian constitute powerful discriminative fea-

tures. By considering the structural sensitivity of the eigenvalues, we show how we

can predict with high accuracy whether a given data point produces below-average

or above-average pattern diversity changes, two possible outcomes referred to in

this paper as decreases and increases in pattern diversity.

As follows from the interlacing theorem, structural perturbations affect the Lapla-

cian eigenvalues in a single direction. This results in an asymmetry between eigen-

values on either side of the Turing instability regime, i.e. the ascending and descend-

ing arcs of the dispersion relation parabola, as shown in Fig 3.1. For this reason,

each eigenmode must be treated separately and not only on the basis of its growth

rates, as illustrated by the eigenmodes M and U in our example. Fortunately, this

does not lead to an explosion of complexity (and relevant structural indicators).

In fact, we find that, regardless of the interaction model, the response of the net-

work to structural perturbations can be explained by exactly three eigenmodes of

the Laplacian spectrum: S the stable eigenmode that can become unstable, U the
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unstable eigenmode that can become stable, and M the unstable eigenmode that

remains unstable after a single structural perturbation.

As a consequence of the asymmetry between eigenvalues near the Turing thresh-

old, we find that multistability depends significantly more on the structural sensi-

tivity of U than of M or S. In fact, varying ΛU is more likely to affect pattern

diversity through two interdependent factors: (i) reducing the number of unstable

pattern-forming eigenmodes (unlike ΛM), and (ii) reducing the interactions between

pattern-forming eigenmodes (unlike ΛS).

Moreover, our numerical analysis reveals the existence of a phenomenological

growth rate offset l > 0, region in which eigenmodes interact and induce further

multistability, which we evaluate using the structural sensitivity of either S (Λ̃S >

0.6) or U (Λ̃U < 0.4), depending on the narrowest local spectral gap on either side of

the Turing instability. We note that this quantity l > 0 is not to be confounded with

the (usually larger) convergence threshold made explicit in Fig 2.2 in the Appendix,

and which concerns pattern formation in the first place. Although more informative

than the sign of growth rates, the number of unstable eigenmodes of growth rates

λ > l > 0 is by itself a poor predictor of pattern diversity (not shown here). Instead,

we propose to track two quantities simultaneously: (1) U and S to infer whether a

structural perturbation suppresses multistability (see Sec 3.4.1), or (2) U and M to

infer whether a structural perturbation encourages multistability (see Sec 3.4.2).

In the general case, starting with k unstable eigenmodes (where in this study

k = 2), the same principles apply if we assume that M is not 1 but a set of

k − 1 eigenmodes within the Turing instability regime. However, we expect that

considering a larger number k of initially unstable and competing eigenmodes will

lead to an overall increase in pattern diversity, which will narrow the distribution of

pattern diversity changes and hinder our ability to separate decreases and increases

in pattern diversity. Furthermore, an increase in k also implies going deeper into the

Turing instability regime where our results, originally interpolated from the linear

growth rates, begin to break down and would require incorporating the increasing

contribution of nonlinear terms, e.g. using the Ginzburg-Landau formalism [236,

237]. Similarly, a larger graph spectral density (e.g. for larger and denser networks)
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implies less sensitive eigenvalues, less changes in pattern diversity and therefore,

less accurate predictions.

Node degrees are at the core of diffusion processes on graphs and as such, their

distribution has been seen as the primary structural indicator of Turing pattern

formation, or lack thereof. Nakao and Mikhailov [45] argued for the existence of

a characteristic node degree kc, which acts as a lower bound that the graph mean

degree must exceed in order for Turing patterns to occur.

Degree heterogeneity affects eigenmode localisation [205], e.g. the eigenmodes of

a scale-free graph are generally more localised than those of a regular graph. Con-

sequently, the latter has been presented as another structural indicator that deter-

mines whether the emergent patterns are related to graph topology [238]. However,

this does not explain how: (i) on a regular graph, all eigenmodes are delocalised, yet

pattern formation occurs and correlates with the subset of eigenmodes within the

Turing regime; (ii) on a heterogeneous graph, eigenmodes have very different locali-

sations, which can be excited separately depending on the set dynamical parameters

of the system (using the dispersion relation, as presented in Sec 3.2.5). This prevents

the possibility of deriving generalisable model and parameter-independent princi-

ples relating Turing pattern formation and graph topology based on eigenmode

localisation.

Furthermore, statistical measures such as the degree distribution fail to cap-

ture the impact of node and neighbourhood similarity in reaction-diffusion systems.

More recently, using geometric soft configuration models [239, 240], Pranesh et al.

[241] showed how graph clustering, also referred to as transitivity, provides a more

refined picture of the relationship between Turing pattern formation and graph

topology.

We find that local spectral gaps are the overarching structural indicators that can

explain the impact of all the previous ones, be it: the mean degree (as it influences

graph connectedness, captured by the second smallest Laplacian eigenvalue, i.e. the

first local spectral gap of a connected graph), degree heterogeneity (as it relates to

the distribution of eigenvalues [205, 242], i.e. local spectral gaps), graph clustering
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[243] or community structure (as captured by higher order Cheeger constants [244],

which define boundaries for eigenvalues and hence, local spectral gaps).

Our methodology differs from previous ones in that we do not explore different

classes of random graphs, build configuration models in between and conclude on

the influence of specific graph measures (be it degree heterogeneity or graph clus-

tering). Instead, we apply minute structural perturbations to a generic graph and

observe significant changes in the pattern forming capabilities of the network. As

a consequence, our results can be generalised and inform us about the influence of

various structural changes on Turing pattern formation, especially in the case of less

studied graph classes such as small-world and geometric networks [245], provided we

know how their particular structural features affect the Laplacian eigenvalues [246].

Furthermore, this binary classification framework not only aids in understanding

how network structure shapes Turing patterns multistability but provides a predic-

tive tool applicable to other complex systems where multistability plays a critical

role, such as ecological networks [87, 88, 91], power-grid systems [86, 92] and neural

dynamics [89, 90].
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3.6 Appendix

3.6.1 Annotated dispersion relation

We want to obtain (5, 6)-degeneracy (i.e. λ5 ≈ λ6) on the graph illustrated in Fig

1(a) of the main text. We follow the parameter selection protocol described in Sec

2.5 for α = 5 and find ϵ∗5 = 0.05, σ∗
5 = 10.14, a∗5 = 0.274 and b∗5 = 1.566. The

resulting dispersion relation is illustrated in Fig 3.5.

Figure 3.5: Dispersion relation example before and after an edge removal resulting
in a pattern diversity decrease: Growth rates as a function of their corresponding
Laplacian eigenvalues, before (blue dots on the parabola) and after (red dots on the parabola)
edge removal. ∆i = Λi+1 − Λi is the local spectral gap between eigenvalues i and i+ 1.
Λ̃i = (Λ∗

i − Λi)/∆i is the structural sensitivity of eigenvalue Λi after edge removal.

µα = |Λ̃α − 0.5| measures the relative distance between Λα and the center of the local
quadratic dispersion relation parabola.
Assuming ϵ∗5 = 0.05, σ∗

5 = 10.14, a∗
5 = 0.274 and b∗5 = 1.566, we simulate the Turing system of

equations for 500 runs considering random initial conditions, twice: before and after edge
removal. We observe pattern diversity scores of d= 0.54 and d∗ = 0.15 respectively.

3.6.2 Turing-convergence and largest unstable growth rate

Instead of reverting to the homogeneous distribution given by (ū, v̄), a system con-

verges to a Turing pattern when one of its growth rates is large enough to drive

pattern formation. The presence of a mere positive growth rate does not equate

Turing formation. The relationship between the Turing convergence frequency (i.e.
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the proportion of initial system perturbations that lead to a Turing pattern) and

the largest unstable eigenmode describes a sigmoid function as shown in Fig 3.6 for

the whole spectrum of 50 graphs before any edge removal, and for which the largest

unstable growth rate is equal to max(λα, λα+1) ≈ λα ≈ λα+1 for all α = 1...N .

Figure 3.6: Frequency of convergence towards a Turing pattern as a function of
the amplitude of the largest unstable mode. The convergence threshold of 80% is
indicated by a dashed horizontal red line. 81.6% of all simulated degenerate configurations
(1102 out of 1350) are above this threshold.

3.6.3 The convergence of the distribution of pattern diversity changes

We want to study whether the distribution of pattern diversity changes for a given

graph G converges to a steady state that is independent of the chosen initial condi-

tions and dynamical parameters, but can only be attributed to the graph structure.

We evaluate the convergence of a distribution as the arithmetic inverse of a Hellinger

distance [247].

Here, we vary n from 20 to 500 in steps of 20, bin the distribution of pattern

diversity changes according to 0.05-wide bins (as in Figure 5 of the main text),

and compute its Hellinger distance from the final distribution of pattern diversity

changes (i.e. n = 500), considering only eigenmode-edge pairs that appear above the

80% convergence threshold shown in Fig 3.6. Fig 3.7 illustrates how the distribution

of pattern diversity changes converges to a stable distribution before n = 500, which

supports the choice of running 500 simulations per eigenmode-edge pair.
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Figure 3.7: Convergence of the distribution of pattern diversity changes towards a
steady distribution as a function of the number of simulations per eigenmode-edge
pair. The convergence of all 50 graphs is shown as a band (standard deviation) within which
the mean is indicated by a line.
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3.6.4 Growth rates offset threshold

Figure 3.8: (a) Average NPV as a function of Λ̃
(min)
U if α ∈ αU and Λ̃

(max)
S = 0.5 (blue dots)

versus the NPV predicted by the linear solution (dashed orange line) which defines two regimes: on the

left, Λ̃
(min)
U < 0.5 (≡ U within the Turing instability) and on the right Λ̃

(min)
U ≥ 0.5 (≡ U outside the

Turing instability). The vertical blue line illustrates the observed domain separation: on the left,

Λ̃
(max)
U < 0.4 (≡ λ∗

U > l > 0, fluctuating pattern diversity) and on the right, Λ̃
(max)
U > 0.4 (≡ λ∗

S < l,
decreasing pattern diversity).

(b) Average NPV as a function of Λ̃
(max)
S assuming α ∈ αS and Λ̃

(min)
U = 0.5 (blue dots) versus

the NPV predicted by the linear solution (dashed orange line) which defines two regimes: on the left,

Λ̃
(max)
S < 0.5 (≡ S outside the Turing regime) and on the right Λ̃

(max)
S > 0.5 (≡ S within the Turing

regime). The vertical blue line illustrates the observed domain separation: on the left, Λ̃
(max)
S < 0.6

(≡ λ∗
S < l, fluctuating pattern diversity) and on the right, Λ̃

(max)
S > 0.6 (≡ λ∗

S > l > 0, increasing
pattern diversity).
(c) Illustration of the growth rate offset l > 0 on the dispersion relation. The green region
λ > l > 0 delimits the minimal growth rate contributing to pattern diversity. It is approximately
defined by Λ̃S = 0.6 (if α ∈ αS , blue line in (a)) and Λ̃U = 0.4 (if α ∈ αU , blue line in (b)). The blue

arrow is the example of an edge removal leading to 0 < λ∗
S < l (≡ 0.5 < Λ̃S < 0.6, area between orange

(linear solution) and blue (observed shift) lines in (a), which corresponds to a large NPV, that is, a
likely pattern diversity decrease despite having one more unstable eigenmode (λ∗

S > 0). The red arrow

is the example of an edge removal leading to 0 < λ∗
U < l (≡ 0.4 < Λ̃U < 0.5, area between blue

(observed shift) and orange (linear solution) lines in (b), which corresponds to a large NPV, that is, a
likely pattern diversity decrease despite preserving the same number of unstable modes (λ∗

U > 0).



Contents 60

3.6.5 Statistical prediction performance

3.6.5.1 Predicting pattern diversity decreases

Figure 3.9: Predicting pattern diversity decreases as a function of Λ̃S and µM .
Considering the dataset used in Fig 3 of the main text, we split the results into two columns
according to the two initial degenerate unstable eigenmodes (α, α+ 1): on the left, α ∈ αS (if
∆S < ∆U ), and the right, α ∈ αU (if ∆S > ∆U ).

(a) and (b): Average negative predictive value for µM < µ
(max)
M and Λ̃S < Λ̃

(max)
S , respectively

for α ∈ αS and α ∈ αU . (b) and (d): Average proportion of cases predicted as pattern

diversity decreases for µM < µ
(max)
M and Λ̃S < Λ̃

(max)
S , respectively for α ∈ αS and α ∈ αU .

3.6.5.2 Predicting pattern diversity increases

3.6.5.3 Prediction performance per graph

The previously derived criteria c(−) and c(+) can lead to varying prediction perfor-

mances from one graph to another, due to the limited sample sizes provided by
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Figure 3.10: Predicting pattern diversity decreases as a function of µM and Λ̃U .
Considering the dataset used in Fig 3 of the main text, we split the results into two columns
according to the two initial degenerate unstable eigenmodes (α, α+ 1): on the left, α ∈ αS (if
∆S < ∆U ), and the right, α ∈ αU (if ∆S > ∆U ).

(a) and (b): Average negative predictive value for Λ̃U > Λ̃
(min)
U and µM < µ

(max)
M , respectively

for α ∈ αS and α ∈ αU . (b) and (d): Average proportion of cases predicted as pattern

diversity decreases for Λ̃U > Λ̃
(min)
U and µM < µ

(max)
M , respectively for α ∈ αS and α ∈ αU .

each case. Fig 3.13 illustrates the accuracy, negative predictive value and positive

predictive value of c(−) and c(+) on each one of the 50 Erdős-Rényi random graphs

explored in the main text, see Fig 5 for the aggregated result of all graphs.

3.6.6 Application to a single graph

All the results presented so far are statistical observations across a whole set of

graphs. In practice, one may be more interested in a single graph and its pattern-

forming capabilities (see, e.g., [248]). Here, we select G, one of the previous 50
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Figure 3.11: Predicting pattern diversity increases as a function of µM and Λ̃U .
Considering the dataset used in Fig 3 of the main text, we split the results into two columns
according to the two initial degenerate unstable eigenmodes (α, α+ 1): on the left, α ∈ αS (if
∆S < ∆U ), and the right, α ∈ αU (if ∆S > ∆U ).

(a) and (b): Average positive predictive value for µM > µ
(min)
M and Λ̃S > Λ̃

(min)
S , respectively

for α ∈ αS and α ∈ αU . (b) and (d): Average proportion of cases predicted as pattern

diversity increases for µM > µ
(min)
M and Λ̃S > Λ̃

(min)
S , respectively for α ∈ αS and α ∈ αU .

graphs and perform a detailed analysis that allows us to test whether the principles

derived from edge removal generalise to edge addition, and thus avoiding the need

for additional extensive numerical experiments.

3.6.6.1 Edge removal

Discriminating changes in pattern diversity Fig 3.14 summarises our ability to

predict pattern diversity changes after edge removal.
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Figure 3.12: Predicting pattern diversity increases as a function of µM and Λ̃U .
Considering the dataset used in Fig 3 of the main text, we split the results into two columns
according to the two initial degenerate unstable eigenmodes (α, α+ 1): on the left, α ∈ αS (if
∆S < ∆U ), and the right, α ∈ αU (if ∆S > ∆U ).

(a) and (b): Average positive predictive value for Λ̃U < Λ̃
(max)
U and Λ̃S < Λ̃

(max)
S , respectively

for α ∈ αS and α ∈ αU . (b) and (d): Average proportion of cases predicted as pattern

diversity increases for Λ̃U < Λ̃
(max)
U and Λ̃S < Λ̃

(max)
S , respectively for α ∈ αS and α ∈ αU .

Prediction versus outcome Let D= (Dα,e) a matrix of size ((N − 1) × E) where

Dα,e = d
(e)
α −dα is the pattern diversity change measured on G assuming λα ≈ λα+1

(dynamical parameter selection) and after removing the eth edge, dα is the pattern

diversity score measured on G and d
(e)
α is the pattern diversity score measured on

G∗. Let D =< D>α,e be the average measured pattern diversity change for a given

graph G. We illustrate D in Fig 3.15(a) where the steel blue colored cells refer to

eigenmode-edge pairs that do not converge consistently to Turing patterns, i.e. less

80% of the time, see Fig 3.7 (data points below the dashed red line).

Analogously, to visually represent the prediction ability of the c(+) and c(−)
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Figure 3.13: Prediction performance metrics: accuracy, negative predictive value and
positive predictive value across all 50 graphs using c(−) and c(+). The orange line within each
box indicates the average value of each corresponding metric.

derived in the main text, let C= (cα,e) a matrix of size ((N − 1) × E) where

cα,e =


1 if (α, e) verifies c(+)

−1 if (α, e) verifies c(−)

0 otherwise

We illustrate C in Fig 3.15(b) where red cells indicate that c(+) is verified, blue

cells indicate that c(−) is verified and grey cells refer to instances where Turing

patterns emerge but for which neither c(+) nor c(−) provides a prediction.

3.6.6.2 Edge addition

We want to study the network’s response to edge addition in a comparable fashion.

To do so, we start by removing the eth edge from G and select the dynamical

parameters to obtain the degenerate eigenmodes λ∗
α ≈ λ∗

α+1 > 0 on G∗. Then,

adding the eth edge back, we measure the change in pattern diversity, before (on

G∗) and after edge addition (on G).

Starting from (α, α + 1)-degeneracy (i.e. λα ≈ λα+1), we saw that in the case of

edge removal, S = α− 1, M = α and U = α + 1, see Fig 2 of the main text.
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Figure 3.14: Predicting pattern diversity changes after edge removal using c(−) and
c(+): (a) negative predictive value and corresponding (c) proportion of predicted pattern

diversity decreases for Λ̃U > Λ̃
(min)
U and Λ̃S < Λ̃

(max)
S ; (b) positive predictive value and

corresponding (d) proportion of predicted pattern diversity increases for Λ̃U < Λ̃
(max)
U and

µM = |Λ̃(max)
M − 0.5| < µ

(max)
M .

However, edge addition affects eigenvalues in the opposite direction, i.e. in-

creasing them, instead of decreasing them. In this case, starting from (α, α + 1)-

degeneracy (i.e. λ∗
α ≈ λ∗

α+1), we need to consider S = α + 2, M = α + 1 and

U = α.

Discriminating changes in pattern diversity Fig 3.16 summarises our ability to

predict pattern diversity changes after edge addition.

Prediction versus outcome We illustrate the pattern diversity changes in Fig 3.17(a)

and compare it visually with the predictions provided by c(+) and c(−) in Fig 3.17(b)
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Figure 3.15: Multistability after edge removal: (a) pattern diversity changes matrix
(dynamical outcomes) versus (b) c(−) and c(+) criteria matrix (structural conditions).

according to the same color coding described in Sec 3.6.6.1.

We find that the same principles derived for edge removal are reversible and

can be transposed to the case of edge addition which, therefore, do not require an

additional extensive numerical study as long as we correctly identify S, M and U .
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Figure 3.16: Predicting pattern diversity changes after edge addition using c(−) and
c(+): (a) negative predictive value and corresponding (c) proportion of predicted pattern

diversity decreases for Λ̃U > Λ̃
(min)
U and Λ̃S < Λ̃

(max)
S .

(b) Positive predictive value and corresponding (d) proportion of predicted pattern diversity

increases for Λ̃U < Λ̃
(max)
U and µM = |Λ̃(max)

M − 0.5| > µ
(min)
M .
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Figure 3.17: Multistability after edge addition: (a) pattern diversity changes matrix
(dynamical outcomes) versus (b) c(−) and c(+) criteria matrix (structural conditions).



Chapter 4

Modelling soil erosion connectivity

using a sandpile framework

Co-authors: Shubham Tiwari, Marc-Thorsten Hütt, John Wainwright, and Laura
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Abstract

Soil erosion is a major contributor to the degradation of soil resources that under-

pin ecosystem functioning across terrestrial systems worldwide, and is particularly

pronounced in drylands. Yet existing erosion models often require extensive param-

eterisation and computational resources, limiting their generalisability across spa-

tial and temporal scales. Here, we adapt a dissipative sandpile model to simulate

erosion patterns, incorporating spatially heterogeneous vegetation and microtopog-

raphy, typical of degrading drylands. We introduce a structural connectivity (SC)

measure to predict erosion hotspots and find strong correlations with the landscape’s

functional connectivity (FC), particularly in shrub-encroached areas, where vege-

tation and microtopography are strongly coupled. Using connectivity patterns and

field data, we validate our model against MAHLERAN, a process-based soil-erosion

model, and identify key relations between vegetation patterns, microtopography,

and potential geomorphic feedbacks. Using generated landscapes and analysing the

heavy-tailed nature of avalanche size distributions, we explore how vegetation clus-

tering and shrub encroachment shape erosion dynamics. We find that shrublands

exhibit more frequent large-scale erosion events than grasslands, driven by the for-

mation of convergent flow pathways. This work underscores the advantages of a

layered modelling strategy, where simplified models provide mechanistic insights

and complement complex, data-intensive approaches. By emphasising the critical

role of pathway complexity, our findings advance the understanding of soil erosion

and provide a computationally efficient framework, especially in data-limited set-

tings.
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4.1 Introduction

33% of the Earth’s soil is already degraded, a figure that is expected to reach

90% by 2050 [249, 250]. A pressing concern is the contribution of soil erosion

to soil degradation, which threatens ecosystem productivity and livelihoods across

impacted regions. These issues are particularly acute across the world’s drylands

which are characterised by sparse, patchy vegetation cover. Understanding how

soil-erosion will change in the future under an intensifying climate, under increased

human-induced pressures, or under restoration efforts, requires the development of

robust soil-erosion modelling approaches.

Several conceptual [251–253], scale [254, 255] and quantitative models [144–146]

have emerged in an attempt to develop and refine our theoretical understanding

of the processes involved in soil-erosion. Many erosion models remain unvalidated

against observational data [147]. In addition, modelling usually involves a complex-

ity trade-off [256, 257]: highly parameterised models are generally better able to

replicate field-based observations, giving us increased confidence in their ability to

be used in a predictive capacity. However, this comes at the cost of loss of gener-

alisability to extreme soil and rainfall conditions (by definition rare events, usually

of special interest) and to larger spatial scales, which can exacerbate and propagate

error and uncertainty in simulation results [258].

Ultimately, quantitative models exist on a spectrum. On one side, accuracy is

paramount and models are evaluated on their realism and ability to converge to-

wards the phenomenon of interest, predict behaviour and explain mechanistically

its generative process. On the contrary, an opposite view, from complex systems

theory, argues that adding finer details only detract from ever characterising the

complex phenomena at hand, resulting in unsolvable models that inevitably re-

quire later approximations [259]. In this case, models take highly idealised forms

caricaturing the essential physics of a given phenomena [260].

We propose a sandpile-based approach [109, 112, 113] to soil erosion modelling

that bridges process-based complexity and minimalism. First, we test whether this
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simplified model can replicate key erosion patterns observed in process-based geo-

morphological models, then leverage its efficiency to characterise hillslope-scale ero-

sion dynamics. We consider as standard MAHLERAN [158–160], a process-based

erosion model with moderate parameterisation and data requirements. In addition

to direct comparisons with field observations of sediment yields, we evaluate the

two models on the basis of the structural (SC) and functional connectivity (FC)

patterns they describe, a multidisciplinary conceptual framework used to analyse

complex systems [154, 155, 212, 261], with particularly rich precedents in geomor-

phology where functional connectivity encompasses both notions of hydrological and

sediment connectivity [148–151, 153], and which can help identify erosion hotspots

[156].

We apply these models to dryland systems characterised by resource scarcity and

consequently, patchy vegetation covers [262], which leads to (and is in part created

by) heterogeneous erosion patterns. To explore the role of vegetation patchiness in

shaping landforms, we generate several landscapes of varying vegetation clustering

based on field data from grassland and shrubland, and exploit the flexibility of our

minimal model to draw a statistical picture of how vegetation distribution regulates

large-scale erosion. Finally, we address the impact of shrub encroachment and the

central role of flow pathway complexity in explaining water-driven hillslope erosion.

4.2 Methods

This section outlines the modeling framework, empirical data sources, and analyt-

ical techniques used to investigate erosion dynamics with a sandpile model. We

first introduce MAHLERAN, a process-based runoff and erosion model used as a

benchmark to evaluate the sandpile model. Next, we present the sandpile model,

formulating it as a dissipative stochastic system with two possible flow-routing ap-

proaches: probabilistic descent dynamics (based on elevation differences) and deter-

ministic descent dynamics (based on steepest descent approximation, which aligns

with MAHLERAN for direct comparison). We then describe the validation data,

consisting of grassland and shrubland hillslope plots, rainfall time series, and mea-

sured sediment yields. To examine vegetation-topography interactions, we generate
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landscapes with controlled vegetation clustering and empirically derived topogra-

phy. Finally, we describe the connectivity measures and statistical characterisation

of avalanche distributions to analyse erosion dynamics.

4.2.1 Process-based runoff and erosion model: MAHLERAN

MAHLERAN (Model for Assessing Hillslope to Landscape Erosion, Runoff And

Nutrients) is a process-based model designed to simulate runoff, soil-erosion, and

nutrient transport at fine temporal and spatial resolutions, from individual hill-

slopes to entire landscapes, capturing the dynamic interactions between rainfall

intensity, soil erodibility, vegetation cover and microtopography [158–160]. The

model integrates key hydrological and geomorphological processes, including runoff

generation, flow routing (using a kinematic wave approximation), run-on infiltra-

tion, splash erosion and flow-driven sediment detachment and transport. Sediment

is predominantly transported downslope or deposited, depending on the local to-

pography and flow conditions. MAHLERAN uses a steepest descent flow routing

algorithm, which directs water and sediment along the path of maximum slope.

MAHLERAN has been extensively validated in a range of dryland environments,

including comparisons with field data on runoff, sediment yield, spatial distribution

of erosion and deposition patterns under varying environmental conditions [160,

263–267]. As a result, MAHLERAN has become a reliable tool for both research

and practical applications, including identifying erosion hotspots and understanding

sediment and nutrient redistribution across landscapes, assessing the effectiveness

of soil conservation measures, and informing land-management strategies [157, 253,

264].

4.2.2 Sandpile model

4.2.2.1 Topology, dynamics and rationale

Topology We model hillslopes as 2-D directed anisotropic acyclic lattices with a

coordination number equal to 3 of which the lowest layer acts as the outflow and

has no out-degree. Each lattice obeys lateral periodic boundary conditions such
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that particles leaving the right-hand side of the system end up in the corresponding

left-hand side, and vice versa. Particles can propagate from any given node in three

directions: right, left or down.

Figure 4.1: From landscape data to connectivity analysis in the case of a toy
(3nodes× 3nodes) lattice. From left to right, the first column represents the landscape
data comprised of (a) topography (elevation profile) and (b) vegetation of density vi a real
number between 0 and 1. The second column represents how the landscape is modelled into
(c) propagation probabilities (on links) as a function of elevation differences between nodes
(see Section 4.2.2.3), and (d) deposition probabilities (on nodes) equal to 1− vi/2 (c.f. (b)).
The third column illustrates 5 time steps of a sandpile simulation where (e) a single avalanche
event of size 7 comprised of 5 topplings occurs. This sequence is indicated by integers (time
steps), where green arrows indicate the propagation and deposition of a particle, and red
crosses indicate the propagation but non-deposition of a particle. For every avalanche event,
we track how far particles are transported as illustrated in (f) for the single avalanche event
(e). The fourth column portrays the connectivity analysis, which involves the computation of a
(g) structural connectivity using only (c) as input (see Section 4.2.5.1) and measuring a (h)
functional connectivity at the end of an entire sandpile simulation. In this example, the SC-FC
(Pearson) correlation coefficient between (g) and (h) is equal to 0.9.

Dynamics We model water-driven erosion using a directed dissipative stochastic

sandpile model, with the analogies summarised in Table 4.1. Dissipation [113] oc-

curs at two levels: deterministically from the outflow layer, and probabilistically

from nodes distributed across the lattice in an inverse proportion to the local vege-

tation density. Graph directedness [161] represents whether particles are allowed to

propagate between neighbouring nodes, which is only possible from high-elevation

(source) to lower-elevation (target) nodes. Stochasticity [112] refers to both the
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Table 4.1: Natural phenomena involved in hillslope erosion processes and how they are
modelled in our present sandpile model.

Natural phenomenon Sandpile analogy
Local erodibility of the soil Sand particles on a node.
Topographically-mediated
erosion pathways

Directed links from high-elevation nodes
to lower-elevation neighbouring nodes.

Rainfall event Sandpile simulation run.
Antecedent soil conditions Initial distribution of particles on the lattice.

Rain splash and flow
causing sediment detachment

Erodibility accumulation phase during which
particles are added to randomly chosen nodes,
according to a uniform distribution.

Onset threshold of sediment
transport due to rain splash
detachment or transport by flow

Toppling threshold of a node preceding an avalanche.

Runoff and sediment transport
Erodibility relaxation phase during which
particles topple from high-elevation nodes
to their less-elevated neighbouring nodes.

Vegetation prevents erosion by increasing
surface friction and water infiltration

Nodes dissipate incoming particles
in proportion to their local vegetation density.

random addition of particles to the lattice and the subsequent random redistribu-

tion of particles after toppling, proportional to the elevation difference between the

source and the target nodes.

Given the complexity of the lattice topology and the model dynamics, exact

analytical solutions are intractable. For this reason, we perform extensive numerical

experiments and analyse its behaviour by means of statistics.

4.2.2.2 Erosion dynamics as a dissipative stochastic sandpile model

Let G = (N , E) be a (ny ×nx) 2D lattice of |N | = N nodes and |E| = E links, with

ny vertical layers and nx horizontal layers. The sandpile model follows alternating

accumulation and relaxation phases:

(i) During the accumulation phase, at every time step t, a random node i ∈ G is

chosen and receives a particle with a probability 1 − vi
2

, in inverse proportion

to the incident vegetation density vi (i.e. its dissipation potential). A node

i ∈ G is unstable if the number of particles present on it si is superior or equal

to its out-degree ki.

(ii) The relaxation phase ensues once an instability is detected in i during which

particles propagate to all j ∈ A(i) with a probability 1 − vj
2

to deposit, where



Contents 76

A(i) is the 4-neighbourhood of i, also known as its Von Neumann neighbour-

hood. This relaxation of the system affects the source node i and its target

nodes j ∈ A(i) such that:

si → si − ki

sj → sj + δj,∀j ∈ A(i)

with δj =

1 with probability 1 − vj
2

0 with probability
vj
2

.

(4.1)

This process is repeated until si < ki for all i ∈ G after which the relaxation

phase ends and the accumulation phase restarts.

During erosion events, sediment transport is directed in cardinal directions ac-

cording to the topography of the landscape. To model this redistribution of sediment

over the hillslope, we consider two possibilities: (1) probabilistic descent dynamics

where particles are distributed to less elevated adjacent nodes in proportion to

the elevation difference (see Section 4.2.2.3), or (2) deterministic descent dynamics

where particles are transported entirely to the least elevated adjacent node, which

is analogous to the steepest descent flow routing used in MAHLERAN (see Section

4.2.2.4).

4.2.2.3 Probabilistic descent dynamics: introducing landscape topography

During the relaxation phase of an unstable node i ∈ G, particles propagate to the

successive j ∈ A(i) with a probability eij =


hj−hi

ei
if hj − hi > 0

0 otherwise
where hi is

the elevation at node i and ei is such that
∑

j∈A(i)

eij = 1. Then, as defined earlier,

the algorithm (4.1) follows. We define this as the probabilistic descent dynamics.

Figure 4.1(c) provides an example of an avalanche event on a toy (3 × 3) lattice.
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4.2.2.4 Deterministic descent dynamics: converging towards MAHLERAN

We want to compare the erosion patterns described by the sandpile model with

those of MAHLERAN, which operates within the approximation that water and

sediment follow the steepest descent. To do so, we delete all links except those

describing the steepest direction. This means that, during the relaxation phase of

an unstable node i ∈ G, particles propagate to its unique successor j = argmin
k∈A(i)

(hk).

We define this as the deterministic descent dynamics.

4.2.3 Field data

4.2.3.1 Grassland and shrubland hillslope-scale plots

We consider a grass-dominated and shrub-dominated (30m× 10m) hillslope-scale

plots from the Sevilleta Long Term Ecological Research site in central New Mexico,

USA, for which we have rich field observational data [264] and which have been

studied using MAHLERAN, as presented in [268]. We map these onto two (60×20)

lattices where each of the N = 60 × 20 = 1200 nodes represents a 0.5m grid: G

represents a 43% covered grassland plot and S represents a 23% covered shrubland

plot. We refer to G and S as the empirical landscapes of our study.

In addition to the direct comparison with MAHLERAN based on connectivity

patterns, we seek to evaluate the ability of our sandpile model to emulate real-

world data, in particular to predict sediment yield (output) as a function of rainfall

amount and intensity (input).

4.2.3.2 Rainfall data

We consider nine separate rainfall events presented in [268]: four on G and five on

S. Each rainfall event is a time series of a different duration and of varying intensity,

measured minute by minute in millimetres per hour (mm/hr), details of which can

be found in Table S1 in the supplementary material.

To model a single minute of rainfall intensity r (mm/hr), we run the sandpile

model until a total of ⌈r⌉ particles have been accumulated on the lattice (regardless
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of whether particle toppling occurs or not) where ⌈.⌉ is the ceiling function returning

an integer.

4.2.3.3 Sediment yield

To mirror the sediment yields measured in the field at the hillslope level, we trace

the number of particles exiting the lattice (G or S) from its outflow layer during a

simulation run of the sandpile model.

For comparison with the empirical data and corresponding MAHLERAN mod-

elled sediment yields, we equate 200 exiting sand particles to 1 kg of ‘sandpile

yield’. This arbitrary choice does not affect our analysis since we are not trying

to predict the exact total sediment yield, which is outside the scope of our model.

Instead, we want to assess whether the sandpile model is able to reproduce the

known correlations between rainfall intensity (input/stimulus) and sediment yield

(output/response), a relationship that was investigated with MAHLERAN in [268]

using the Spearman’s rank correlation coefficient [269].

4.2.4 Data generation

In order to understand how the distribution of vegetation affects erosion dynamics,

we generate several plots of grassland and shrubland, and with varying clustering.

This involves: (i) sampling vegetation density using field data and distributing it

across the lattice according to a given clustering, and (ii) generating the appropri-

ate topography based on the relationship between vegetation and microtopography

found empirically on grassland and shrubland plots.

Let F denote the lattice model of an empirical landscape, be it G or S, and G

denote a generated plot of F . G consists of N nodes, Nv = ⌈N × c⌉ of which are

vegetated, i.e. have a non-zero vegetation density, where c is a real number between

0 and 1 denoting the vegetation cover of G, and ⌈.⌉ is the ceiling function returning

an integer.
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4.2.4.1 Vegetation clustering

Vegetation is not uniformly distributed within the spatial scale considered, and

similar to many other complex adaptive systems [270], it displays clustering. To

replicate this behaviour, we introduce a parameter p ∈ [0, 1] mediating the vegeta-

tion clustering, which fundamentally affects collective dynamics through its impact

on pathways.

To distribute vegetation on G according to a clustering probability p, we begin

by choosing a node i ∈ G and assign to it vi > 0, which is sampled from the

empirical distribution of non-zero vegetation densities of F , as shown in Figure S1

of the supplementary material for G and S.

Further, a node j, verifying vj = 0, is chosen at random from∈ A′(i) with probability p

̸∈ A′(i) otherwise
where A′(i) is the 8-neighbourhood of i, also known

as its Moore neighbourhood. This process is then iterated Nv − 1 times until the

chosen vegetation cover c is reached. We provide an example of vegetation plots of

cover c = 0.3 and for three different values of p = {0.2, 0.5, 0.8} in Figure S2 of the

supplementary material.

4.2.4.2 Topography

We develop an algorithm to assign a topography to G, depending on its vegetation,

using the field data from F . Let ei denote the elevation (topography) of a node

i ∈ F , e
(p)
i is its planar elevation and µi is its microtopography which writes ei =

e
(p)
i + µi, where e

(p)
i = 1

nx

∑
j/yj=yi

ej is equal to the average elevation of the row to

which i belongs.

The algorithm is summarised in the following five-step process:

1. A score si = vi+
∑

j∈A(i)

vj+(4−|A(i)|)vi ∈ [0, 5] is assigned to each node i ∈ F to

evaluate its surrounding vegetation density, that is, the sum of the vegetation

densities of the node i and its 4-neighbourhood A(i) corrected by a third term

accounting for the boundaries. The third correction term doubles (or resp.
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triples) vi if i is at the edge (or resp. at the corner) of the landscape in order

to avoid assigning arbitrarily small scores to boundary nodes by ensuring that

si ∈ [0, 5] for all i ∈ F .

2. We fit a linear regression y(x) = ax + b between node microtopography and

corresponding scores, and derive a and b for both G (see Figure 4.2(a)) and G

(see Figure 4.2(b)).

3. Repeat step 1 for each node i′ of the generated landscape G.

4. The elevation of a node i′ ∈ G is given by ei′ = e
(p)
i′ + a vi′ + b + ση where

e
(p)
i′ = e

(p)
i , assigning the planar elevation of F to G, σ =

√
1
N

∑
i∈F

(µi − y(vi))2

is the standard deviation between empirical measurements of microtopography

µ and the linear regression line y, and η ∈ [−1, 1] a random number sampled

from a uniform distribution to represent noise.

5. In the case where i ∈ G is such that ei < ej for all j ∈ A(i), i acts as a sink and

disrupts the particle flow. To restore global connectivity, we elevate the node

i such that ei = ej∗ + ϵ where j∗ = argmin
j∈A(i)

(ej) is the least elevated neighbour

of i and ϵ = 0.01. This process is iterated until there are no more sinks on G.

Figure 4.2 illustrates the example of a topography reconstruction of S.

4.2.5 Data analysis

To characterise erosion dynamics across different landscapes, we evaluate for each

node (1) a structural connectivity (SC) to assess potential sediment transport based

on topography, and (2) a functional connectivity (FC) to capture actual sediment

transport during rainfall events. Furthermore, for each landscape, we (3) assess the

relationship between the two former quantities by measuring SC-FC correlations,

and (4) we analyse avalanche size distributions to characterise the size and frequency

of erosion events.
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Figure 4.2: Data-driven topography generation algorithm. (a) Coupling strength
between microtopography and surrounding vegetation density on grassland. The red line
represents a linear regression between the two, with a slope of α = 1.3× 10−3. (b) Coupling
strength between microtopography and surrounding vegetation density on shrubland. The red
line represents a linear regression between the two, with a slope of β = 8.4× 10−3. (c)
Vegetation density of the shrubland plot used in (b). (d) Microtopography (topography minus
planar elevation) of the shrubland plot used in (b) and (c). (e) Reconstructed
microtopography of the shrubland using as input the vegetation density from (c) and the linear
regression (slope and standard deviation) from (b).

4.2.5.1 Structural connectivity: potential sediment displacement

We define SC(i) the structural connectivity of i as the sum of the link weights

that form paths leading to i. Figure 4.1 gives the example of a (3× 3) toy lattice of

which SC (Figure 4.1(g)) is computed using the link weights given in Figure 4.1(c)),

assuming probabilistic dynamics.

SC(i) measures how easily particles are transported through the landscape and

deposit in i based purely on topography (connectedness to an upstream area). As

such, it identifies paths and regions where erosion is most likely to occur.

4.2.5.2 Functional connectivity: actual sediment displacement

We define FC(i) the functional connectivity of i as the variance of the distances

travelled by particles before depositing in i during a simulation run. Figure 4.1(e)
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gives the example of a single avalanche event producing the distances denoted in

Figure 4.1(f).

FC(i), the variance of distances received by a given node i during a simulation

run (after multiple avalanches), measures how far particles actually get transported

through the landscape and deposit in i. As such, this dynamic measure accounts

for factors such as vegetation and rainfall by tracking the real transport patterns of

particles.

4.2.5.3 SC-FC correlation: exploring controls on erosion hotspots

We measure the SC-FC correlation of a landscape by computing the Pearson cor-

relation coefficient [201] between SC (potential erosion pathways) and FC (actual

sediment transport distances). A high SC-FC correlation means that erosion pat-

terns can be well predicted from topography alone, while a lower SC-FC correlation

suggests that vegetation and other processes significantly alter sediment transport.

4.2.5.4 Avalanche sizes: evaluating collective dynamics

The size of an avalanche is equal to the total number of particles transported and

deposited during the avalanche (e.g., an avalanche of size s = 6 in Figures 4.1(e) and

4.1(f)). The goal of investigating the distribution of avalanche sizes is to charac-

terise the system’s collective dynamics. A heavier-tailed avalanche size distribution

indicates the propensity of a given landscape to produce extreme erosion events.

These are akin to the significant sediment displacements driving large-scale bio-

physical changes that compound and are likely to characterise abrupt catastrophic

shifts in system state as a result of soil loss.

We fit avalanche size distributions using the Python package powerlaw [271] and

find that exponentially truncated power laws are statistically the best fit, which is

consistent with the size distributions observed in the original dissipative sandpile

model [113]. The exponentially truncated power law is given by p(s) ∝ s−αe−s/s0 ,

where α is the scaling exponent characterising the power law slope for small sizes s,
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and s0 is the cut-off parameter characterising the exponential decay of the function

for large sizes s.

A smaller α (weaker slope) indicates a heavier-tailed distribution and more fre-

quent large avalanches approaching the effective system size. A small s0 (strict

cut-off) indicates strong constraints on the largest avalanches, which approximate

the effective system size. Conversely, a larger s0 (loose cut-off) means that the

avalanches follow a pure power law over a wider range of values. As such, α and

s0 capture different aspects of the heavy-tailedness of a distribution. This latter is

inversely proportional to α, and proportional to s0.

4.3 Results

4.3.1 Validation

4.3.1.1 SC-FC correlations: validating with MAHLERAN

To assess whether our sandpile model reproduces the erosion patterns captured by

MAHLERAN, we run ns = 100 simulations on S considering deterministic descent

dynamics for nt = 104 time steps. The results are given in Figure 4.3 where, using

the Pearson correlation coefficient, we compare our simulation-based sandpile FC

with the structural connectivity SC but also the MAHLERAN sediment connec-

tivity FC ∗ through time. The convergence of SC-FC correlations towards a steady

state is given in Figure 4.3(a). Visual comparisons between the mapped vegeta-

tion density and the three aforementioned connectivity patterns are illustrated in

Figures 4.3(b-e). The same set of numerical experiments is conducted on G and

illustrated in Figure S3 of the supplementary material.

4.3.1.2 Sediment yields: validating against empirical data

For each one of the nine rainfall events presented in Section 4.2.3.2, we run ns = 50

simulations considering deterministic descent dynamics. The number of particles

exiting the lattice from its outflow layer is averaged and shown in Figure 4.4. We
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Figure 4.3: Deterministic descent sandpile dynamics converge towards
MAHLERAN simulation outputs on shrubland S. (a) Time evolution of the Pearson
correlation coefficient between the sandpile functional connectivity FC (see Section 4.2.5.2)
and the structural connectivity SC (blue band), and the MAHLERAN sediment connectivity
FC ∗ (orange band) on S. Correlations are averaged from ns = 100 simulations considering
deterministic descent dynamics for nt = 104 time steps and are shown as bands (standard
deviation) within which the mean is indicated by a line. (b) Vegetation density on S. (c)
Structural connectivity SC measured on S. (d) Sandpile functional connectivity FC measured
at the end of one of the 100 simulations used in (a). (e) MAHLERAN sediment connectivity
FC ∗ measured on S. The Pearson correlation coefficient between (c) and (d) is equal to 0.87,
and between (c) and (e) is equal to 0.91.

present the mutual Spearman correlation coefficients between the empirically ob-

served sediment yields with those produced by MAHLERAN and the sandpile model

in Table 4.2. We observe that, overall, the sandpile model produces total yields com-

parable to those observed empirically and modelled by MAHLERAN, except for the
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largest rainfall events on shrubland, namely for 05.07.06 and 07.09.2006.

Figure 4.4: Comparison of sediments yields on (a) grassland G and (b) shrubland
S between: monitored empirical data (one-to-one diagonal grey dashed line) and simulation
data modelling with MAHLERAN (blue dots) and the sandpile model with deterministic
descent dynamics (orange dots). Each date along the x-axis indicates the day in which the
empirical data was monitored. The empirical data is comprised of both rainfall time-series
(used as input to MAHLERAN and the sandpile model) and corresponding sediment yields
measured at the hillslope outlet.

Table 4.2: Pairwise Spearman’s rank correlation coefficients between the sediment yields
monitored empirically, modelled by MAHLERAN and the sandpile model, on either grassland
G (4 rainfall event), shrubland S (5 rainfall events) or both (9 rainfall events).

Spearman correlation between on grassland on shrubland on both

Monitored and MAHLERAN data 0.95 1 0.88
Monitored and sandpile data 0.95 0.60 0.78
Sandpile and MAHLERAN data 1 0.60 0.83

4.3.2 Exploration

Having validated our sandpile model against MAHLERAN and empirical data, we

now lift the deterministic descent approximation in favour of the broader proba-

bilistic descent dynamics. Furthermore, we exploit its flexibility and explore how

vegetation and topography influence erosion dynamics in both empirical and gen-

erated landscapes.

4.3.2.1 On empirical landscapes: exploring probabilistic descent dynamics

We run ns = 100 simulations of nt = 5 × 105 time steps on both landscapes and

illustrate the results in Figure 4.5. Figure 4.5(a) confirms how FC consistently

converges to SC, regardless of the descent dynamics considered. In addition, we

note that the system reaches a steady state significantly slower under the proba-

bilistic descent dynamics than under the deterministic descent approximation. The
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explicitation of this time scale is useful for the numerical experiments of the next

subsection.

Figure 4.5: Probabilistic descent sandpile dynamics on grassland G and shrubland
S: (a) Time evolution of SC-FC correlations on G (green band) and S (orange band).
Correlations are averaged from ns = 100 simulations considering probabilistic descent
dynamics for nt = 4× 105 time steps and are shown as bands (standard deviation) within
which the mean is indicated by a line. (b) Avalanche size distributions accumulated on G
(green dots) and S (orange dots) during the simulations used in (a), and fitted with an
exponentially truncated power law (green and orange dashed curves, respectively). α and s0
denote their respective scaling exponents and cut-off parameters. (c) Vegetation density on G.
(d) SC measured on G. (e) FC measured on G in one of the 100 simulations on used in (a).
The SC-FC correlation measured between (d) and (e) is equal to 0.61. (f) Vegetation density
on S. (g) SC measured on S. (h) FC measured on S in one of the 100 simulations on used in
(a). The SC-FC correlation measured between (g) and (h) is equal to 0.78.

Figure 4.5(b) compares the distributions of avalanche sizes in grassland and

shrubland. We find that avalanches of size s = 1 tend to be under-represented

relative to a power law behaviour (see Section 4.2.5.4). Consequently, fitting the

entire avalanche distribution may lead to a poor evaluation of α (power law be-

haviour) and s0 (system constraints). Considering only s ≥ 2 significantly improves
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the goodness-of-fit, while allowing the power law scaling of small avalanches to be

fitted. For grassland, we find a scaling exponent α(G) = 1.73 and a cut-off parameter

s
(G)
0 = 0.037. For shrubland, we find a smaller scaling exponent α(S) = 1.35 and a

smaller cut-off parameter s
(S)
0 = 0.013.

We observe significantly larger avalanches on shrubland than on grassland, sug-

gesting more frequent system-wide geomorphic feedbacks. However, shrub encroach-

ment is often accompanied by xerification (loss of vegetation density, c.f. Figures

4.5(c) and 4.5(f)). In fact, G has a total of 954 nodes (out of 1200) with non-zero

vegetation density which corresponds to a vegetation cover of cG = 0.795 and a total

vegetation density of
∑
i∈G

vi = 556.61. Meanwhile, G has a total of 493 nodes (out

of 1200) with non-zero vegetation density which corresponds to a vegetation cover

of cS = 0.411 and a total vegetation density of
∑
i∈S

vi = 274.89. Moreover, it is not

possible to conclude at this stage whether the larger avalanches observed on S are

due to shrub encroachment (shrubs having replaced grass) or the overall reduced

dissipation due to the sparser vegetation cover. We proceed to decouple these two

factors in the following section.

4.3.2.2 On generated landscapes: exploring vegetation-topography interactions

To do this, we generate nL = 100 different (60 × 20) lattices Gp
i for three different

vegetation clustering probabilities p = {0.2, 0.5, 0.8} with a vegetation cover c =

0.3. Vegetation densities are randomly sampled from the distribution of (non-zero)

vegetation on S. We found that sampling vegetation from S, G (see Figure S1 of

the supplementary material) or even binarising all vegetation (assuming a similar

total vegetation density) does not qualitatively affect our results (not shown here).

For each lattice, we assume vegetation to be either grass or shrub, and generate

its topography accordingly, as described in Section 4.2.4.2. In each case, we run

ns = 100 simulations considering probabilistic descent dynamics for nt = 105 time

steps.

Figure 4.6 summarises how the heavy-tailedness of avalanche size distributions

relates to SC-FC correlations (predictability of erosion hotspots) across grasslands

and shrublands of different levels of patchiness.
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Figure 4.6: Heavy-tailedness of avalanche size distributions and SC-FC
correlations, on generated shrublands versus grasslands. Heavy-tailedness measured
by the scaling exponent α and the cut-off parameter s0 of a fitted exponentially truncated
power law. The first and second rows represent the results obtained on generated grasslands
and shrublands, respectively, for varying vegetation clustering probability p = 0.2, 0.5, 0.8
along the columns, from left to right. (a), (b) and (c) illustrate the cut-off parameters s0
(y-axis) as a function of SC-FC correlations (x-axis) and the scaling exponent α (colour) on
100 generated grasslands for each clustering probability. (d), (e) and (f) illustrate the same
relationship, but on shrublands. Above each scatterplot, we indicate the observed Pearson
correlation r between the scaling exponents α (colour) and SC-FC correlations (x-axis). Each
data point represent the average value observed at the end of ns = 100 simulations considering
probabilistic descent dynamics for nt = 105 steps. Each dashed vertical and horizontal line
represent the average SC-FC correlation and cut-off parameter observed for that given sample,
respectively. The average scaling exponent of each given sample is denoted by ᾱ.

Moving from grassland to shrubland, we observe a decrease in the cut-off pa-

rameter s0, an increase in the scaling exponent α and a statistically insignificant

increase of SC-FC correlations. We do not observe a strong relationship between

any of the three and vegetation clustering, for either landscape. The SC-FC corre-

lations are also consistently anti-correlated with both the scaling exponent α and

the cut-off parameter s0 in a way that is independent of vegetation clustering. We

detail the observed average of each in Table S2 of the supplementary material.

4.4 Discussion

Here we showed how a minimal sandpile model is able to essentially reproduce the

erosion patterns described by MAHLERAN, a process-based erosion model with
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moderate parameterisation requirements, illustrating its applicability across patchy

systems with different characteristics. During this initial validation step, we assume

sand particles to topple following the deterministic steepest descent, as assumed by

MAHLERAN, and compare the two models on the basis of their:

(1) Connectivity patterns: We find that the functional connectivity described by

the sandpile model consistently converges to the sediment connectivity de-

scribed by MAHLERAN. Furthermore, both are largely captured by a struc-

tural connectivity SC measure that we introduce, which can then be used to

bypass simulating the system dynamics and identify erosion hotspots directly

from the topography in data-limited settings.

Inspired by the concept of the length of connected pathways [253], this quan-

tity assumes a connectivity that depends only on whether sediment transport

is allowed by the topography, regardless of vegetation cover, antecedent soil

conditions or the complex interplay between water, sediment and nutrients.

SC is here only indirectly dependent on vegetation density in so far as the

latter influences microtopography and consequently shapes pathways.

Furthermore, in this study we observe stronger SC-FC correlations (i.e., be-

tween topology and dynamics) in shrubland than in grassland (see Figure

4.5(a)). We argue that this is a consequence of the more convergent, less entan-

gled pathways that characterise shrubland, which are a product of the stronger

coupling between vegetation and microtopography. SC is more predictive of

key erosion hotspots the less complex the pathways are, as in shrub-encroached

areas.

(2) Sediment yields relative to observational data: We consider monitored rainfall

time series as input data to the sandpile model and the number of particles

exiting the lattice from its outflow layer as output data, in analogy to the

sediment yields monitored at the hillslope outlet. We find that the sandpile

model is overall able to produce outputs similar to those of MAHLERAN

(see Figure 4.4), except for the larger rainfall events that generate in excess

of around 4 kg sediment. We argue that this is due to our minimal model

not accounting for the non-linear hydrological effects prevalent under intense
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rainfall, which generate concentrated transport processes and flow pathways

[272, 273]. In fact, we do not model rainfall intensity per se, but only modulate

its duration as a function of empirical rainfall intensity. Additionally, our model

is memory-free, particle transport starts from a single point, following paths

that rarely reconnect and have compounding effects, as observed in real-world

scenarios.

We note however that deterministic descent dynamics may overlook important

variability in the landscape response (sediment transport) to rainfall events. We

address this in the subsequent exploration step where we introduce a more general

probabilistic flow routing algorithm, where particles topple to their nearest neigh-

bours with a probability proportional to the elevation difference. We observe that

the same consistent relationship between SC and FC in both empirical landscapes

as earlier, and attribute the observed stronger SC-FC correlations in shrubland to

its less entangled network of flow pathways.

Furthermore, we draw the parallel between the heavy-tailed nature of avalanche

size distributions and system-wide geomorphic feedbacks. We find that the former

fits under an exponentially truncated power law function. We then derive for each

landscape: (i) a scaling parameter α describing the power law behaviour of small

avalanches, and (ii) a cut-off parameter s0 describing the exponential decay of large

avalanches. Shrublands exhibit significantly larger erosion events than grasslands,

as indicated by their scaling parameters: α(G) = 1.35 for grassland and α(S) = 1.73

for shrubland. The marginal difference in cut-off parameters (s
(G)
0 = 0.037 ≳ s

(S)
0 =

0.013) is not significant enough to indicate a difference in heavy-tailedness. In fact,

both distributions have very small s0 ≪ 1, hinting to strong constraints on large

avalanches, most likely due to the lattice structure (topography) rather than the

distribution of dissipation (vegetation).

However, this comparison is not sufficient to conclude on how vegetation type,

distribution, (total) cover and (local) density affect soil-erosion. Taking advan-

tage of the flexibility (low data requirements) of the sandpile model validated with

MAHLERAN, we generate several landscapes and try to isolate the aforementioned
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four confounding factors modulating soil-erosion. We set vegetation cover and den-

sity per node (i.e. total system dissipation) to arbitrary values, and vary the two

remaining factors to investigate how shrub encroachment (shrub versus grass) and

vegetation patchiness (clustering) affect system-wide geomorphic feedbacks (fre-

quency of large avalanches). We create a data-driven algorithm to capture the

relationship between local vegetation density and microtopography observed em-

pirically on grassland and shrubland [264], and invert it to generate the appropriate

topographies.

Even after accounting for vegetation loss and maintaining the same total dissi-

pation (vegetation cover and density), we observe similar but weaker trends in gen-

erated grasslands and shrublands compared to empirical landscapes. Shrublands

display heavier-tailed distributions than grasslands do, with a larger average power

law scaling ᾱ, and a slightly larger but still very small cut-off parameter s̄0 ≪ 1 in-

dicating how microtopography imposes strong constraints on the largest avalanches

in both cases. We also note that the shrub-mediated increases in heavy-tailedness

(∝ 1
ᾱ

) are partially mitigated by the overall increase in dissipation (compared to

the empirical landscapes). We infer that the coupling between vegetation (dissipa-

tion) and microtopography (lattice structure) is the primary indicator of potential

large-scale geomorphic feedbacks. Vegetation loss is secondary to it.

The connectivity analysis of generated landscapes shows SC-FC correlations to

be inversely proportional to the scaling exponent α, i.e. to frequent large avalanches.

In other words, the proposed topography-based measure of structural connectivity

can serve as a reliable predictor of erosion hotspots precisely in the most vulnerable

landscapes prone to significant overall land degradation.

We also emphasise that it is not simply grass versus shrub vegetation that is being

studied, but rather how these plant communities shape microtopography, which in

turn governs landscape responses to rainfall events. Here, we assume vegetation

density and microtopography are positively correlated in shrublands but largely

uncorrelated in grasslands. However, such relationships are not universal, many

deep-rooted grasses, for example, are known to stabilise soil and trap sediment,

thereby mitigating erosion [274, 275]. Furthermore, our findings are specific to

the temporal scale considered, where a minimalist approach helps isolate dominant
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processes while overlooking finer details. Notably, our results emphasise the role

of pathway complexity over vegetation in controlling erosion patterns. While this

conclusion holds at the scale studied, longer timescales introduce additional factors

that shape landforms and alter flow pathways, including vegetation responses to

water [276, 277] and wind erosion [278, 279], landform evolution [280, 281], and

external disturbances such as anthropogenic activity [282, 283] and wildfire [258,

284].

Our results demonstrate that, despite its simplicity, the sandpile model effec-

tively captures key erosion dynamics and aligns well with process-based models like

MAHLERAN across diverse vegetation patch patterns, highlighting its broad ap-

plicability. By emphasising the role of connectivity and pathway complexity, we

present a computationally efficient framework that complements traditional soil-

erosion models, particularly in data-limited environments. While our study focuses

on drylands, the principles of connectivity-driven erosion apply broadly. Studies in

mountainous catchments [152], post-wildfire landscapes [285], agricultural terrains

[150], and coastal dune systems [286] highlight the universal role of sediment con-

nectivity in shaping erosion patterns. Our framework could be extended to these

environments to explore how topography and vegetation regulate sediment trans-

port under diverse hydrological and geomorphic conditions.
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Table 4.3: Observational field data: monitored rainfall events on grassland G and shrubland
S.

empirical
landscape

date
duration
(mn)

average rainfall
intensity (mm/hr)

monitored
sediment yield (kg)

MAHLERAN-modelled
sediment yield (kg)

grassland

07.09.05 128 22.46 4.1 27.1
05.07.06 25 31.06 0.9 0.6
29.08.06 68 20.39 2 2.6
07.09.06 36 22.86 0.9 1.7

shrubland

07.09.05 31 23.11 10.82 12
05.07.06 31 27.29 5.84 5.8
28.07.06 126 13.3 4.8 4.5
11.08.06 27 15.8 0.81 0.57
23.08.06 31 19.17 2.6 1.92

Table 4.4: Average SC-FC correlations, scale exponents and cut-off parameters for the
avalanche size distributions observed on generated grasslands and shrublands for different
vegetation clustering probabilities.

generated
landscape

observed average
vegetation clustering probability
pc=0.2 pc=0.5 pc=0.8

grassland
SC-FC correlation 0.63 0.64 0.62
scale exponent α 1.39 1.37 1.38
cut-off parameter s0 25.7 ×10−3 23.3 ×10−3 22.8 ×10−3

shrubland
SC-FC correlation 0.58 0.58 0.57
scale exponent α 1.56 1.55 1.57
cut-off parameter s0 17.5 ×10−3 15.6 ×10−3 14.1 ×10−3

Figure 4.7: Distribution of vegetation densities on G and S to be used as probability density
functions from which vegetation densities are randomly sampled.
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Figure 4.8: Vegetation clustering examples on a lattice of nx = 20 horizontal and ny = 60
vertical nodes for a percentage vegetation cover c = 0.3 distributed according to a clustering
probability (a) p = 0.2, (b) p = 0.5 and (c) p = 0.8.
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Figure 4.9: Comparison between the sandpile steady state and MAHLERAN
sediment connectivity on grassland: (a) Vegetation density on G, (b) its SC, (c) the FC
measured after running deterministic descent dynamics for ns = 104 time steps, averaged over
ns = 100 runs, and (d) MAHLERAN sediment connectivity on this same plot.





Chapter 5

General discussion

In this discussion chapter, we synthesise our findings from the three manuscripts

on using collective patterns for network inference, studying the multistability of

Turing patterns, and using a sandpile model to model soil erosion. We begin by

summarising the three manuscripts and addressing the research questions posed in

the introduction. This is followed by a detailed discussion of the collective insights,

limitations of the studies and potential directions for future research.

5.1 Overview and summary of the findings

5.1.1 Summary of Inferring missing edges in a graph from observed

collective patterns

In this chapter, we propose a novel network inference method using collective pat-

terns of the network. Starting from an incomplete graph, where the nodes are known

but only some of the links between them are given, we show that the knowledge of a

few Turing patterns can be sufficient to reconstruct most of the original graph struc-

ture. This is done by constructing a partial spectral decomposition of the original

Laplacian matrix, which means predicting both its eigenmodes and corresponding

eigenvalues.

To achieve this, we first test a stylised version of the algorithm, using a subset

of the original Laplacian eigenmodes as sampled ’collective patterns’. To associate

97



Contents 98

an eigenvalue to each ’pattern’, we correlate the latter with all of the Laplacian

eigenmodes of the incomplete graph and select the eigenvalue of the most highly

correlated of them. This matched eigenvalue is meant to approximate the original

spectral region of the sampled data.

We find that the accuracy and robustness of link prediction is proportional to the

eigenvalue rank of the sampled data, regardless of the specific graph topology under

consideration. Graph topology affects the strength of this relationship insofar as it

modulates eigenmode localisation, e.g., an eigenmode from a regular random graph

(highly delocalised) is more informative than a similarly ranked eigenmode from a

scale-free graph (localised). Moreover, the largest non-zero eigenvalues (of smaller

magnitude, close to 0) represent global, slower modes of diffusion, representing how

processes spread across the network. Their associated eigenmodes are more likely

to span the entire network, capturing its most significant large-scale structures.

This delocalisation also translates into a better robustness to link removal (missing

information). Conversely, the smallest eigenvalues (of larger magnitude) represent

local faster modes of diffusion. Their associated eigenmodes are more likely to

be confined to a small region of the network. Due to this localisation, they are

more sensitive to link removal and provide less useful information for our network

inference algorithm.

Interestingly, within the same graph, localised eigenmodes (associated with the

largest eigenvalues) give worse than random link predictions. In this case, taking the

complementary to the inferred adjacency matrix can help reconstruct the original

graph in a way that is comparable performance-wise to the ideal global delocalised

eigenmodes. This shows how eigenmodes (and moreover collective patterns) from

both ends of the Laplacian spectrum can be useful for network inference.

For comparison, we additionally propose an algorithm that reconstructs the origi-

nal adjacency matrix using node-to-node pairwise correlations to infer missing links

from eigenmodes of the sampled data. We find that a pattern-based approach

quickly outperforms a correlated-based approach once a small number of links is

missing, and similarly on several random graph topologies.
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Further, we demonstrate that all of these results hold when using Turing pat-

terns due to their relationship with eigenmodes of the graph Laplacian near Turing

instability. The observation of Turing patterns can be used to construct a partial

spectral decomposition of the Laplacian and infer missing links, especially if they are

delocalised, i.e. they emerge from the spectral region corresponding to the smallest

eigenvalues.

As is, our pattern-based inference method is only applicable on undirected graphs

with real Laplacian eigenvalues and eigenmodes, or possible networks with approx-

imately symmetrical interactions. It also requires the system to be near the Turing

instability threshold where Turing patterns are mapped onto a local set of the Lapla-

cian eigenmodes. This double limitation suggests immediate generalisations of the

approach to include non-normal, multiplex and higher-order topologies, which are

also known to extend the limits of the classical Turing regime parameter space, as

presented in this dissertation.

5.1.2 Summary of How Laplacian eigenvalues regulate the multistabil-

ity of Turing patterns on graphs

In this chapter, we explore an understudied but key property of Turing patterns on

graphs, their multistability, and search for the structural indicators that regulate

it.

We begin with the assumption that eigenmode degeneracy maximizes pattern

diversity (i.e., multistability) [106], and propose a parameter selection algorithm

that can set any pair of adjacent eigenmodes of the Laplacian spectrum as unstable

and at equal growth rates (i.e., degenerate), hence, allowing for a standardised

search.

However, we also identify an asymmetry between higher and lower eigenvalues

near the Turing instability, which arises from the interlacing theorem. Accounting

for these, we isolate three Laplacian eigenvalues and explore their relationship with

the emerging pattern diversity. We label these eigenvalues as S, M and U . S refers

to the stable eigenmode that can become unstable, U to the unstable eigenmode
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that can become stable, and M to the unstable eigenmode that remains unstable

after a structural perturbation.

Furthermore, we propose a set of hypotheses linking the structural sensitivities

of S, M and U to Turing multistability and its response to structural perturbations.

We additionally introduce the notion of local spectral gaps as the distance between

every pair of adjacent eigenvalues, a generalisation of the spectral gap, a quantity

known to play a major role in several collective dynamical processes and clustering

techniques.

To test our hypotheses, we propose a binary classification approach that maps

how microscopic eigenvalue sensitivity (structural condition) probabilistically corre-

spond to macroscopic higher or lower pattern diversity (binary dynamical outcome).

We show how each data point, representing a set of dynamical parameters and a

narrow spectral region of the graph, can be predicted with high accuracy as leading

to above-average or below-average changes in pattern diversity. This can done us-

ing two discriminative criteria depending on only three parameters: the structural

sensitivities of S, M and U .

We find that pattern diversity is first regulated by the sensitivity of U , in par-

ticular how its growth rate relates to l > 0, a growth rate offset we derive phe-

nomenologically. A robust U (small structural sensitivity) is associated with higher

pattern diversity changes, and conversely, a sensitive U (large structural sensitivity)

is associated with lower pattern diversity changes. This relationship is strengthened

by complementing it with the sensitivities of S and M . In particular, a sensitive

S is associated with lower pattern diversity changes, and a mid-range sensitivity

for M is associated with higher pattern diversity changes. Thus, regardless of the

interaction model considered, we can combine these three parameters of structural

origin into two criteria that allow us to capture the complex interplay between the

number of pattern-forming eigenmodes and their mutual interactions (competition),

which are the two factors regulating the multistability of Turing patterns on graphs.

Furthermore, we test the predictive ability of these two criteria in the case of edge

addition, and find similar results, provided we select the eigenvalues S, M and U

correctly, as informed by the interlacing theorem.
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After conducting extensive numerical experiments and analysing them with an

adapted binary classification method, we identify the structural indicators that

suppress or promote the multistability of Turing patterns, namely the sensitivity of

three specific eigenvalues near the Turing threshold. As such, we expect this work

to have ramifications for the study of multistable real-world network-organised sys-

tems, some of which exhibit reaction-diffusion mechanisms and possibly Turing-like

patterns; but also to highlight the need to study the structural origins of Turing

pattern formation from a graph spectral perspective. Most previous studies have

focused on the influence of global properties of the graph, such as its degree dis-

tribution, modularity or clustering. Here, we searched for more general structural

indicators and found that Laplacian eigenvalues and local spectral, representing dif-

ferent diffusion rates of the network, are best able to explain the multistability of

the diffusion-driven Turing pattern formation.

5.1.3 Summary of Modelling soil erosion connectivity using a sandpile

framework

In this chapter, we adapt the sandpile model to the problem of water-driven soil

erosion processes on hillslopes. We begin by presenting the rationale behind our

approach, how network topology models landscape topography, and sandpile mech-

anistic rules model soil erosion processes. Furthermore, our study consists of two

parts: a validation step and an exploration step.

In the validation step, we assume sand particles to topple deterministically fol-

lowing the steepest descent, that is, exclusively along the path of maximum slope,

as assumed by MAHLERAN, the process-based erosion model that we choose as

standard. To assess the connectivity patterns of our sandpile model, we introduce

a measure of functional connectivity based on the distances traveled by particles

during avalanches. Importantly, we find that this measure converges towards both

MAHLERAN’s sediment connectivity and a structural connectivity measure we de-

fine based on topography.

Additionally, we find that the sandpile model is able to approximate empirically

monitored sediment yields using empirical rainfall time series as input, in a manner
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that is comparable to MAHLERAN. It does, however, tend to underestimate the

landscape’s response to extreme rainfall events. We argue that this limitation is

due to the memory-free aspect of the sandpile model, and its failure to account for

hydrological non-linear effects.

While the validation step assumes deterministic steepest-descent dynamics, this

simplification may overlook important variability in the landscape response (sed-

iment transport) to rainfall events. To address this, in the exploration step, we

introduce a more general probabilistic flow routing algorithm, where particles top-

ple to their nearest neighbours with a probability proportional to the elevation

difference. We draw the analogy between the heavy-tailedness of avalanche size dis-

tributions and large-scale geomorphic feedback, and explore the sandpile collective

behaviour on grassland and shrubland. We find that avalanche size distributions fits

under an exponentially truncated power law function. Its two parameters, the scal-

ing exponent α and the cut-off parameter s0, characterise the power-law behaviour

of smaller avalanches and define the system’s constraints on the largest avalanches,

respectively.

Shrubland exhibits heavier-tailed avalanche size distributions, which reflect its

tendency to promote large-scale geomorphic feedbacks. We argue this effect is driven

by how shrubs modify microtopography, creating convergent flow pathways that

channel sediment transport more efficiently than in grassland environments. Addi-

tionally, in both landscapes, there are strong constraints on the largest avalanches

regardless of their specific size, which approximates the system’s effective size. Thus,

we attribute this phenomena to the landscape’s topographical constraints (network

topology) rather than its vegetation (dissipation).

However, this initial investigation on empirical landscapes is not sufficient to

draw conclusions on the main drivers modulating soil erosion. We distinguish four

different confounding factors shaping erosion dynamics: total vegetation cover, its

density per node, its distribution over the landscape and its type (i.e. grass or

shrub). And we go on to generate several landscapes to control for these variables,

in particular for the total amount of vegetation (i.e. the total dissipation of the

system).
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We start by setting the total vegetation cover (proportion of nodes with non-zero

vegetation density) to an arbitrary value for all generated landscapes, and sample

vegetation densities from the distribution of densities observed on empirical shrub-

land. We then propose a first algorithm that allows vegetation to be distributed

across a landscape according to a given degree of patchiness (clustering probability),

a property typical of degrading drylands. We then propose a second algorithm that

uses empirical field data as input to derive the relationship between vegetation den-

sity and microtopography, which is later used to generate a topography appropriate

to the grass and shrub species whose distribution has been generated by the first

algorithm.

We then perform extensive numerical experiments on several generated grass-

lands and shrublands with varying degrees of patchiness. We observe the same, but

weaker, trends as in the empirical landscapes. Having now equated the total amount

of vegetation, we attribute the more frequent shrub-mediated large-scale geomorphic

feedback primarily to how shrubs affect microtopography and create convergent flow

pathways, potentially leading to system-wide soil loss. Our analysis of connectivity

patterns indicates that the landscapes most prone to soil loss (large avalanches)

also have the highest SC-FC correlations, i.e. where the topography-based SC can

serve as a reliable predictor of erosion hotspots, offering a computationally efficient

alternative to process-based models.

There have been several attempts to present the sandpile mechanism as a descrip-

tion of natural phenomena, however, such studies usually involve mere qualitative

comparisons of event distributions. Here, we demonstrate how minimal models,

when combined with detailed process-based approaches, can serve as powerful ex-

ploratory tools for understanding complex phenomena, in this case, erosion dynam-

ics. By validating the sandpile model against MAHLERAN and empirical data, and

extending it to probabilistic flow routing, we provide a framework that captures key

geomorphic feedbacks while remaining computationally efficient. We conclude the

chapter by suggesting broader applications of the model beyond drylands where

connectivity-driven erosion is dominant.
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5.2 Outlook

This dissertation explores the emergence of collective patterns on graphs, i.e. network-

organised complex dynamical systems, from several methodological perspectives.

The first manuscript investigates the inverse problem where collective patterns are

used to infer missing links of the underlying graph structure in reaction-diffusion

systems. The second manuscript extends our understanding of Turing pattern for-

mation from a spectral graph perspective where, using a heuristic classification ap-

proach, we highlight the sensitivity of Laplacian eigenvalues in regulating the mul-

tistability of Turing patterns. The third manuscript argues for the use of minimal

models in empirical research, applying specifically the sandpile model to the study of

soil erosion processes in drylands, where we use a two-step process: first, validating

the minimal approach against an established process-based model (MAHLERAN)

and field data; and further, exploring self-organised behaviour as a function of con-

trol parameters via generated data.

Laplacian spectra and pattern formation Understanding how collective patterns

emerge as a function of graph structure is at the center of network-organised com-

plex systems research. Global quantities such as graph connectivity or node degree

distribution are immediately intuitive and constitute a first step towards a structural

understanding of system self-organisation for a given dynamical process. However,

these structural indicators inevitably fail to differentiate between several confound-

ing factors, including node clustering and specific graph features such as modular

structures, quasi-cliques, bottlenecks, and cycles. The first and second manuscripts

highlight the role of the Laplacian spectra in the context of reaction-diffusion sys-

tems. But we also argue that such a framework is key to understanding several

self-organised phenomena, often involving material or information flow, given how

it relates to –and can explain– simultaneously the influence of graph topology at a

macroscopic level, and graph substructures at a mesoscopic level.
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Spectral methods for network inference A deeper structural understanding of col-

lective pattern formation–particularly the relationship between Laplacian eigen-

modes and Turing patterns–has immediate ramifications for the inverse problem of

network inference, as exemplified in the first manuscript. Moreover, the predictive

performance of the inference method we present can be significantly improved by

taking into account the multistability of Turing patterns, as explored in the second

manuscript. By identifying and primarily probing the most multistable spectral

regions of the network (in particular when these are tuned to slow diffusion rates),

we can more efficiently infer hidden links, as they are likely to produce a diversity

of Turing patterns that span across the entire network structure.

Future research can focus on the identification of such spectral indicators to be

operationalised for network inference. Per example, during graph synchronisation

onset [287, 288], the contribution of the eigenmodes with the smallest eigenvalues

(slow diffusion rates) to the system’s state is the last to decay. This relationship

could be exploited to reconstruct the Laplacian eigenmodes and by extension, hid-

den links. Similarly, observing the (transient) mixing behaviour of random walkers

can hint at the underlying graph structure due to the relationship between their

convergence rates and local spectral gaps [234].

Classification and machine learning in dynamical systems research The modelling

and prediction of nonlinear chaotic collective behaviour is at the core of dynamical

systems research. Several research directions investigate how graph structure regu-

lates network self-organisation. More recently, classification and machine learning

approaches have been used to study complex systems, e.g., to identify dynamical

parameters and governing differential equations [289], or to predict chaotic trajec-

tories.

The second manuscript addresses the problem of predicting the multistability of

Turing patterns. To do so, we first hypothesise the potential structural indicators

that regulate multistability, starting from a limit case (eigenmode degeneracy); and

second, using a simple binary classification algorithm, we identify which are the

relevant features and rank their importance. The simplicity and success of our clas-

sification suggests the potential of more sophisticated machine learning approaches



Contents 106

in explaining complex collective patterns, thus bypassing the need for numerical sim-

ulations and explicit analytical solutions, provided these are supported by heuristic

arguments beforehand.

Multistability in Turing systems The Turing patterning mechanism has been suc-

cessfully applied to engineer spatial gene expression patterns [290, 291] and to direct

cell differentiation via synthetic gene circuits [292, 293]. Studying Turing pattern

multistability and its response to external perturbations, as explored in the second

manuscript, is crucial for a wide range of bioengineering applications. These ap-

plications often require guiding a system toward a preferred subset of stable states

and controlling transitions between them. This study is also relevant to ecologi-

cal networks which are known to exhibit rich multistable states [215, 294, 295]. In

fact, ecosystem monitoring and management often involves assessing how structural

changes (e.g., habitat fragmentation due to anthropogenic or climate factors) affect

the system’s connectivity and thus, impact food webs and lead to regime shifts,

be it biodiversity collapses, conservation, or ecosystem rewilding. Alternatively,

Turing multistability and its structural sensitivity may explain how neural circuits

maintain or transition between stable cognitive states [34, 296].

Minimal models in empirical research The sandpile model provides a powerful

framework for studying self-organising processes in geomorphology, as illustrated

in the third manuscript in the case of soil erosion in drylands. By abstracting com-

plex erosion processes into simple mechanistic rules, the sandpile model succeeds in

mimicking real-world sediment transport patterns. This demonstrates its potential

to advance connectivity-based geomorphological research [148, 153, 297, 298], from

which it draws inspiration, by highlighting the interactions and feedback mecha-

nisms – ubiquitous in landscape systems – in a computationally efficient manner.

More broadly, we hope that this work will inspire new lines of work that seek

to validate minimal models in the context of empirical research, using established

process-based models (from epidemiology, neuroscience or ecological metapopula-

tions, among others) and empirical data as bridges.
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This third study illustrates an additional advantage arising from such minimal

approaches and their parameter sparsity, that is, to generate data where data col-

lection faces several inherent logistical limitations (cost, measurement uncertainty,

time and spatial scales involved) [299]. Moreover, ongoing advances in remote sens-

ing and geographic information systems (GIS) [300, 301] will provide opportunities

to parameterise and further validate such a sandpile model with high resolution

spatial data and guide future developments.

5.3 Conclusion

This dissertation explored the emergence of collective patterns in network-organised

complex systems using a range of methodological approaches, spanning spectral

graph theory, reaction-diffusion models, network inference, heuristic binary classi-

fication, cellular automata, geomorphological connectivity, self-organised criticality

analysis, empirical and spatial data integration. Through three distinct studies, we

have shown how minimal models can provide deep insights into self-organisation,

inference, and dynamics on networks, unifying concepts from physics, mathematics,

and geosciences.

The first manuscript tackles the inverse problem of network inference by leverag-

ing collective pattern formation. By analysing the relationship between Laplacian

eigenmodes and Turing patterns, we develop a spectral decomposition approach that

allows for the identification of missing links in reaction-diffusion systems. This work

not only reinforces the connection between spectral graph properties and dynami-

cal processes but also provides a practical framework for inferring hidden network

structures based on observed dynamics.

The second manuscript extends our understanding of multistability in Turing

patterns from a spectral perspective. By systematically characterising the role of

local spectral gaps in regulating pattern selection, we identify structural indica-

tors that predict the diversity and robustness of emergent states. This heuristic

classification approach highlights the interplay between network topology and self-

organisation, with potential applications in biological and ecological networks where

multistability plays a fundamental role.
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The third manuscript shifts focus to geomorphology, applying the sandpile model

to soil erosion processes in drylands. By comparing the model with process-based

simulations and empirical data, we highlight its potential for capturing key soil

erosion dynamics. The model enables efficient exploration of these dynamics with

minimal computational and parametric requirements, opening pathways for inte-

grating connectivity-based modelling with real-world environmental systems.

Despite the diversity of methodologies and research domains covered in this the-

sis, a common theme emerges: the power of minimal models in revealing funda-

mental mechanisms of complex systems. The unifying role of spectral graph the-

ory, reaction-diffusion systems and self-organised criticality provides a foundation

for cross-disciplinary insights, where the mathematical principles governing self-

organisation can be broadly applicable across natural and artificial systems.

This thesis contributes novel perspectives by demonstrating how spectral-based

inference can recover hidden network structures, how local spectral gaps regulate

the multistability of collective patterns, and how connectivity-focused minimal ap-

proaches provide new perspectives on soil erosion processes. These findings open

new avenues for research in network inference, multistable network dynamics, and

the integration of minimal models in empirical studies, in geomorphology and other

disciplines. Future work could refine these approaches by leveraging advanced spec-

tral techniques, integrating machine-learning approaches for feature selection, im-

proving data-driven parameterisation, and combining minimal models with process-

based simulations to improve empirical applicability.

In summary, this thesis demonstrates that by combining spectral graph theory,

dynamical systems modelling, and empirical validation, we can uncover universal

organising principles underlying a wide range of networked phenomena. The con-

tinued development of such interdisciplinary approaches promises to further our

understanding of complexity in both theoretical and applied research.
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