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Introduction

Many outstanding problems in representation theory can be solved with a proper
understanding of the irreducible unipotent modules for the finite general linear
group GLy,(q) [5, 6].
In [11], Gordon James investigated these irreducible unipotent modules: For each
partition A of n there is a Specht module S* for GL,(q), defined over a field F
in terms of the intersection of the kernels of certain homomorphisms. If F' is a
field of characteristic zero, then S* is irreducible and {S* | X is a partition of
n} is a complete set of pairwise non-isomorphic irreducible unipotent modules
for GL,(q). If the characteristic of F' is coprime to ¢, then, in general, S* has
a unique top composition factor D* and the D*’s are the irreducible unipotent
modules for GL,(q).
For each Specht module S*, a generating element e, is known but, in general,
no explicit basis for S* as a vector space over F' has been found. In [7], Richard
Dipper and Gordon James make significant progress towards the construction of
a basis of S* for a two part partition . My thesis is based on this paper and
further develops and improves the techniques introduced there.
Chapter 1 sets the scene and gives an overview of the fundamental definitions
and propositions in the area of compositions, partitions, A-tableaux and Gaus-
sian polynomials. Furthermore, we introduce \-flags and a manageable notation
=, for these chains of vector subspaces. We conclude the chapter by delivering a
short insight into the theory of finite groups with a BN-pair.
In chapter 2 we define M?* as vector space over F with basis =,. The canonical
operation of GL,(q) on = turns M* into an FGL,(q)-module. As we can assign
a A-tableau to each A\-flag and we have a total ordering on the set of A-tableaux,
we define, for an element v = Y cxX € M?, last(v) as the last A-tableau which
XeE
can be assigned to a A-flag X océurring in this sum with nonzero coefficient cx.
Motivated by the fact that the unipotent Specht module S* is a submodule of
M?, we carefully examine M* and the operation of GL,(q) on M*. Next we define
S* as the intersection of the kernels of certain homomorphisms and present our
main tool for understanding the structure of S*, namely the branching theorem.
Sinéad Lyle proves in her thesis [14] that, for every element v € S*, last(v) is a
standard A-tableau. This leads us to the definition of a standard basis of S?, i.e.
a basis B* = {b; | i € T} of S*, which is defined independently of the concrete
choice of the field F, together with a set of polynomials {p((q) | t € Std(\)} such
that pi(q) = [{b € B | last(b) = t}| and p(1) = 1 holds for every t € Std(\).
Finding a standard basis of S* for a two part partition A = (n—m,m) is the goal



of chapter 3. We start with the introduction of a short notation of the (n—m,m)-
flags. Then we define, for every t € Std((n—m,m)), a subset M*(q) of Z(—m.m)
and set pi(q) == |PM7*(q)|. By a recursive approach we develop an algorithm to
calculate p((q) and prove that all p(q) are polynomials over ¢. The main theorem
of this chapter is the existence of a set B"~™ = (b, | L € M*(q),t € Std(\)}
of linearly independent vectors in S™~™™) The proof of this theorem is con-
structive and lists, for every t € Std(\) and every L € 9M7*(q), the operations
necessary to obtain the element b7, from the generator e(,_y, m) of S (n=m.m) {Un-
fortunately we can’t prove that B™~™™) is a generating system of S~ and
therefore it remains only a conjecture. But with the help of GAP [9], the idea
from [7] to divide Std((n — m,m)) in some special intervals and the branching
theorem, we collect a lot of evidence for this conjecture. We formulate two further
conjectures and finally prove that B~ is a standard basis of S~ with
corresponding polynomials {p(q) | t € Std((n —m,m))}, if 1 <m <11,

In chapter 4 we deal with the Specht module S22 The third part in the parti-
tion (2,2, 2) significantly complicates the task. But again the branching theorem
turns out to be very powerful and helps us to construct a standard basis of S(*22).
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Chapter 1

Basics

1.1 The setting

Throughout this thesis n is a natural number, p a prime, g a power of p and F a
field whose characteristic is coprime to p and which contains a primitive p* root
of unity. GF(q) denotes the finite field of ¢ elements, GF'(q)* its multiplicative
group and G L, (q) the group of invertible n x n matrices over GF(q). The monoid
of a x b matrices over GF(q) is referred to as M, (q).

Let X be a set. Then we denote by & x the group of permutations on X. Moreover
S, = 62,0} is the symmetric group on n numbers.

We embed &,, into GL,(q) by assigning to a permutation 7 the appropriate
permutation matrix P = (p;;) € GL,(q), where

1 forj=1in
Pij =

0 otherwise.
A permutation of the form (i, j) is called transposition and a permutation of the
form (4,74 1) is a basic transposition.

If a and b are vectors over GF'(q) of the same length [, we have the canonical
scalar product

!
(a,b) == ab; € GF(q).
i=1
Furthermore, we fix, once and for all, a non-trivial group homomorphism
0:(GF(q),+) — F".

Thus, 6 is a linear F-character of the group (GF(q),+).

1.2 Compositions and Partitions

In this section we introduce the fundamental definitions of compositions and
partitions. Thereby we follow [12] and [15].
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1.2.1 Definition:
1.) A= (A1, A2, A3, ...) is a composition of n, if A1, Ao, A3, ... are non-negative

integers with
i=1

The non-zero \; are called the parts of A\. The last part is denoted by A\, (h
standing for "height”).

2.) A partition of n is a composition A of n for which
M > A >A3> ...

In the notation of compositions we often suppress the zeros at the end.
For example
(2,0,3,1,4,0,0,...) = (2,0,3,1,4).

In partitions the sequence of entries is unique, because they must decrease. There-
fore we can indicate repeated parts by a superscript.
For example

(4,2,2,2,1,0,0,...) = (4,2 1).

1.2.2 Definition: If X is a composition of n, then the diagram [A] is the set
{(4,4) | 4,5 € Z,1 < 1,1 < j < N} I (4,4) € [N, then (4,7) is called a node
of [\]. The k' row (respectively, column) of a diagram consists of those nodes
whose first (respectively, second) coordinate is k.

We shall draw diagrams as in the following example.

1.2.3 Example:

For A = (4,2,3,1) we have [\| =

1.2.4 Definition: Suppose A is a composition. If X} (j > 1) equals the number
of nodes in column j of [A], then X' = (A}, X}, A}, ...) is obviously a partition. It
is called the conjugate partition of \.

1.2.5 Example:

|

For A = (3,2,1,3) with [\] = we get N = (4,3,2).
[ ]

We define a partial order on the set of compositions of n.

1.2.6 Definition: If A and p are compositions of n, we write \ > p if

J J
DN pforall j>1
=1 =1

and A < p if A < pbut A # p.
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1.2.7 Example:
1.) We have the following order on the partitions of 3:

(T ‘E@

2.) It is possible to have A < p and p < A without A\ = pu:

o[

3.) > is only a partial order. For example, we can’t order the elements

[ 1]

and

1.2.8 Definition: Let A = (A1, Ag,..., \s) be a partition of n and (7, j) € [A].
Then the (i, j)-hook of [A] consists of the (i, 7)-node along with the \; — j nodes
to the right of it and the \; — i nodes below it.
The length of the (7, j)-hook is

hij=XNi+X;+1—i—3j.

If we replace the (7, j)-node of [A] by the number h;; for each node, we obtain the
hook graph.

1.2.9 Example: Let A = (4,2,1). Then

412]1]
1

’r—tOJCD

is the hook graph of A.

1.3 M-tableaux

We continue with the introduction of A-tableaux and related definitions. Our
main reference is [12].

1.3.1 Definition: Let A\ be a composition of n. A A-tableau is one of the n!
arrays of integers obtained by replacing each node in [A] by one of the integers
1,2,3,...,n, allowing no repeats.

1.3.2 Example: Let A\ = (1,2,4,1).
Then

t =

6‘7‘andt2=

’OO;&[\')H‘
Ot
’»&ww»—‘
D
-~
| oo

are A\-tableaux.
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The symmetric group &,, acts on the set of A\-tableaux by permuting the integers
1,2,3,...,n. For example

4(3,5,6,7,8,4) = to.
1.3.3 Definition: If \ is a composition and t a A-tableau, then

e the row i of t is the set {x € N | there exists a node in row i of [A] which,
in t, is replaced with z} and

e the column j of tis the set {x € N | there exists a node in column j of [A]
which, in t, is replaced with x}.

1.3.4 Example: In example 1.3.2 the set {3,5} is column 2 of t; and the set
{3,6,7,8} is row 3 of t.

1.3.5 Definition: Suppose A is a composition of n and t a A-tableau. We define
functions

rowg: {1,2,...,n} = {1,2,...}

b—1
if b belongs to row ¢ of t and

colg : {1,2,....,n} = {1,2,... n}
b—j

if b belongs to column j of t.

1.3.6 Definition: Let A\ be a composition and t a A-tableau. Then t is

1.) row-standard, if the numbers increase along the rows of t. We write 7,.5(\)
for the set of row-standard A-tableaux.

2.) column-standard, if A is a partition and the numbers increase down the
columns of t.

3.) standard, if t is row-standard and column-standard. We denote the set of

standard A-tableaux by Std(\).

1.3.7 Definition: Let A be a composition of n. The A-tableau, where the nodes
are replaced with the numbers 1,2,...,n in order along

1.) the rows is called the initial tableau and is denoted by t*.
2.) the columns is denoted by t,.
1.3.8 Example: Let A = (1,2,4,1) and t;, t; as in example 1.3.2. Then

=t and t, = to.
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1.3.9 Definition: If t € 7,,()\) and 7 € &,, then the numbers in the rows of tr
may not be in ascending order. But we can rearrange those numbers row by row
to get an element of 7,.4()\) and denote this element by

tom.
With ”o” we obtain an operation of &,, on the set 7,4(\).
1.3.10 Example: Let A = (1,2,4,1) and t; as in example 1.3.2. Then
t0(2,3) = t.
We totally order 7,4(\) by the following definition.

1.3.11 Definition: Let A\ be a composition and t;,t; € Z,5()\). Then t; < t, if
and only if for some ¢

1.) rowy (j) = rowy,(j) for j > i and
2.) rowy, (i) < rowy,(i).

1.3.12 Example: We get the following order on the standard (3, 2)-tableaux.

L[3[5] _[1]2]5] [1[3[4] [1][2]4] [1]2]3]
2[4 3[4 2[5 3[5 4l5]

1.3.13 Remark: If ) is a partition, then for every t € Std(\)
th <t <t
1.3.14 Definition: If )\ is a composition and t a A-tableau, then the column
stabilizer C} of t is the subgroup of G,,, keeping the columns of t fixed setwise,
i.e.
Ci={r €6, | for all i,i and i belong to the same column of t}.

1.3.15 Example: The column stabilizer of the tableau t; in example 1.3.2 is

C’q = 6{1’27478} X 6{375} X 6{6} X 6{7}.

1.4 Gaussian polynomials

Later we will need Gaussian polynomials. In this section we define these polyno-
mials and list some of their basic properties. Most of the following and a lot more
can be found in [1], [7] and [11].
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1.4.1 Definition:
1.) For r € Ny we define

—_

Pl:=) d=1+q+q"+...+¢

7

r—1

Il
o

In particular [0] =0,[1] =1 and [r] = q;:ll-
Furthermore,

2.) Let r, s € Ny. Then we set

{T} o [s}!%:]is}! ifr=>s
s| 0 otherwise.

[j is a polynomial in ¢, known as a Gaussian polynomial.

3.) For a,b € N and k € Ny we denote by 7,4(g, k) the number of a x b matrices
of rank k with entries in GF(q).

1.4.2 Example:

M2l 21 q+1
= (@ +D)(@P+q+D)=¢" + P +2* +q+ 1.

H_ (4 [B (@@ tat (@ +g+1)
2| T 2

A well-known fact is the following proposition.

1.4.3 Proposition: Let k € Ny. Then we have

k-1
GLi(g)| = [](¢" — ).
i=0
Proof: See, for example, 6.2 Hilfssatz in [10]. n

The Gaussian polynomials have a nice property.

1.4.4 Proposition: Let r,s € Ny. Then [Z] counts the number of s-dimensional

subspaces of an r-dimensional vector space GF(q)" over GF(q).
Proof: See Theorem 13.1. in [1]. m

The next proposition contains a series of facts about Gaussian polynomials.
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1.4.5 Proposition:
1.) If 1 < s <r, then

@ -0~ - =[] 16w (1)

2.) If1 < s < sy <r, then

so—1

[T - ]| 162l =[] L) (12)

1=81
3.) Let a,b € N and k < min{a, b} € Ny. Then we have

a

raalend) = [¢] 1] l6ato (1)

and
min{a,b}

> o] [ ieni=e (14

= = 1) 1

4.) For0<l<m<mn

Proof:
1)
(@ - —q). - (—¢") (- "' -1...(¢"-1)
(¢*=1)(¢*—q) ... (¢¢ — ¢ 1) (¢ =Dt =1)... (¢ — 1)
_ [rllr—1]...[r —s+1] _ {7}

S5 —1)...[1] 5|

2.)
M- |icra@ ™ T - ™[] 6Lal

3.) See 2.9 Proposition und 2.10 Corollary in [7].

4.) Follows directly from the definition of the Gaussian polynomials.

[Ziﬂ m T -l —[Zﬁl]u m—1n - ]u 1 - m]h[ln]z — 1]
I —[Zl] [m] [m[T ]z] o M M |

o~
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1.4.6 Definition: Let a,b,k € N with 1 < k < min{a,b} and B = (vy,...,vy)
a k-tuple of linearly independent vectors of the vector space GF(q)’. Then we
denote by M, x(q,B) the set of matrices M € M,;(q) of rank k with the
following property: There exist natural numbers 1 < ay < ay < ... < ax < a such
that for 1 <i¢ <k

1.) the a'* row of M equals v; and

2.) the span of the first a; — 1 rows of M is equal to the span of the vectors
U1,V2, -+, Vi1

We define
Tapi(q,B) == [Mapr(g, B)|

1.4.7 Example: Let B = ((0,1,0),(1,0,0)). Then

01 0 01 0 0 0 O
9)?373’2(% %) = 10 0),{0 ¢ 0),{0 1 O
r s 0 1 0 0 1 0 0

1.4.8 Proposition: Suppose that a,b,k € N with 1 < k < min{a, b} and B =
(v1, ..., vy) is a k-tuple of linearly independent vectors of the vector space GF(q)°.
Then

r,s,teGF(q)}.

Tabk (4, B) = {Z] :

Proof: Let M(a, k, q) denote the set of matrices M = (m;;) € M, x(q) with the
following property: There exist natural numbers 1 < a; < ay < ... < ax < a such
that, for 1 <17 <k,

1 ifi— 4
Ma,;.; = { =y and m;; = 0 lf] < Q.
For example, with the data of example 1.4.7,

0 otherwise
1
SN

Furthermore, we get the element B of 9 ,(q) if we consecutively insert the
vectors vy, vg, ..., v, into the rows of a matrix.
Then the following map

»n = O
O ~+
= o O
o= o
= o O

r,s,te GF(q)}.

M(a, k,q) — Mapi(q,B)
M+—— MB

is a bijection between the sets M(a, k, ¢) and M, (g, B).

On the other hand, we have a bijection between M (a, k, q) and the set U(a, k, q)
of k-dimensional subspaces of the vector space GF(q)*: The column span of an
element M € M(a,k,q) is an element of Y(a, k,q) and we get every element
of V(a, k,q) exactly once since the columns of M € M(a, k,q) are in a kind of
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”"normal form”.
Thus

(0. 8) = [0 B)| = 90 )] = [0 k)] "2 [

1.5 J\-flags

To define the Specht module S* it is necessary to know what a A\-flag is. According
to [11] we have the following definition.

1.5.1 Definition: Let A = (A1, \a, ..., \s) be a composition of n. Then a set of
subspaces Vy, V1, Va, ..., V}, of the vector space V' = GF(q)" with the properties

V=Vo>Vi>...2V,1>V,=0 and dim(V,_1/V;) =X (1 <i<h)

is called a A-flag. The set of A-flags is denoted by F(A).

Now we want to find a manageable notation for such a A-flag.

1.5.2 Definition: Suppose, that A = (A1, Ag,..., \y) is a composition of n and
{Vo, Vi, Vo, ..., Vi } a A-flag. Obviously we can find a basis {vy, v, ...,v,} of V,
such that the last A\, vectors form a basis of V},_1, the last A\,_; + A\, vectors a
basis of V}_s, the last Ap_o + A\p_1 + A\, vectors a basis of Vj,_3 and so on. Such a
basis is called adapted to the flag.

Following Gordon James and Richard Dipper we write the A-flag as an n X n ma-
trix (v;;) over GF'(q) by consecutively inserting the basis vectors {vy, ve, ..., v, }
into the rows. To mark the different subspaces we draw lines after the first Ay

h—1
rows, the first \; + Ay rows, ... and finally the first > \; rows.
i=1

1.5.3 Example: Let A = (1,2,1) and {ey, ez, e3,e4} the natural basis of the
vector space V = GF(q)* over GF(q). The set {Vp, V1, Vs, V3} with

‘/0:‘/7‘/1: <€17637€4>7‘/2: <€3>7V'3:0

forms a A-flag. In our new notation we write

= o OO
Ol—= OO

OO =IO
OS|IOo Ol

This notation is obviously not unique since in general the choice of the basis
{v1,v9,...,v,} is not unique. But if we require some properties to hold for the
basis we get a unique notation. For this purpose we generalize the set =,, ,, of [7].
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1.5.4 Definition: Let A = (A1, A2, ..., An) be a composition of n. Then we de-
note by =, the set of n X n matrices

1 1 T
eI R
. . : 1% row segment
(1) (1) (1)
I,\121 5”/\122 %lz,n
R
: : ; 27 row segment (1.6)
(2) (2) (2)
Trol Troo -0 Thop
3 3 3
: : ; ht" row segment
(h) (h) (h)
J;)\h 1 x)\h, 2 e :I:)\h n

over GF(q) with the property that there exist integers 1 < jfk) < jék) < .. <

jW) <n (1 <k <h)suchthat forall 1 <k <handall 1 <i< )\,

° xgk,)(k) =1 and xf? =0if 5 > ji(k) (to the right of entry q:;?(k) = 1 are only

©,J;
zeros) and
° x(s?(k) = 0 if either s = k and r # i or s < k (in the column of entry
™J;
ng.)(k) = 1 are the only other nonzero entries in row segments to numbers
17]

biglger than k).

We call x(,k,)(k) = 1 the last one in its row.
4,7

1.5.5 Remark: This implies in particular that all the ji(k) for 1 < k < h and

1 <@ < A\ are pairwise different and hence the ones x%k) =1 are all in pairwise
K2

(43

different columns. Moreover we have
GPl1<k<h1<i<N}y={1,2...n}
and therefore every element of =, is invertible.

1.5.6 Proposition: Let A = (A, )s,...,\s) be a composition of n and
{Vo,Vi,Va, ..., Vi} a A-flag. Then there exists exactly one adapted basis
{v1,v9,...,v,} of the vector space V. = GF(q)" with the property that if we
consecutively insert the basis vectors vi,vs,...,v, into the rows of an n X n
matrix, we get an element of =,.

Proof: Existence of the basis:

We start with an arbitrary adapted basis {vq, vs, ..., v,} of V satisfying the first
property of the proposition and consecutively insert the vectors vy, vs, ..., v, into
the rows of an n x n matrix whose entries are indexed as in (1.6). Beginning with
the last row we execute the following actions on every row:
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e Divide the row (xgﬁ), xz(-g), o ,xglfl)) by the last nonzero element. The position

(k)

i .

of this element defines j

e Add multiples of the new row to the other rows in the first k row segments,

such that the entries in column ji(k) of these rows are zero.
The first action gives us x@(k) = 1 and xgl;) =0if 57 > ji(k). With the second
Zv]i ’
action we have achieved the condition x(s?(k) = 0 if either s = k and r # i or
TJ;

s < k. Finally we permute the rows in every row segment to achieve 1 < jli) <
jéi) <. < jg? < n. Since the described actions don’t affect the first property, we
have proved the existence.

Uniqueness of the basis:

Again we consecutively insert the vectors vy, vs, ..., v, into the rows of an n x n
matrix. If the last \;11 + ...+ A, rows should form a basis of V; (0 <i < h—1)

we can only perform the following actions on the rows of the matrix:

1.) multiply a row by a scalar,
2.) permute the rows in one row segment and

3.) add a multiple of one row to another row in the same or a higher row
segment.

Starting with a basis that has all required properties we can’t get another one
since:

(k) _
i L

e action 1.) destroys the property x

e action 2.) destroys the property 1 < jy) < jéi) <. < jg\? <n and

e action 3.) destroys the property xi?_(k) = 0 if either s = k and r # ¢ or

s < k.

1.5.7 Corollary: For each composition A we have a bijection between the set
F(N) of A\-flags and the set =.

1.5.8 Definition: From now on we will write the A-flags as elements of =, the
corresponding element of =, is called the normal form of a \-flag.

In the future we will omit the first row segment since it is uniquely determined
by the other ones.

1.5.9 Example: What is the first row segment of the following A-flag?

000
001

1
ol
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The full notation of the M-flag is a quadratic matrix. Hence A = (2,1,1). The
only possible completion to an element of Z 1 1y is

1000
0100
0001
0010

1.6 Finite groups with a BN-pair
Following [4] we want to introduce the concept of finite groups with a BN-pair.

1.6.1 Definition: A finite group with a BN-pair is a finite group G containing
a pair of subgroups B and N satisfying the following axioms:

1.) G=(B,N)
2) BAN<N

3.) Let W = N/(BN N), and for each w € W choose a coset representative
w € N. Then W is generated by a set S = {sy, $a, ..., S } of involutions such
that

$;Bw C BwBU Bs;wB

and
$;Bs; # B

for each w € W and each s; € S.

We will denote BN N by T and call the group W = N/T the Weyl group
associated with the BN-pair. The subgroup B is called a Borel subgroup of G.

1.6.2 Proposition: (Bruhat Decomposition) Let G be a finite group with a
BN-pair. Then

¢ = | BuB. (1.7)

weW

Proof: cf. Theorem 65.4 in [4]. m
Let k € N. We define the following subgroups of G Ly(q):

o B = {(a;j) € GLk(q) | a;j = 0if i > j}, the group of upper triangular
matrices,

e N := group of monomial matrices in GL(q),
e T := group of diagonal matrices in G'Ly(q),

where a monomial matrix is an element g € G L (q) such that each row and each
column of g contains exactly one nonzero entry. Clearly T'= B N N.

Then we get the following proposition.



1.6 Finite groups with a BN-pair

13

1.6.3 Proposition: Let k € N. The subgroups B and N defined above form a
BN-pair in GLi(q), whose Weyl group W is isomorpic to the symmetric group
Sy

Proof: cf. Theorem 65.10 in [4]. n
1.6.4 Proposition: Let k € N and A € GLi(q). Then there exist lower trian-
gular matrices By and By and a permutation matrix P such that

A - BlpBQ.

Proof: Let A € GLi(q). Then the transposed matrix A™ is an element of G'Ly(q)
as well. Proposition 1.6.2 guarantees that we find upper triangular matrices B
and Bz and a permutation matrix P such that AT = BlPBQ Therefore

A= BIPTRT

and the proposition follows directly with the lower triangular matrices BQT and
BT and the permutation matrix P7T. [



Chapter 2

Facts about Specht modules SA

2.1 The permutation module M*

All results of this section are based on [7]. But in most cases they are a little
more general than the corresponding lemmas and propositions in [7].

Let A be a composition of n and V' the vector space GF(q)". Then the action
of GL,(q) on V induces a permutation of the A-flags. The advantage of writing
a A-flag as an element X of =, is the following: The operation of g € GL,(q)
on the flag X is simply by matrix multiplication by ¢ because the rows of the
matrix X ¢ form a basis of the vector subspaces of the new flag in the usual way.
Unfortunately X g is not automatically an element of =,. To bring it into normal
form we must in general carry out some of the row operations described in the
proof of proposition 1.5.6. The resulting matrix is denoted by X o g € =,.

01 00
) - _[1to000], = _ |1 0 00
2.1.1 Example: Let)\—(2,2),X—0100€~(2,2) and g = 00 1 0
0 0 01
Then
o100 [too0o0
Xg=11000 and Xog=l,7 |

2.1.2 Definition: M” is defined as the vector space over F with basis =,. The
action 70" of GL,(q) turns M* into an FGL,(q)-module.

2.1.3 Definition: If A is a composition and X € Z, then tab(X) denotes the
row standard A-tableau, whose i** (1 < i < h) row has the entries

IR S j&?

(cf. definition 1.5.4). It is called the tableau which belongs to X.

tab (

2.1.4 Example:

2]

oo
oo
= O

| =

Il
ENE
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2.1.5 Definition: Suppose that v € M?*, i.e. there exist elements cxy € F such

that

1.) For each t € 7,5(\) let

2.) If v # 0 then last(v) denotes the last tableau t € 7,4(\) (with respect to
the total order of definition 1.3.11) such that v(t) # 0.

3.) For v # 0 we define top(v) := v(last(v)).

2.1.6 Example: Suppose A = (2,1,1),v = >

1[2]
and t=[4] . Then
El
0001
() =~ Z 2010
a€GF(q)

a€GF(q)

1[2]

Jlast(v) =3 and top(v) = Z

QO
oo

O =
= o
QO
(en) Nan)
=

O =

a€GF(q)

QIO

[en) Naw)
= o

| =

a€GF(q)

2.1.7 Proposition: Suppose that X € =, and t = tab(X). If 1 = (k,k+1) € G,
is a basic transposition then tab(X o 7) € {tab(X),tab(X)om}.

Proof: The operation of 7 on X permutes the columns k and k + 1 of X. We

have three cases:

Case 1 Case 2 Case 3
rowy(k) = rowyk 4+ 1) | row(k) < rowdk + 1) | rowyk) > row(k + 1)
0 0 0 0
0 0 0 0 0 0
Do 7?1 00 70 1 0
; s 0 ¢ 0 ¢
71 0 0 :
70 1 0 :
X ; .
: 7?7 a 1 0 701 0
7?7 70 0o 7
77 77
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The table illustrates for each case the element X (mainly column %k and k + 1).
Hereby the question marks are arbitrary elements of GF'(q).
We easily conclude:

e Case 1: tab(X o) =t with t =to .

e Case 2: Note that in this case we may have a nonzero a € GF(q) imme-
diately to the left of the last one in the row in which the last one occurs
in column £k + 1. After switching columns k£ and k + 1 this entry has to be
cleared to obtain an element of =,.

i) a=0:tab(X o) =torw with t > tom.
i) a#0:tab(X om) =t with t > tom.

e Case 3: tab(X om) =tom with t < tom.

2.1.8 Lemma: Suppose that \ is a composition of n with at most 3 parts, T =
(k,k+1) € 6, is a basic transposition and t;,ts € T,5(\). If t; < ty < tyom then
Hhom<tyom.

Proof: We have:
o {; <t = di; such that
rowy, (j) = rowy,(j) for j > iy (2.1)
rowy, (i1) < rowgy,(iy).
o th <thom =

rowy, (j) = rowyer(j) for j & {k,k + 1} (2.3)
rowy, (k4 1) < rowgor(k + 1)
rows, (k) > rowyor (k).

We want to prove t; o ™ < ty o 7, that means there exists an i, such that

TOWy on(J) = rowger(j) for j > is (2.6)

rowy ox (iz) < TOWgor(i2)-
We have the following cases:
e i < k, that means

rowy, (k) = rowy, (k)
rowy (k+ 1) = rowy, (k+ 1).

The operation of m exchanges at most k£ and k4 1 in t; and t;. Therefore
iy 1= 4y satisfies (2.6) and (2.7) because of (2.1) and (2.2).
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e i; = k, that means
rowy, (k) < rowy, (k) (2.10)
rowy, (k+ 1) = rowg, (k + 1). (2.11)

In this case we set is := k + 1. Then (2.6) follows from (2.1) and (2.7) from
(2.10) and (2.11).

e iy = k + 1. Therefore

(2.4)

(2.2) 4
rowy (k+1) < rowy(k+1) < rowye,(k+1).

As X has at most 3 parts and the operation of m exchanges at most k and

k41,
rowy(k+1) =1 (2.12)
rowy, (k + 1) = rowyoer (k) = 2 (2.13)
rowgor(k 4+ 1) = rowy, (k) = 3. (2.14)

If rowg (k) € {1,2} we set iy := k + 1 and if row, (k) = 3 we set iy := k.
(2.6) and (2.7) then follows from (2.12), (2.13), (2.14) and (2.1).

o iy > k+ 1. If we set iy := iy, (2.6) and (2.7) are direct consequences of (2.1)
and (2.2).

Indeed, we must require A to have at most 3 parts, as we can see in the following
example.

2.1.9 Example: Let A = (4,3,2,1), 7 = (9, 10). If we define

1]2]3]10] 1]2]3[4]
_|4]5]6 _|5]6]10
tl.— 718 andtg.— ar

9] 8]

then t; < tho <thpom, but yomr > t,om.

In the next propositions we examine for v € M?* and some special matrices
g € GL,(q) the relationship between last(v) and last(v o g).

2.1.10 Proposition: Suppose that \ is a composition with at most 3 parts,
t€ 7,,(\) and m € &, is a basic transposition such that t < tom. If 0 # v € M*
and last(v) =t then last(vom) =tom and top(v o) = top(v) o 7.

Proof: We may write
v = cx X + Z dx X,
tab(X)<t tab(X)=t

where cy,dy € F and dx # 0 for some X with tab(X) = t. There are two cases
for the M\-flags X in this sum:
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o tab(X) =t.
In this case we can deduce from t < tor that tab(X om) = tab(X)om = torw
(cf. case 3 of the proof of proposition 2.1.7)

o tab(X) < t.
Let t := tab(X). Then tab(X o ) € {t,to 7} by proposition 2.1.7. Since
{ < t < tor we can conclude, using lemma 2.1.8, that tor < tow. Altogether
we get tab(X o) < tom.

We obtain
vomw = Z cx(Xom)+ Z dx(X o).
tab(Xom)<tomw tab(Xom)=torm
Therefore last(vom) =tom and top(v o) = top(v) o . ]

2.1.11 Proposition: Suppose that \ is a composition, 0 # v € M* and
last(v) = t. If g € GL,(q) is a lower triangular matrix then last(v o g) = t
and top(v o g) = top(v) o g.

Proof: We may write
v= Y exX+ Y dxX,
tab(X)<t tab(X)=t

where cx,dxy € F and dx # 0 for some X with tab(X) = t.
We have tab(X o g) = tab(X) for every A-flag X because ¢ is lower triangular.

We obtain
vog= Z cx(Xog)+ Z dx(X og).
tab(X)<t tab(X)=t
Therefore last(v o g) =t and top(v o g) = top(v) o g. ]

2.1.12 Proposition: Suppose that \ is a composition with at most 2 parts,
0 # v € M* and last(v) = t. If there are integers x,1 € N such that

rowy(x) = rowyx +1) = ... = row(z +1)

and m € &,, is a permutation such that jm = « for all j ¢ {x,x +1,...,2 + 1}
then last(vom) =t and top(v o ) = top(v) o 7.

Proof: We may write

v = CxX+ Z dxX,

tab(X)<t tab(X)=t

where cx,dy € F and dx # 0 for some X with tab(X) = t.

It is enough to prove the proposition for a basic transposition 7 = (k,k+1) € &,
since we can write m as product of basic transpositions. The restriction jm = 7w
forall j ¢ {x,z+1,...,2+1} is equivalent to x < k < x+[. There are two cases
for the A-flags X in the above sum:
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o tab(X) =t.
We are in case 1 of the proof of proposition 2.1.7 since row(k) = row(k+1).
Therefore tab(X om) = t.

e tab(X) < t = there exists an i such that

ToWan(x)(J) = rowy(j) for j > i

TOWian(x) (1) < row(i).

We want to show that tab(X o) < t. This is immediately clear if we don’t
have tab(X o w) > tab(X). Therefore we only need to look at case 3 of
the proof of proposition 2.1.7, i.e. rowpx)(k) > rowysx)(k+1). Together
with the facts that row(k) = row(k + 1) and we only deal with 2 rows
since A has at most two parts we have two possibilities:

t | tom | tab(X) | tab(X o)
1.) k in row 1 2 1
kE+1inrow | 1 1 1 2

Then tab(X) <t=i>k+1=tab(X om) < t.
t | tom | tab(X) | tab(X o)
2.) kinrow |2| 2 1
kE+1linrow | 2| 2 1 2

This means

TOWian(x o)) (k) < rowe(k)
TOWiap(xor) (K + 1) = row(k + 1).

Since tab(X) < t and the operation of m exchanges at most the integers
k and k + 1 we get tab(X om) < t.

We obtain
voT = Z cx(Xom)+ Z dx(X o).
tab(Xom)<t tab(X)=t
Therefore last(v o) = t and top(v o ) = top(v) o 7. ]

We can’t omit the requirement that A has at most 2 parts. The following example
shows that, for compositions with more parts, the proposition is wrong in general.

2.1.13 Example: Let A = (4,3,1). We set

00010000 000100O00O0
L . 10000001O0 00001O0O00O0 A
g9:=(7.8) €Gsandv:=/( (990901000001 00 M
00001000 00000010
1[2]3]6]
Then last(v) =4[ 7[8| ,x=7and ! =1 satisfy the assumptions of proposi-
)

tion 2.1.12.
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We get
00010000 00010000
Uog:00000010+00001000
00000O0CO01 000001O0O0}
00001000 00000O0CO0T1
1[2[3]7]
But this means last(vog) =[4|5|6| # last(v).
8

2.2 The Specht module S*

According to [7] and [11] we define the unipotent Specht module S* as a kernel
intersection.

2.2.1 Definition: If ) is any composition of n, then S* is defined by

SA .= ﬂ{ker 00¢ HomFGLn(q)(M/\aM“)}-

u>A

If X\ is a partition we can specify the homomorphisms in the kernel intersection
more precisely.

2.2.2 Definition: Suppose that A = (A, Ag,..., ) is a partition, 1 <d < h—1
and 0 <7 < A\g. We set

po= (A, Aay o Aa1, Aa + Adr1 — 4,08 Adaa, - An).
Then the FGL, (q)-homomorphism
wd,i c MY — M*

sends a \-flag

V=Ww>WV>..2Vi12>2V;>2Vi>...2V,=0
to the sum of all u-flags

V=Wwa>2Vi>.. 2V 1 >2Wg>2 Vi >...2V,=0
with the property that W, < V.
2.2.3 Proposition: Let A = (A, \y,..., \y) be a partition. Then the Specht

module S is given by
h Aa—1

S/\ = ﬂ ﬂ ker ¢d—1,i-

d=2 i=0
Proof: cf. [11]. ]

Our work relies heavily on the following theorem of Sinéad Lyle.
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2.2.4 Theorem: Suppose that 0 # v € S*. Then last(v) is a standard A-tableau.
Proof: cf. [14]. ]

Therefore the next definition makes sense.

2.2.5 Definition: A basis B* = {b; | i € J} of the FGL,(q)-module S* together
with a set of polynomials {p¢(q) | t € Std(\)} is called a standard basis if

1.) it is defined independently of the concrete choice of the field F,
2.) the elements {top(b;) | i € I} of M* are linearly independent and
3.) pq) = |{b € B* | last(b) = t}| and p,(1) = 1 holds for every t € Std()).

The polynomials {p(q) | t € Std(\)} are called the corresponding polynomials
of the standard basis B*.

2.2.6 Remark: The second postulation in the definition 2.2.5 of a standard basis
of S* (linear independence of {top(b;) | i € J}) provides that the polynomials
pi(q) are well defined.

Otherwise, suppose that e, e, ..., e, is a part of a basis B* coming from t; and
f1, fas - - -, fq is another part of B* coming from t, (giving p, = py, = ¢). Then we
could equally well use ey, e; + fi,ea+ fi1,...,eq+ f1, fo, fa, ..., fy (glving py, =1
and py, = 2¢ — 1).

According to [8] we can calculate the dimension of the Specht module S* ex-
plicitly.

2.2.7 Proposition: Let A = (A1, Ag,..., \y) be a partition of n and h;; the hook
length for the (i, j)-node in [\|. Then we have

dim(S*) = ¢ : (2.15)
[T [hl]
(1.7) €]
h
where k= > (I — 1)\;.
i=1
Proof: cf. [§] L]

2.3 The branching theorem

In this section we follow completely [11] and introduce an important tool to un-
derstand the structure of the Specht module S*, namely the branching theorem.

2.3.1 Definition: We denote by I;, (k > 0) the identity matrix in GLx(q).

2.3.2 Definition: Suppose that 1 < r <n.
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1.) Let T'(r) :=={(4,j) | 1 <j<i<n,j <r}

2.) We denote by G(I'(r)) the set of matrices A = (a;;) € GL,(q) with the
following property:

1 ifi=j
;i =
710 ifi#jand (i,5) ¢ D(r).
3.) Let

r—1
1
E, = pIG] Z HW%HJ«)A-
AZ(aij)EG(F(T)) k=1

E, is an element of FGL,(q).

4.) We define three subsets of GL,(q) by

amw:{Cgfg)]AeGh@@,

G ={(" B) [A€ Mt BeOL} and
H(q) == {(LZT g) ‘ A€M ,r(q), B=(by) € GL(q),b1; = 51j} :

2.3.3 Example: If n =4, then

1 0 0 0 1 0 0 0
1 ai; 1 0 O 1 ap 1 0 O
Ei=23 a0 10 B =5 59(“1) az ay 1 0
a€GF@* \gs 0 0 1 aeGF(q) as az 0 1
1 0 0 O
1 al 1 0 0
E; = 3 6 0(a1)0(ay) 4 ar 1 0 and
a€GF(q) as as ag 1
1 0 0 O
1 al 1 0 0
E4—$ GH(GI)Q(CM)Q(GG) 4y a4 1 ol
a€GF(q) as as ag 1

2.3.4 Definition: Assume that A = (A, Ag, ..., \y) is a partition of n and 1 <
r < h. We denote by QR the set of subsets R of {1,2,...,h} which have the

properties that
1.) |R| =r and

2) ifbe Rand Ay = \yy1, then b+ 1 € R.
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For distinct elements Ry, Rs of R}, we write Ry < Rs if the largest element of
Ry \ Rs is less than the largest element of Ry \ R;.
For each R € R}, we define the partition A of n —r by

)\R:(/\1—61,)\2—627...,)\h—6h),

where

1 ifieR
E; —
0 ifi¢R.

2.3.5 Theorem: (Branching theorem)
If A= (A1, Ag,..., ) is a partition of n, then as FG}_,(q)-modules

h
=SB ®» S'E.FG; (q)

r=2
and S*E; (1 <i < h) has a series of FG,_;(q)-submodules
SAEZ':S]C>S]€_1>...>Sl>50:0,

such that for each j with 1 < j < k, S;/S;_1 is FG,_;(q)-isomorphic to S**
(here Ry < Ry < ... < Ry, are the elements of PR} ordered as in definition 2.3.4).

Proof: cf. [11] ]
Furthermore, we have the following dimension formulas.

2.3.6 Proposition: Let A = (A, Ag,..., \s) be a partition of n and 1 < r < h.
Then
dim( SA E,) Z dim S’\R

ReR:

and
dim(S*E, FG*_(q)) = (¢" ' = 1)(¢" 2 = 1)...(¢" "™ = 1)dim(S*E,).

For the dimension of the Specht module we obtain

h

dim(S*) =Y ("' = D(@" = 1) (¢ = 1) Y dim(S™).

r=1 ReR;

Proof: cf. [11] ]
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The Specht modules §(n—m.m)

In this chapter m is an arbitrary but fixed integer with 1 < m < %n Therefore
(n —m,m) is a partition. From now on we set A := (n — m,m) unless stated
otherwise.

3.0.7 Goal: Find a standard basis of S"—mm)

(n—m,m)

3.1 The permutation module M

We recall that the permutation module M?* is defined as a vector space over F
with basis F(\) or equivalently Z). Therefore the dimension of M* equals the
number of m-dimensional subspaces of the n-dimensional vector space GF'(q)",

which is [TZ] according to proposition 1.4.4.

To simplify the notation of elements of =, and M* we introduce some conventions.
3.1.1 Convention: We don’t write the first row segment.

3.1.2 Example:

1 00 00O
0100O00O0 00 1000
000O0OT10O0
00010 0|:= .
00000 1 010O0O00O0
000100
000O0O0T1
3.1.3 Convention: Zeros are written as dots.
3.1.4 Example:
1 010O0O00O0
. 1 -l:=]0 00100
1 000O0O0T1

3.1.5 Convention: Stars indicate the summation over GF'(q) (as illustrated in
the following example).
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3.1.6 Example:

1 : 1 :
L1 = Z a - -1 :
* 1 a,b,ceGF(q) b ¢ - 1
3.1.7 Convention: We omit the columns j§2),j£2), o ,]}(3) with the ones (cf.

definition 1.5.4) and mark the area which was formerly to the right of the ones
with one line. By definition, this area has only zero entries. Hence the dots are
unnecessary and we don’t write them.

3.1.8 Example: If xq, 29, 23,24 € GF(q) then

. .1 .
*i;: > a1 |and
* x - abeeGF(g) b -~ ¢ - 1
1 .
T Lo — | I1 T2 1
T3 Ty - I3 Tyg - 1

We don’t get in trouble with this short notation since we can reconstruct the
element of = easily: We just insert the m columns with the ones according to
the heights of the defining line.

3.1.9 Definition:
1.) Let X € Z,. After applying the conventions 3.1.1 and 3.1.7 the notation of
X is an m x (n —m) array A with a defining line starting at the top left
vertex of A and ending at the bottom right vertex (parts of this line overlap
with the boundary of A). We denote this object with short(X) and call it

the short notation of X.

Let v € M*. If we can write v with conventions 3.1.1, 3.1.5 and 3.1.7 as

a single m x (n — m) array A (again with a defining line; but now the
entries can be stars as well as elements of GF(q)) we denote this object
with short(v) and call it the short notation of v.

3.1.10 Example: If we write

flags

But short(

then we mean the linear combination of

2

a,b,ceGF(q)

o

* ok

) is simply a 3 x 3 array with zero and star entries together

with a defining line.
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3.2 Basic properties of S

Following [7] we get definition 3.2.1 and proposition 3.2.2. But first we recall from
definition 1.3.7 that

1[3]5]...[2m —1[2m+1]...[n]
2[4]6]...[ 2m '

th =

3.2.1 Definition: Let S be the set of all matrices X = (z;;) € Z) such that
tab(X) = t, and

Tn—m+1,1 = Tn—m+2,3 = Tn—m+35 = -+ = Tp2m—-1 = 0.

Define ey to be the following element of M?*.

ey = Z sign(m)(X o)

XGS,WGC(A

- Z Xo((1-(1,2)(1—(3,4)...(1 - (2m —1,2m))).

XeS
3.2.2 Proposition: e, belongs to S*.

Proof: Let A = (a;;) € GL,(q) be the matrix which agrees with the identity
matrix, except that

Q12 = A34 = s = ... = A2am—1,2m = -1

Then ey = uo A, where u is the generator for S* described in 11.17(v) of [11]. m

3.2.3 Example:
1.) If A = (3,1) then

ex=|"]| || |, last(ey) = L 3‘4‘andtop(e>\):|:|:|.

2.) If A =(3,2) then

o= *\T _T‘ T +ﬂ ;
last(ey) = 5 5‘and top(ey) = *\—\

e

3.) If A =(3,3) then

ex = . \_L o ((1=(1,2))(1 = (3,4)(1 - (5,6))),

Xk

last(ey) = ; i 2 and top(ey) =|* - | |.

. Rl * %
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3.2.4 Lemma: Let S be the same set as in definition 3.2.1. Then

last(ey) = t, and top(ey) = Z X.
Xes

Proof: Let m be a nontrivial permutation in Cy, < &,, and X € S. Then there
exists a maximal integer 1 < k < n such that k7 # k. As C}, is generated by the
basic transpositions (1,2),(3,4),... and (2m — 1,2m) we know that

e [ is an even number,
® r0Wap(xom) (k) = 1 and rowy, (k) = 2,
® TOWyap(xom) (1) = TOW, (1) for i > k.
Hence tab(Xom) < ty. Since tab(X) = t, for all X € S we know that last(ey) = t,

and top(ey) = > X. n
Xes

3.2.5 Definition: Suppose that t € Std(\) and row 2 of t consists of the integers
J1 < Jo < .o. < Jm. Then, for 1 < i < m, we set

7= (20,20 + 1)(2+ 1,20+ 2) ... (ji — 1, ji) € &,
T = me)ﬂfmfl) . .WEQ)TI',EU,
V¢ -=— €) O Ty.
3.2.6 Proposition: Let t € Std()\). Then
last(vy) = t and top(vy) = top(ey) o my.

Proof: By construction m¢ has the following properties:

e Since row 2 of t) is {2,4,6,...,2m} and the operation of 7T,Ei) provides that
in this row 2i is replaced with j; (1 <i < m) we have

t/\ O Ty = t. (31)

e 7 is a product of basic transpositions. If we write this product as
Ty = T Mo ... Mg
we get for 1 <i <k and m := ()
tho (mmy...m—1) < tyo(mme...m_17;) (3.2)

because each of the basic transpositions 7; shifts a certain integer x from
row 1 to row 2 and x — 1 from row 2 to row 1.
Since t, is a standard A-tableau, induction using the same arguments yields

f)\ 9] (7‘(‘171'2 c. 7TZ'_17T1') € Std(/\) (33)
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With (3.1), (3.2) and (3.3) the proposition follows directly from proposition
2.1.10. [

This means that we have found for each tableau t € Std()\) an element v, € S*
with last(vy) = t.

3.2.7 Example:

1) A=(3,1)
¢ 1][3]4]|[1]2]4]|[1]2]3]
2] 3] 4]
toptv) |11 J1L -] ]|
2.) A= (3,2)
‘ 13]5][[1]2]5]|[1]3]4]|[t][2]4]|[L][2]3
4 4 5 5 5
e || 1 S LS|
3.) A= (3,3)
¢ 13]5][[1]2]5]|[1]3]4]|[t][2]4]|[L][2]3
4]6 1]6 5]6 5]6 5]6
top(vy) || * - * - - - . .

4.) XA = (4,4). Summary of the different top(v) for t € Std(\):

*. *. *. . *. .
* Kk k- x %k * % % * * *
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] Y

*
*

* % ¥
* % ¥
* % ¥
ECE G

* * *
* * X * *

* *

This example suggests that short(top(vy)) for t € Std(\) is an m x (n —m) array
that consists only of dot entries, star entries and empty entries together with a
defining line. The next lemma characterizes this array more precisely.

3.2.8 Lemma: Anm x (n—m) array A = (a;;) that consists of dot entries, star
entries and empty entries and that has a defining line from the top left vertex to
the bottom right vertex that separates the dot and star entries from the empty
entries equals short(top(vy)) for a tableau t € Std(\) if and only if

1.) a;; is a star if and only if 1 < j < i <m,
2.) a;; is a dot for 1 < j =i <m and

3.) if we start at the top left vertex of A then the defining line runs on its way
to the bottom right vertex of A only to the right and to the bottom.

Proof: 7 =7 : Let t € Std(\) and A = (a;;) = short(top(v)). The first property
follows directly from the construction of vy and proposition 3.2.6.

How do we get the defining line? The defining line starts at the top left vertex of
A. If we count from 1 to n then it runs one line segment to the right if the actual
number is in the first row of t and one line segment to the bottom if the actual
number is in the second row of t. After n — m line segments to the right and m
line segments to the bottom the defining line ends at the right bottom vertex of
A. This is the third property.

t € Std(\) ensures that the defining line runs further to the right than to the
bottom and therefore the second property holds.

7 <" : Let A = (a;j) be an array for which all the required properties hold. The
third property says that the defining line starting from the left top vertex runs
only to the right and to the bottom. Therefore we can construct a A-tableau t
if we follow the defining line from the top left vertex of A to the bottom right
vertex and insert for each line segment successively one of the numbers from 1
to n into the nodes of [A]: For each horizontal line segment we insert the actual
number into the leftmost free node of the first row of [A\] and for each vertical
line segment into the leftmost free node of the second row of [A].

The resulting A-tableau t is standard because of the second property. The first
property provides that A = short(top(vy)). m

3.3 The polynomials p(q)

In this section we will define for each t € Std(\) a polynomial pi(q) in ¢ with
pi(1) = 1. Later we will construct, for all t € Std(\), pi(q) linearly independent
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elements {bgt) | i € 30} of S* with last(bgt)) =t
Our goal is to show that

(Y | te Std(N),i € 30}
is a standard basis of S* with corresponding polynomials {p(q) | t € Std(\)}.

3.3.1 Definition: Let t € Std(\). Then we denote by d(t) the tuple (d, h,b,r),
which we get in the following way:

e The vector b consists of the lengths of sequences of consecutive numbers in
the first row of t.

e The vector h consists of the lengths of sequences of consecutive numbers in
the second row of t.

e d is the length of the vector h minus one. There are two cases:

1.) A= (m,m):
b and h have the same length since the numbers 1,2, 3,...2m alter-
nately form sequences in the first and the second row of t starting with
the sequence containing the integer 1 in the first row and ending with
the sequence containing the integer 2m in the second row.

2.) A= (n—m,m) with n —m > m:
The length of b equals the length of h if the integer 2m is in the second
row of t and one plus the length of h if the integer 2m is in the first
row of t.

We index the entries of b and h in the following way:

h=(ho,... hq) € N,
b= (b,...,ba+1) € Nl or b= (by,...,bat1,bar2) € NT2

o r=(ry,...74) is given by
J J—1
Tj::Zbi—Zhiforlgjgd. (3.4)
i=1 i=0

t € Std(\) guarantees that r € Ng.

3.3.2 Example: TT5TaTG
1.) Let A = (5,4) and t = e TS

second row of t are {1,2},{4},{6},{9} and {3}, {5},{7,8} respectively.
Therefore

) ‘ Then the sequences of the first and

d: 27h: (17]‘72>’l_): (27]‘7]‘7 ]‘)7£: (17 1)'
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12358710
2.) Let A = (6,6) and t = 416|7[9]11|12

and second row of t are {1, 2,3}, {5}, {8}, {10} and {4}, {6,7},{9},{11,12}
respectively. Therefore

. Then the sequences of the first

d=3,h=1(1,2,1,2),b=(3,1,1,1),r = (2,1, 1).
We can also obtain the tuple §(t) directly from short(top(vy)):
3.3.3 Lemma: Let t € Std()\). If we extend the line segments of the defining

line in short(top(vy)) to the left and to the bottom then there exists an [ > 0
such that top(vy) is of the form

D1 Dl

X11| D2 X11| D2

Xo1Xog - or 1 Xoi|Xog - ’
D, D,

X[ Xpo| - (XuDiya X[ Xpo| - XuDiyr

where the blocks D; and X;; consist of dots and stars.
Now 6(t) = (d, h,b,r) is given by:

o d=1,

e b; is the width of the block D; (1 <i < d+ 1) and bgy5 the number of zero
columns to the right of Dy,

e h; is the height of the block D;y1 (0 < i < d) and
e 1; is the number of dots in the first row of X;; (1 <1i < d).

Before we prove the lemma we illustrate it with an example.

1/2[4]6]9]
315|718 '
If we extend the segments of the defining line to clarify what the blocks are then
we get

3.3.4 Example: Let A = (5,4) and t =

top(vy) =

ol o
* %

This means

D1:|:]7D2:|:]7D3:D,X11:7X21: : : andX22:

and therefore as in example 3.3.2

d: 27h: (17]‘72>’l_): (27]‘7]‘? 1)7£: (17 1)'
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Proof: (of lemma 3.3.3). Starting at the top left vertex of short(top(v)) the
defining line runs one entry to the right for each number in the first row and one
entry to the bottom for each number in the second row. Therefore we get the
correct values for d, b and h.

J Jj—1
r; = », b, — > h; is a measure how much further the defining line runs to the
i=1 i=0

right than to the bottom after the j* vertical line segment. Since the stars form
a triangle beneath the diagonal we get the same result if we count the dots in the
first row of Xj;. [

For the moment we will assume that n = 2m, i.e. A = (m, m).

3.3.5 Definition: Suppose that A\ = (m,m) and t € Std(\). We set

D,
X11| D2
Mi(q) = {XQIX22 ‘ D € My, 4,(q) (1 <i<d+1)and
D,
Xa1|Xao| - .. [XaalDay1

Xij € M, (q) (1 <j < i< d) with (d,h,b,r) = 5(t)} € Zmam)

and
Dy
X11| Do
M (q) = {M = X1/ Xo9 - € M(q) | rank(xmat(M,i)) <r;
D,
Xa|Xao| - XaaDar1

for 1 <i < d with (d, h,b,1) = (5(’()} C ZE(m,m),
where xmat(M,7) (1 < i < d) denotes the matrix which consists of the blocks
(Xu|l<l<i<k<d).
3.3.6 Example: In the above notation we get

X1

P% Xo1 Xoo
emat(M,1) = | 2" |, zmat(M,2) = [ ... ... | and
o x
Xu a1 Xa2
mmat(M, d) = (Xdl ng Ce de)

3.3.7 Definition: Let A = (m,m) and t € Std(\). Then we set
plq) = M (q)].

In the next section we will see that p¢(¢q) is a polynomial in q.
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We obtain subsets of M(q) and M*(q) in definition 3.3.5 if we assume that the
blocks D; (1 <i < d+ 1) have only zero entries.

3.3.8 Definition: Suppose that A = (m,m) and t € Std(\). We define

0
X171 0
M(q) = {X21X22 ' Xij € Mpp;(q) for 1 <j<i<d
0
Xa|Xao| ... [ Xgd O

with (d, h,b,7) = (t)} C M(q)
and R .
M (q) == M(g) N M ().

Since the only restriction on the matrices D; (1 <1i < d+ 1) in the definition of
the elements of the set 97%(q) is

D; € Dﬁhi—hbi(q)
we immediately have the following lemma.

3.3.9 Lemma: Let A = (m,m) and t € Std()\). Then

(@) = M) ifd#0
' goh ifd=0,
d+1

where k := > h;_1b;.

i=1

3.3.10 Example:
1.) Let A= (4,4) and t = 3

With extended line segments top(vy) =

* X | Xk -

* % .
*

Then

d= 27h: (L 172>7I_): (2a 17 1>7£: (171)7
M (q)] = ¢° |9 (q)],

pt(Q)

asg a4 |as| -
g ar|ag| -

M (q) = {“1 e

ay ag
a € GF(q)%rank| azas | <1,

ae a7
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In the next section we will derive a formula to calculate [97%(q)|.
For this example we will get

M (q)] = ¢° + 2¢* — ¢* — ¢*.

Therefore

p(q) =q¢"+2¢"—¢*—q".

112(3|5|8]10
416|719 1112

2.) Let A =(6,6) and t =

With extended line segments top(vy) =

*OX | K| X ¥ -
* k| K| *

We get
d=3,h=(1,2,1,2),b=(3,1,1,1),r =(2,1,1),
pq) = [MF(q)] = ¢*|9* (q)),

ap az as
ay a5 Qg
a € GF(Q)®, rank| ar as ay | <2
ail a2 ais
a6 air @18

a7 ag dag|dio| -

a; az as
M*(q) = { o

11 G412 a13|014|015| *
a16 A17 A18|A19|G20| *

ary ag ag aiop a a a a a
rank ai] a1 a13 G114 S 1 and Tank( e 15) S 15.

G16 @17 @18 @19 G20
16 A17 @18 A19

We will see that
]fmfk(q)\ _ q12 +3q11 +2q10 —2(]9 _4q8 - q7+2q6.

Thus
pt(q) — q20 4 3q19 4 2q18 - 2q17 - 4q16 - q15 4 2q14.

From now on A is again an arbitrary partition (m — n,n) of n. We want to gen-
eralize M(q), M*(q) and pi(q) and define them for the more general t € Std()).

3.3.11 Definition: Let t € Std(\). We set

D,
X11| D2
Mi(q) := { ”2.1 22 D, D; e My, 4(q) (1<i<d+1)and
Xa1lXag| - .. XadDat|
~—
ba+2

Xij - Sﬁhi,b‘j(q) (1 < j <1< d) with (d,h, l_), [) = 5(t)} - E(n—m,m)-
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The number by, 2 might be zero, especially if A = (m, m). Then we get the same
definition of M(q) as in definition 3.3.5.

3.3.12 Definition: Let X € Z(,_,,,,). Then X is of the form

D,
X11| D2

X = X[ Xog| -

Xa1lXag| - - Xad Dt
~—
bd-+2

If we write down only the first m columns of short(X) we get an array

Xa1

where 1 < ¢ < d+ 1 and ﬁi, Xu‘, . ,Xdi consist of the first x columns of
D;, Xi;, ..., Xg; respectively for an € N. Now there exists an element Y € 2, )
such that A = short(Y) and we denote this element Y by quad(X).

3.3.13 Example: Let X = l_‘—L € Z@4). Then
quad(X) =| l_L €

3.3.14 Lemma: Let t € Std(\). Then, for every element X € 9Mi(q),
tab(quad(X)) is the same standard (m,m)-tableau. We will denote this tableau
by quad(t).

[1]

(474) :

Proof: For X € 9(q) the tableau tab(quad(X)) is uniquely determined by the
defining line in short(X). But the defining line is equal for all elements of M((q).
The fact that quad(t) is standard follows directly from the fact that t is standard.

=
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1[2[4]6[7]9]
315|810
example 3.3.13 gives us an example for an element X € 9(q) and quad(X). We
get

3.3.15 Example: Let A = (6,4) and t = € Std(\). Then

112(4]6
3578

quad(t) = € Std((4,4)).

3.3.16 Definition: Let t € Std()\). We set
smTk = {X € M(q) | quad(X) € mquad(t (q )} € En-mm)

and
pq) == |9 (q)]-

For the special case A = (m,m) this definition is consistent with definition 3.3.5
since for t € Std((m,m)) and X € M(q) we have quad(X) = X and quad(t) =

3.3.17 Definition: Let t € Std(\). Then for every element X € M(q) the
number of entries below the defining line in the columns {m+1,m+2,... , n—m}
of short(X) is the same. We will denote this number by numb(t).

. - _[1]2]4]6]7]9] ZIL.L
3.3.18 Example: Let A = (6,4) and t = S5 15110 . Then |= *~ sl

is an example for an element of M(q). Therefore numb(t) = 3.

If we divide the array short(X) for X € 9Mi*(¢) into the two parts
short(quad(X)) and the remaining part to the right, then the parts must meet
two independent restrictions to guarantee X € Mi*(q):

e quad(X) must be an element of smguad(t)( ) and

e the entries below the defining line in the right part of short(X) must be
elements of GF(q).

Since pt(Q) = |9‘n7t“k(Q>| and pquad(t)(Q) |§Inrk

quad(t) ( )| we immediately get the
following lemma.

3.3.19 Lemma: Let t € Std(\). Then

@) = ¢""™ - Pyuaay (4)
3.3.20 Example: Let A = (6,4) and t = :13 g ;1 160 9 ‘ In the last examples

11246
315|718
Together with example 3.3.10 we finally get

we have calculated quad(t) = and numb(t) = 3.

() — . (q10—|—2q9 L —q7) — ¢ 2g12 — 1t — g0,
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3.3.21 Corollary: Let t € Std(\). Then p(1) = 1.

Proof: By lemma 3.3.9 and lemma 3.3.19 there exists an [ € N such that

pela) = ¢+ 1My (0)]-

But formally speaking |97 »(1)] =1 and the corollary follows. ]

quad(t)

3.4 Calculation of the polynomials p(q)

Suppose that t € Std(\). Then lemma 3.3.9 and lemma 3.3.19 ensure that we
can calculate py(q) if we know a formula for |£mqua 4(v(@)]. Therefore we assume in
this section that n = 2m and A = (m,m). To calculate the number of elements
in the set zm;ﬁa (e (q) we choose a recursive approach.

3.4.1 Definition: Let M be a matrix over GF(q) with rank k& € N. Then we
get a k-tuple (vy,vq, ..., vg) of linearly independent vectors in the following way:
We look at the rows of M from top to bottom. vy is the first non-zero row, v, the
next row that is not linearly dependent of vy, vs the next row that is not linearly
dependent of v; and vs and so on. We denote this k-tuple with tup(M) .

3.4.2 Lemma: Let h,b € N,0 < ry < rx < min{h,b} and Y a matrix over
GF(q) with width b and rank ry. Then we have

rx—1

1 T —r T h i
pﬁl?w @) = g ) |:TX — TY] H (¢ —q') (3.5)
=Ty

possibilities to expand Y by a matrix X € 9y, ,(q) such that the matrix < X )

has rank rx.

X

Proof: Since the matrix Y has rank ry and the new matrix v shall have rank

rx, we need rx —ry linearly independent rows in X that are linearly independent
from the rows of Y.
Therefore

1
ity o (@) = P1(@)p2(@)p3(a),
where
e pi(q) counts the possibilities to construct an (ry — ry)-tuple B =

(V1, ..., Vpy—py) Of linearly independent vectors that are linearly indepen-
dent of the rows of Y,

e py(q) counts the possibilities to construct a matrix X with tup(X) = B
and
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e p3(q) counts the possibilities to add multiples of the 7y linearly independent
rows of Y to the remaining h — (rx — ry) rows of X that are not fixed by

B.

We immediately get

rx—1

pl(Q) = H (qb — qz) and p3<q) — qTY(h—rX—H“y).

=Ty

By proposition 1.4.8 we have

pala) = a0 8) = [, 1

rx — Ty

and the lemma follows. m

3.4.3 Corollary: Alternatively we obtain

, h b—r
W)= [ ] [ v ] GLyy 1y (@)

r'x —Ty| |[Tx — Ty

ry (h=rx+ry) Lﬁf} [rx ﬁ T’y:| ‘GLrX(q)|. (3.6)
m (GLr (0)

ry

=q

Proof: Using lemma 3.4.2 we get

rx—1
T —r T h T 7
Phibry oy (4) = g7 773570 { } [[=o

rx —Ty| .
1=ry

rx—ry—1

— q’/‘y(h—rx—l—ry) |:7,, ET :| qry(rX—l—ry-H) H (qb—ry . qz)
X Y =0

Y h b—
(D) ot [ } [ v } GLo ()

rx —Ty| |Tx — Ty

The second equality follows directly from lemma 3.4.2 and (1.2). ]

3.4.4 Lemma: Let h,b € Nandra,rg,ry,rx € Ny with the following properties
o ry <ryg<rxandry <rp <rx,
e rp+rp—ry <rx < mln{h,b}

Furthermore, suppose that Y is a matrix over GF(q) with rank ry, A is a matrix

é ) has rank r4 and B is a

over GF(q) with h rows such that the matrix (
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matrix over GF(q) with b columns such that the matrix (Y | B ) has rank rp.
If we set k := (h—rx +1rg)(rg —ry) + b(ra — ry) then we have

rx—ra—1

(2) _ k| h—=(ra—ry) b

hbry,ra,rg,rx (Q) =4 |:TX —TrA—TB+Ty ' H (Q — 4 ) (3'7)
1=TrB—Ty

possibilities to replace the zero matrix in the matrix ( ;1 ) by a matrix

X € My, (q) such that ( é g ) has rank rx.
Proof: Since Y has rank ry and the matrix é has rank r4 we find 74 — ry

linearly independent rows in A that are linearly independent of the rows in Y.
We can extend these rows in X by arbitrary elements of GF(q) in

pi(g) = ¢"ra=)

possible ways.

We need rx —r4 —7p+7y new linearly independent rows vy, va, ..., Upy ) —rptry
in X, that are not linearly dependent of the rg — ry rows in B which ensure that
() has rank rg. To do this, we have

rx—ra—1

p@)= J] (@ -d)

i=rg—ry

possibilities.
ra — ry rows of X are already fixed. The remaining h — (r4 — ry) rows form a
matrix X. We can fill this matrix with linear combinations of the vectors in the

tuple B = (v1,v2, ..., Uy —ry—rp+ry) Such that tup(X) = B. By proposition 1.4.8
we have

h—(TA—Ty)
rx —rA—TB+Ty

p3(Q) = Th—(ra—ry),brx—ra—rg+ry (Q7 SB) = |:

possibilities to find such a matrix X.

Finally we can add linear combinations of rows of B to the rows of X. But we

may take only the rg — ry rows of B that ensure that () has rank rg.
Al X

Y | B

And we must not add them to the rows that ensure that has rank ry

because those are already fixed. This leaves

p4(q) — q(hi(rx 77’3))(7‘3773/)
possibilities.

At last
2
Dby s (@) = P1(Q)P2(0)P3()Pa(q)

and the lemma follows. n
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3.4.5 Corollary: If we set
L:=0b(ra—ry)+h(rg—ry)—(ra—ry)(irg —ry)
we alternatively obtain

(2) () = ¢ h—(ra—ry) |[ b—(rg—ry) _
Prorvrarsrs &= gy —pg—rp+y| [rx —ra—rp+1v

o (G P —— )|
{ b ] l h ’r‘X—’I"A:| [TX—TB] (3.8)
U'x —ra] |I'x =B "B —Ty| [FA— Y]
1 b 1] &k
'B—Ty| |[TA— Ty

’ ’GLTX*TA*TBJFTY (Q) | :

The expected symmetry

2 2)
ng,l)a,ry,rA,rB,rX (q) = pl(),h,ry,rB,rA,rX (Q>

becomes evident in both formulas.

Proof: We set

/ﬁ = (TB — TX)(T’B — Ty) + h(TB — Ty) -+ b(?”A — Ty),

]{52 = (TB — Ty)(’l“X —7TaA—TRB + Ty)

and obtain by lemma 3.4.4

h ( ) rx—ra—1

(2) ok —(ra—ry b -

phvb’T’YvrAvTBva (q) =4 ' {rx —TrAa—rp+rTy| H (q - qz)
1=rp—Ty

rx—ra—rp+ry—1

qk‘g H <qb—’r‘B+Ty _ ql)

rx —TrA—TB+Ty

_ qkl{ h—(ra—ry)

i=0
(1.1) ql- h—(ra—ry) [ b—=(rg—ry) )
"X —TA—TB+Ty| [TXx —TA—TB+ Ty

' |GLTX—TA—TB+7’Y (q)|
b h | [rx —7ral [rx — 75
(1.5) Z_TX_TA:| [T‘X—TB_ _TB_TY:| |:TA_TY:|
b | [ h
[TB—TY_ _TA—TY]

: |GL7"X_TA_7’B+7’Y (Q) | .

Il
<
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3.4.6 Definition: Let t € Std(\), (d,h,b,r) = 6(t) and L € 97*(q), that means
L is of the form

X171 O
L = 1X51|Xo| -

0
Xa1lXao| - Xgqq O

1.) For 1 < j <i < d we denote by mat(X;;) the matrix

X; X; oo X
Xit1g Xig12 - Xigy
Xa X .. Xy
2.) We can assign a tuple
(Tij)L = (7"11, T21,722,731,732,733, .-, Td1,Td2, - - - ﬂ“dd)

to L by setting r;; := rank(mat(X;;)) for 1 < j <i<d.
3.) We define J7* to be the set of all tuples
(Tij) = (7’11, T21,722,731,732,733, .-, Td1,Td2, - - - ﬂ“dd)
with the following properties
e r; €cNforl<j<i<d
o 7;; <r;for1<i<d,
[ Ti—i—l,jSTijforlngiSd_la
o 71 <ryfor2<j<i<dand
® 11+ Tip1y — Tig1 o1 Sy for2 < <i<d-—1.

An easy consequence of this definition is the following lemma.

3.4.7 Lemma: Let t € Std(\). Then
I ={(rij) | L € MF(q)}.

Now we are ready to calculate |90 (¢)| for an arbitrary t € Std()). We explain
the algorithm in the next example.

3.4.8 Example: Let t € Std(\) and (d, h,b,r) = §(t), where
1.) d =1. Then

o 0
mtk(q> - {Xll 0 ‘ X € mh17b1 (q),rank(Xn) < Tl}

and by proposition 1.4.5 we obtain

2 (g)] = 21: Thop (@) =Y {bl} [lej||GLr11(Q>|' (3.9)

T11
r11=0 (rij)€TTF
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0
M*(q) = {Xn 0 | Xij € My, p,(q) for 1 < j <4 <2and
X21|X22| 0

rank(mat(X11)) < ri,rank(mat(Xa)) < ro, }

If we use the case "d = 17, lemma 3.4.2 and (3.6) twice we get

= X d[n] [ ] [, e lC ol

My rin| [T — 71| [Te2| |22 — T2 |GL,,,(q)]
Tij)EJg

where [ := 191 (hy + by + 2r91 — 192 — 711).
With this formula we can calculate |9t (¢)| for the first example in 3.3.10.
We had

d=2,h=(1,1,2),b=(2,1,1),r = (1,1).

Therefore we obtain

% = {(0,0,0),(1,0,0),(0,0,1),(1,0,1),(1,1,1)}

and
37 2 2 2112
)= 1+ [{] -0+ [fa- v+ 2] |2 a0
+q2m m(q—l) =" +2¢' — ¢’ - ¢
d = 3. Then
0
M (q) = { el X € My, p.(q) for 1 < j <i<3and
t le X22 0 i hi,bj ~ >0 >
X31|X32(X33] 0

rank(mat(X;;)) <r; for 1 <i < 3}.

If we use the case ”d = 2”7, lemma 3.4.2 together with (3.6) twice and lemma
3.4.4 together with (3.8) we obtain

fark _ 1| b1 hs by ha b3 ha
|9ﬁt (q)| - Z q {7‘11} {7“33} |j‘22 —7‘21} [7“22 —TsJ [7‘33 —7“32} {Tn —7‘21}

(rij)eapk
rog — a1 | [ras = rao | |G Loy (G Lugy (O G Ly gy gy 1731 (q)]
T32 —7T31| [T21 — 731 |GL,,,(q)] ’

Where l = 7”%1 — T'32721 + 7”32(b3 + hg — T33 + T’32) + 7“21<h1 + b2 —T11 + 7"21).
With this formula we can calculate

9IF(q)] = ¢" + 3¢" +2¢"° — 2¢° — 4¢® — " + 2¢°

for the second example in 3.3.10.
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If we continue with this recursive algorithm, we finally obtain a general formula
for |9M7*(g)|. The result is our next theorem.

3.4.9 Theorem: Let t € Std()\) and (d,h,b,r) = §(t). Then we have

o 1 2 3
MEQ = ’“Ex)n-j)(Q)TE,&U)<Q)7°§,<)m>(q>>

(rij)€TF
where
ey (q) == bi | | ba H Tij — Tij—1 Tij = Titl,j
b\ T ey | g peiZitdot Titlj — Tiflj—1| |Tij—1— Titl -1
VY ICH A
Thik — Thtl,k| |Th+1,k+1 — Tht1,k |’
1<k<d—1
(2) . ’GLTH(Q)HGLT(M(QH
r = (€ and
t,(?“ij)( ) ’Gerl(Q)’ 2§j£d1| i~ Ti,j—1"Ti+1,5+ z+1,371(Q)|
3
TE ()nj)<q> :ql,
where
( .
0 ifd=1
ro1(hy 4 by + 2r91 — 192 — 111) ifd=2
l T T+ g — T2 — TddTdd—1t
= d
+ (b hic) = >0 TyTipgat
i=2 1<j<i<d—1
+ > rij(rij—1 + Trig1;) — > rfj ifd > 2.
L 2<j<i<d—1 2<j<i—1<d—2

3.4.10 Corollary: Ift € Std(\) then p(q) is a polynomial in q.

Proof: Follows directly from the recursive algorithm and the fact that p!" (q)

h,bry,rx
in (3.5) and pgng’m’m’rx(q) in (3.7) are polynomials in g¢. ]

3.5 The idempotents ¢,

Our goal is to construct for every t € Std(\) and every L € M{*(q) an element
b; of S* such that

e last(by) = t,
o {by | L € M*(q),t € Std(\)} is part of a basis of S* and

o the elements {top(by) | L € M*(q),t € Std(\)} of M* are linearly inde-
pendent.
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The main tool to prove the linear independence of the elements b, and top(by)
are the idempotents ey, introduced in [7] which we want to generalize for our
purpose.

3.5.1 Definition: Let t € Std(\) and M an arbitrary element of 9t(q). Then
J:C{1,2,...n} x {1,2,...n} indexes the entries of M which appear below the
defining line in short(M). Obviously this is well defined.

3.5.2 Example: Suppose that A = (2,2) and t = ; Z . Then
1 .
gﬁt(Q)_{Z% a,b,cEGF(q)}— C'Z 1 1 a,b,c € GF(q)
b c 1

and therefore
jt = {(37 1)a (4a 1)7 (47 3)}

We can calculate |Jy| easily.

i+1

d
|jt| = Z Z hz‘bj,

i=0 j=1

where (d, h, b,1) = 6(t).
For t € Std(\) we introduce an addition ¢ on M(q) by pointwise adding the
entries below the defining line.

3.5.3 Example: Let ay,as, by, by, 1,00 € GF(q). Then

GILO azL_ ay + az

b1 1 by o b1 +by 1+l

Recall that this is only shorthand notation for

ar 1 as 1 a1 +ag 1
by c1 1 by co 1 b1 + bs c1+cy 1]

|3 |3

Then (9M(q), ) is an abelian group of order ¢*tl. Therefore we find ¢/*t! linear
irreducible F-characters of 9t(q). Such a character x is a group homomorphism
from 9M(q) to the multiplicative group F*. In particular

X(M o N)=x(M)x(N) for M, N € M(q).

We regard the set X of F-linear characters of 9(q) as a vector space over GF(q)
by setting

(x1 + x2) (M) = x1(M)x2(M)
ax(M) = x(aM)
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for all M € 9M(q) and o € GF(q).
For (i,7) € J¢ we denote by &;; the (i,j) coordinate function from 9(q) to
GF(q). Then

{0ci; | (i,7) € 3
is a basis of the GF(q)-vector space X.
Thus, if y € X then
X= > ljbey)
(i,j)E:ﬁ

for uniquely determined elements [;; of GF(q).
Vice versa, given a matrix L = (I;;) € M(q), we let

xe= ) liylfey),

(%J)Ejt

so that
X={xc|LeMq)}

and for M = (my;) € M(q), we have

xe(M) = T 6ms).

(17])631

Now let U(q) be the group algebra of M(q) over F. Thus, V(q) is a ¢l*-
dimensional vector subspace of M*, with natural basis

{M | M eMq);

3.5.4 Definition: Suppose that t € Std(\) and L € M(q). We define

—_

eL = > xu(=M)M.
Mei)m(q)

Then ey, is the idempotent in 2Uy(q) affording the linear character xr. In fact,

{er | L € Mi(q)}

is a complete set of primitive orthogonal idempotents in F9(q), and so

is the decomposition of the regular module of F9(q) into pairwise non-
isomorphic irreducible F'9t(q)-modules.
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3.6 Construction of the elements b,

Let t € Std(\) and (d,h,b,r) = 0(t) and M € M(q). Then M is of the form

D1
X11| D2
M = |X91|X99 - ;
D,
Xa|Xao| - [ XaalDay ]
<~
b2

where D; € My, 4,(q) for 1 <i < d+1 and X5 € My, p,(q) for 1 < j <i<d.
For

A, eGLy, (1<i<d+1),

BieGLy, , (1<i<d+1),

T‘i S Dﬁhm,bi (1 S 1 S d+ 1) and

QTijemhi,bj (1§]<Z§d>

we want to analyse the operation o of the element

Ay
BTy | By ‘
Az
| BoTh | BTy | B, |
As
9= ’ B3T5, ‘ ’ BT ‘ BsTy | B3 ‘ (3.10)
Ad

’Bd-&-lel‘ ’Bd-&-leZ‘ ’Bd-i-leS‘ ~Bay1Tat1| Ba+a ‘

]bd+2 '

of GL,(q) on the flag M. To do this, it is more convenient not to omit the columns
with the ones in the notation of M.

Dy | Ip,
X11 Dy | Iy,
M= | X9 X2
Dalln,
Xa Xao oo | Xaa Dgiq| In,

ba+2



3.6 Construction of the elements b, 47

Then we get
D; | By
X1 Dy | By
Mg = le X22 )
D, | By
Xa1 X o | Xaa Dai1|Ba
<~
ba+2
where

If we multiply the first row of blocks by B! on the left, the second block by
By! on the left, ... and the (d + 1)" row of blocks by By, on the left we get an
element of =,.

Therefore
ﬁl Iho
X1 Dy | I,
Mog=|Xy X2 € Mi(q),
N Dy I, ,
Xa X oo | X Dy Ip,
~—
bd+2
where
e D;=B'DA+T,(1<i<d+1)and
° Xij = B;_llXZ'jAj + ﬂj (1 <7< < d)
Again in our short notation
Dy
X11| Do
Mog= |XnXp - € M(q).

XailXao) - XadDatr

bat2
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3.6.1 Example: In the above notation

A
BT\ | By
D, P
XH DQ O
BT BoT: B
Xo1 | Xaa| D5 272 2 ‘

As

| BsTo | BiTy | Bs
B;lDlAl + T3
=|By'X11A1 + Th1| By 'D2As+ T
By X01 Ay + Ty | By ' Xog Ay + Tog| By 'D3A3 + T

This means, that by an appropriate operation of an element g € GL,(q) we can
e add a matrix 7" to a block D; or X;; of M,

e multiply the blocks of a column of blocks of M simultaneously on the right
by an invertible matrix A and

e multiply the blocks of a row of blocks of M simultaneously on the left by
an invertible matrix B.

The operation of a matrix g € GL,(¢) as in (3.10) has further nice properties as

we can see in the following two propositions which, for some special cases, can
be found in [7].

3.6.2 Proposition: Let t € Std(\), (d,h,b,r) = §(t), v € M* with last(v) = t
and g € GL,(q) as in (3.10). Then

last(v o g) =t and top(v o g) = top(v) o g.

Proof: By proposition 1.6.4 we find lower triangular matrices le), ng), REI) and

R§2) and permutation matrices P; and .S; such that we can write the matrices A;
and B; on the diagonal of ¢ in the following form.

A =QYPQY and B; = RYS,R? for 1 <i < d+ 1.
Then

9= POV RS RYQY QY RY SR QYY) Puna Q) By Su

where, for 1 <i < d+ 1, we obtain

. le) (resp. P;) from g by replacing A; with le) (resp. P;), the other blocks
on the diagonal with identity matrices and the blocks under the diagonal
with zero matrices,

° QZ@) from g by replacing A; with QZ(-Q) , the other blocks on the diagonal with
identity matrices and the blocks under the diagonal which are not in the
same column of blocks as A; with zero matrices and
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. }?Z(l) (resp. S, RZ@)) from ¢ by replacing B; with Rgl) (resp. Si, RZ@)), the
other blocks on the diagonal with identity matrices and the blocks under
the diagonal with zero matrices.

The proposition now follows dlrectly from proposition 2. 1 11 for the multiplication
by the lower triangular matrices Q QZ( ), RY and R and proposition 2.1.12

(2
for the multiplication by the permutation matrices 2 and S;. m

3.6.3 Proposition: Let t € Std(\), L € M(q), (d, h,b,r) = §(t) and

9= . € GL,(q), (3.11)

Agp1

where A; € GLy, (1 <i<d+1)and B, € GL,, , (1<i<d+1).
Then we have

€LO G = €poy1)T- (3.12)

Proof: We have the following equivalences:

6Log=em<4f

1
= > xu(-M)(Mog) = m > XLO Lyr(=M)M
MeMi(q) MeM;(q
T NN = Y (AN
Negﬁf(q) Memt(q)
= x(~-Mog™) = X Lo(g-1yr (—M) for all M € M(q). (3.13)

First we want to show (3.13) for the special case

1

g:= (3.14)

for an arbitrary but fixed 1 <7 <d+ 1.

Let M = (my;) € My(q), L = (I), M o g=* = (imy;) and Lo (71" = (I;;).
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Then
Xe(~Mog™) = XLo(g 71)T(_M)
= H O(—lijm;j) = H 0(—1;;mi;)
(4,5)€T (i,5) €Tt
< H 0 —ZUTNTLU) H 0(—lm’n~’LU = H 9 —lijmij H 9 —lijmij),
(i.)eat) (i) €7 (i.)€at) (i.)€3?

where J( ) C J, indexes the entries of M which appear in the i"* column of blocks
below the defining line in short(M) and

3@ = 3.\,

Hence

H 0(—lijmi;) H 0(—liymi;) = H 0(—lijm;) H 0(—lijm;)

(i)t (i,j)e7t (i,5)eat” (i,j)€3t
— H 0(—1lijmi;) H 0(—liymi;) = H 0(—lijmi;) H 0(—liymi;)

(i)t (i,5)e7t? (i,)eat” (i,5)eat?
<~ H 0 lwfnw)— H 9( lwm”)
(i,5)eat” (i,5)eat”

So we have reduced the proof of the special case (3.14) to the task to prove

=
o

h b

H H 9(—lijmij) = H H 0(_[ijmij)

i=1 j=1 i=1j=1

for integers h,b € N, L = (I;;) € imhb( ), M = (my;) € Mpp(q), A7 = (ay;) €
GLy(q), MA™! = (my;) and L(A~ ) (zy)-

We obtain
b
m” Zmlkakj and Z = Z ikQjk-
Therefore
b h b b
H H 9 lz]mlj H H Z l'ij'Lkak] H H H 6(_lijmika’kj)
=1 j=1 =1 j=1 i=1 j=1k=1
h b h b
:HHHQ(—likmzj%k) = HH9 lekmwagk HHQ( [ijmij)
i=1 j=1 k=1 i=1 j=1 i=1 j=1

and hence the proposition holds for the special case (3.14).
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The proof of (3.13) for the special case

1

g = (3.15)

1

for an arbitrary but fixed 1 < ¢ < d + 1 is quite similar: We reduce the problem
to the " row of blocks and recall that the operation o of g~! is on this row the
multiplication by B; on the left.

Now the proposition follows inductively from the two special cases (3.14) and
(3.15) since

er o (q192) = (epogr) 0 ga = €Lo(gr1)T © 92 = Cro(gr)To(gs )T

= Lol e H) T CLellez e H) T “helloe) O

3.6.4 Definition: Let k,h,b e N, z,y e Nwithe+h—-1<k,y+b—1 <k and
M € My, (q). Then E(k,z,y, M) € My x(q) is defined as the matrix that differs
from the identity matrix Iy € GLk(q) only in the block M starting at position

(z,9).

3.6.5 Example: Let M := (z Z) € My(q). Then
a b 0 0 1 0 0 O
d 0 0 01 0 0
E(4,1L,1,M)= 14 o 1 o/ B@33,M) =1, o . 4|
0 0 0 1 0 0 ¢ d
1 0 0 O 1 0 0 O
B3, 1L,M) =", 1 0] and E43,2.0)= | L 00
c d 0 1 0 ¢c d 1

3.6.6 Definition: Let t € Std(\) and L € 9M(q). This means that L is of the
form

D1
X11| D2

L = [Xo1|Xo9

Xa1lXag| - .. XadDar|

ba+2
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1.) We recall from definition 3.3.5 that, for 1 < i < d, xmat(L, i) denotes the
matrix which consists of the blocks {Xj; | 1 <1 <i <k <d}.

2.) If 1 <i < dandr € N is not greater than the width of zmat(L, ), then
xmat(L,i,r) is defined as the matrix that consists of the last r columns of
xmat(L, ).

3.) The matrix
(Xz'—l,l oo Xic1,i1 Di)

is called dmat(L,i) (2 <17 < d+1). It consists of the blocks which are to
the left of the defining line in the i row of blocks of short(L).

4.) If2 <i <d+1 and r € Nis not greater than the width of dmat(L, 1), then
dmat(L,i,7) denotes the last r columns of dmat(L, 7).

To prove the next theorem we need the following technical lemma.

3.6.7 Lemma: Let b, hy, hy € N, by, by € Ny with by +by = b, My € My, 4(q) and
My € My, »(q) with rank(Msy) < by. Then there exist matrices A € GLy(q) and
B € GLy,(q) such that

e BM,A is an upper triangular matrix, i.e. the entries below the diagonal are
zero (in general BMi A is not a quadratic matrix) and

e all entries in the first by columns of MyA are zero.

Proof: By multiplication by a matrix A € GL,(q) on the right we can carry out
arbitrary column operations on the matrix M. Since rank(Ms) < by we find a
matrix A; € GLy(q) such that the first b — by = by columns of M;A; have only
zero entries. We split the matrix M; A; into two parts, namely the first b; columns
M and the last by columns Mjs.

b by by
hy M, A — My | Mg
ho \[ My |)"! 0 | ?
By multiplication by a matrix B € GLjp, on the left and a matrix A € GLy,(q)
on the right we can carry out arbitrary row and column operations on M.

Therefore we find a matrix Ay € GLy, (¢) and a matrix By € GLjp, (q) such that
the nondiagonal entries of By Mi1 Ay are zero. Then there are two cases:

1.) by > hy: BoMjAE(b,1,1, Ay) is an upper triangular matrix. The lemma
follows directly with the matrices

A= AlE(b, ]., 1, AQ) and B := BQ.

2.) by < hy: We split the matrix BoM; A1 E(b, 1,1, Ay) into 4 parts

by by
My | M b
BoMyAE(b,1,1, Ay) = ( O” M; ) hl_lbl
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where the nondiagonal entries of M, are zero.

As before we find matrices A3 € GLy,(q) and By € GLy,—,(q) such that
the nondiagonal entries of BsMsyAs are zero. The lemma follows directly
with the matrices

A= AlE(b, 17 1, AQ)E(b7 b1 + ]_, b1 + ]_, Ag)
and B = E(hl,bl + 1,[)1 -+ 1733)82.

3.6.8 Theorem: Let t € Std()\). Then, for every L € IM*(q), there exists an
element by, € S* such that last(by) = t and top(br) = er.

Before we prove the theorem we demonstrate the difficulty of constructing such
an element by,.

€ Std(A),q =2 and

3.6.9 Example: Let n:=4,\:=(2,2),t:= 3

L) L= e mp).

In this case it is easy to construct an element by,.

1
b= S B(—m)(epn 0 (2,3)) 0 !
3 YyEGF(2)3 B ’ wove 1

- Ys 1
since
last(by) =t
and

1

1
U3 I CS R

YeGF(2)3 Y Y2
B Ys 1
1 Y1 Y2
=51 Z 0(—y2) 3 = €L
YyEGF(2)3

2) L:= € M*(2).

This case is much more difficult because the summation ”%” in

top(e,2) ©(2,3))

is just at the position where the ”1” is located in L. The proof of theorem
3.6.8 shows the solution of this problem.
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Proof: (of theorem 3.6.8)
First we prove the theorem for the special case A := (m, m):
For this purpose let t € Std(\), 6(t) = (d, h,b,r) and

X11| Do
) k

L = X21X22 . € m: <Q)

R Dy

Xa1|Xag| - XadlDa+1

We will construct an element by, € S* with last(by) = t and top(br) = ey.
Our algorithm has two parts: In the first part we show the existence of several
matrices with special properties. In the second part we use these matrices to
operate on ey to get an element by.

First part: We set L, := L and ry := 0 and successively execute fori =1,2,3,...d
the following step i:

We define E; := dmat(L;,i,b; +r;—1) and Y; := xmat(L;,i,b; + r;_1).

Using lemma 3.6.7 and the fact that rank(xmat(L;,1)) < r;, we find matrices
A; € GLy, 4, ,(q) and B; € GLy, ,(q) such that

e B,E;A; is an upper triangular matrix and
e all but the last r; columns of Y;A; have only zero entries.

Now we get L;y; from L; by replacing the blocks E; and Y; in L; with B;FE;A;
and Y;A; and proceed with the next step.

We complete the first part with step d 4+ 1 which is similar to the previous steps
except that we don’t have a matrix Yy,1. We define FEqyq := dmat(Lgiq1,d + 1,
b1 + rq) and find matrices Agy1 € GLy,,, 4+, (q) and By € GLy,(q) such that
Bagi1Eqi1Aq1 is an upper triangular matrix. Finally we replace the block Fy,4
in Ld+1 with Bd+1Ed+1Ad+1 and get Ld+2.

By construction the block B;F;A; (1 < i < d+ 1) has its uppermost leftmost

entry at position
i—2 i
(Zhj—i‘l,ij — (bz—i‘nl)—'—l) (316)
j=0 j=1
and its lowest rightmost entry at position
i—1 i
(Z hi ) bj> (3.17)
j=0  j=1

in short(L;y1).
And the block Y;A; (1 <i < d) has its uppermost leftmost entry at position

i—1 7
(Zhﬁl’ij ~ (bi+ri_1)+1> (3.18)
§=0 j=1
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and its lowest rightmost entry at position

in short(L;y1).

<m

Z bj> (3.19)

Furthermore, short(L4y2) is an upper triangular matrix because

e the uppermost leftmost entry of the matrix B;F;A; lies on the diagonal of

short(Lgyo) since

7 -1 1—2
ij—b+ml+1_2b—b Zb > hy)+1
j=1 j=1 j=0

I
.
ng
>
o

(3.20)

e the matrix Y;A; below B;E;A; may have nonzero entries only in the last r;
columns, but exactly those columns are again part of Y; 1 in the next step.
Indeed, if we subtract the position of the last column of Y; A; in short(L;,1)
from the position of the first column of Y;,; we get

D bi-
j=1

which means that Y;A; and Y., overlap each other in r; columns.

i+1

(D0

Jj=1

_(bi+l+ri)+1):ri_1

We want to illustrate the first part by an example.

1123

4

7

8

12

Let A :=(7,7),t:= =619

10

11

13

11l € Std(\) and q := 2.

Then

Furthermore, we choose

Step 1:

h=1(2,3,2),b=(4,2,1),r =(2,1),d = 2.

111 -
11 -1
1 - - 1|1 .
111 - € M"(2).
N
111 -11]1
111 - 11}-
1 - -1
111 - b
1 17}/1: ’
1 1 1
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We find
1
1 - 1 1
A = 111 1 andB1_<1 )
1 1
such that
1.
1 .01
- -1 - e
1 1 - 111
Step 2:
1 - 1
1 1 1
E2(1 - :)’Yr(l | 1)
We find
b .
Ay = 1 and Bo= |1 1
1 11 ' 1
such that
1. . .
o1
1 . . . L P
BQEQAQ: R 7}/'2142:(. o 1) andL3: A
-1 A
.. L 11
1
Step 3:
1 1
E312<1 )
We find
01 1
A3=(1 _)andB3:< 1)
such that
1 . .
o1
11 1 -]
83E3A3: T andL4: T
T
- 1)1
1

Second part: We start with several definitions:
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e Using the permutations 7T,E1), e ,W,Em) from definition 3.2.5, for 1 <17 < d+1,
we set
= ngfki)mgmfki*l) . .W,Emfk“h"*ﬁl),

d
where k; := ) h;.

This means for example that

Tyl = wﬁm)wim‘” . .WEm_hdH) and 7 = wth)wﬁho‘l) .. .7TE1)
and by construction we get
Tge1Tq - .. T = Ty (3.21)

In our example of the first part

m =n0m = (4,5)(5,6)(2,3)(3,4)(4,5),
m =m0 r® = (10,11)(8,9)(9,10)(6,7)(7,8)(8,9),
m=mn® = (12,13).

e Wedefinefor 1 <i<d+1
A; = E(n, k;l(A), ka), AT) and B; = E(n, k;l(B), k’Z(B), (B, YY),

where

i—1 i—2
) (ij> + (Zh]> —7r;_1 + 1 and
j=1 J=0
i 1—2
j=1 3=0

= F(n,1,1, AT,
Ad+1 E(n,n—bgyy —hg—1rq+1,n—bgp1 —hg—rq+ 1,A§+1),
(
E(

For example

= E(n,by +1,b; + 1,(B;H7) and

Bd+1 n,n—hg+1,n—hs+1,(B;)").

In our example of the first part

~

Ay = E(14,1,1, A7), Ay := E(14,5,5, A]), As == E(14,11,11, AJ),
By = E(14,5,5,(Bi 1)), By == E(14,9,9, (B )T),
Bs = E(14,13,13, (B3 )7).

e For a,b € N we denote by 9% (¢) € 9M,4(g) the set of a x b matrices whose
entries below and on the diagonal are zero.



58

The Specht modules S~

e In the set J;, the tupels (k,[) which fulfill 2(k —m) — 1 = [ index exactly

the diagonal entries of short(M) for an arbitrary M € 9y, (q).
We define Nyio = (ng) € My, (q) by

o foi2tk-m) - 1AL (kD €D,
T Vit 2k —m)—1=1,(k1) €3,

where Lgio = (1i;).

After operating with w41 on Ngyo we get a block in short(Ngyo o mgi1)
which has its uppermost leftmost entry at position (m —hg+1,m —hg+1)
and its lowest rightmost entry at position (m,m). If we replace this block

with Byi1Fg.1Aq.1 we get the short notation of N&)l € My omy,,(q) and

if we replace this block with E;,, we get the short notation of N ﬁ)l €
mf/\oﬂ'd.t,q (Q)

For d > ¢ > 1 we define the elements N ) and N recursively in the
following way:

After operating with m; on N2 i1 we get in short(Ni(i)l o ;) a block Pi(o)
which has its uppermost leftmost entry at position

d
(m—Zhj—i—l,m Zh—l—l)
j=i—1

Jj=i—-1

and its lowest rightmost entry at position

d+1
(m,m — Z bj> .
j=i+1

First we look at the subblock Pi(l) of this block which has its uppermost
leftmost entry at position

(m— > hj+1m- Z h; +1> (3.22)

Jj=t—1 j=i—1

and its lowest rightmost entry at position

<m— > hjm— i bj> : (3.23)

j=it+1

Fact 1 The diagonal entries of Pi(l) n short(]\fi(i)1 om;) are identical to the
diagonal entries of B;F;A;.

Proof: The positions in (3. 16) and (3.22) are equal and also the positions
dt1

in (3.17) and (3.23) since Z hj = m and Z b; = m and (3.20) holds.

Jj= Jj=
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Therefore B;E;A; is in short(Ls.2) at the same position as PY in

short(]\fi(i)1 o). m

; +)1 omr;) the block Pz-(l) with B; E;A; we get the short
notation of Ni(l) € My o(mgrrmam) (@)
Now we look at the subblock Pi(Q) of Pi(o) which remains if we omit Pi(l).
Pi(2) has its uppermost leftmost entry at position

d d
<m—2hj+1,m—2hj+1> (3.24)
j=i

j=i—1

If we replace in short(N, (@

and its lowest rightmost entry at position

(m,m — dii bj> . (3.25)

j=it1
Fact 2 The block Pi@) in Ni(l) equals exactly Y; A,.

Proof: The position of Pz-(z) in short(NZ-(l)) is the same as the position of
YiA; in short(Liyt) (ct. (3.18), (3.19), (3.24), (3.25) and (3.20)). .

If we replace in short(N, (i)l o m;) the block Pi(l) with E; and the block PZ-(Q)

with Y; we get the short notation of Ni(z) € M o(mayimam) (@)
(3.1) and (3.21)

Finally we get the element NI(Q) € My o(rgy1ma.m)(Q) M(q).

Fact 3 We have
N® = L. (3.26)

Proof: By the same arguments applied to the positions of the E; and Y; as
before. -

In our example of the first part

1 1 1
.1 .1 .1
Ny=1|- - ]1 ’Nél):...l ,N§2):...1 ,
] ] ]
1 11 11
1 1 1
1 1
1 -1 1
NQ(I)— 1 - | |and N2(2): 1 - :
.1 o1
- 11 -1 -1 1)1
1 1 11/
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o1 11 -1
R T T - - 11
NY=l. 1. | Jand N? =|111 = L.
.. .1 1 -
1 -1 1|1 111 -11[1
111 111 -11]/-
e We set
1
y1 1
1 - L
Uie = Y (HQ(—%%‘)) €x o va 1 :
q yeGF(g)™ \j=1
1
Ym 1

where (I;;) := short(Lgi2) and k := Z j="= mH).
Jj=
Finally, for d+1 >4 > 1, we define recurswely

1. 1 7T
v, ':|fm¢(q) Z H H 0(—mysn?)

| M= (mr.s)egﬂz

vg_?l o (mE(n, k™ kY, M)) and
v@) ::vfl) o (Asz)v

2

where 90;(q) := 9" , ., (q) and (n\)) := B.E; A,

Fact 4 o
2
t0p<vd+2> = ENgyo-

Proof: Follows directly with proposition 3.6.2. n

Fact 5 Ford+1<i<1
last(v§1)) =ty o (mg1mg...m) and top(vz(l)) = €,

Proof: Follows directly with propositions 2.1.10 and 2.1.11, fact 1 and fact 2. =

Fact 6 Ford+1<i<1
last(v?)) =ty o (mg417q ... ™) and top(v; (2 ))

ENe-
Proof: Follows directly with propositions 3.6.2 and 3.6.3. [
This means
top(v§ )) En e (3.26) e, and
last(vy (2 )) t\ o (mgr1mg ... ™) @.21) t), oy (3.1) t



3.6 Construction of the elements b,

and therefore, for the special case A = (m,m),t € Std(\) and L € IM*(q), we

have pr(oved the existence of an element b; with the required properties, namely
by, = v12).

We illustrate this with our example of the first part:

Y1
k yz
ko ok y3
@, _ | _
top(vy”) = 928 Z H O(=yi)|* * *ya = ENas
YEGF ()T 1) P s
kook o ok ok ok y6
kook o ok ok ok Xk y7
where J4 :={1,3,4,5,6,7}.
Y1
* Y2
X ok y3
1 1
top(vé )) = ﬁ Z H 9(—%‘) * ok k(g =€N3(1)7
YEGF(2)® je() B s
kook o ok ok ok yGyS
kookokok ok |k y7
WhereJ3 ={1,3,4,5,6,7,8}.
Y1
* Y2
9 1
tOP(U:(a )) ~ 9% Z H O0(—yi) * * *[ys = N
YEGF(2)? jc5(® ok x5
kook ok ok ok y6y7
kook o ok ok ok ygyg
where 3¢ := {1,3,4,5,6,7,8}.
Y1
* Y2
* % Y3 Y10 Y11 Y12
top(v Z H O(—yi)| * * | * ya yizyna = N
yeGF(2 Zejm * ok |k ok Ys Y15
* ok ox %k Yg|yr
* k% ok x Yg|Yg

where 3 := {1,3,4,5,6,7,8}.

<
—=

Y2
* Y3 Y4 Ys Ye
*1Y7 Ys Yo Y10 = EnDs
* Y11 Y12 Y13 Y14
* Y15 Y16 Y17 Y18|Y19
* Y20 Y21 Y22 Y23(Y24

top(v Z H 0(—vy;)

yeGF(2 ica®

EE SR I N
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where J2 :={1,4,6,7,13,15,17,18, 19, 20, 22, 23}.

top(vi”)) = 55

Z H 0(—yi)

yeGF(2)2° Ze5(1)

Y1 Y25 Y26 Y27
* Y2 Y28 Y29
* ok Y3 Ya|Ys5 Ys
* Y7 Ys|Y9 Y10 = €N1(1),
* Y11 Y12|Y13 Y14
*

%

Y15 Y16 Y17 Y18|Y19
Y20 Y21 Y22 Y23|Y24

* % Xk X

where J ={1,4,6,7,13,15,17,18, 19, 20, 22, 23, 28}.

top(v}”) =

where

> o=

YEGF(2) jc5(2)

Y1 Y2 Y3 Ya
Ys Y6 Y7 Ys
Yo Y10 Y11 Y12|Y13 Y14

yz‘)ym Y16 Y17 Y18(Y19 Y20 = €N1(2>,

Y21 Y22 Y23 Y24 Y25 Y26
Y27 Y28 Y29 Y30 Y31 Y32|Y33
Y34 Y35 Y36 Y37 Y38 Y39|Y40

39 .= {1,2,3,5,6,8,9,12,14, 15, 16, 17, 25, 27,

28,29, 31,32, 33, 34, 35, 36, 38, 30}

Now let A = (n — m, m) be an arbitrary two-part partition of n, t € Std(\) and

L € M*(q).

The proof of this case follows easily from the special case A = (m, m). We illustrate
it with an example; the general case is similar.

Let n:=17, )\ :=

vy of S* with

top(vy)

(10,7),t

1[2]3]4]7]8]12[13[15]17]
= =2
56 [910/11]14]16 € Std()),q =2 and
111 -
11 -1
1 - -1 1 N
L:=[111 . € M"(2).
1111111
111 - 11 - -]1]
The previous example of the special case ensures that we can generate an element
Y1 Y2 Y3 Ya
Ys Yo Y7 Y8
Y9 Y10 Y11 Y12|Y13 Y14
Z H@ —Yi)|y15 Y16 Y17 Y18 Y19 Y20 )
yeGF( )40 4€7; Y21 Y22 Y23 Y24|Y25 Y26

where

Y27 Y28 Y29 Y30 Y31 Y32|Y33
Y34 Y35 Y36 Y37 Y38 Y39|Y40

3, :={1,2,3,5,6,8,9,12,14,15,16, 17, 25, 27,

28,29, 31, 32, 33, 34, 35, 36, 38, 39}.
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For this purpose we just sum and operate in the same way as in the special case.
The only difference is that we don’t operate with the elements g € GL14(2) but
with the elements E(17,1,1,g) € GL17(2).

We set
1
vpi= o Y (0(—yn)0(—ys))v1 o ((14,15)(15,16)(13, 14) E(17, 13,13, M(y))),
yEGF(2)3
where
1
M) = | & 1
(g) T 1
Y2 ys 1
By construction
last(vg) =t
and
Y1 Y2 Y3 Y4
Ys Ys Y7 Y8
1 Yo Y10 Y11 Y12|Y13 Y14
top(va) = 243 Z H O(—ya)|y15 Y16 Y17 Y1s[y10 Y20 = €L,
yeGF(2)43 i€T2 Y21 Y22 Y23 Y24|Y25 Y26
N Y27 Y28 Y29 Y30 Y31 Y32|Y33 Y41
Y34 Y35 Y36 Y37 Y38 Y39 Y40 y42m
where

3, :={1,2,3,5,6,8,9,12,14,15,16, 17, 25, 27,
28,29, 31, 32,33, 34, 35, 36, 38, 39, 41, 43}.

Thus we have found an element by, with the required properties, namely by, := v,.
This example suggests the steps for the general case:

1.) Use the special case A = (m, m).

2.) Bring the remaining columns with the ones in the correct place by operating
with basic transpositions.

3.) Finally operate with matrices of the form (3.10) to get an element by with
top(br) = er. Hereby we don’t get in trouble as in the second case of example
3.6.9 since we don’t have summations ”” in the remaining columns.

3.6.10 Definition: According to theorem 3.6.8 we find for every t € Std(\) and
every L € 9MM*(q) an element b, € S* such that last(by) = t and top(by) = er.
We fix, for every L, such an element b;, and define

B = {b, | L € M*(q), t € Std(\)}.
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3.6.11 Corollary: The subsets {top(br) | L € 9M*(q),t € Std(\)} of M* and
B of S* are both linearly independent.

Proof: Follows directly from theorem 3.6.8, the linear independence of the el-
ements ey, and the fact that elements vy, v, € S* with last(v,) # last(vy) are
linearly independent. [

3.7 Is B a basis of S*?

In this section we want to give some evidence for the following conjecture.

3.7.1 Conjecture: 8" is a standard basis of S* with corresponding polynomials
{p«(q) | t € Std(\)} or equivalently

> plq) = dim(S*). (3.27)

teStd(\)

A first approach to prove this conjecture is to show the equality (3.27).
Proposition 2.2.7 provides a formula to calculate the dimension S*. But for our
special partition A = (n — m,m) an easier formula holds.

3.7.2 Proposition:

Proof: cf. [11] ]
From corollary 3.6.11 we immediately obtain the following proposition.

3.7.3 Proposition:

> pg) < dim(SY).

teStd(\)

Proof:
3.6.11

dim(S*) > BN = Y Ml = D pda)
teStd(\) teStd(\)
| |

I have written a program in GAP ([9]) that computes the polynomials p¢(q) for
t € Std(A),A = (m,m) and 1 < m < 11. The output proves the following
theorem.

3.7.4 Theorem: Suppose that 1 < m < 11 and A = (m, m). Then

Z pi(q) = dim(S?)

teStd())

and therefore $B” is a standard basis of S*.
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In appendix B we give an overview over the polynomials p¢(q) for
t e Std((2,2)) U Std((3,3)) U Std((4,4)) U Std((5,5)).

The next approach to shed further light on conjecture 3.7.1 is to divide Std(\)
in intervals. All ideas and proofs for this approach can be found in [7]. We will
translate them into our notation.

3.7.5 Definition: Let A = (m,m). Then, for 1 < k < m, we define
Te(N) = {te St | ha =k for (d,h,b,r) = 6(1)} C Std(N).

3.7.6 Example: Let A = (3,3). Then

1(3]5 11215 1

‘71@):{2 11634 6}"72(/\):{2
11213

3.7.7 Lemma: If A = (m, m) then

w
W
—_
[\
e

6’356}and

Ut

Std(\) = 1(A) U Jo(N) U Fs(A) U ... U Tn(N)

and, for 1 < k < m, the set Ji(\) contains all standard \-tableaux t with the
following property:

1 ifi=k

row(2m —1i) = {2 iF0<i<k

Proof: Clear. -

3.7.8 Proposition: We have

dim(s(n—m,m)) _ Z qu+k_mdim(5(m_1’m_k)) |:Tl — 2]::71 —+ k':|
k=1
and in particular
dim( S(mm qulﬁrk ™ dim( (m—l,m—k))‘
k=1
Proof: See 4.11 Proposition in [7]. .

3.7.9 Conjecture: If A = (m,m) and 1 < k < m then

Z Pt _ mk+kfmdim(5(mfl,mfk)).
SV/0))
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As in [7] we can prove this conjecture for the special cases k =m —1 and k =m
and obtain an inductive approach for k = 1. These results are the content of the
following three propositions.

3.7.10 Proposition: Let A = (m,m). Then

S pla) = ¢ dim(S00) = g7,
teTm(N)

Proof: By lemma 3.7.7

1 2 ...lm

b= m+1im+2|...2m

is the only element of 7,,(A). We obtain
6(t) = (0, (m), (m), ()
and therefore, by lemma 3.3.9,
pla) =™

Proposition 2.2.7 provides dim/(S (m_l’o)) = 1 and the proposition follows. |

3.7.11 Proposition: Let A\ = (m,m). Then
ST pda) = g dim(ST),
tejmfl(k)

Proof: By lemma 3.7.7
jm—l(A) = {tly tQa v 7tm—1}a

where, for 1 < i < m — 1, t; is the uniquely defined standard A-tableau with
second row {i+1,m+2,m+3,...,2m}.
We obtain
) =(1,(1,m—=1),(;,m—1),(i —1))
and by lemma 3.3.9 and (3.9)

() = D) $ Sl e

oppr 11 r11
Finally
m—1 i—1 ; m— 1
Z pilq) = Z gD m=) Z L" } { ] |G Ly, (q)]
- 11 11
t€Tm—1(N) =1 r11=0

[:7] mefmfldim(S(mfl,l)).

The last equality is proved in [7]. ]



3.7 Is B* a basis of S*?

3.7.12 Proposition: Suppose that A = (m, m) and
> pq) = dim(STHmY),
teStd((m—1,m—1))

Then

> pdg) = q dim(SThmY),
teJ1(N)

Proof: Let t € J;(A). Then, by lemma 3.7.7, t is of the form

2m —1

t=|t om

where t is an element of Std((m — 1,m — 1)).
Furthermore, by lemma 3.2.8 and lemma 3.3.3, every element M € 9/*(q) is a
flag

M= 4 | (3.28)
0...0a
where A € 9MM7*(¢) and a € GF(q).
Therefore
Y ImFal<q > (2" (9)] (3.29)
teJi(N) teStd((m—1,m—1))
Vice versa let t € Std((m —1,m — 1)).

2m —1
2m
by t. For every a € GF(q) we can extend an element A € 917%(q) as in (3.28) to

an element M € 9M7*(q). Together with (3.29) we conclude

STt l=a D> M)l

teJ1(N) teStd((m—1,m—1))

If we extend t by the column , we get an element of 7;(\) and denote it

This means
Yoonla)= Y t@l=q D k)
teJ1(N) tei(N) teStd((m—1,m—1))

=q¢ > plg) =qdim(S" ),

teStd((m—1,m—1))

3.7.13 Proposition: Suppose that A = (n — m,m). If conjecture 3.7.9 holds

then
> plg) = dim(SY)
teStd(\)

and therefore B> is a standard basis of S*.
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Proof: We have

3.3.19 m
S opde) =" D> ™Y pruaary (@)

teStd(N) teStd(\)
m

3.7.7 num
= Z q b Pguad(t) (Q) (330)

k=1 te Std(\)|quad(t) €Tk ((m,m))

— Z pi(q) Z e,

k=1 1€ 7} ((m,m)) teStd(N)|quad(t)=t

> ¢ counts the number of possibilities to extend the first 2m—k
teStd(\) |quad(t)=1
columns of an element M € Qﬁzk(q) by n —2m + k further columns to an element
of Mi*(q) for a t € Std(\) with quad(t) = t. By lemma 3.2.8 and the definition
of M*(q), every possible extension by n — 2m + k columns is of the form

0 m—k
A ko,
n—2m-+k

where A € MMy ,—2m4+ is the second row segment of an element of Z, oy, 1)
Since every element of Z(,_ap ) is uniquely determined by its second row segment,

we have
num _ n—2m+k
Z q b(t) e ‘:(n—2m,k)| — |: k :| .
teStd(\)|quad(t)=t

Together with (3.30) we obtain

> ple) = i pi(q) {n - Q,T " k]

teStd(N) k=1 te 7, ((m,m))
3'_19 Z qu-&-k—mdim(s(m—l,m—kz)) |:77/ - 2;}1 + k:|
k=1
= dim(5”)

Using the polynomials p¢(q) computed by the previously mentioned GAP pro-
gram we can verify that conjecture 3.7.9 holds for 1 < m < 11. Therefore we
immediately obtain the following theorem.

3.7.14 Theorem: If 1 < m < 11 and A = (n — m,m) then B* is a standard
basis of S*.

The third approach to prove conjecture 3.7.1 is the branching theorem 2.3.5.
There are two cases for our special partition A = (n —m, m):
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1.) A= (m,m). Then R} = {{2}}, R; = {{1,2}} and
SA = S B @ S*E,FGE_(q) as FG?_(q)-modules,
where

SAE, = §mm=1) a5 PG, _1(q)-modules,
SAE, = §m=tm=1 a5 PG, _5(q)-modules.

For the dimensions we obtain

dim(S*E,) = dim/(Smm=V), (3.31)
dim(S*Ey) = dim/(S™ ™) and (3.32)
dim(S*) = dim(S™™ V) 4 (> — 1)dim (S 1mD), (3.33)

2.) A= (n—m,m) with n —m > m. Then R} = {{1},{2}}, R; = {{1,2}} and

S* = S*E, @ SAEL, PG (q) as FG*_,(q)-modules,

where
SrEy =8>S > 85,=0,
SAE, o2 gn=m=Lm=1) 4q FG,,_2(q)-modules

with

Sy /81 = SMezy = §n—mm—1) aq FG,_1(q)-modules,

S = SM1 = §nmm=lm) a9 FG,_1(q)-modules.

For the dimensions we obtain

dim(S*Ey) = dim (ST 4 dim (S0 ),

dim(S*Ey) = dim/(S™ ™1~ and (3.34)

dzm(SA) :dim(S(n_m_Lm)) + dim(s(n—m,m—l))+

3.35
+ (" = 1)dim(SM—m-Lm=1), (3.35)

3.7.15 Definition: Let A = (n —m,m) and t € Std(\). Then we set

M0 (q) := {L € M*(q) | 331(',21) =0 for 1 <i <m, where
L is written as in (1.6)} and
M (q) = {L e M*(q) | fo) = —0;1 for 1 <i <m and a;ﬁ) =011

for 2 <4 <n, where L is written as in (1.6)}.
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3.7.16 Proposition: Let A = (n —m, m),t € Std(\) and L € M;*(q). Then

top(by o Ey) = {g()p (be) Z:é Z ﬁ::jig; (3.36)
If B(mm=1) js a standard basis of ™™™V then
{bpo By | L e M*(q),t e Std((m,m))}
is a basis of S"™™ E| and
S I (g)] = dim(S D), (3.37)

teStd((m,m))

Proof: We start with a small example. Let A = (3,2) and t =
Then

Y3 Y4

gﬁ:k((ﬁ _ { Y1 Y2

Y€ GF(q)4} )

Let | € GF(q)* and therefore L = a fixed element of 9% (q).

Then we obtain

toplbe) =~ 3 0(—(y, )" 2

Y3 Y4

and by proposition 2.1.11

top(br, o Ex) = top(br) o B

S SIUCIND T

Y3 Y4

D

o —

a€GF(g)*

a

az
a4

Y1+ a1y2 + az
= Y3 + a1y4 + as

Y2
Y4

What is the coefficient ¢(by, by, b3, by) of a fixed element

We obtain the following equalities.

Y2 = b27
Yg = b47

b1 b2
bs by

Y1 +a1ys +az = by = y1 = by — arby — aq,

Y3 + a1ys + az = by = y3 = bg — a1by — as.

o O O~ O
OO = OO
o= O O O
— o O O O
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Therefore

C(bl) b27 b37 b4> —

1
= E Z 9(-(()1 — Cllbg — ag)h — b2l2 — (bg — a1b4 — ag)lg — b4l4).
a€GF(q)*

We have two cases:

1) LeMm™(q),ie I, =13=0.

Then
1 1
c(br, b2, bs, ba) = = 0(—baly — baly) = —49(—1)212 — baly)
9 a€GF(g)* 1
and
top(br 0 By = — 3 0(=(b,)|2 2| | = top(br)
L © £ p %4 ) be b, L)

beGF(g)4

2.) L ¢ MPM(q), ie. Iy # 0 or I3 # 0.
We obtain

o 2 O(x) =0 iflL #0
C(b17 b27 b37 b4) = a1,a3,a4,2€GF(q)

S fz)=0 ifl3£0

a1,a2,a4,2€GF(q)

LS

2

and therefore
top(by, o Ey) = 0.

The general case is much more complex to write down but the proof is the same.
Thus (3.36) holds.
We define a map

v U m™e- U 9
teStd((m,m)) teStd((m,m—1))
M — (M)
by the following algorithm:

1.) Remove the first column of short(M) (it consists only of zeros),

2.) reflect the new object at the bisector that starts at the bottom left vertex
and

3.) interpret the result p(M) as an element of U M*(q).
teStd((m,m—1))



72 The Specht modules S~

We illustrate this by an example (m = 3) and write down the corresponding
top(vy).

=

) ) ) ) )
;L} — T 17 ]

If we use lemma 3.2.8 and the fact that the rank conditions are invariant under
our special reflection then we see that ¢ is well defined and bijective.

Hence
S M l= D> M)l

teStd((m,m)) te Std((m,m—1))

By assumption B(™™1 is a standard basis of S(™™~1) and therefore

Z pi(q) = dim(S™™ ).

teStd((m,m—1))

Altogether

Y. mMl= Y M)

teStd((m,m)) teStd((m,m—1))

= Y nla) = dim(s )

teStd((m,m—1))

and (3.37) holds.
We examine the set

S:={bpo By | L € MM (q),t e Std((m,m))}.
We have
e SC SmmE,
o |S| = dim(S™™=Y) and
e the elements of S are linear independent since

top(by o Ey) = top(br) = er.

By (3.31), the dimension of S(™ E| is equal to dim(S™™ 1) and therefore we
immediately obtain that S is a basis of S E,. [
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3.7.17 Proposition: Let A = (n —m, m),t € Std(\) and L € M;*(q). Then

top(by, © By) = {g‘)p (b) ii Z ﬁ:igg; (3.38)
If B=m=1m=1) jg a standard basis of S"~"~1m=1) then
{by o By | L € MP(q), t € Std(\)}
is a basis of S~ E, and
> ()] = dim (ST, (3.39)

teStd()N)

Proof: Again we will illustrate the proof in special cases to simplify the notation.
The proof of the general case is the same.

Let t € Std(\) and L € 9M7*(q). Since Es differs from the identity matrix only in
the first two columns we must examine two cases:

1.) There exists an 3 < i < n such that xg) # 0 (we write L as in (1.6)).
As in the proof of proposition 3.7.16 we choose

5‘andL:: bl

A= (3,2),t:= 31 Is 1,

for [ € GF(q)" fixed.

Then

R Ny o

e yeGF(q)* £ 4
1 0 0 0
1 air 1 0 0 O
e} - Z 9((11) as as 1 0 0
a€GF(q)7 a3 ag 0 1 0
ag a7 0 0 1

1
_ 9(@1 o <y7£>) Y1 + a1y + az Yo + a5

gt oy yst+aiya+a3  ys+as

b1 b

What is the coefficient ¢(by, bo, b3, by) of a fixed element be b
3 by

of M(q)?

We obtain the following equalities.

Y2 = by — as,
Y4 = by — ag,
Y1 = by — a1(52 - (15) — G2,

Y3 = bs — @1(54 - a6) — as.
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Therefore

(bh b27 b37 b4 Z 9 Cll bl - al(bz - CL5) - G2)l1 - (bz - Cl5)12

— (bg — a1<b4 — CL6) — CL3)Z3 — (b4 — a6)l4).

There is no suitable choice for Iy, l5, [3, 4 to obtain an argument for § which
is independent of a;. Thus

1
C(bl,bg,bg,b4) = F Z 6(1’) =0

z,a2,...,ar€GF(q)

and therefore
top(by o Ey) = 0.

:1:8) =0 for all 3 <i <n (we write L as in (1.6)).
Since L € 9M*(q) for an t € Std(\) we automatically get x%) = 1 and
xﬁ) =0 for 2 <7 < m. We choose

A= (3,2),t:=

1[2]5] | 2
211 and L := Olm for [ € GF(q)* fixed.

Then
top(by, o Ey) =top(br) o s

> =)

yeGF(q)* lj
1 0 0 0 0
1 ag 1 0 0 O
o— Z O(a;)[az a5 1 0 0
ac€GF(q)" ag ag 0 1 O
a4 arg 0 0 1

_1 Y1 +a
_F;Q(al_@’m z oyl |

where x = y3 + asy2 + a3 — (y1 + a1)(y205 + ag).

What is the coefficient ¢(by, bs, b3, by) of a fixed element 21 lﬂ of M(q)?
3 bo

We obtain the equalities
y1 = by —ay and yp = by,
therefore

(51, b27b3 Z 9 Cll bl - al)ll - ble)-

aGGF (9)7
We see immediately

tOp(bL) if ll = —

0 otherwise.

top(by, o Ep) = {
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Altogether we have established (3.38).
We define a map

Q: M (q) — U Mt (q)
teStd(N) teStd((n—m—1,m—1))
M — (M)

by the following algorithm:

1.) Remove the first column (—1,0,0,...,0) and then the first row (0,0, ...,0)
of short(M) and

2.) interpret the resulting object ¢ (M) as an element of

U M*(q).

teStd((n—m—1,m—1))

We illustrate this by an example (n = 7, m = 3) and write down the corresponding
top(v,).

iR 3R = I L= e
! ! ! ! !
5 . i~ 4 L

If we use lemma 3.2.8 then we see that ¢ is well defined and bijective.
Hence
rk,1 r
> g = > 90" (q)-
teStd(N) te Std((n—m—1,m—1))

By assumption B~ ~1m=1) i5 a standard basis of S™~™~1m=1 and therefore

S ple) = dim(sTmbmh,

teStd((n—m—1,m—1))

Altogether
rk, r
> (g = > 95 ()
teStd(N) teStd((n—m—1,m—1))

- Z plq) = dim(S(”*m*mel))

te Std((n—m—1,m—1))

and (3.39) holds.
We examine the set

S:={byoE, | LeM™ (q),t e Std(\)}.
We have
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o SC S Ey,
e |S| = dim(S—m=tm=1) and
e the elements of S are linearly independent since
top(br, o Ey) = top(br) = ey.
By (3.32) and (3.34) the dimension of S*E, is equal to dim(S™~™~1m=1) and

therefore we immediately get that S is a basis of S*Ej. [

3.7.18 Proposition: Suppose that A = (n —m,m). Then we have

Yo M@l @ = Yo Ml < Y 1)l

teStd(N) teStd(\) teStd(\)

Proof: We define a map

v | @ umtg) — PUL € MPF(g) | te Std(N)})

teStd(N)
. rk
My itMe U MmO
M teStd(N)
= . rk,1
S(M) tMe U M (q),
teStd(N\)

where PB(N) denotes the power set of the set N and S(M) is defined by the
following algorithm

e In short(M) we can replace my; = —1 with an arbitrary element z, €
GF(q)* and get again an element of MM;*(q). We denote by Sy(M) the set
of these elements and set posgo) := 1 and poséo) := 1 (the position of zy).

Fori=1,2,...,n — 2 we obtain S;(M) recursively:

SiMy = |J T(),

LES,L',l(M)

where T(L) = {L(z;) | 7, € GF(¢)} € | 9M*(q) and the definition of
teStd())

L(z;) depends on the position (posgifl) + 1,posg71) + 1) in short(L).

Case 1 The position (posgi_l) + 1,posg_1) + 1) lies in the area to the top

and to the right of the defining line. -
i1

Then we obtain L(x;) from short(L) if we interchange the rows pos; ' and

posgifl) + 1 and then add the new row posg%l) + 1 multiplied by z; to the

new row posgi_l).

L(z;)is an element of |J 9M7*(q) because the above row operations don’t
teStd())

change the rank.

We define posgz) = posgi_l) + 1 and poséi) = posgi_l) (the new position of

.1'1;1).
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Case 2 The position (posgi_l) + l,poséi_l) + 1) lies in the area to the bot-

tom and to the left of the defining line.

Then we obtain L(x;) from short(L) if we write z; at position
(posgifl),posgfl) + 1) and change the defining line from |z; to ;) L(x;)
is an element of |J 97%(q) since we get a new degree of freedom at the

teStd(\)

position of z; by moving the defining line.
We define pos\” := pos\"™ and pos{” := pos{™" + 1 (the position of z;).

e By looking at the first column and the position of the defining line, we see
that
Si(M)NS;(M)=0 (0<i#j<n-—2) (3.40)

and set

S(M) = O Sy(M).

We give an example for this algorithm. Let

-1
A= (4,3),t:= 134 6‘and]%:: 0a b|] |eMm™(g).
2157
0 ¢cd e
Then
Zo
So(M)=1410 a b ro € GF(q)" ;,
0 c d e
o T1
Sl(M): 0 a b xOGGF(q)*,xleGF(q) s
0 cde
To T1 X2
So(M)=1410 a b g € GF(q)",x1,20 € GF(q) ;
0 c d e
30 a b
Sg(M) = Ty 1 T2 X € GF(Q)*,$1,$27$3 S GF(q) s
0 cd e

where the z3 in front of the flag means: Add to this row the row starting with zg
multiplied by x3. Furthermore,

.’EgOCLbL

54(M> - To L1 T2 T4
0 c d e

g € GF(q)*, 21,9, 23,24 € GF(q) ¢,

0 c d e

g € GF(q)", x1, %9, 23,24, x5 € GF(q)

o L1 T2 T4
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With (3.40) we obtain

—2
Zq—l ¢t — 1.

=0

We have
S<M1> N S(MQ) = @ for Ml % M2 c g‘nzk,l(q>

since we can easily find an ”inverse” algorithm that reconstructs M from every
element of the set S(M) (look at the last row r with a nonzero first entry, remove
the last entry of r before the defining line if possible, otherwise interchange r
with the row 7 above it and add a multiple of r to 7 such that the first entry of
7 is zero and so on).

Thus we get

p(My) N (M) =0 for My # My € | (M (q) uM™(q)) (3.41)
teStd()\)

because the first column of an element M € | J  MM;"%(q) is zero. Altogether
teStd())

PRI U p(M))]

teStd(N) teStd(\) Mem{rk,O(q)Umtrk,l(q)

=Y 3 p(M)|

teStd()\) Memrk,o( )Umrk,l( )

SR NP UIRED WD Ml

rk,0 rk,1
= Z |9, ()|+( 1) Z 9 (q)]-
teStd(N) teStd(N)

3.7.19 Conjecture: If A = (n —m, m) with n —m > m then
> M g)] = dim (ST 4 dim(SCTY),
teStd())
3.7.20 Proposition: Let A = (n —m,m). If conjecture 3.7.19 holds then

Y pa) = dim(S5%)

teStd())

and B” is a standard basis of S>.

Proof: We prove the proposition by induction on n. By Theorem 3.7.14 the
statement holds for small n. Now we suppose that the proposition is proved for
all two-part partitions A with |A\| <n—1. For A = (n —m, m) we have two cases:
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Case 1 n =2m.
By the induction hypothesis we can use the formulas (3.37) and (3.39) and obtain

dlm(SA) (323) dim(S(m’m_l)) + (q2m—1 . 1)dim(5(m_1’m_1))

(3.37),(3.39) rk,0 — rk,1
= S @I+ (@ =1 > ()]
teStd()) teStd(N)

3.7.18

< D) Rl= DD ple).

teStd(\) teStd(\)

Case 2 n > 2m.
By the induction hypothesis we can use the formula (3.39) and obtain together
with conjecure 3.7.19

dzm(SA) (325)dim(s(n—m—l,m)) + dim(s(nfm,mfl))_i_
+(¢"" = 1)dim(STmtmD)

3.7.19,(3.39) k0 — k1
=" g+ (@ = Y (o)
teStd(N) teStd(\)
3.7.18
< D> MEl= > pida)
teStd(N) teStd(N)

Combined with proposition 3.7.3 we conclude in both cases

> plg) = dim(SY)

teStd())

and the statement follows. m



Chapter 4

The Specht module 5(2,2,2)

In this chapter we examine the Specht module S22, The three parts of the
partition (2,2, 2) confront us with completely new problems that don’t appear in
the case of Specht modules S™~™™)_ But the goal is the same.

4.0.21 Goal: Find a standard basis of S22

Unfortunately we will only find a weaker notion of basis of S(222),

4.0.22 Definition: A basis B* = {b; | i € J} of the FGL,(q)-module S* to-
gether with a set of polynomials {p(q) | t € Std(\)} is called a basis with
corresponding polynomials if

1.) it is defined independently of the concrete choice of the field F' and
2.) pq) = |{b € B* | last(b) = t}| and p,(1) = 1 holds for every t € Std()).

Since the only partition that appears in this chapter is (2,2, 2), we from now on
set A := (2,2,2) to simplify the notation.

4.1 Basic definitions and properties

4.1.1 Definition: There are exactly 5 standard A-tableaux. We denote them by

1[4 1[3 1]2
t, =25 |=t,ty:=|2[5t5:=[3[5|
306 416 4106
113 1]2
ty:=|2]4]and t5:=[3 4| =t
56 56

As in the last chapter we use three conventions to simplify the notation of the
elements of =, and M* (cf. the conventions 3.1.1, 3.1.3 and 3.1.5).

4.1.2 Convention: We don’t write the first row segment.

4.1.3 Convention: A zero is written
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e as dot if we can exchange the zero with an arbitrary element of GF'(¢q) and
in either case obtain an element of =, and

e as empty place otherwise.

4.1.4 Convention: Stars indicate the summation over GF(q).

Following an idea of Gordon James and Richard Dipper we get the next definition.

4.1.5 Definition: We define the following element of M*.

-1
. T -1
ey = sign(m) . o
3
z€GF(q)°, m€C, Zo T3 o1
-1
. * -1
= sign(m) : oT.
TE€6(1,2,3) X64,5,6) * x SR |
4.1.6 Proposition: ey belongs to S*.
Proof: We have
-1 -1 -1 -1 -1 -1
J— * -1 = 1 = . 1 * 1 * CO O R 1
e/\ - + .1 .1 .1 + L1 _I_ .1 .1
* ok -1 * ok <1 * ok -1 * ok -1 * ok 1 * ok 1
1 1 1 1 1 1
_ * 1 * 1 * 1| __ * 1 _ * 1 * 1
1 + 1 + . 1 . 1 1 + 1
* ok 1 * ok 1 * ok 1 * % 1 * ok 1 * ok 1
1 1 . 1 1 1 1
| * 1 * 1 * 1 |=* 1 | * 1 * 1
1 + 1 + -1 -1 1 + 1
* * 1 * * 1 * * 1 * * 1 * * 1 * * 1
1 1 1 1 1 1
* 1 _ * 1 _ * 1 * 1 * 1] __ * 1
_'_ 1 1 1 + 1 + 1 1
* * 1 * * 1 * * 1 * * 1 * * 1 * * 1
1 1 1 1 1 1
* 1 _ * 1 _ * 1 * 1 * 1 __ * 1
_'_ 1 1 1 + 1 + 1 1
sk k 1 kk 1 * ok 1 * ok 1 * % 1 * x 1
1 1 1 1 1 1
_ * - 1 * 1 E 1 * 1 _ * -1 * 1
1 + 1 + 1 1 1 + 1
* k% - - 1 * % - - 1 * ok - 1 R § ERE * x 1

By proposition 2.2.3 ey belongs to S* if
ex € ker Yo Nker i Nker o Nker gy,

But
w170<6)\) = 0 and ¢171(6)\) = O
because under the maps ;¢ and v, ; the elements in row 1 and 3, 2 and 5, 4 and

6 in the above notation of ey eliminate each other column by column.
And

Pa(ex) = 0 and 1 (ex) =0
because under the maps ¢,y and 1, ; the elements in row 1 and 2, 3 and 4, 5 and
6 in the above notation of ey eliminate each other column by column. [
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4.1.7 Definition: Let t € Std(\). In analogy to definition 3.2.5, we define the
permutation m; € Gg by the following equality

thom =t

and set
V¢ - = €) O Ty

By easy calculation we obtain

1
m, = (), last(vy) = i, top(vy) = F— 1 —
- 1
1
T = (3,4), last(vy,) = to, top(vy,) = ——r 1 —,
- 1
1
Ty = (2,3,4), last(vy,) = ts, top(vy,) = 1 - ’ (4.1)
* * 1
1
Ty = (3,5,4), last(vy) = ta, top(vy,) = - . 1 1 )
* % 1
1
T = (2,3,5,4), last(vy) = ts, top(vy,) = F—— 1 1
* * 1

4.1.8 Definition: We define
pot : Std(\) — N

(9 ift=1t
10 ift=t
t— {11 ift=t
11 ift=ty
(12 ift=1t

and for t € Std(\)
Y GF(q)"Y — =,
y = YY),

where we get v(y) if we replace the dots and stars along the columns in our
notation of top(v¢) in (4.1) with the entries of y.
Furthermore, for t € Std()\), we set

Mi(q) == {uly) | y € GF(q)""V}.
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Then we get a map

by Mi(q) — GF(q)r'V
L'—”»Ut ( )

4.1.9 Example: For y € GF(q)"" we have

y 1

() = and 0y, (4 (y)) = v

Ya Yo Yoyrr 1

4.1.10 Definition: Suppose that t € Std(\) and L € M(q). Then we obtain,
similar to the two-part partitions, an idempotent

- Y. O () B

MeMy (g

of the group algebra of M(q) over F'.

4.2 Using the branching theorem
The branching theorem 2.3.5 and proposition 2.3.6 provide the following infor-

mation.

As FG%(q)-modules

SA = SAE, @ S*ELFGi(q) ® S*EsFGi(q), (4.2)

where

SAE, = S22 a5 FG5(q)-modules, (4.3)
SAE, = S2LY as FGy(g)-modules and
S*Ey =2 SO as FGy(g)-modules.

For the dimension we get

dim(S*EyFGE(q)) = (¢° — 1)dim(S*E) (4.6)
dim(S*EsFG5(q)) = (¢° — 1)(¢" — 1)dim(S*E3)

and

dim(5*) =dim(S®*V) + (¢° — 1)dim(S*)+
+(¢° = 1(g* — D)dim(ST1D).
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With the dimension formula (2.15) for Specht modules we can compute

dmuswzq%MBWMQP]:q”+qm+q“+f+qﬂ (4.8)
dim(5®**V) = ¢* [ 4][[5?}]![2] =" +q +"+q’ +dq", (4.9)
dim(8®) = ¢ L _ s a8 ana 4.10

( ) g —9 et (4.10)
dim(SHHY) = q3% =q°. (4.11)

First we examine the summand S*E) of the direct sum (4.2).

4.2.1 Definition: We define the sets

([0 1 )
M (q) = { by | € GF(a) ¢
(L0 0  yswo 1 )
( 0 1 )
M, () = § o | i € GF(g) ¢
(L0 Oy w0l J
([0 ys 1 )
M () = § e | i € GF(q) ¢
([0 ys 0 yiu 1 J
([0 1 )
M, (@) = { g | 9 € GF(a) ¢
(10 w6 yoy11 1 J
(0 ys 1 )
M (q) = § e | 4 € GF(g)
(L0 ysyioy12 1 J

4.2.2 Proposition: There exists a basis
By ={by | L € M)(q),t e Std(\)}
of S*E,, where the elements b;, have the properties
e last(by) =t and
o top(by) =ep ift#t3 orif t =t3 and ls = 0, where [ = ¢, (L).

Proof: We construct the elements
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o {by | LeM?(q)}. Let L € MY (q). We set

1
1 y1 1
1
by = o Z O(— (o4 (L), y))vy © Y55 ) (4.12)
yeGF(q)?, yr 1
Y2=y4=Y6=0 ys Yo 1
Then, by proposition 2.1.11 and (4.1), we have
last(br) =t
and
1 y1 1
1
top(br) = ? Z 0(—(¢y (L)7g>) ;3 ys 1 .
yGGF(q)Q ko ok ys yg 1
y2=y4=ye=0
1
-9 Z 0(—(9u (L), 9o, (M)))M = ep.
4 Meimﬁ (9)
o {by | LeM)(q)}. Let L € MY (q). We set
1
) y1 1
1
by := W Z . 9(_<¢t2(L)7g>)'U’£2 © ys ys ys 1 (413)
QGGF(Q) ) Y7 1
y2=y1=ye=0 Yo yio 1
Then, by proposition 2.1.11 and (4.1), we have
last(br) =t
and
1 y1 1
1
top(br) = W Z 0(_<¢f2<L)>g>) ;3 s z; 1
YEGF(9)'7, * % Yyg Yo 1
Yy2=ya=y6=0
1
=0 > 0(—(bu(L), b (M))M = ey,
Memig(‘])

o {by | Le M) (q)}. Let L € MY (q). We set
1

= Y Bl e | 2

Ys
yeGF(q)',
y2=y4=y10=0

1
ys 1
Yyr Yo
Ye

Ys

yir 1
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By proposition 2.1.11 and (4.1), we then have

last(b) = t3

and
yiooys 1
D SRR
i ]

:% Z O(—(Ly) + ysy10ls) Ve, (y),

yeGF(g)t!

where [ = ¢, (L).

This means: If [s = 0 then top(br) = er.

Nevertheless the elements {b;, | L € MY, (¢)} are linearly independent: If we
write the coefficients

Fe(_@a y) + ysyiols)

of the flags 1, (y) € My, (q) in the sum in (4.14) into a matrix A where the
columns are parametrized by the elements y € GF (¢)'* and the rows by
the elements L € MY, (¢) and if we write the elements

1
FQ (—(Ly)
into a matrix B in the same way, then we get the columns of A by permuting
the columns of B: Column y of A is column g of B, where

R Yi if1#8
Yi = e
Ysyio —ys if 1 =8.

B has full rank because the idempotents e, are linearly independent. Thus
A has full rank and therefore the elements {b, | L € MY (¢)} are linearly
independent.

01

0 7 1
01l5Ilglpl
00 lg l11 1

{br | L € M ()} Let £ := I, € GF(q) % and L € £.

We set
1
) 1
1
br ::F Z 9(—<¢M(L),y>)vt40 yr 1 . (4.15)
yeGF(g)", Y3 Ys Ys Yo 1
Yy2=ya=y6=0 Yo Y11 1

Then, by proposition 2.1.11 and (4.1), we have

lCLSt(bL) = t4
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and
. y1 1
1
top(b) = F Z 0(_<¢Q<L)’g>) ;3 Ys zz: Y10 1

yeGF(q)", * ok Yoy 1
Y2=y4=y6=0

1
Mem’t4(q)

Let B € GLy(q) and g := E(6,5,5, (BY)™!). By proposition 1.6.4
g = Bl.PBQ

0 1

1 0/
Then, by proposition 2.1.11 and the fact that in the tableau t; the numbers
5 and 6 are already in the last row, we conclude

for some lower triangular matrices By, By and P € { Ig, E(6, 5,5,

last(b, o g) = t4 and top(by o g) = top(br) o g.
Furthermore, we can prove as in proposition 3.6.3 that

top(bp 0 g) = top(bp) 0o g =eL 0 g = epog-1)r

holds.
01 01
e 0 1 |0
But if L = 5 T then Lo (¢g7')" = 0T , where
001l 1 0, 1

I5 I lo) _ p-1(l s ho
(lé ly U1) B 0 Iy l)’
This means that, for every L' € MY (¢), we find appropriate elements g €
GLg(q) and L € £ such that by, := by, o g has the properties

last(br) = t4 and top(br/) = ep.

015 1
01 1

{br | L e MY (@)} Lot £:= Lot || € GF(q) p and L € £,
0 0 0l 1

We set
1
1
1 1
o Yy Ys
R D DI AN I R
yeGF(q)'?, ys yr Yo yn 1
Yy2=y4=y10=0 Us Y12 1



88

The Specht module §(222)

Then, by proposition 2.1.11 and (4.1), we have

last(br) = t5

and
Y1 Ys 1
top(br) = — 0(— L WL Ye 1
op(br,) 12 Z (— (s ( >’g>/y3 v veun 1
=€GF (a) y€CF(a)™, * Ys +ysT T Y12 1
y2=y4=y10=0
1
- q3 Z 0(_<¢t5(L)7 ¢t5(M)>>M = €r.
MeMi;(q)
0151
! . 0 ZG ]_ ‘
We define £’ := 0T oI 1 l; € GF(q)
00 110112 1

Let A € GLy(q) and g := E(6,3,3, (AT)71).

Then, by proposition 1.6.4, proposition 2.1.11 and the fact that t; = t*, we

conclude

last(br, o g) = t5 and top(by, o g) = top(br) o g.

Furthermore, we can prove as in proposition 3.6.3 that

top(b o g) =top(br) o g =er0g = €pog1)r

holds.
015 1 07 1
. |10 g 1 it |0 0§ 1
But if L = 5 o then Lo (¢7')" = 0L , where
00010, 1 00U, 1

L\ 1l b ([l i
(zg)‘A (lﬁ and Iy 1)~ Lo i A.

This means that, for every L’ € £, we find appropriate elements g € G Lg(q)
and L € £ such that by, := by, o g has the properties

last(br) = t5 and top(br/) = ep.

With B € GLy(q) and g := E(6,5,5, (BT)~™!) we finally prove as in the last
step of the construction of the elements {b, | L € MY (¢)} that, for every
L" € MY (q), we find appropriate elements ¢’ € GLg(q) and L' € £ such
that by := b o ¢’ has the properties

lCLSt(bLH) = t5 and top(by/) = €.
This means, for every L € 9MY(q) with t € Std()\), we can construct and fix an

element by. We set B, := {b; | L € M{(q), t € Std(\)}.
The elements b, € 2B, are linearly independent since
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e the elements of the set {by | L € M?(q)} are linearly independent for every
t € Std(\) and

e two elements by, by € S* are linearly independent if last(b;) # last(by).

Furthermore, we have for all elements b;, € B,
top(by o Ey) = top(br).

This is proved as in the proof of proposition 3.7.16 since the first column of every
element L in the set {L € M(q) | t € Std()\)} consists only of zeros and the
anomaly of the elements in (4.14) lies in the second column.

Thus B, is a set of linearly independent vectors of S*E; and even a basis because

(4.

3),(4.9) .
|B1| = Z M) = +q¢" + ¢+ + ¢ A )dzm(S)‘El).

teStd(\)

Next we analyse S*E,.

4.2.3 Definition: We define the sets

—-11
0 1
M, (0) = oo 12 yi € GF(q) } ,
00 wysyol
—-11
0 1
My, (9) = { ooy 1 v € GF(q) » , ML (q) :== 0,
0 0y ol
-11
0 1
ML, (0) = § e | 45 € GF(g) p and M (g) = 0.
0 0yoyn 1

4.2.4 Proposition: There exists a basis
By = {by | L € M(q),t € Std(\)}
of S*E,, where the elements by, have the properties
last(by) =t and top(br) = ey.

Proof: We construct the elements {b;, | L € IM}(q),t € {t1,ta,t4}} as in (4.12),
(4.13) and (4.15) and immediately get

last(by) =t and top(br) = ey.
We set By :={by, | L € Mi(q),t € Std(\)}.

Furthermore, we have
top(br, o Ey) = top(br) = ey,
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for all elements by, € B,. This is proved as in the proof of proposition 3.7.17 since
the first two columns of every element L in the set {L € Mi(q) | t € Std(N\)} are

-1 1
0 0
0o 0]"
0 0

Thus 9B, is a set of linearly independent vectors of S*E, and even a basis because

Bl = S M) = +a" + ¢ P dim (S ).
teStd(\)
| |
4.2.5 Definition: We define the sets
—-11
0 1
mi(Q) = 0—-11 YT Y; € GF(C]) 5
00 wysyo 1

M, (q) = 0, M (q) := 0,9, (g) == 0 and M (q) := 0.
Then we get the following proposition for S*Es.

4.2.6 Proposition: There exists a basis
By = {by | L € M, (q)}
of S*Es, where the elements by, have the properties

last(by) =t and top(br) = ey.

Proof: We construct the elements {b;, | L € MZ (¢)} as in (4.12) and immediately
get
last(br,) =t and top(br) = ey.

We set B3 := {b, | L € M (q)}.
Furthermore, we have for all elements b;, € B,

top(br, o E3) = 75019(5L) o L3

Z 6 ¢t1 >)wt1 (Q) ©
yeGF(q
1 0 0 0 0 O
ay ]. 0 0 0 0
az ag 1 0 0 0
Z 0 a’l + a6 a3 a7 alO 1 0 O
aeGF as ag a1 0 1 0
as ag a2 0 0 1
Y1 +aq 1
V[ 71y, a) yr 1
& 2 ouD)y) e
yEGF ) x3(g,g) :Z?4(Q,Q) Ys Yo 1

a€GF(q)1?
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where the z;(y, a) are polynomial functions in y1,%s, ...,y and ay, as, . .. aza.
by 1

What is the coefficient ¢(b) of a fixed element 22 T b1 ¢ My, (¢) in this
3 U5
by bs  bs by 1

sum?
We obtain the following equalities.

yi+ar =by =y =b —a,
Ys + ag = bs = ys = bs — as,
y7 = b7, ys = bg and yg = by

Therefore
1
c(b) = F Z 0(y1 + ys — yrbr — ysbs — yobg + a1 + as)
a€GF(q)'?
1
= F Z 0(b1 — ay + bs — as — yrbr — ysbs — yoby + a1 + as)
a€GF(q)'?
1 1
= ?9(51 + bs — y7b7 — ysbs — yobg) = ?9(—@%1([/)7[2))
and

top(by o Es) :ig S 0(—(pu (L), o (M) M = top(b) = ex.

MeMy, (q)

Thus Bs is a set of linearly independent vectors of S* E3 and even a basis because

7 (4.5).

|%B5] = 2%, (q)] = " dim (57 E).

If we recall definition 3.6.4 then we get a complete set of

e right coset representatives R, of Hj(q) in G};(q) by

R, = RV URP URP UR,

where

1Y = {E(6,3,3,(r)) | 10 € GF(q)*},

R = {E(6,3,3, (10))(3,4) E(6,4,3, (1)) | 70 € GF(q)*, 11 € GF(q)},
R = {E(6,3,3, (10))(3,4)(4,5)E(6,5,3, (r1,72)) | ro € GF(q)",

r1,79 € GF(q)} and
RY = {E(6,3,3, (r0))(3,4)(4,5)(5,6)E(6,6,3, (r1,r2,73)) | ro € GF(q)*,
r1,72,13 € GF(q)}.
(4.16)
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e right coset representatives Ry of HZ(q) in Gi(q) by

R, = Ry URY URY uRY UnRY,

= {B(6,2,2,(r)) | 10 € GF(q)"},
9%9 {E(6,2,2,(r))(2,3)E(6,3,2,(r)) | 1o € GF(q)",11 € GF(q)},
={E (

(6,2,2,(r))(2,3)(3,4)E(6,4,2, (r1,12)) |
ro € GF(q)", 1,72 € GF(q)},
R = {E(6,2,2, (r0))(2,3)(3,4)(4,5)E(6,5,2, (r1, 72, 73)) |
ro € GF(q)*,r1,r2,73 € GF(q)} and
R = {E(6,2,2, (r0))(2,3)(3,4)(4,5)(5,6)E(6,6,2, (r, 72,73, 74)) |

ro € GF(q)",71,72,73,74 € GF(q)}.
(4.17)

The next two propositions give us a basis of the summands S*EyFG%(q) and
S*E3FG3(q) in the direct sum (4.2).

4.2.7 Proposition: The set
By = {bpog | by € By, g € Ry}

is a basis of S*EL,FG3(q).

Proof: We have the basis B, of the FFG4(q)-module S*F, and search a basis of
the FG%(q)-module S*EyFG%(q). Furthermore,

Ga(q) < Gilg) < H3(q) < G3(q)-
By [11] the multiplication of S*Ey by FG%(q) is the extension of the operation
to F'H}(q) and then induction to F'Gi(q).
Since MR, is a set of right coset representatives of H(q) in G%(q) we get by

sB72mlt ={brog | by € By, g€ Ry}

a basis of S*E,FG%(q). ]

4.2.8 Proposition: The set
B = {br, o (gh) | b, € B3, g € R, h € Ry}

is a basis of S*E3FG%(q).
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Proof: We have the basis B3 of the FG3(q)-module S*E3 and search a basis of
the FG%(q)-module S* E3FG%(q). Furthermore,

Gs(q) < Gi(q) < Hi(g) < Gilg) < Hi(q) < G5(q)-

By [11] the multiplication of S*E3 by FG%(q) is the extension of the operation to
FHj(q), then induction to F'G}(q), again extension of the operation to F'HZ(q)
and finally induction to F'G%(q).

Since MR, is a set of right coset representatives of Hj(q) in Gj;(¢q) and Rs a set of
right coset representatives of HZ(q) in Gi(q) we get by

B = [, o (gh) | by, € B3, g € Ry, h € Ry}

a basis of S*E3FG%(q). m

4.2.9 Corollary: B := B, U By y BT js a basis of S*.

Proof: Follows directly from (4.2). ]
Finally we will calculate, for every t € Std(\), the number of elements in the set
{b € B | last(b) = t}.

If we have in mind that all matrices E(6,1,j, M) in (4.16) and (4.17) are lower
triangular matrices and therefore, for all v € S*, last(v o E(6,14,j, M)) = last(v)
holds, then we obtain

e for the elements b of B,

b element of last(b)

el Loy | o
L S t,(q 9

gjL } ﬁ € ggggqg ’:s
L < 1, (q 4

{br | LeM(9)} |

e for the elements b of Byl

b element of last(b)

{brog|LeM (9),ge R} | 4
{brog|LeM (9),ge RV} |
{brog|LeM(q),ge RV} |
{brog|LeM (9),9e R} |

(9),
(9),
(9),
{brog|LeM (9),ge R} |
(9),
(9),
(9),

{bpog|LeM (q),ge RV} |
{bL09|L€5m%2q 969{(22)} t3
{brog | LeMi(q).geR}|
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{brog | Lémi{z(q),gemg)} ts
{brog | LeM(q),g R} | &
{boog| LeM (¢),9e RV} |
{bog|LeM (¢),9 € R} | ¢

u(9),

(9),

(9),

{bpog| LeM(q),gcRP} ¢
{bLOg|L€9ﬁ}4q gef)f{(;l)} t
{bLOQ\LESDThq gemg‘r))} t5

e for the elements b of Byuit

b element of last(b)
{bpo(gh)| LeM(q),ge RV henrP}|
{bro(gh) | L e M (q),9 € %gl), h € 9%;2)} t
{bro(gh) | L€ E))Tfl(q),g € 9‘{51), he mg?))} t
{bLo(gh) | L e M (q),9 € 9%51), h € S)%§4)} t
{bLo(gh) | L€ ?)ﬁfl(q)’g € sﬁgl)’ he 9%55)} t,
{bro(gh) | L€ ?)ﬁfl(q),g e sﬁ?)’ he %gl)} b
{bro(gh) | LeM? (q),g € 9%52), h € S)ﬁ{g)} ts
{bro(gh) | L e M (q),9 € sﬁg?)’ he %53)} ts
{bro(gh) | L€ M (q),ge R, he R} | ¢
{bpo(gh) | L€ imfl(q)7g c ‘ﬁgz), he %55)} t
{bro(gh) | L e M (q),9 € sﬁgi@)’ h e %gl)} t
{bo(gh) | LeM(q),g € R he R} |
{bro(gh) | L e M (q),9 € 9‘{53), h € S)%gg)} ts
{bro(gh) | LeM(q)ge R heR} | ¢
{bro(gh) | L e M (q),9€ 9%53), h € i)ﬁ{f)} ts
{bro(gh) | L € M (q),9 € 9%%4), h € S)ﬁ{gl)} t
{bro(gh) | Le M (q)ge R, he R} | ¢
{bro(gh) | Le M2 (q),g < 9%54), h € S)ﬁ{gg)} ts
{bro(gh) | L e M (q),9 € sﬁgﬁt)’ he %54)} -
{bro(gh) | LeM(q)ge R heRP} | ¢

The cardinalities of the sets in the last three tables are polynomials in g. We
summarize them in the next table.

T T 6 e [ 6 [ 6% [ 6]
D1 ¢ ¢ ¢° ¢’ ¢

Bt [ (-1 | (¢—1)¢° = 0F
(¢ —1)g* (q—1)q"

(1" | (=1 RS

(4= 1" (¢ — g

(¢ —1)¢° (q— 1)

(a—1)q"
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(¢—1)¢®
(¢ —1)¢°
Byt | (¢ —1)%¢° | (¢ —1)%¢° (g—1)*¢°
(¢ —1)%¢* (¢ —1)%q"
(¢—1%¢" | (¢—1)%¢ (¢—1)%¢"
(g —1)%¢" (¢ —1)%¢°
(g —1)%¢° (g —1)%¢°
(¢—1)%q
(¢ —1)%*¢
(¢ —1)%¢°
(g —1)%¢° (q—1)%¢"
(g —1)%*¢
(¢ —1)%¢°
(g —1)%¢"
> ¢ | 7 ] & 1P+ [d%+d"—q

Altogether we have proved the following theorem.

4.2.10 Theorem: B* is a basis of S* with corresponding polynomials

PB* is not a standard basis of S*. But we have the following bold conjecture.

4.2.11 Conjecture: There is a standard basis of S* with corresponding poly-

nomials

pu(@) =¢"+¢* —q¢" and pi,(q¢) = ¢ + ¢"° —

0 (q) = ¢%pu(q) =", pu(q) =" +¢* — ¢,

pu(q) = ¢°,pu(q) = ¢", pi(q) = ¢°,

pu(q) = ¢"° and py (q) = ¢*%.

.



Chapter 5

German suminary

Viele ungeloste Probleme in der Darstellungstheorie konnen mit einem geeigneten
Verstandnis der irreduziblen unipotenten Moduln der endlichen generellen linea-
ren Gruppe GL,(q) gelost werden [5, 6].

Gordon James gibt in [11] einen Uberblick iiber diese irreduziblen unipotenten
Moduln: Fiir jede Partition A\ von n gibt es einen Spechtmodul S* fiir GL,(q),
der iiber einem Korper F' als Schnitt von Kernen gewisser Homomorphismen
definiert ist. Ist F ein Korper der Charakteristik null, dann ist S* irreduzibel
und {S* | X ist eine Partition von n} ist eine vollstindige Menge von paarweise
nicht isomorphen irreduziblen unipotenten FGL,(q)-Moduln. Ist hingegen
die Charakteristik von F koprim zu ¢, dann besitzt S* im allgemeinen einen
eindeutigen oberen Kompositionsfaktor D* und die D? sind die irreduziblen
unipotenten F'GL,(q)-Moduln.

Fiir jeden Spechtmodul S* ist ein erzeugendes Element e, bekannt, aber im
allgemeinen wurde noch keine explizite Basis von S* als F-Vektorraum gefun-
den. In [7] machen Richard Dipper and Gordon James einen groflen Schritt in
Richtung zu einer Basis von S*, falls A eine Partition mit zwei Teilen ist. Meine
Arbeit basiert auf [7] und entwickelt die dort eingefithrten Techniken weiter.

Kapitel 1

Das erste Kapitel dient dazu, die grundlegenden Begriffe und Hilfsmittel
einzufithren. Dabei starten wir mit der Beschreibung der Ausgangslage: In der
ganzen Arbeit ist n eine natiirliche Zahl, p eine Primzahl und ¢ eine Potenz
von p. Weiter soll F' ein Korper sein, dessen Charakteristik koprim zu p ist und
der eine primitive p. Einheitswurzel enthalt. Zudem wéahlen wir ein fiir alle Mal
einen nichttrivialen linearen F-Charakter 6 der Gruppe (GF(q),+).

In den folgenden Unterkapiteln geben wir dann einen Uberblick iiber die fiir uns
wichtigen Definitionen und Séatze auf dem Gebiet der Kompositionen, Partitio-
nen, A\-Tableaux und Gauf3-Polynome. Desweiteren fithren wir A-Fahnen und mit
der Menge =, eine handhabbare Schreibweise dieser Untervektorraumketten ein
und schliefen letztendlich das Kapitel mit einem kurzen Einblick in die endlichen
Gruppen mit BN-Paar, fiir die die sogenannte Bruhatzerlegung existiert.
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Kapitel 2

Nun nahern wir uns langsam den Spechtmoduln. Fiir eine Komposition A von n
fiihren wir den F'GL,,(q)-Modul M* ein, der als F-Basis die A-Fahnen besitzt, auf
denen die generelle lineare Gruppe GL,(q) in kanonischer Form operiert. Diese
Operation schreiben wir mit o.

Die Tatsache, dal der Spechtmodul S* ein Untermodul von M?* ist, motiviert
uns, M? genauer zu untersuchen. Dabei ist uns behilflich, dafl wir jeder A\-Fahne
X ein A-Tableau tab(X) zuordnen kénnen. Da wir auf den A-Tableaux eine totale
Ordnung haben, macht es Sinn, fiir ein Element v € M* mit last(v) das grofite
A-Tableau zu bezeichnen, das in der Darstellung

v = ZCXX (cx € F)

Xe=Ey

einer Fahne X mit cx # 0 zugeordnet werden kann. top(v) steht dann fir die
Teilsumme > cxX.

X|tab(X)=last(v)
Nach der Definition von last(v) und top(v) stellt sich natiirlich sofort die Frage,
ob wir bei der Operation mit einem Element ¢ € GL,(q) auf v irgendwelche
Aussagen tiber last(v o g) und top(v o g) treffen kdnnen. Fiir spezielle Elemente
g geben die folgenden drei Satze dartiber Auskunft.

Satz 1 (2.1.10) Sei A eine Komposition mit mazimal 3 Teilen, t ein zeilenstan-
dard \-Tableau und m € &,, eine Fundamentaltransposition mit t < tom. Wenn
0 # v € M* und last(v) = t ist, dann haben wir

last(vom) =tom und top(vom) = top(v) o .

Satz 2 (2.1.11) Sei A eine Komposition, 0 # v € M?* und last(v) = t. Ist
g € GL,(q) eine untere Dreiecksmatriz, dann gilt

last(v o g) =t und top(v o g) = top(v) o g.

Satz 3 (2.1.12) Sei \ eine Komposition mit mazimal 2 Teilen, 0 # v € M*
und last(v) = t. Wenn natirliche Zahlen x und | existieren, so dajs

rowy(x) =rowy(x +1) = ... = row(z +1)

gilt und m € &,, eine Permutation ist, so daff jm = 7 fir alle j ¢ {x,z+1,..., x+
[} gilt, dann haben wir

last(vom) =t und top(v o) = top(v) o .

Den nichsten Abschnitt bildet die Definition des Spechtmoduls S* als Schnitt von
Kernen gewisser F'G L, (q)—Homomorphismen. Sinéad Lyle zeigt in ihrer Disser-
tation eine interessante Eigenschaft der Elemente von S*.

Theorem 1 (2.2.4) Sei 0 # v € S*. Dann ist last(v) ein standard \-Tableau.
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Dies fiihrt uns zur Definition der Standardbasis des Spechtmoduls S*.

Definition 1 (2.2.5) Eine Basis B* = {b; | i € J} des FGL,(q)-Moduls S*
zusammen mit einer Menge von Polynomen {pi(q) | t € Std(\)} heifit Standard-
basis, wenn

1.) sie unabhdngig von der konkreten Wahl des Kdrpers F' definiert ist,
2.) die Elemente {b; | i € I} von M* linear unabhingig sind und
3.) pi(q) = |{b € B | last(b) = t}| und p(1) = 1 fiir jedes t € Std(\) gilt.

Die Polynome {pi(q) | t € Std(\)} bezeichnen wir als die zur Standardbasis
zugehorigen Polynome.

Abgerundet wird das Kapitel mit unserem wichtigsten Hilfsmittel, die Struktur
des Spechtmoduls zu verstehen, namlich dem Branching Theorem, das uns in
vielen Beweisen niitzlich sein wird.

Theorem 2 (2.3.5) Fiir eine Partition A = (A1, A, ..., Ap) von n gilt

h
S*=SE, @Y S'E.FG; (q).
r=2
wobei wir alle Moduln als FG},_,(q)-Moduln betrachten.
Zudem besitzt SME; (1 <1i < h) eine Kette von FG,_;(q)-Untermoduln

SAE¢:Sk>Sk,1>...>Sl>50:0,

so daf$ Sj/S;—1 fir jedes j mit 1 < j <k FG,_;(q)-isomorph zu SAR; st (hierbei
sind die Elemente Ry < Ry < ... < Ry von R} geordnet wie in Definition 2.3.4).

Kapitel 3

In diesem Kapitel widmen wir uns der Untersuchung des Spechtmoduls S* fiir
eine beliebige aber feste 2-Teile-Partition A = (n—m, m). Dabei verfolgen wir das
Ziel, eine Standardbasis von S* zu finden. Leider werden wir unsere Ergebnisse
nicht vollstandig beweisen kénnen.

Nach Einfithrung mehrerer Konventionen, die Schreibweise der A\-Fahnen zu ver-
einfachen (wir schreiben ab sofort A\-Fahnen als m x (n —m) - Felder mit einer
Grenzlinie, die von der oberen linken Ecke bis zur unteren rechten Ecke verlauft),
identifizieren wir in Satz 3.2.2 mit

exi=Y Xo((1—(12)(1-(3,4)...(1—(2m—1,2m)))

Xes

ein Element von S, wobei S die Menge aller Matrizen X = (z;;) € Ey bezeichnet,
so dafl tab(X) das kleinste A-Tableau und

Tn—m+1,1 = Tpn—m+2,3 = Tn—m+35 — -+ = Tp2m—-1 = 0.
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ist.
Ausgehend von e, konstruieren wir in Definition 3.2.5 Permutationen 7 € &,
und Elemente v; des Spechtmoduls S*, von denen wir in Satz 3.2.6 zeigen kénnen,

dafl
last(vy) = t und top(v¢) = top(ey) o .

gilt. Das heifit, wir haben fiir jedes standard A-Tableau t ein Element v; mit
last(v¢) = t gefunden. Da die Struktur von top(v,) fiir spatere Definitionen wichtig
werden wird, untersuchen wir diese in Lemma 3.2.8.

Der nachste Abschnitt dient dazu, fiir jedes standard A-Tableau t ein Polynom
pi(q) einzufithren. Wie die Namensgebung schon andeutet, sollen die Polynome
pi(q) spater die zu einer Standardbasis zugehdrigen Polynome sein. Um p(q) zu
definieren, benotigen wir einige Ausgangsdaten, die wir in dem Tupel

6(t) := (d, h,b,r)

zusammenfassen. Diese Daten konnen wir sowohl an dem A-Tableau t (siehe De-
finition 3.3.1) als auch an top(vy) ablesen (siche Lemma 3.3.3).
Sie sind so gewahlt, dafl wir mit der Menge

D,
X11| Do
X511 X99| - .
M(q) == { ”2.1 22 D D, e My, ,5(q) (1<i<d+1)und
Xa1|Xao| - [ XadDay]
~—
bat2

—_
—

genau die Elemente X von Z(,_,, ) erhalten, fiir die last(X) = t gilt.

Ohne hier auf die genaue Definition von 9U7%(¢) einzugehen (9% (q) ist eine Teil-
menge von M(q), bei der noch einige Rangbedingungen erfiillt sein miissen, bei
denen der Vektor r aus §(t) Bedeutung erlangt; siehe 3.3.5 und 3.3.16) definieren
wir

pq) == |9 (q)].

Mit den Lemmata 3.3.9 und 3.3.19 sehen wir, dal p¢(q) eine leicht aus t zu be-
stimmende ¢-Potenz mal der Machtigkeit der Menge

0
X11| 0

Mt (q) = {X21X22 ' X; € My, (q) fir 1 < j <i < d,
0
Xled2 de 0

rank(zmat(M,i)) < r; fir 1 <i < d mit (d,h,b, 1) = 5(@)} C Mi(q)
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ist, wobei t := quad(t) ist (siehe 3.3.12 und 3.3.14) und zmat(M,i) (1 < i < d)
diejenige Matrix bezeichnet, die aus den Blocken {Xy, | 1 <1 < i < k < d}
besteht.

Um eben diese Machtigkeit von ?fﬁ:k(q) zu ermitteln, wahlen wir einen rekursiven
Ansatz, der auf den beiden nachsten Lemmata basiert.

Lemma 1 (3.4.2) Seien h,b € N0 <ry <rx < min{h,b} und Y eine Matriz
iber GF(q) mit Breite b und Rang ry. Dann gibt es

rx—1

1 T —r T h 7
Db ry o (@) = g Bty [ ] 1] @ -d)

rx —Ty| .
1=Ty

Méglichkeiten, Y um eine Matrix X € My, ,(q) 2u erweitern, so dafl die resul-

tierende Matrix ( i,(

> Rang rx besitzt.

Lemma 2 (3.4.4) Seien h,b € N und ra,rg,ry,rx € Ng mit
o ry <rp<rxundry <rp<ry,
e rp+rg—ry <ry <min{h,b}.

Weiter sei Y eine Matriz iber GF(q) mit Rang vy, A eine Matriz iber GF(q)
A
Y
GF(q) mit b Spalten, so daf$ die Matriz () Rang rp besitzt.

Wenn wir nun k := (h —rx +rg)(rg —ry) +b(ra —ry) setzen, dann haben wir

mit h Zeilen, so daf$ die Matriz

Rang r 4 besitzt, und B eine Matrixz iber

rx—ra—1

IT @-q)

i=rg—ry

hbry,ra,re,rx Tx —TA—TgB+Ty

(2) (q>:qk|: h—(ra—ry)

Al 0
Y | B

Moglichkeiten, die Nullmatriz in der Matriz ( ) durch eine Matrix X €

AlX
Y |B

M(q) zu ersetzen, so daff die Matrix ( ) Rang rx besitzt.

Definieren wir jetzt J7% als die Menge aller Tupel

(Tz'j) = (7“11,7”21,7”22,7‘3177‘32,7“33, <o T, Taz, - - - ﬂ”dd),
die die Eigenschaften
e ri; ecNfirl1 <j;<i<d
o 1, < firl <i<d,
o rip1; < firl <j<i<d-—1,

[} ri7j,1§rijfﬁr2§j§i§dund
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® 71 + Ti+1,5 — Ti+1,5—1 < Tij fir 2 < j < ) < d—1

erfiillen, dann erhalten wir als Ergebnis der Rekursion das folgende Theorem.
Theorem 3 (3.4.9) Sei t € Std(\) und (d, h,b,1) = d(t). Dann gilt

o 1 2 3
@] = D2 7o @Oy (@07l (@)

(rij)€T7*
wobes
,,,(1) (q) := by bq I I Tij — Tij—1 Tij — Tigl,j
t(rij) | [Tad Titlg — Titlj—1| |Tij—1 — Titlj—1
2<j<i<d-1
I I hi, bry1
Thk — Thtlk| |Th+1,k+1 — Thtl k|’

1<k<d-1

’GLTij—Ti,j—l—T¢+1,j+ri+1,]’—1 (q> | und

G Ly, (DG Lr(9)]
TE?()TU)( )= H

|G L, ()] reiTicdt
3 .
TE7(lij)(q) =q' ist
mit
(0 falls d =1
ro1(hy 4 bo + 2r9y — reg — 711) falls d = 2
l i e+ 7”c21,d_1 — T11T21 — T'ddTd,d—11
= d
+ > riic1(bi + hioq) — > Tt
=2 1<j<i<d—1
+ Y ri(rijor i) — > Tfj falls d > 2.
\ 2<j<i<d—1 2<j<i1<d—2

Damit sind die Polynome p¢(q) fiir jedes t € Std(\) vollstdndig bekannt. Der
nachste Schritt in Richtung Standardbasis wird sein, dazu eine linear unabhéangige
Teilmenge B* von S* zu finden, so dafl in dieser fiir jedes t € Std()\) genau pi(q)
Elemente v; mit last(v;) = t liegen. Dazu bendtigen wir allerdings noch einige
Hilfsmittel. Das erste werden die Idempotente ey, sein.

Indizieren wir fiir ein standard A-Tableau t mit J; die Eintrage eines Elements
M € 9M(q) unterhalb der Grenzlinie (siehe Definition 3.5.1), dann wird 9(q)
mit punktweiser Addition ¢ unterhalb der Grenzlinie (siehe Beispiel 3.5.3) zu
einer abelschen Gruppe der Ordnung ¢'7!.

Bezeichnen wir fiir (¢,7) € J; mit ¢;; die (4, j)-Koordinatenfunktion von 9t(q)
nach GF(q), so erhalten wir fiir jedes L = (I;;) € M(q) mit

Xei= Y L(fey),
(4,7)€T¢
einen linearen Charakter von (9(q), <), der ein M = (m;;) € M(q) auf

xe(M)= ] 6;mi;)

(4,)€T¢
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abbildet. Fiir jedes L € 9(q) bekommen wir dann mittels

1
€r, ::W Z

xo(—M)M
MeMi(q)

ein Idempotent der Gruppenalgebra U(¢q) von M(q) tiber F, das zum linearen
Charakter y, gehort.

Das nichstes Hilfsmittel auf dem Weg zur linear unabhingigen Teilmenge B*
werden die beiden folgenden Satze sein, die die Operation spezieller Elemente
g € GL,(q) genauer untersuchen und damit bei der Konstruktion der Elemente
von B behilflich sind.

Satz 4 (3.6.2) Seit € Std(\), (d,h,b,r) = d(t), v € M* mit last(v) = t und
g € GL,(q) wie in (3.10). Dann gilt

last(v o g) =t und top(v o g) = top(v) o g.

Satz 5 (3.6.3) Seit e Std(\),L € M(q), (d,h,b,r) =0(t) und g € GL,(q) wie
in (3.11). Dann haben wir
€L 0 g = €p,(y-1)T-

Nun sind wir bereit, das folgende Theorem zu beweisen.

Theorem 4 (3.6.8) Sei t € Std()\). Dann existiert fiir jedes L € 9*(q) ein
Element by, € S*, so daf last(by) = t und top(by) = ey, ist.

Der Beweis ist sehr technisch, dafiir aber konstruktiv. Wir geben namlich fiir
jedes L € MM7%(q) eine genaue Liste von Operationen auf ey an, die ein Element
by, € S mit den geforderten Eigenschaften erzeugen.

Fiir jedes L € M7*(q) fixieren wir nun ein derart konstruiertes Element by, (die
Konstruktion ist bei weitem nicht eindeutig) und setzen

B = {by | L € MPF(q), t € Std(\)}.

Zusammen mit der Tatsache, dal zwei Elemente v; und v, von S linear un-
abhéngig sind, falls last(vy) # last(vs) gilt, und der linearen Unabhéngigkeit der
Idempotente ey, folgern wir das folgende Korollar.

Korollar 1 (3.6.11) Die Teilmengen {top(br) | L € M*(q),t € Std(\)} von
M?* und B von S* sind beide linear unabhingig.

Es stellt sich nun sofort die Frage, ob B* auch ein Erzeugendensystem und damit
eine Basis von S? ist. Wire dies namlich der Fall, wiirde B* zusammen mit den
Polynomen pi(q) = |97%(q)| alle Voraussetzungen fiir eine Standardbasis erfiillen
und wir hatten unser Ziel erreicht. Leider bleibt dies nur eine Vermutung, die wir
allerdings im Folgenden mit einigen Fakten untermauern werden.

Vermutung 1 (3.7.1) B* ist eine Standardbasis von S* mit zugehérigen Poly-
nomen {p(q) | t € Std(\)} beziehungsweise, dquivalent dazu, es gilt

> pdg) = dim(SY). (5.1)

teStd())
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Da mittels
. A\ n . n
dim(S™) = [m} [m - 1]

die Dimension des Spechtmoduls S* bekannt ist, bietet es sich an, mit Hilfe
eines Computerprogramms die Gleichheit (5.1) in Spezialfillen nachzupriifen.
Dies habe ich unter Verwendung von GAP [9] getan. Die Berechnungen liefern
uns das folgende Theorem.

Theorem 5 (3.7.4) Sei 1 <m <11 und A\ = (m, m). Dann ist

Z pq) = dim(S*)

teStd(\)

und damit B> eine Standardbasis von S*.

Eine andere Vorgehensweise, sich der Vermutung 1 zu néhern, ist die Idee aus [7],
die standard (m,m)-Tableaux in mehrere Klassen zu unterteilen. Dies geschieht
dadurch, dal wir fir 1 <k <m

Te(\) = {t € Std(N) | hg = k fir (d, b b,r) = ()} € Std(\)
setzen und fiithrt zu einer weiteren Vermutung.

Vermutung 2 (3.7.9) Wenn A = (m,m) und 1 < k < m ist, dann gilt

Z Pt((]) _ qu‘-l-k—mdim(s(m—l,m—k))‘
€Tk (A)

Konnen wir diese Vermutung beweisen, dann haben wir sofort unser Ziel erreicht,
wie der folgende Satz zeigt.

Satz 6 (3.7.13) Sei A = (n —m,m). Wenn Vermutung 2 wahr ist, dann gilt

Z pq) = dim(S*)

teStd())

und damit ist B> eine Standardbasis von S>.

Leider kénnen wir Vermutung 2 wie in [7] nur in den Spezialfillen k¥ = m —1 und
k = m beweisen (siche Satz 3.7.10 und Satz 3.7.11) und einen induktiven Ansatz
fur k = 1 zeigen (siche Satz 3.7.12).

Fir 1 < m < 11 bestatigt uns das vorhin erwdhnte GAP-Programm die
Richtigkeit der Vermutung 2, so dafl wir mit Satz 6 sofort das nachste Theo-
rem folgern konnen.

Theorem 6 (3.7.14) Wenn 1 < m < 11 und X\ = (n — m,m) ist, dann ist B
eine Standardbasis von S™.
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Den letzten Ansatz, Vermutung 1 zu beweisen, liefert das Branching Theorem,
welches uns eine direkte Zerlegung von S* als FG*_,(q)-Modul liefert:

SA = S E, @ S*EyFGE_((q).
Die Isomorphien
Sy =2 Stmm=) als FG,_1(q)-Moduln und
SAE, = §m=tm=1) als FQG,_s(q)-Moduln
flir n — m = m beziehungsweise
S E; =Sy > S; > Sp = 0 mit
Sy /S = Sn=mm=1) als PG, _1(q)-Moduln,
Sy = §n=m=1m) a1s PG, _1(¢)-Moduln und
SAE, =2 S=m=tm=1) 315 PG, _s(q)-Moduln

fiitr n — m > m sind der optimale Ansatz fiir einen induktiven Beweis.

Wir fiihren in Definition 3.7.15 die Teilmengen 90%,"°(¢) und 991;"'(¢) ein und
beweisen in den nachfolgenden Satzen 3.7.16, 3.7.17 und 3.7.18 fast alle Bausteine,
die wir fiir die Induktion benotigen. Ein Mosaikstein fehlt uns allerdings, den wir
in der folgenden Vermutung formulieren.

Vermutung 3 (3.7.19) Fir A = (n—m,m) mit n —m > m gilt
> (g)| = dim(SCTTE) 4 dim (ST,
teStd())

Unter Annahme der Richtigkeit dieser Vermutung funktioniert der Induktionsbe-
weis, und wir erhalten abschliefend in diesem Kapitel den folgenden Satz.

Satz 7 (3.7.20) Sei A = (n —m,m). Falls Vermutung 3 wahr ist, dann gilt
> pla) = dim(S%)

teStd())

und B> ist eine Standardbasis von S™*.

Kapitel 4

In Kapitel 4 untersuchen wir den Spechtmodul S* fiir die 3-Teile-Partition \ :=
(2,2,2). Auch fiir diesen Spechtmodul begeben wir uns auf die Suche nach einer
Standardbasis. Leider finden wir nur eine schwiichere Form von Basis von S?, die
wir in Definition 4.0.22 einfithren und Basis mit zugehorigen Polynomen nennen.
Aber zuerst einmal gibt es genau 5 standard A-Tableaux:

114 113 1]2 113 112
t1:=|2[5,tb:=[2|5|t3:=|3|b|ty:=|2|4|und t; :=|3
3|6 416 416 5|6 5|6

W
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Desweiteren identifizieren wir in Satz 4.1.6 mit

ey = Z sign(m) —— : : om

7€6(1,2,3) XS4,5,6 * % |

ein Element von S*.
Das entscheidende Hilfsmittel auf dem Weg zur Standardbasis ist das Branching
Theorem. Es liefert uns eine direkte Zerlegung von S* als F'G%(q)-Modul.

SN = S B & SAEL,FGE(q) @ SMEsFGi(q),

wobel

S, =2 S22V als FG5(q)-Moduln,
SAEy 22 S@LY als FGy(q)-Moduln und
SAEs = SWLY als FGs(q)-Moduln ist.

In den darauffolgenden Sétzen konstruieren wir der Reihe nach Basen 8; von
SAEy, B, von SME,, B3z von SME3, B von SAE, FGE(g) und schlieBlich Byl
von S*E3FG(q).

Insgesamt erhalten wir das folgende Korollar.

Korollar 2 B* := 9B, U B U BT st eine Basis von S™.

Bleibt nur noch, fiir jedes t € Std(\) die Anzahl der Elemente in der Menge
{b € B | last(b) = t}

zu untersuchen. Dabei stellt sich heraus, daf8 die konstruierte Basis 8 eine Basis
mit zugehorigen Polynomen ist.

Theorem 7 B ist eine Basis von S mit zugehorigen Polynomen

pu(q) = ¢®,pu(q) = 4", pi,(q) = ¢°,
pu(q) ="+ ¢ — ¢" und py,(¢) = ¢"* + ¢"° — ¢°.

B ist keine Standardbasis von S*. Wir stellen aber noch die folgende gewagte
Vermutung auf.

Vermutung 4 Es gibt eine Standardbasis von S mit zugehorigen Polynomen

Pu(0) = pu(q) =d",pu(0) =" + ¢ — ¢,
pu(q) = ¢ und py(q) = ¢*%.
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Notation
Symbol Page
by 63, 84, 89, 90
B 63, 93
B, 84
By 89
%gwlt 99
B3 90
%gnult 92
C{ 5
XL 45
coly 4
i(t) 30
dmat(L, 1) 52
dmat(L,i,r) 52
(53N 26, 81
er 45, 83
E, 29
E(k,x,y, M) 51
F 1
F(N) 9
L(r) 22
G(T'(r)) 22
GF(q) 1
GF(q) 1
GLn(q) 1
G (q) 22
G:(a) 2
hij 3
H;(q) 22
I, 21
Ji 44
gk 41
Ti(N) 65

Description

(basis) element of S
linearly independent set (basis) of S*
part of a basis of S22
part of a basis of 5322
part of a basis of 5322
part of a basis of (322
part of a basis of §(*22)
column stabilizer of t
character of M(q)
column function

tuple (d, h, b, 1)
submatrix of L
submatrix of L

element of S*
idempotent

element of FGL,(q)
element of My 1 (q)

field, p t char(F), contains a p'* root of unity

set of \-flags

index set

subset of GL,(q)

finite field of ¢ elements
multiplicative group of GF(q)

group of invertible n x n matrices over GF(q)

subset of GL,(q)

subset of GL,(q)

(1, 7)-hook

subset of GL,(q)

identity matrix in G Lk (q)
index set

index set

subset of Std(\)
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Symbol Page Description

AR 23 partition derived from A

last 15 function from M* to 7,,(\)

M 14 vector space over F' with basis =y
Mab(q) 1 monoid of a x b matrices over GF(q)
Mapr(q,B) 8 subset of M, ,(q)

M(q) 32, 34,82  subset of =y

M (q) 32, 36 subset of Z(—m,m)

MY (q) 84 subset of Z(32.9)

Mt (q) 89 subset of 2529

M?2(q) 90 subset of Z(529)

M0 (q) 69 subset of Z(,—m,m)

Mm™ (q) 69 subset of Z,—m,m)

Eﬁtt(q) 33 subset of Z(;,_m m)

’J:W[k (q) 33 subset of Z(,—m,m)

mat(X;;) 41 matrix over GF'(q)

numb 36 function from Std(\) to Ny
p,(i,)mymx (q) 37 polynomial in ¢

pgl)MY“J,BJX (q) 39 polynomial in ¢

pi(q) 32, 36,95  polynomial in ¢

o 83 function from M(q) to GF(q)rt®
e 27, 82 element of G,

W,Ei) 27 element of G,,

pot 82 function from Std((2,2,2)) to N
Vi 20 FGL,(q)-homomorphism

Py 82 function from GF(q)**® to M(q)
quad(X) 35 element of =,

quad(t) 35 element of Std((m,m))

Tan(q, k) 6 H{A € Mup(q) | Tank(A) k}
Tayb,k’(qa %) 8 |ma,b,k(qv %)|

(rij)L 41 tuple of elements of Ny

oWy 4 row function

Ry 91 set of right coset representatives
mY) 91 set of right coset representatives
Ry 92 set of right coset representatives
9%3') 92 set of right coset representatives
R 22 set of subsets of {1,2,...,h}
S, 1 symmtric group on n numbers
Gx 1 group of permutations on X
short(v) 25 short notation of v

short(X) 25 short notation of X

Std(\) 4 set of standard A-tableaux

SA 20 Specht module

t 4 A-tableau

t 4 initial \-tableau
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Symbol Page Description

tab(X) 14 tableau which belongs to X

0 1 linear F-character of the group (GF(q),+)
top 15 function from M* to M*

Trs(N) 4 set of row-standard A-tableaux
tup(M) 37 tuple of linearly independent vectors
Vg 27, 82 element of S*

=) 10 notation for the \-flags

xmat(L,i,r) 52 submatrix of L

xmat(M, i) 32 submatrix of M

(a,b) 1 canonical scalar product in GF(q)"
7] 6 polynomial in ¢

[r]! 6 polynomial in ¢

{Z} 6 Gaussian polynomial



Appendix B

Some polynomials p¢(q)

Table 1 The polynomials pi(q) for t € Std((2,2))

¢ pt(q)
¢ ¢ 4
24 1
34 1
[ dim(S@?) ] 1 1]

To simplify the notation of the tableau t we write down only its second row. In

the table we list the coefficients of the polynomials p¢(q) and of the polynomial
dim(S>?).

Table 2 The polynomials p¢(q) for t € Std((3,3))

t 3 4 5 p‘((?) 7 8 9
q q q q q q q

246 1

346 1

256 1

356 -1 1 1

456 1
[ dim(SG3) [ 1 1 1 1 1

Table 3 The polynomials p¢(q) for t € Std((4,4))

pe(q)
10 qll 12 13 14 15

t 4 5 6 7 8 q q q q

2468 1

3468 1

2568 1

3568 -1 1 1

4568 1

2478 1

3478 1

2578 -1 1 1

3578 -1 -1 2 1

4578 -1 1 1

2678 1

3678 -1 1 1

4678 1 -1 -1 1 1
5678 1

[ dim(S&D) | 1 1 1 2 1 2 1 2 1 1 1

16

q q9




110 Some polynomials p¢(q)

Table 4 The polynomials p¢(q) for t € Std((5,5))

pe(q)
6 7 8 9 10 11 12 13 q14 qlo ql() q17 q18 q19 q20 q21 q22 q23 q24 q25

t

246810

346810 1

256810 1

356810 1101

456810 1

247810 1

347810 1

257810 -11 1

357810 -1-102 1

457810 -1 1 1

267810 1

367810 -1 1 1

467810 1 -1 -1 1 1

567810 1

246910 1

346910 1

256910 1

356910 1011

456910 1

247910 -11 1

347910 101 1

257910 -1 -1 02 1

357910 -3 3 1

457910 -1 -1 2 1

267910 -1 1 1

367910 1 -2 -2 1 2 1

467910 1 22 -2 1 2 1

567910 -1 1 1

248910 1

348910 1

258910 -1 1 1

358910 -1 -1 2 1

458910 -10-1 1 1 1
1
1

LS
o
Q
S
LS
LS
[}
[}
[}
[}

—

268910 1 -1 -1 1
368910 1 -2 -2
468910 $r 1r -1 3 -1 1 2 1

568910 1 -1 -1 -1 1 1 1

278910 1

378910 -1 1 1

478910 1 -1 -1 -1 1 1 1

578910 .11 1 -2 1 1
678910 1

[dim(SG)[ 1 1 1 2 2 3 2 4 3 4 3 4 2 3 2 2 1 1 1
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