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Zusammenfassung

Deformations-induzierteKristallisation ist entscheidendfÄur die Vorherbestim-
mung der endgÄultigen mechanischenEigenschaften von Elastomerenund Gummi.
ElastomereNetzwerke zeigeneinen steilen Anstieg in der Spannungs-Dehnungs
Kurve mit bedeutendenHysteresis-E®ekten,beides wird dem PhÄanomen der
deformations-induziertenKristallisation zugeordnet.

Die Thermodynamik von gummi-Äahnlichen Polymerenist untersucht worden;
und uni-axiale Dehnungen mit einigen Approximationen werden diskutiert, um
einen ÄUberblick Äuber die vorgeschlagenethermodynamische Materialtheorie zu
erhalten.

Ein thermodynamisch statistischesModell wird vorgeschlagenzum Studium
desSpannungs-DehnungsVerhaltensvonelastomerenNetzwerkenund dieAbhÄang-
igkeit der Spannungskoe±zienten vom Kristallisationsgrad wird berechnet. Dies
beruht auf einermodi¯zierten Verteilungsfunktion von Kettensegmenten fÄur Ket-
ten von endlicher LÄange.

Die Berechnung der Kristallisation basiert auf Gleichungenaus der Thermo-
dynamik der irreversible Prozesse;hierbei werden Deformationsgeschwindigkeit
und Temperatur berÄucksichtigt.

Mooney Darstellungender Spannungs-Dehnungs Kurven werden eingefÄuhrt,
um die starke AbhÄangigkeit der Spannungskoe±zenten vom Kristallisationsgrad
zu zeigen.

Uni-axiale Belastungsprozessemit anschliessenderEntlastung werden unter-
sucht fÄur mehrereDeformationsgeschwindigkeiten und Temperaturen, um die Ef-
fekte der molekularenOrientierung und der dehnungs-induziertenKristallisation
zu zeigenin Polyisopren Gummi und in Ethylen-Butan Kopolymeren (thermo-
plastische Elastomere,TPE). Der Ein°uss desRelaxationsprozessesund der De-
formationsgeschwindigkeit auf die Kristallisation wird illustriert.

Die Hysteresisder Spannungs-DehnungsRelation und dasinelastische Defor-
mationsverhaltenwird derdehnungs-induziertenKristallisation und ihrer Umwand-
lung zugeordnet;dieswird insbesondereevident fÄur grosseDeformationsgeschwindig-
keiten und tiefe Temperaturen (d.h. oberhalb der GlasÄubergangstemperatur).

Die Modell-Ergebnissezeigengute ÄUbereinstimmung mit Experimenten, die
in dieserStudie durchgefÄuhrt worden sind.





Abstract

Deformation induced crystallization is crucial for determining the ¯nal me-
chanicalpropertiesof elastomers-rubber. Elastomericnetworksshow high upturn
in the stress-straincurveswith a signi¯cant hysteresis,this is attributed to the
deformation induced crystallization phenomenon.

Thermodynamicsof rubber-likehigh polymershavebeenstudied,anduniaxial
extension with someapproximations is discussedto obtain an overview of the
proposedthermodynamic constitutive theory.

A thermodynamical statistical model is presented for studying the stress-
strain behaviour of elastomericnetworks, and the dependenceof the stresscoef-
¯cients on the degreeof crystallinit y. This is basedon the modi¯ed distribution
of chains of ¯nite length.

A crystallization formulation basedon irreversiblethermodynamicsis adopted
to describe the crystallization taking into account the e®ectsof strain rate and
temperature.

Mooneyrepresentation curvesare introducedin this study to show the strong
dependenceof stresscoe±cients on the degreeof crystallinit y.

Both uniaxial loading and unloading are investigated for a range of strain
rates and temperatures,to explain the e®ectof molecularorientation and strain
induced crystallization in polyisoprenerubber and ethylene-butenecopolymers
(thermoplastic elastomers). The e®ectof relaxation process,and the rate of
deformation on crystallization hasbeenillustrated.

The hysteresisof the stress-strainrelation and inelasticdeformationbehaviour
is attributed to the deformationinducedcrystallites and their transformation; this
is clearly shown at high strain rates and low temperatures(i.e. above the glass
transition temperature).

The model results show good agreement with experimental data that have
beendeterminedin this study.





Chapter 1

In tro duction

1.1 In tro duction

Of all the materials known to man, no material can match the remarkable
behaviour of rubber and rubberlike materials (i.e. thermoplastic elastomers).
They are capableof sustaining large deformationswithout rupture; a maximum
extensionof ¯v e to ten times the undeformedlengths is a commonproperty of
them. When a rubber-elastomericmaterial is stretched, it achieves its highest
modulus of elasticity at maximum deformations. It possessesthe capacity to
recover spontaneously its original dimensions,with little appreciablefraction of
pseudo-plasticresidual deformation.

A wide spectrum of polymeric materials have beendeveloped to replacethe
naturally occuring materials. Therefore, thermoplastic elastomers(TPEs) are
widely used,due to the easeof processing;they behave like a cross-linked rubber
under ambient conditions. TPEs di®er from cross-linked rubber inso far as the
cross-linksarenot covalent bondsbut physical links, e.g. consistingof crystallized
chain segments. Thesecan be molten by heating, thus allowing thermoplastic
processing.

Elastomeric polymers are commonly used in everyday life. In order to suc-
cessfullymanipulate their applicability, it is indispensableto completely under-
stand the relationship betweenthe structure and the properties of the polymer.
The mechanical behaviour is closelyrelated to the morphologyand consequently
depends on the thermal and deformation histories experiencedby the polymer
during the process.

A number of polymers including natural and synthetic rubbers and thermo-
plastic elastomershave the tendency to crystallize both mechanically and ther-
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2 CHAPTER 1. INTR ODUCTION

mally. In many applications,the formation of highly oriented or extendedcrystals
has a bene¯cial impact on the mechanical behaviour of the polymer. This can
be noticed in ¯lm blowing, injection molding and, drastically, in ¯b er spinning
as shown in ¯gure.

Figure 1.1: Schematic of ¯b er spinning process(This picture is from the website:
www.¯b ersource.com/f-tutor/techpag.htm).

In ¯b ers, the formation of the extendedcrystalline phasein the direction of
extensiongreatly reinforcesand increasesthe strength of the ¯b er.

The phenomenonof orientation in polymers is shown by the larvae of silk
moth, and by spiders. The former weave their headsabout inside of cocoon, so
that as they spin their silk, it is pulled and oriented. The latter, by suddenly
dropping on their drag line, producea highly oriented and very strong ¯b er.

Recent ¯elds of research on elastomericnetworks have focusedon mechan-
ical properties under deformation. It has been frequently observed that some
networks show rapid upturn in stress-strainisotherm. Many considerableviews
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have been proposedto interprete the causeof the upturn. It was interpreted
mainly as a result of limited chain extensibility as being due to approximation
inherent in the Gaussiantheory. The other considerableview of this behaviour
is attributed to deformation-induced-crystallization.

It is thereforeindispensableto provide a qualitativ e understandingof the be-
haviour of the elastomericnetwork, and to completelypredict the crystallization
from macroscopicdeformation during drawing.

1.2 Ob jectiv es and Justi¯cation

The foregoingdiscussionof polymer crystallization morphology, with its em-
phasis on the importance of deformation-inducedcrystallization would not be
completewithout a brief mention of the statistical approach to predict crystal-
lization of elastomericnetworks. According to this approach, a polymer is treated
asa network of freely-jointed chainscrosslinkedat junction points, whosemotions
are a±ne to the macroscopicdeformation.

Stress-straindependenceof crosslinked networks was ¯rst described by the
classicalGaussianrubber elasticity theory in the pioneeringwork of Kuhn [41],[42].
A thermodynamic theory of strain-inducedcrystallization was¯rst developed by
Flory [21]. Both theories do not describe the real behaviour of physically or
chemically crosslinked networks.

The goalsof the present study may be summarizedas follows:

(1) Gain a better understanding of the mechanism of deformation-induced-
crystalization.

(2) Developa model to simulate crystallization taking placeat di®erent strain
rates and temperatures for uniaxial loading-unloadingprocessesof elastomeric
network chains.

(3) Modify the Gaussiandistribution for chains of ¯nite lengths to describe
the end-to-endvector distribution function and the contribution of chain to crys-
tallinit y.

(4) Based on the results of the above mentioned objectives, to propose a
statistical model for stress-strain-crystallinity prediction.

(5) Perform tensileexperiments for both amorphousand semi-crystallineelas-
tomeric network chains, to validate the modeled results of the 4 above points.
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1.3 Summary of Con ten ts
The dissertation is organizedin the following way.

Chapter 2 deals with thermodynamics of rubber-like high polymers. An
overview of the thermodynamic constitutive theory is obtained by discussing
uniaxial extensionat certain constant conditions (mainly temperature and exter-
nal pressure). Approximations and internal constraints have beenemployed to
simplify the theory [8].

In chapter 3, a reviewof the fundamental aspectsof polymer crystallization is
given, including variousexplanationsof rubber aswell asthermoplasticcopolymer
crystallization. The main section of this chapter is to develop the mathemati-
cal model and to simulate stress-inducedcrystallization taking placeat di®erent
parameters.This model is given accordingto irreversible thermodynamics. It is
capableto calculate the degreeof crystallinit y for both the uniaxial stretching
loading and retraction unloading processesfor a range of strain rates and tem-
peratures. In this model, hysteresisloops and inelastic deformation behaviour
(pseudo-plasticresidual strain) is discussedin detail.

In chapter 4, a modi¯ed Gaussiandistribution, basedon a±ne deformation,
is employed for chains of ¯nite lengths to describe the end-to-endvector distri-
bution function and the contribution of that chain to crystallinit y. Stress-strain-
crystallinit y relations are then derived from conformationalentropy. This is done
in the context of statistical thermodynamics.

Chapter 5 is a discussionof the model results as well as experimental re-
sults. The experimental results of uniaxial loading-unloadingextensionare fully
discussedand comparedwith thosepredicted for validation. The di®erent poly-
meric elastomers(i.e. with di®erent values of referencedegreeof crystallinit y)
that have beenusedin theseexperiments wereobtained from Rieter Automotiv e
systemcompany-Gundernhausen.The experimental part hasbeenperformedin
the laboratoriesof the GermanPolymer Institute-Darmstadt. Observed hystere-
sis loops and residual strain (pseudo-plastice®ect)have been investigated for
rubber and thermoplastic elastomerexperiments at di®erent rangesof the defor-
mation ratios, temperatures,and strain rates. Model parametersand ¯ttings are
discussedin this sectionas well.

Chapter 6 gives the generalconclusionsand recommendationsfor potential
future work.



Chapter 2

Thermo dynamics of Rubb er-Lik e
High Polymers

2.1 Thermo dynamic Constitutiv e Theory
The goalof thermodynamicsof rubber-likehigh polymersis the determination

of the ¯elds of density ½(x; t), of the motion x i = Âi (X ®; t), of the temperature
T(x; t) and the degreeof crystallisation »(x; t). Thus, the equations for the
determination are the balanceequationsfor mass,linear momentum, moment of
momentum, internal energyand degreeof crystallinit y:

_½ = ¡ ½vi;i ; ½_vi = t ij ;j ;

t ij = t j i ; ½_u = ¡ qj ;j + t ij vi;j ; (2.1)

½_» = ¡ Ãj ;j + A ;

wherevi ; t ij ; qj ; Ãj are components of the velocity v, the Cauchy-stresst , the
heat °ux q and the °ux of crystallinit y ÃÃÃ (through a material surface,moving with
material velocity v) with respect to a Cartesian co-ordinate system (observer-
system), which is rigidly connectedto an inertial system. u denotesthe speci¯c
internal energyand A hasthe meaningof a transformation rate (per unit volume
and time) of chain segments from the amorphousinto the crystalline state. The
gravitation is neglected. The symbols ;i and _denote partial derivatives with
respect to spatial co-ordinates and the material time derivative, respectively.
Hence,for a function f (x; t)

f;i :=
@f
@x i

; _f :=
@f
@t

+ vl
@f
@x l

: (2.2)

According to Einstein's summation convention, doubly repeated co-ordinate in-
dices denote summation from 1 to 3. The symmetry of the stress tensor t is

5
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a consequenceof conservation of moment of momentum in non-polar materials.
The velocity vi and the deformation gradient Fi® are obtained by partial deriva-
tiv esof the material motion Âi (X ®; t):

vi :=
@Âi (X ®; t)

@t
; Fi® :=

@Âi (X ®; t)
@X ®

: (2.3)

X ® denotesthe co-ordinatesof a material element in somereferencecon¯guration,
which wewant to identify with someundeformedequilibrium state of the material
with ¯xed valuesT = TR of temperature, p = pR of pressureand » = ¹»R of degree
of crystallinit y. In this referencestate Fi® j R

= ±i® , the unit tensor.

We now assume,that the material does not fracture during deformation.
Then, due to det F > 0, the inversedeformation X ® = ¹X ®(x i ; t) exists. Conse-
quently the inversedeformation gradient

(F ¡ 1)®i :=
@¹X ®(x i ; t)

@x i
(2.4)

is well de¯ned. It holds

(F ¡ 1)®iFi¯ = ±®¯ ; Fi®(F ¡ 1)®j = ±ij ; (2.5)

where±®¯ and ±ij are Cartesiancomponents of the unit tensor [71].

The massbalance(2.1)1 can be integrated using (2.3), the result being

det F =
½R

½
=

v
vR

; (2.6)

where v = 1=½is the speci¯c volume, and ½R , and vR = 1=½R ,respectively, are
the density and the speci¯c volume in the referencestate.

With (2.6) onecan introducea new deformation measure

Gi® := (
v
vR

)¡ 1=3Fi® ; detG = 1: (2.7)

This measurehas the special property, that it doesnot contain volume changes.
Pure volume changesand isochoric deformationscan be treated separately.

The decomposition (2.7) is rather important for the treatment of rubber-like
high polymers, since the total deformation can be separatedinto inelastic and
elastic contributions. The inelastic deformation -thermal volume expansionand
a changeof the volume by a changeof the internal structure- is contained in the
volume change( v

vR
), while the elastic deformation is described by Gi® . The last

oneis isochoric by de¯nition. With this all deformationswhich aredueto volume
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changesareexplicity separated.This is of crucial importancefor the constitutive
theory of rubber-like high polymers.

To come to the main goal of thermodynamics - which meansto transform
the balance equations to a set of ¯eld equations for the determination of the
¯elds ½(x; t), x i = Âi (X ®; t), T(x; t), and »(x; t)- the ¯elds of stresst ij (x; t), heat
°ux qi (x; t), internal energyu(x; t), crystallization °ux Ãi (x; t) and crystallization
rate A(x; t) must be related in a materially dependent mannerto the independent
¯elds ½;Âi ; T; ». Such relations are called constitutive equations.

For rubber-like high polymerswe make the following assumptions:

t ij (x; t) = t ij (v; T; »; Gi® ; T;i ) ;

qi (x; t) = qi (v; T; »; Gi® ; T;i ) ;

Ãi (x; t) = 0; (2.8)

u(x; t) = u(v; T; »; Gi® ; T;i ) ;

A(x; t) = A(v; T; »; Gi® ; T;i ) :

Herein the hypothesisof equipresencehas beenapplied, accordingto which it is
assumedthat a variable which appearsin oneconstitutive equationcanappear in
all of them. In this way one avoids prejudicesin the formulation of constitutive
equations.

The constitutive equation (2.8)3 about the °ux of crystallization means,that
the crystallites move with material velocity and do not di®useagainst this veloc-
it y. This relatesto the microscopicview, that crystallites inside their amorphous
surroundingsare just transformedduring deformation, but cannot move relative
to their amorphoussurroundings.

We now introduceby the de¯nition

p := ¡
1
3

t l l = p(v; T; »; Gi® ; T;i ) ; (2.9)

an internal pressurep(x; t). Since rubber-like high polymers are compressible,
@p=@v 6= 0, the constitutive equation (2.9) can be inverted with respect to the
speci¯c volume

v(x; t) = v̂(p;T; »; Gi® ; T;i ) ; (2.10)

insteadof the speci¯c volume the internal pressurecan be chosenasan indepen-
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dent ¯eld variable. Hence,we obtain

t ij (x; t) = ¡ p(x; t)±ij + t̂ ij (p;T; »; Gi® ; T;i ) with t̂ l l = 0 ;

qi (x; t) = q̂i (p;T; »; Gi® ; T;i ) ;

Ãi (x; t) = 0; (2.11)

u(x; t) = û(p;T; »; Gi® ; T;i ) ;

A(x; t) = Â(p;T; »; Gi® ; T;i ) :

The constitutive equations(2.10) and (2.11) are equivalent to (2.8). The form
of (2.10) and (2.11) is better suited for the description of the material behaviour
of rubber-like high polymers, as we shall seelater. Therefore we choose this
formulation, [5].

If oneinsertsthe constitutive equations(2.8) or (2.10) and (2.11) into the bal-
anceequations(2.1), thesebecomē eld equationsfor the independent ¯elds. Ev-
ery solution of the ¯eld equationsto a Cauchy-problem (Boundary-value and/or
initial value problem) is called a thermodynamic process.

If the constitutive equationswould be known, the exerciseof thermodynamics
would be to solve the ¯eld equations,and this is a purely mathematical problem.
The constitutive equations,however, are in reality not known for no material, so
neither for high polymers. For this reasonthe main exerciseof thermodynamicsis
¯rst of all to restrict the dependenceof constitutive equations(on their variables)
by generalrequirements. This is the content of the thermodynamic constitutive
theory, which we shall formulate now.

There exist three generallyvalid requirements for the restriction of constitu-
tiv e equations. Theseare the principle of material symmetry [71], The principle
of material observer invariance,and the entropy principle [5, 54].

The principle of material symmetry states, that the constitutive equations
are form invariant with respect to symmetry transformations in the undeformed
state. For the isotropic high polymersconsideredhere(with inversionsymmetry)
this means,that the constitutive equationscan depend on Gi® only via the left
Cauchy-Greendeformation tensor

¯ ij := Gi®Gj ® : (2.12)

The principle of material observer invariancestates, that the constitutive
equationswhich are measuredby an observer in an inertial frame, are the same
as for another observer in a frame, which is translated and rotated against the
inertial frame. Then, the constitutive equations are form invariant under Eu-
clideantransformations. From this oneconcludes,that the constitutive functions
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are isotropic functions of T;i and ¯ ij and possessthe following irreducible repre-
sentations [64]:

u = u(p;T; »; I ®; H®) ; A = A(p;T; »; I ®; H®) ; v = v(p;T; I ®; H®) ;

qi = ¡ [· 1±ij + · 2¯ ij + · 3(¯̄̄ 2) ij ]T;j ; (2.13)

t ij = ¡ p±ij ¡
2
3

(C1I 1 + 2C2I 2)±ij + 2(C1 + C2I 1)¯ ij ¡ 2C2(¯̄̄ 2) ij

+ ®1

·
(T ­ T ) ij ¡

H1

3
±ij

¸
+ ®2

·
1
2

(T ­ ¯̄̄ ¢T + ¯̄̄ T ­ T ) ij ¡ H2±ij

¸

+ ®3

·
1
2

¡
T ­ ¯̄̄ 2T + ¯̄̄ 2T ­ T

¢
ij

¡ H3±ij

¸
:

Here I ®(® = 1; 2) are

I 1 := tr ¯̄̄ = ¯ l l ; I 2 :=
1
2

[(tr ¯̄̄ )2 ¡ tr ¯̄̄ 2] ; (2.14)

the principal invariants of the elastic deformation (I 3 := det̄̄̄ = 1),

Ha := T ¢(¯̄̄ a¡ 1T ) = T;i (¯̄̄
a¡ 1) ij T;j (a = 1; 2; 3) : (2.15)

Ha are the irreducible invariants, which can be formed with the temperature
gradient.

The scalarcoe±cients · 1; · 2; · 3 in the heat °ux and C1; C2 and ®1; ®2; ®3 in
the stresstensorare in generalfunctions of p;T; »; I ®; Ha . The terms in the stress
tensor are trace free, except for the pressurepart, e.g. tr (t + p1) = t l l + 3p = 0.
One can easily prove this with the help of the Hamilton-Cayley-Theorem:

(¯̄̄ 3) ij = I 1(¯̄̄ 2) ij ¡ I 2¯ ij + ±ij : (2.16)

As a third generalprinciple for the restrictionson constitutiveequationsserves
the entropy principle . We postulate it in the form given by MÄuller [54].

i) Thereexistsa mass- proportional entropy. This satis¯esa balanceequation
of the form:

½_s = ¡ Ái;i + ¼s : (2.17)

ii) The speci¯c entropy s and the (non-convective) entropy °ux Ái aregivenby
constitutive equations,which satisfy the principle of material symmetry and the
principle of material observer invariance. For rubber-like isotropic high polymers
we then have

s(x; t) = ŝ(p;T; »; Gi® ; T;i ) = s(p;T; »; I ®; Ha) ; (2.18)

Áj (x; t) = Á̂j (p;T; »; Gi® ; T;i ) = ¡ [' 1±ij + ' 2¯ ij + ' 3(¯̄̄ 2) ij ]T;j ;
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where' 1; ' 2; ' 3 are scalar functions of p;T; »; I ®; Ha.

iii) At heat conducting material walls with continuous temperature, the nor-
mal component of the entropy °ux is continuous,

[[Áj ]]ej = 0 f or [[T]] = 0; (2.19)

[[Ã]] := Ã+ ¡ Ã¡ meansthe di®erenceof single sided limiting valueswhen ap-
proaching the wall from either side,eee is the unit normal vector of the heat con-
ducting wall.

iv) The entropy production density is non-negative for all thermodynamic
processes,

¼s ¸ 0 8 thermodynamic processes: (2.20)

The key for drawing inferencesfrom the entropy principle is inequality (2.20).
It doesn't hold for arbitrary ¯elds ½;Âi ; T; », but only for thermodynamic pro-
cesses.The inequality is therefore valid for all solutions of the ¯elds equations,
which follow from the balancelaws. These¯eld equationsformulate restrictions
for the independent ¯elds. Onecanaccount for theserestrictions by the introduc-
tion of Lagrangianparameters.One then obtains an inequality that is equivalent
to (2.20) and (2.17) of the following form:

½_s + Ái;i ¡ ^ ½( _½+ ½vi;j ) ¡ ^ v
i (½_vi ¡ t ij ;j )

¡ ^ u(½_u + qj ;j ¡ t ij vi;j ) ¡ ^ »(½_» + Ãj ;j ¡ A) ¸ 0; (2.21)

which is valid for arbitrary (unrestricted) ¯elds ½;Âi ; T and » [43].

According to (2.3), (2.4), and (2.7) the velocity gradient may be written as

vi;j = _Fi®(F ¡ 1)®j =
1
3

_v
v

±ij + _Gi®(G ¡ 1)®j : (2.22)

Now, one inserts into (2.21) the constitutive equations(2.18), (2.10) and (2.11)
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and performsthe di®erentiations. One obtains thus with v = 1=½and (2.22)

½
·

@̂s
@p

¡ ^ u

µ
@̂u
@p

+ p
@̂v
@p

¶¸
_p + ½

·
@̂s
@T

¡ ^ u

µ
@̂u
@T

+ p
@̂v
@T

¶¸
_T

+ ½
·

@̂s
@»

¡ ^ u

µ
@̂u
@»

+ p
@̂v
@»

¶
¡ ^ »

¸
_»

+ ½
·

@̂s
@Gi®

¡ ^ u

µ
@̂u

@Gi®
+ p

@̂v
@Gi®

¡ v̂t̂ ij (G ¡ 1)®j

¶
¡ ^ ½(G ¡ 1)®i

¸
_Gi®

+ ½
·

@̂s
@T;i

¡ ^ u

µ
@̂u
@T;i

+ p
@̂v
@T;i

¶¸
(T;i

_) ¡ ½^ v
i _vi + ^ »Â (2.23)

+

"
@̂Áj

@p
¡ ^ u @̂qj

@p
¡ ^ v

j + ^ v
k
@̂tkj

@p

#

p;j

+

"
@̂Áj

@T
¡ ^ u @̂qj

@T
+ ^ v

k
@̂tkj

@T

#

T;j +

"
@̂Áj

@»
¡ ^ u @̂qj

@»
+ ^ v

k
@̂tkj

@»

#

»;j

+

"
@̂Áj

@Gi®
¡ ^ u @̂qj

@Gi®
+ ^ v

k
@̂tkj

@Gi®

#

Gi®;j

+

"
@̂Áj

@T;i
¡ ^ u @̂qj

@T;i
+ ^ v

k
@̂tkj

@T;i

#

T;ij ¸ 0 :

This inequality is valid for arbitrary variations of the (independent) ¯elds. With-
out restriction of generality onecanchoosethe Lagrangeparameters^ u; ^ »; ^ ½ in
such a way, that the expressionsin the bracketsin front of _T; _» and _Gi® disappear.
Then theseLagrangeparametersare functions of the variablesp;T; »; Gi® ; T;i of
the constitutive equations. Further, the Lagrangeparameter ^ v

i can be chosen
such, that it is independent of _vi . Then ^ v

i = 0 must vanish, since otherwise
the inequality can be contradicted. Now it follows, that the inequality (2.23) is
linear in _p; (T;j

_); p;j ; »;j ; Gi®;j and T;ij . It could, consequently, be violated for
arbitrary variations of these¯elds, exceptif the corresponding forefactorsvanish.
This gives

@̂s
@T

= ^ u

µ
@̂u
@T

+ p
@̂v
@T

¶
;

@̂s
@p

= ^ u

µ
@̂u
@p

+ p
@̂v
@p

¶
; (2.24)

@̂s
@»

= ^ u

µ
@̂u
@»

+ p
@̂v
@»

¶
+ ^ » ;

@̂s
@Gi®

= ^ u

µ
@̂u

@Gi®
+ p

@̂v
@Gi®

¡ v̂t̂ ij (G ¡ 1)®j

¶
+ ^ ½(G ¡ 1)®j ;

@̂s
@T;i

= ^ u

µ
@̂u
@T;i

+ p
@̂v
@T;i

¶
;
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^ v
i = 0 ; (2.25)

@̂Áj

@p
= ^ u @̂qj

@p
;

@̂Áj

@»
= ^ u @̂qj

@»
; (2.26)

@̂Áj

@Gi®
= ^ u @̂qj

@Gi®
;

@̂Á(j

@T;ij )
= ^ u @̂q(j

@T;ij )
:

There remainsthe residual inequality

¼s =

Ã
@̂Áj

@T
¡ ^ u @̂qj

@T

!

T;j + ^ »Â ¸ 0; (2.27)

which holds for unrestricted processes.

It seems,that we do not come closer to our wanted goal, namely to ¯nd
restrictions on the constitutive equationsfor v̂; û; t̂ ij ; q̂j ; Â, becausewe introduced
new unknown constitutive functions ŝ; Á̂j and unknown Lagrangeanparameters
^ u; ^ »; ^ ½. But this only seemsso, becausethe new constitutive functions can
be eliminated. First we recognise,that the " Ansatz" Á̂j = ^ uq̂j satis¯es the
relations (2.26), provided ^ u is only a function of T,

Á̂j = ^ u(T) q̂j : (2.28)

This is a su±cient solution of (2.26). That it is alsonecessary, canbeprovenwith
the help of the representations (2.18)2 for the entropy °ux and (2.13)4 for the
heat °ux after lengthly calculations. The entropy °ux is therefore proportional
to the heat °ux with a factor of proportionalit y ^ u(T), which is only a function of
temperature. To determinethis factor we usethe requirement (iii) of the entropy
principle on heat conducting material walls. At thesewalls, as a consequenceof
the energylaw, the normal component of the heat °ux must be continuous:

[[qi ]] ei = 0: (2.29)

If the heat conducting wall is nothing elsebut the interface between two heat
conducting rubber-like high polymers + and ¡ , the temperature is continuous
and it follows from (2.29) and (2.19)

^ u
+ (T) = ^ u

¡ (T) : (2.30)
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The Lagrangeparameter^ u(T) is continuouson heat conductinginterfaces.Con-
sequently, it is a universalfunction of temperature for all heat conductingrubber-
like high polymers.

For an ideal gas the Lagrangeparameter ^ u
g(T) = 1=T is identi¯ed with (1

over the absoluteideal gastemperature). If onecontacts the high polymer via a
heat conducting interfacewith an ideal gas,onehas

^ u(T) =
1
T

: (2.31)

The Lagrangeparameter^ u(T) for high polymersis identi¯ed with the reciprocal
(absolute) temperature.

Now we usethis result and insert it in (2.24). With the speci¯c enthalpy

ĥ := û + pv̂ ; (2.32)

we obtain

@̂s
@T

=
1
T

@̂h
@T

;

@̂s
@p

=
1
T

(
@̂h
@p

¡ v̂) ; (2.33)

@̂s
@»

=
1
T

@̂h
@»

+ ^ » ;

@̂s
@Gi®

=
1
T

Ã
@̂h

@Gi®
¡ v̂t̂ ij (G ¡ 1)®j

!

¡ ^ ½(G ¡ 1)®i ;

@̂s
@T;i

=
1
T

@̂h
@T;i

:

We assume,that the entropy is twice continuously di®erentiable. From the in-
terchangement of the secondderivativesoneconcludes,amongother things,

@̂h
@T;i

= 0 ;
@̂v
@T;i

= 0 ;
@̂ »

@T;i
= 0 ;

@̂ ½

@T;i
= 0 ;

@̂tkj

@T;i
= 0: (2.34)

The speci¯c enthalpy, the speci¯c volume, the trace-free contribution of the
Cauchy-stressand the Lagrangeparameters^ » and ^ ½ are independent of the
temperature gradient. The sameresult holds accordingto (2.33)5 and (2.32) for
the entropy and the internal energy

@̂s
@T;i

= 0 ;
@̂u
@T;i

= 0: (2.35)
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This implies important simpli¯cations in the representations (2.13) and (2.18) of
the constitutive functions: The speci¯c volume, the internal energy, the entropy,
the enthalpy and the coe±cients C1 and C2 of the stresstensor are independent
of the invariants Ha (a = 1; 2; 3). Further, the coe±cients of the stresstensor

®1 = ®2 = ®3 = 0 (2.36)

vanish. The chemical production density A, and the coe±cients · 1; · 2; · 3 in the
heat °ux may, however, further depend on Ha (a = 1; 2; 3).

We insert now the representations (2.13) under the useof (2.36) and (2.33)
and obtain with (2.12), (2.14) and (2.16), using the following mathematical ex-
pressions

@s
@Gi®

=
@s
@I 1

£
@I 1

@Gi®
+

@s
@I 2

£
@I 2

@Gi®
;

@h
@Gi®

=
@h
@I 1

£
@I 1

@Gi®
+

@h
@I 2

£
@I 2

@Gi®
;

after lengthy calculations1:

^ ½ =
v
T

2
3

(C1I 1 + 2C2I 2) (2.37)

and

@s
@T

=
1
T

@h
@T

;

@s
@p

=
1
T

(
@h
@p

¡ v) ; (2.38)

@s
@»

=
1
T

@h
@»

+ ^ » ;

@s
@I ®

=
1
T

(
@h
@I ®

¡ vC®) ; (® = 1; 2) :

To simplify notation, the hats ^ above the constitutive functions have been
dropped.

The Cauchy stresstensor can be somewhatsimpli¯ed using the Hamilton-
Cayley Theorem(2.16) and (2.36):

t ij = ¡ p±ij ¡
2
3

(C1I 1 ¡ C2I 2)±ij + 2C1¯ ij ¡ 2C2(¯̄̄ ¡ 1) ij : (2.39)

If one introducesthe speci¯c free enthalpy

g := h ¡ Ts ; (2.40)

1Thesecalculations are available upon request.
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then relations (2.38) simplify formally to

@g
@T

= ¡ s ;
@g
@p

= v ;
@g
@»

= ¡ T^ » ;
@g
@I ®

= vC® (® = 1; 2) : (2.41)

With these,the Lagrangeanparameter^ » has ¯nally beenidenti¯ed. It is given
by the derivative of the free enthalpy with respect to the degreeof crystallinit y.

The integrability conditions for the free enthalpy are

@s
@p

= ¡
@v
@T

;
@s
@»

=
@(T^ »)

@T
;

@s
@I ®

= ¡
@(vC®)

@T
; (2.42)

@v
@»

= ¡ T
@̂ »

@P
;

@v
@I ®

=
@(vC®)

@P
; T

@̂ »

@I ®
= ¡

@(vC®)
@»

;

@(vC1)
@I 2

=
@(vC2)

@I 1
:

Weshall producesomefurther relations. Weintroduceby cp := @h
@T the speci¯c

heat capacity at constant pressure.From (2.38) we concludewith (2.42)

@h
@T

= cp = T
@s
@T

;

@h
@p

= v ¡ T
@v
@T

; (2.43)

@h
@»

= T2 @̂ »

@T
;

@h
@I ®

= vC® ¡ T
@(vC®)

@T
:

Theserelations imply the integrabitlit y conditions

@cp

@p
= ¡ T

@2v
@T

;
@cp

@»
=

@
@T

(T2 @̂ »

@T
) ;

@cp

@I ®
= ¡ T

@2(vC®)
@T2

: (2.44)

For the internal energyu = h ¡ pv we obtain with (2.43)

@u
@T

= cp ¡ p
@v
@T

;
@u
@p

= ¡ T
@v
@T

¡ p
@v
@p

; (2.45)

@u
@»

= T2 @̂ »

@T
¡ p

@v
@»

;
@u
@I ®

= vC® ¡ T
@(vC®)

@T
¡ p

@v
@I ®

:

With this all generalrelations for rubber-like high polymersare derived.
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There remains to draw conclusionsfrom the residual-inequality (2.27). This
simpli¯es with (2.28) and (2.31) to

¦ s = ¡
1

T2
qj T;j + ^ »A ¸ 0: (2.46)

We de¯ne thermostatic equilibrium asa state with spatially and temporarily
constant temperatureT, with temporarily constant deformationGi® , temporarily
constant pressurep and temporarily constant degreeof crystallization ». Accord-
ing to (2.1) and (2.11)3 the chemical production density A = 0. We denotethis
thermostatic equilibrium state by jE (equilibrium).

The entropy production assumesin equilibrium its minimum valuezero. Nec-
essaryconditions are

@¦ s

@T;j
jE = 0;

@¦ s

@A
jE = 0; (2.47)

¯
¯
¯
¯
¯
¯
¯

¯
¯
¯
¯
¯
¯
¯

@2 ¦ s
@T;i T;j

jE
@2 ¦ s

@T;i @A jE

@2 ¦ s
@A @T;j

jE
@2 ¦ s
@A 2 jE

¯
¯
¯
¯
¯
¯
¯

¯
¯
¯
¯
¯
¯
¯

» non¡ negative de¯nite (2.48)

Relations (2.47) give

qi jE = 0 ; ^ »jE = 0: (2.49)

According to (2.13)4, (2.49)1 is satis¯ed automatically, (2.49)2 meansaccording
to (2.41)3

^ »jE = ¡
1
T

@g
@»

jE = 0: (2.50)

This relation determinesthe equilibrium value »jE
= ¹»(T; p;I ®) of the degreeof

crystallinit y.

The matrix of the secondderivativesin equilibrium is, accordingto (2.13) and
(2.43)3,

@2¦ s

@T;i T;j
jE = ¡

1
T2

@q(i

@T;j )
jE =

1
T2

£
· 1jE ±ij + · 2jE ¯ ij + · 3jE (¯̄̄ 2) ij

¤
;

@2¦ s

@T;i @A
jE =

@̂ »

@T;j
jE = 0;

@2¦ s

@A2
jE =

@̂ »

@A
jE :
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From (2.48), there follows

· 1jE ±ij + · 2jE ¯ ij + · 3jE (¯̄̄ 2) ij » non¡ negative di¯nite ; (2.51)

@̂ »

@A
jE ¸ 0: (2.52)

With these all general restrictions on the constitutive equations of rubber-like
high polymersare obtained.

2.2 Uniaxial Extension
To obtain a ¯rst overview about the content of the thermodynamic constitu-

tiv e theory, we will discussthe uniaxial extensionat constant temperature T and
constant external pressureP. The direction of extensionshall be the 1-direction.
Let the extensionalforceper unit crosssectionin the referencestate be ¾1 (nom-
inal stress). This is related to the 11-component of the 1st Kirchho®-Piola-stress

Ti® = t ij (F ¡ 1)®j detF (2.53)

as follows:

¾1 = T11 + P(F ¡ 1)11 detF : (2.54)

The statesof stressand deformation are uniform and along the Eigen-direction,
wherefor the Cauchy-stressthe following boundaryconditionsat the freesurfaces
perpendicular to the direction of extensionapply:

t22 = t33 = ¡ P ; (2.55)

Furthermore, the deformation gradient in the usedCartesianco-ordinatesystem
has the representation

jjFi® jj =

0

@
¤ 1 0 0
0 ¤ 2 0
0 0 ¤ 3

1

A : (2.56)

¤ 1 is the ratio of the length L at constant T and constant P of the extended
material probeto the length L R in the undeformedreferencestate at the reference
temperature TR , referencepressurePR and crystallinit y ¹»R , namely

¤ 1 :=
L

LR
: (2.57)

Using (2.6) the deformations¤ 2 = ¤ 3 perpendicular to the extensionaldirection
become

¤ 2 = ¤ 3 =

r
v
vR

1
¤ 1

: (2.58)
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The isochoric strain tensor is also in principal form

jjGi® jj =

0

@
¸ 1 0 0
0 ¸ 2 0
0 0 ¸ 3

1

A : (2.59)

The corresponding isochoric principal strains ¸ 2 = ¸ 3 perpendicular to the ex-
tensionaldirection follow from (2.7)2 as

¸ 2 = ¸ 3 =

r
1
¸ 1

: (2.60)

The relationship betweenthe deformation measuresin (2.56) and (2.59) follows
from (2.7)1 as

¸ 1 = (
v
vR

)
¡ 1

3
¤ 1 ; ¸ 2 = (

v
vR

)
1=6 1

p
¤ 1

: (2.61)

The left Cauchy-Greendeformation tensor (2.12) has then the representation

jj ¯ ij jj =

0

@
¸ 2

1 0 0
0 1

¸ 1
0

0 0 1
¸ 1

1

A : (2.62)

The main invariants (2.14) are consequently

I 1 = ¸ 2
1 +

2
¸ 1

; I 2 = 2¸ 1 +
1
¸ 2

1
: (2.63)

The components of the Cauchy-stressfollow from (2.39):

t11 = ¡ p +
4
3

(¸ 2
1 ¡

1
¸ 1

)(C1 + C2
1
¸ 1

) ;

t22 = ¡ p ¡
2
3

(¸ 2
1 ¡

1
¸ 1

)(C1 + C2
1
¸ 1

) = t33 : (2.64)

From the boundary condition (2.55) we obtain the internal pressure

p = P ¡
2
3

(¸ 2
1 ¡

1
¸ 1

)(C1 + C2
1
¸ 1

) : (2.65)

The 11-component of the 1st Kirchho®-Piola-stress(2.53) is then given by

T11 = t1j (F ¡ 1)1j detF = t11
1

¤ 1
¤ 1¤ 2

2 = t11
v
vR

1
¤ 1

(2.66)

= (
v
vR

)
2=3

t11
1
¸ 1

= (
v
vR

)
2=3 1

¸ 1

·
¡ p +

4
3

(¸ 2
1 ¡

1
¸ 1

)(C1 + C2
1
¸ 1

)
¸

:
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Thus, from (2.54),with the helpof (2.65),onededucesfor the nominal extensional
stress

¾1 = (
v
vR

)
2=3

(¸ 1 ¡
1
¸ 2

1
) (2C1 + 2C2

1
¸ 1

) : (2.67)

In the uniaxial extensionexperiment the independently given variables,and
thereforemeasurablequantities, are the external pressureP, the temperature T
and the length ratio ¤ 1. It is therefore necessaryfor the experimental testing,
to introduce P; T; ¤ 1 (besides») as independent variables. Any state function
Ã(p;T; »; I ®) is thus representable as

Ã(p;T; »; I ®) = ~Ã(P; T; »; ¤ 1) ; (2.68)

where the dependenceon the set of variables on the right-hand side is denoted
by a ~ above the function symbol. The speci¯c volume is then given by

v = ~v(P; T; »; ¤ 1) : (2.69)

For the deformation invariants (2.63), (2.61) implies

I 1 = ~I 1(P; T; »; ¤ 1) = (
~v

vR
)

¡ 2=3

(¤ 2
1 +

2
¤ 1

~v
vR

) ; (2.70)

I 2 = ~I 2(P; T; »; ¤ 1) = (
~v

vR
)

¡ 1=3

(2¤1 +
1

¤ 2
1

~v
vR

) ;

and for the internal pressure(2.65) and the nominal extensionalstress(2.66) we
get the expressions

p = ~p(P; T; »; ¤ 1)

= P ¡
1
3

1
vR

(
~v

vR
)¡ 2=3

µ
¤ 1 ¡

1
¤ 2

1

~v
vR

¶ ·
2(~v ~C1) + 2(~v ~C2)

1
¤ 1

(
~v

vR
)1=3

¸
; (2.71)

¾1 = ~¾1(P; T; »; ¤ 1)

=
1

vR
(

~v
vR

)¡ 2=3

µ
¤ 1 ¡

1
¤ 2

1

~v
vR

¶ ·
2(~v ~C1) + 2(~v ~C2)

1
¤ 1

(
~v

vR
)1=3

¸
: (2.72)

The crystallinit y » in non-equilibrium is, contrary to P; T; ¤ 1, not directly
measurablein uniaxial, isothermal and isochoric extension tests. The volume
relaxation and the stressrelaxation are measurable,becauseat ¯xed values of
P; T; and ¤ 1 the speci¯c volume ~v aswell asthe nominal stress~¾1 aremeasurable
as functions of time. In the relations

_~vjP;T;¤ 1 =
@~v
@»

_»jP;T;¤ 1 ; _~¾1jP;T;¤ 1 =
@~¾1

@»
_»jP;T;¤ 1 (2.73)
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the left-hand sidesare known and, consequently, also the ratio

_~¾1jP;T;¤ 1

_~vjP;T;¤ 1

=
@~¾1=@»
@~v=@»

=
@~¾1

@~v
jP ;T ;¤ 1

: (2.74)

If one knows in addition the time rate of change of », @~v=@» and @~¾1=@» are
indirectly determinablefrom (2.73). To calculate» approximately, we employ the
following reasoning: For small departuresof crystallinit y » from its equilibrium
value ¹»(P; T; ¤ 1), the chemical production rate density A is proportional to the
"a±nit y" ^ ». Then onehas

A = ajE ^ » : (2.75)

According to (2.52) ajE ¸ 0. If onedevelops^ » in a Taylor seriesfor ¯xed values
of T; P; ¤ 1 with respect to » about the equilibrium value ¹», oneobtains, on using
(2.41), (2.42) and (2.50),

^ » = ^ »jE +

Ã
@̂ »

@»
+

@̂ »

@p
@~p
@»

+
X

®

@̂ »

@I ®

@~I ®

@»

!

jE (» ¡ ¹») (2.76)

= ¡
1
T

"
@2g
@»2

+
@v
@»

@~p
@»

+
X

®

@(vC®)
@»

@~I ®

@»

#

jE (» ¡ ¹») :

In equilibrium the freeenthalpy assumesat ¯xed valuesof T; p = pjE ; I ® = I ®jE an
extremum. If we assumethat this extremum is a minimum, then @2g=@»2jE > 0,
and the crystallization equilibrium is stable. Then, the content of the square
brackets can in (2.76) be positive.

We insert now (2.75) and (2.76) into the balanceequation (2.1)5 and obtain
with Ãj = 0

_» = ¡
1
¿

(» ¡ ¹») (2.77)

for the time rate of changeof the crystallinit y. ¿ = ¿(p;T; ¹»; I ®) = ~¿(p;T; ¤ 1) has
the meaningof a relaxation time and is given by

1
¿

:=
ajE

T

"
@2g
@»2

+
@v
@»

@~p
@»

+
X

®

@(vC®)
@»

@~I ®

@»

#

jE

: (2.78)

For someuniaxial deformation history ¸ 1(t) at constant temperature T and
constant external pressureP, ¹» = ¹»(t) and ¿ = ¿(t) are functions of time. Inte-
gration of (2.77) yields then for the non-equilibrium crystallinit y » (the internal
variable)

»(t) = ¹»(0) e¡
Rt

0
dt 0

¿( t 0) + e¡
Rt

0
dx

¿( x )

Z t

0
dt0

· ¹»(t0)
¿(t0)

e
Rt 0

0
dt 00

¿( t 00)

¸
; (2.79)
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where ¹»(0) is the equilibrium crystallinit y at the beginningof deformation. »(t) is
an after e®ectfunctional of stresshistory. This is the reasonfor volumeand stress
relaxation and stress-strainhysteresis.Conclusionsfrom (2.79) will be drawn in
the sequel.

In uniaxial extensionexperiments ¸ 1(t) is prescribed at given values of the
temperature T and the external pressureP. So, the independent variables are
T; P; ¸ 1 and ». We needall equationsin this set of variables. The derivativesof
the function Ã with respect to T; P; »; ¸ 1 are, accordingto (2.68)-(2.72),

@~Ã
@T

=
@Ã
@T

+
@Ã
@p

@~p
@T

+
X

®

@Ã
@I ®

@~I ®

@T
;

@~Ã
@P

= +
@Ã
@p

@~p
@P

+
X

®

@Ã
@I ®

@~I ®

@P
; (2.80)

@~Ã
@»

=
@Ã
@»

+
@Ã
@p

@~p
@»

+
X

®

@Ã
@I ®

@~I ®

@»
;

@~Ã
@̧ 1

= +
@Ã
@p

@~p
@̧ 1

+
X

®

@Ã
@I ®

@~I ®

@̧ 1
:

Identifying Ã with the free enthalpy g we obtain, on using (2.41),

@~g
@T

= ¡ ~s + ~v
@~p
@T

+
X

®

~v ~C®
@~I ®

@T
;

@~g
@P

= + ~v
@~p
@P

+
X

®

~v ~C®
@~I ®

@P
; (2.81)

@~g
@»

= ¡ T ~̂» + ~v
@~p
@»

+
X

®

~v ~C®
@~I ®

@»
;

@~g
@̧ 1

= + ~v
@~p
@̧ 1

+
X

®

~v ~C®
@~I ®

@̧ 1
:

With ~u = ~g ¡ ~p~v + T~s the derivatives of the internal energy are directly
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obtained from (2.81),

@~u
@T

= T
@~s
@T

¡ ~p
@~v
@T

+
X

®

~v ~C®
@~I ®

@T
;

@~u
@P

= T
@~s
@P

¡ ~p
@~v
@P

+
X

®

~v ~C®
@~I ®

@P
; (2.82)

@~u
@»

= T
@~s
@»

¡ ~p
@~v
@»

+
X

®

~v ~C®
@~I ®

@»
¡ T ~̂» ;

@~u
@¤ 1

= T
@~s
@̧ 1

¡ ~p
@~v
@̧ 1

+
X

®

~v ~C®
@~I ®

@̧ 1
:

Finally, the derivativesof the free energy ~f := ~g + ~p~v = ~u ¡ T~s are

@~f
@T

= ¡ ~s ¡ ~p
@~v
@T

+
X

®

~v ~C®
@~I ®

@T
;

@~f
@P

= ¡ ~p
@~v
@P

+
X

®

~v ~C®
@~I ®

@P
; (2.83)

@~f
@»

= ¡ T ~̂» ¡ ~p
@~v
@»

+
X

®

~v ~C®
@~I ®

@»
;

@~f
@̧ 1

= ¡ ~p
@~v
@̧ 1

+
X

®

~v ~C®
@~I ®

@̧ 1
:

2.2.1 Appro ximations
All relations given so far are generallyvalid. They are correspondingly com-

plicated. Especially, the choiceof the pressureas an independent state variable,
seemsto make the formulas complicated. However, they are in this form espe-
cially well suited for approximations. This will be demonstratednow.

2.2.1.1 Incompressible, thermo elastic materials

In the older theoriesof rubber-elasticity, Kuhn [41] , Mooney[52], Rivlin [55],
it is assumed,that rubber is an incompressiblethermoelastic material, whose
elasticity is solely traced back to the deformation dependenceof the entropy.
This theory is included as a special caseof ours, if we assumethat no state
quantit y dependson crystallinit y, that the internal energyis independent of de-
formation and that the speci¯c volume is independent of temperature, pressure
and deformation, namely

s = s(T; p;I ®) ; u = u(T; p) ; v = vR = const : (2.84)
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From the consequenceof equations(2.84) and (2.42)7, the stresscoe±cients are
independent of pressure,and they are linear homogeneousfunctions of the (ab-
solute) temperature

C®(T; I ¯ ) = T K ®(I ¯ ) ;
@K 1

@I 2
=

@K 2

@I 1
: (2.85)

The speci¯c heat capacity dependsonly on temperature,

cp = cp(T) ;
@cp

@p
= 0 ;

@cp

@I ®
= 0 ; (2.86)

the entropy is independent of pressure

@S
@T

=
cp

T
;

@S
@p

= 0;
@S
@I ®

= ¡ vR
@C®

@T

and given by

s(T; I ®) = sR +
Z T

TR

cp(T0)
T0

dT0¡ vR
@

@T

·
T

µ Z I 1

3
K 1(I 0

1; 3)dI 0
1

+
Z I 2

3
K 2(I 1; I 0

2)dI 0
2

¶¸
; (2.87)

and the internal energyis only a function of temperature

u(T) = uR +
Z T

TR

cp(T0) dT0: (2.88)

For uni-axial extension,from (2.61) ¸ 1 = ¤ 1 and from (2.70), we obtain

I 1 = ~I 1(¤ 1) = ¤ 2
1 +

2
¤ 1

; I 2 = ~I 2(¤ 1) = 2¤1 +
1

¤ 2
1

: (2.89)

With this the stresscoe±cients (2.85) take the form

~C®(T; ¤ 1) = T ~K ®(¤ 1) ; (2.90)

and the entropy and internal energyare

~s(T; ¤ 1) = sR +
Z T

TR

cp(T0)
T0

dT0¡ vR
@

@T

·
2T

Z ¤ 1

1

¿
~K 1(¤ 0

1) +
1

¤ 0
1

~K 2(¤ 0
1)

À

£
µ

¤ 0
1 ¡

1
¤ 02

1

¶
d¤ 0

1

¸
(2.91)

~u(T) = uR +
Z T

TR

cp(T0) dT0 :
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Finally, accordingto (2.67), for nominal extensionthe stress~¾1 follows as

~¾1 = 2T
µ

¤ 1 ¡
1

¤ 2
1

¶ µ
~K 1 +

1
¤ 1

~K 2

¶
= ¡

1
vR

T
@~s

@¤ 1
: (2.92)

This relationship shows that the nominal tension stress is given by the defor-
mation derivative of the entropy. This behaviour is called Entropy Elasticity of
rubber. This implies two e®ectswhich are typical for rubber:

1. If oneincreasesthe temperatureat constant stress~¾1 and constant external
pressureP, the rubber sampleshrinks (Gough-e®ect)[28].

2. If oneextendsa rubber sampleunder adiabatic isolation (e.g. at constant
entropy ~s), and constant external pressure,the temperature is increased(Joule-
E®ect[34])2.

From (2.92) follows additionally, that the stressat constant deformation and
constant external pressureis a linear homogeneousfunction of temperature,

~¾1 ¡ T
@~¾1

@T
= 0: (2.93)

This meansgraphically, that the stress-temperature curvesat constant extension
are straight lines which for extrapolation to T ! 0 approach the origin ~¾1 =
0, and whoseinclination increaseswith increasingdeformation as explained by
equation (2.92) and shown in ¯gure 2.1.

0 TR
T

1
~s

1L

Figure 2.1: Stress-temperature curve of uniaxial extension.

In the statistical theoriesof rubber elasticity, ¯rst treated by Kuhn [42], it is
assumedthat the molecularchain betweentwo crosslinkingpoints canbe divided

2For materials, which are essentially energy-elastic (e.g. metals) both e®ectsare exactly
reversed.
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into (statistically equivalent) segments, which areconnectedto each other by free
rotations. For this model the conformational entropy is calculated for small and
mediumdeformations(strong coiling : distance crosslinking point

Maxim um length of stretched chain << 1) in the
socalledGaussianapproximation, under the assumptionsthat crosslinkingpoints
move a±nely to the macroscopicdeformation and that the model substanceis
incompressible.From this model, there result constant stresscoe±cients,

vR
~K 1 =

k
2N mo

; ~K 2 = 0: (2.94)

Here, k is Boltzmann's constant, N is the number of segments between two
crosslinking points, and mo is the massof one segment. The observed stress-
strain curvescan be described with this for small deformations. Especially, the
e®ectis well described, that weakly cross-linked rubber can be deformedmore
easily than strongly cross-linked rubber.

For mediumand largedeformationsthe stress-strainbehaviour is not correctly
described by (2.94). The reasonis, besidesothers, that the Gaussianapproxi-
mation is employed for calculating the conformational entropy, even though for
large deformationsthe strong coiling of the chain moleculeis no longer valid. If
one weakensthis Gaussianassumption,then the conformational entropy can be
calculatedonly approximately usinga complicatedTaylor seriesexpansionin ¤ 1,
seeTreloar [70]. With this onemay derive by di®erentiation accordingto (2.92) a
seriesexpansionfor the stress,which contains just one¯tting parameter, k

N mo

1
vR

.

In a continuum theory onehas,in contrast to the statistical theory, two stress
coe±cients. Mooney [52] assumedthat ~K 1 and ~K 2 are constants for uniaxial
extensiontests. With this, the measurements canbeexplainedup to intermediate
deformations. However, the steep upturn of the stress for large deformations
cannot be described with constant valuesof stresscoe±cients.

Rivlin and Saunders[56] were able to describe also the steepupturn. They
assume,that ~K 1 is constant and ~K 2 dependson the deformation. According to
(2.85), ~K 2 can then depend only on the seconddeformation invariant,

K 1 = const ; K 2 = K 2(I 2) : (2.95)

With this, Rivlin and Saunderscan also explain quite well bi-axial stress-
strain experiments, however they report, that K 2 seemsto depend weekly on
time in such a way that K 2, in the courseof time, decreasesat constant load.
This time dependencecannotbeunderstood with any theory of thermo-elasticity.



26 CHAPTER 2. THERMOD YNAMIC CONSTITUTIVE THEORY

2.2.1.2 Incompressible, thermo elastic materials with thermal volume
expansion

Mayer and Ferri [51] and Anthony, Casten and Guth [9] report, that the
stress-temperature curve can be reproduced only, if as a deformation measure
the thermal convective length ratio

¸ 1 =
L(T)
Lo(T)

=
Length under load at temperature T

Length without load at temperature T

is usedas a curve parameter. If, however, the deformation measure¤ 1 = L (T )
L R

is used, the measuredcurves for T ! 0 do not merge into the point ~¾1 = 0.
This observation is called thermo-elasticinversion. The relationship betweenthe

deformation measureş 1 and ¤ 1 is ¸ 1 = L (T )
L R

L R
L o (T ) = ¤ 1

³
v

vR

´ ¡ 1=3
according to

(2.61)1. From this must be concluded,that for the description of the thermoe-
lastic inversionthe thermal convective deformation measuremust be used.

The measurements show, that the nominal stress~¾1 in uni-axial extensionat
constant external pressureP and ¯xed thermal convective length ratio ¸ 1 is a
homogeneouslinear function of absolutetemperature, i.e.,

~¾1 ¡ T
µ

@~¾1

@T

¶

¸ 1 ;P

= 0 ; (2.96)

For the stresscoe±cients, after insertion of (2.67), oneobtains

~C®(T; ¸ 1) =
µ

v(T)
vR

¶ ¡ 2=3

T ~K ®(¸ 1) : (2.97)

The stresscoe±cients are, consequently, not exactly linear in T (as in the ap-

proximation (2.85)), but they contain the volume factor
³

v(T )
vR

´ ¡ 2=3
.

2.2.1.3 Con tin uum theory and Deformation-Induced Crystallization

For simpli¯cation of the theory, some approximations have been assumed
about the speci¯c volume v = v(T; p;»; I ®). We make now the following linear
(Taylor) seriesexpansionof the speci¯c volume about the referencestate:

v = vR [1 + ®o(T ¡ TR) + ¯ o(p ¡ pR) + °o(» ¡ »R) + ±o(I 1 ¡ 3) + "o(I 2 ¡ 3)] :(2.98)

For small departuresof T; p;»; I 1; I 2 from the referencestate valuessuch an ex-
pansionshould be valid.
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The coe±cients in this expansionare, in the referencestate,

®o =
1

vR

µ
@v
@T

¶

pR ;»R

= 6:6 £ 10¡ 4 1
K

;

¯ o =
1

vR

µ
@v
@p

¶

TR ;»R

= ¡ 5:1 £ 10¡ 5 1
bar

;

°o =
1

vR

µ
@v
@»

¶

TR ;pR

; (2.99)

±o = 1
vR

³
@v
@I 1

´

TR ;pR ;»R

;

"o = 1
vR

³
@v
@I 2

´

TR ;pR ;»R

;

where®o is the classicalcoe±cient of thermal volumeexpansion,̄ o the isothermal
compressibility, ° o the coe±cient of volume expansiondue to crystallization, ±o

and "o are volume expansioncoe±cients due to the deformation. The orders
of magnitude of ° o; ±o; "o are unknown. Specialization to uniaxial extensionat
T = TR and P = pR yields, with (2.63) and (2.65),

¹v = vR

·
1 + °o(» ¡ »R) ¡ ¯ o

2
3

(¸ 2
1 ¡

1
¸ 1

)(C1 +
1
¸ 1

C2)

+ ±o(¸ 2
1 +

2
¸ 1

¡ 3) + "o(2¸ 1 +
1
¸ 2

1
¡ 3)

¸
: (2.100)

For simpli¯cation, the changeof volumewith deformationis assumedto be linear,
when ¹» ¡ »R =

³
@¹»

@̧ 1

´

TR ;pR ;¸ 1=1
(¸ 1 ¡ 1) holds. For the equilibrium volume thus

follows

v = vR

·
1 + °o

µ
@¹»
@̧ 1

¶

TR ;pR

(¸ 1 ¡ 1) ¡ ¯ o
2
3

(¸ 2
1 ¡

1
¸ 1

)( ¹C1 +
1
¸ 1

¹C2)

+ ±o(¸ 2
1 +

2
¸ 1

¡ 3) + "o(2¸ 1 +
1
¸ 2

1
¡ 3)

¸
: (2.101)

¹C® = C®(TR ; pR ; ¹»; ¸ 1) (® = 1; 2) denote the valuesof the stresscoe±cients in
crystallization equilibrium. For deformation up to 100% the Mooney approxi-
mation is valid. Then the stress-coe±cients in equilibrium are independent of
deformation and pressure,and functions of temperature alone, ¹C® = C®(TR). In
this case,¢ ¹v

vR
= ¹v¡ vR

vR
is a linear function of ¸ 1 ¡ 1, only if ¯ o = ±o = "o = 0. This

explains the experimental ¯ndings of GÄoritz [31].

The linear increaseof volume up to deformationsof about 100%can be ex-
plained only, if the compressibility and the dependenceof the volume from the
deformation invariants are neglected.Then,

v = v(T; ») : (2.102)



28 CHAPTER 2. THERMOD YNAMIC CONSTITUTIVE THEORY

This explains the linear increaseof the speci¯c equilibrium volume for small
deformation ratios.

With the approximation (2.102) the formulas (2.42) to (2.45) simplify as fol-
lows:

@C®
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=
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;
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; (2.103)
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The stresscoe±cients are consequently independent of the pressure.

Theserelations shall now be integrated, starting in the referencestate T =
TR ; p = pR ; » = »R ; I ® = 3 (® = 1; 2). From (2.103)3;4

^ »(T; p;»; I ®) = ¹̂»(T; ») ¡
1
T

@v(T; »)
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¡
1
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¸
(2.104)

¡
1
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@
@»

·
v(T; »)

Z I 2

3
C2(T; »; I 1; I 0

2) dI 0
2

¸
:

The integration function ¹̂ » must be interpreted as^ »(T; pR ; »; 3; 3). The equilib-
rium values^ »jE = ^ »(T; p; ¹»; I ®) = 0 are zeroaccordingto (2.50). This implies,
sincethe referencestate hasbeenchosenas an equilibrium state, that

¹̂ »jR = ¹̂ »(TR ; pR) = 0 (2.105)

Moreover, with ^ »jE = ^ »(T; p; ¹»; I ®) = 0, (2.104) is an equation for the determi-
nation of the equilibrium values»jE = ¹»(T; p;I ®) of the degreeof crystallization
outside the referencestate.

Next we integrate formulas (2.103)5¡ 7 for the speci¯c heat capacity. Use of
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(2.104) yields
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Here ¹cp(T) denotesthe speci¯c heat capacity at p = pR ; » = »R ; I 1 = I 2 = 3.

With this result, using (2.104), we now integrate formulas (2.103)8¡ 11 and
(2.103)12¡ 15 for the speci¯c entropy and the speci¯c internal energy. After some
calculation the following formulas are obtained:
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sR and uR , respectively, denote the speci¯c entropy and speci¯c internal energy
in the referencestate.

The problemof deformation inducedcrystallization and the descriptionof the
relatedtime e®ects(stressrelaxation, hysteresis, reversiblethermoplasticity, time
delayed heat e®ects)would be solved, if ¹cp(T); v(T; »); ¹̂ »(T; »); C®(T; »; I 1; I 2)
would be known as functions of the given variables, and if the crystallization
rate A(T; p;»; I ®) would be determinedas a function of the given variables. The
solution of the di®erential equation (2.1)5 with Ãj = 0 would determine »(t) at
¯xed external pressureasa result of integration over the historiesof deformation
and temperature. Insertion of the result of integration (2.79) for »(t) in (2.39),
(2.107)and (2.108)will give the Cauchy stresst ij , the internal energyu and the
entropy s as integrals over the histories of deformation and temperature.

However, the solution of this problem requires,¯rst the determination of the
explicit dependenceof all involved functions upon their variables.

According to (2.63),(2.67), (2.102), (2.107) and (2.108) the formula for the
nominal stressis

¾1 = 2
µ

v(T; »)
vR

¶ 2=3

(¸ 1 ¡
1
¸ 2

1
)

·
C1(T; »; I ®(¸ 1)) +

1
¸ 1

C2(T; »; I ®(¸ 1))
¸

(2.109)

Basedon (2.95)weassumein addition with Rivlin and Saunders[56] that the ¯rst
stresscoe±cient is independent of I ®. Then, according to (2.103)2, the second
stresscoe±cient is independent of I 1:

C1 = C1(T; ») ; C2 = C2(T; »; I 2) : (2.110)

For qualitativ e understandingof stress-straincurves,one needs¯rst the depen-
dencesof the stresscoe±cients C® on the degreeof crystallinit y ». This will in
sequelbe derived within the framework of the statistical theory.



Chapter 3

Polymer Crystallization

Crystallization of polymers has been the focus of attention in the past four
decades.It plays an important role in polymer applications, primarily in many
manufacturing processessuch as ¯b er spinning, extrusion drawing, ¯lm blowing,
blow molding, and injection molding.

The mechanical behaviour of polymers is strongly depending on their mor-
phology, which in turn is in°uenced by the thermo-mechanical history during
processing. Molecular orientation a®ectsthe crystallization behaviour of poly-
mers in two di®erent aspects: thermodynamic and hydrodynamic. The thermo-
dynamic e®ectinvolvesthe reduction of entropy in extendedchains and this will
increasethe opportunit y of crystal formation by increasing the melting point,
while kinetically the extendedchain is closer to a crystal state than a random
chain. The hydrodynamic e®ectis a phasetransformation, which is responsible
for the resultant morphologysuch asshish,kebabor spherulite. Several on-going
projects are designedto explore the underlying physicsof this subject.

Mechanically, deformation induced crystallization in rubbery polymers pro-
ducesinternal inhomogeneity in their structure and leadsto a signi¯cant redistri-
bution of stresses,sincethe orientation of the crystals hasa bene¯cial impact on
the mechanical properties of the rubbery polymers. Crystallization of rubberlike
polymer networks exhibits clear upturns in the stress-straincurve at high elon-
gation. This is mainly due to the reinforcing e®ectof the crystallites that are
generated.

3.1 Semi-Crystalline Polymers

Depending on the processingconditions, polymer-crystallization behaviour
is attributed to the long chain length of the polymeric molecules,which makes

31
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it di±cult for these chains to disentangle from each other in disorganizedand
entangled melt and subsequently to achieve a regular conformation and align
parallel to each other to form an ordered structure (i.e. crystal). Therefore,
whether polymersare able to crystallize or not dependson their structure.

3.2 Mo dels of Semi-Crystalline Polymers
The most obvious question that needsto be answered about polymer crys-

tallites is `How can long moleculesgive rise to small crystallites?'. Two princi-
pal types of answer have been given: they lead to the fringed-micelle and the
chain-folded model for polymer crystallites. A further type of crystallites is the
chain-extended crystallite which will be discussedin detail.

3.2.1 Fringed-micelle mo del
The fringed-micellemodel wasan early attempt to inter-relate long molecules,

small crystals and a `sea'of amorphousmaterial [22]. The crystalline regionsare
madeup of di®erent chains of short lengths aligned parallel to each other, while
the amorphousregionsare comprisedof disorderedconformations.

The model suggeststhe occurrenceof ¯bril lar crystallites, which can grow
both parallel and perpendicular to the chain axes. The long chain character of
polymer allows a given chain to passthrough several di®erent crystallites [49, 48,
47] asshown in ¯gure 3.1a. This model explainsthe mechanical propertiesof the
samplebasedon the physical linkages(fringes) betweentwo regions.

(a) (b)

Figure 3.1: Two di®erent semi-crystallinestructures: (a) Fringed-micellestruc-
ture (b) Spherulite structure.
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3.2.2 Folded-c hain mo del
It wasreported by Keller [37, 38] that polyethylenesinglecrystals,grown from

a dilute solution, appear in the form of thin plates or Lamellae when viewed by
electrondi®ractionto becomposedof largecrystallites with the chain axesnormal
to the plane of the lamellae. The only possibility to explain this was that chains
folded back and forth upon themselves,so that adjacent segments were parallel
and in crystal registers.

The adjacent re-entry model of Keller was challengedby Flory [24]. In an
early theoretical treatment, Flory [24] examinedsomeof the factors related to
the generationof a crystalline phasefrom long chain moleculesin random confor-
mations. He establishedthat "no more than half of the chains emanating from
the lamellar crystal surfacecanbeaccommodated by the neighbouring disordered
amorphousphase". As a result, more than half of those sequencesmust return
to the crystal facefrom which they departed. This re-entry is proposedto occur
via loops of varying lengths that are present in the spacesbetween the crystal
and the amorphousregions. There alsoexist a number of chains that do not re-
enter a given crystallite, but leave the basalplane of the crystal to becomepart
of a disorderedamorphousregion. Thesechains could eventually enter another
neighbouring crystallite. Such a possibility of chain folding is often referredto as
the "switchboard model".

When crystallized from the melt, the lamellae often aggregatetogether in
the form of a superstructure called a spherulite. Spherulitesmay be viewed as
sphericalaggregatesof lamellaethat originate from a commoncenter and radiate
outwards as shown in ¯gure 3.1b. The spherical shape is formed as a result of
branching and splaying of lamellaeat dislocation points. Typical dimensionsof
spherulitesare of the order of microns and sometimes,even millimeters. There-
fore, they can be easily viewed under an optical microscope. The spherulites
continue to grow radially until they impinge upon one another. A measureof
their growth rate until the time of impingement providesa wealth of information
regardingthe mechanismof crystallization in the polymer, and hasbeenthe focus
of several investigations.

3.2.3 Extended-c hain crystallite
Extended, or fully extended, chain crystallites contain long oriented chains

that can be formed mechanically. Crystallization induced by orientation can be
described asstretching of long chains to form ¯brous crystals. During stretching,
distortion of chains from their most probable conformationsresults and hencea
decreasein the conformational entropy takesplace. If this deformation is main-
tained in this lower conformationalentropy state then lessconformationalentropy
needsto be sacri¯ced by transforming to a crystalline state. This decreasein to-
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tal entropy of fusion allows the crystallization to occur at higher temperatures
than will take placeunder quiescent conditions.

Natural and synthetic rubbers are excellent examplesof such an e®ectas
they show great tendencyto crystallize under stretched conditions, whereasthey
crystallize slowly under quiescent conditions. Also, crystallization in an already
oriented polymer results in a reduction of retractive force (with respect to the
oriented state). This can be explained on the basis of rubber-elasticity theory
accordingto which the forceexertedby ¯xed chain endsis inverselyproportional
to the number of statistical segments and the magnitude of end to end distance.
The reduction in force results becauseof a lessernumber of statistical segments
sitting in the amorphousdomain and also becausethe end to end distance of
the amorphoussegments is smaller than that in the crystal. Melting of such
extended crystals leads to contraction, and crystallization leads to elongation.
That is why the deformation is consideredto be of a±ne type, sincemacroscopic
dimensionalchangesand changesin retractive forcecan be related to the crystal
phasetransformation.

The formation of the so-called'Shish-Kebab' kind of morphology consistsof
the outside 'kebab-like' regionswhich are essentially folded chain regionscom-
prised of chains which do not crystallize during the orientation process,while
the inner 'shish' regionsform ¯rst. The formation of folded chain discsoccurs
due to nucleation events taking place on the extendedchain surface. This has
beenusedasa strong argument in favor of kinetic theoriesthat discussthe chain
folded model of crystallization. Keller and Machin [39] showed essentially a per-
pendicularly oriented shish-kebabtype lamellar morphology, they proposeda two
step nucleation and growth for crystallization under orientation. The nucleation
processis thought to be associated with the formation of extendedchain shish
from oriented moleculesand the growth processis associated with the formation
of lamellar crystals from an isotropic melt by chain folding onto the line nuclei.
Alternativ ely, Yeh [45] revealed the presenceof a nodular structure (» 100ºA)
within perpendicularly oriented \lamellae". Indeed,Gent [26, 27] had concluded
that the form and the magnitude of the stresschangesduring the crystallization
of stretched networks are generallythe samefor di®erent typesof rubber. Thus,
basedon axial stress-relaxationevidence,Gent ruled out the possibility of chain
folding during oriented crystallization.

Thermodynamically, if the coiled chains in a polymer melt are stretched,
their entropy approachesthat of the crystalline state. The di®erencebetweenthe
entropies of the oriented and crystalline states decreasesand thus, as indicated
by equation(3.1), the melting point is raised. If the melting point is raisedabove
the environment, stresscrystallization takesplace[72].

T±
m = ¢ H±=¢ S± ; (3.1)
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where ¢ H± and ¢ S± are the enthalpy and the entropy of melting, respectively,
de¯ned as the changesin state for the conversion of 1 Mole from the crystal to
the melt phase.

The following relationship wasderivedby Flory [21] for the dependenceof the
melting point on strain for a crosslinked elastomer:

1=Tm ¡ 1=T±
m = ¡ (R=¢ H±) g(¸ ) ; (3.2)

wherethe function g(¸ ) - not the free enthalpy - dependson the type of applied
chain statistics. According to Flory [21, 72]:

g(¸ ) = (6=¼N )1=2¸ ¡ (¸ 2=2 + 1=¸ )=N (3.3)

whereN is the number of statistical chain segments per network chain, and ¸ is
the deformation ratio.

The foregoingbrief survey of semi-crystallinepolymers,with its emphasison
the importanceof the typesof crystalline chainswould not becompletewithout a
brief mention of amorphouspolymer chains. The amorphouspolymer chains are
thosewith a randomly coiled and entangled state. They possessa large speci¯c
volumeva comparedwith the crystalline volumevc domain at room temperature.
Thus, the total volume of a pieceof rubber is given by

V = mava + mcvc ; (3.4)

wherema is the amorphousmassand mc is the crystalline mass.The total mass
is consequently

m = ma + mc ; (3.5)

Accordingly, the speci¯c volume of the rubber is given by the equation

v = (1 ¡ »)va + »vc ; (3.6)

where» denotesthe degreeof crystallinit y,

» =
mc

m
=

Number of chain segment in crystallites
Total number of chainssegments

: (3.7)

GÄoritz [30] performedsomeexperiments for cis-1,4-Polybutadienerubber and
reported a relationship betweenvolume changeand strain up to large extension;
on the basisof an a±ne deformation this dependenceis proportional to ¸ ¡ 1,
where ¸ is the extensionratio. Furthermore, he studied the elongation-induced
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crystallization and found that the ¯nal degreeof crystallization dependson tem-
perature and elongation. The dependenceon elongationdoesnot follow Flory's
theory of crystallization induced by stretching polymeric networks [21, 31].

Toki [68, 69] extensively studiedthe strain-inducedcrystallization phenomenon
in sulfur vulcanizednatural rubber by X-ray di®raction techniques. The detected
structureswerenot only in a stretchedbut alsoin a relaxedstate to accommodate
the relatively weak X-ray intensity.

Figure 3.2: Structure changeand selectedWide Angle X-ray Di®raction (WAXD)
patterns during stretching and retraction processof rubber. Where ¸ is the
deformation ratio.

The crystallization curve and selectedWide Angle X-ray Di®raction (WAXD)
patterns during stretching and retraction areshown in ¯gure 3.2 1. It is seenthat
highly oriented crystalline re°ection peaks begin to appear at strains around
¸ = 2:0 at which orientation of the chain segments occurs. The intensity of
thesere°ections increaseswith strain during stretching, and darker spots are no-
ticed to form at the maximum stretching deformation ratio (¸ = 5:0), while an
amorphoushalo is found to persist in WAXD during both processesof stretching
and retraction (even at the highest applied strain). When the mechanical draw-
ing ceasesand the retraction processoccurs,secondarycrystallites develop, and
stressrelaxation is a direct consequenceof folded lamella formation at the surface

1The WAXD patterns appearing in this ¯gure have been taken from the work of S.Toki
[68,69].
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of extended-chain crystals. However, we believe that someof the strain-induced
crystallites might transform their morphology to secondarycrystallites that do
not contribute to the stress. This is obvious sincethe re°ection intensities will
decreaseif they are comparedat the samedeformation ratio for retraction and
stretching processes.While the retraction unloading processis proceedingthe
crystallinit y and the orientation are larger than during stretching at a certain
deformation ratio. This can be noticed at all deformation ratios (e.g. ¸ = 2:0),
see¯gure 3.2. This also is shown by WAXD pattern in ¯gure 3.2 during re-
traction. For example, at the strain of 1.0, no crystalline pattern is observed
during stretching but clearcrystalline re°ectionsareseenduring retraction. This
is a great evidencefor shish-kebab formation during retraction due to stressre-
laxation which is responsible for having a hysteresisin the stress-straincurve.
When that the strain-inducedcrystallites are totally molten at elevated temper-
ature and no further folded crystallite typesexist, then the crystallization curve
coincidesduring the stretching and retraction processes.

Basedon this, crystallites formed by deformation may be composedof two
types:

Type 1. The important portion of the crystallites are the extended-chain
crystallites that developby the strain directly during stretching (loading process).
Theseserve as nuclei for further crystallization.

Type 2. The secondarycrystallite types are the folded-chain crystallites
(lamellae, Shish-kebab structure). Thesedevelop during retraction on nuclei of
extended type and may decreaseor increasewith retraction depending on the
processconditions. Without a further increasein strain, this type of crystallite
is able to form at low temperature.

3.3 Crystallization Kinetics

Our present concernis to simulate crystallization kinetics induced by defor-
mation and taking placeat di®erent strain ratesand temperatures. The simplest
applicabledi®erential equation for this process,accordingto irreversiblethermo-
dynamics, is the following ¯rst order equation

_» =
¡ 1
¿

(» ¡ ¹») ; (3.8)

where ¿ = ¿(T; ¸; ») is the relaxation time and ¹» = ¹»(T; ¸ ) is the equilibrium
crystallinit y. For this we assumesaturation behaviour:

¹» = ¹»± + ( ¹»s ¡ ¹»±) tanh(¸ ¡ 1) ; (3.9)
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where ¹»± is the equilibrium crystallinit y at the referencestate, ¹»s is the equilibrium
maximum (saturation) degreeof crystallinit y, and ¸ is the extensionratio de¯ned
as the ratio of the ¯nal to the initial length for uniaxial extension.

¹»± and ¹»s are temperature dependent and given by the relations

¹»± =
Tmo ¡ To

Tmo ¡ T
»± ; (3.10)

¹»s =
Tmo ¡ To

Tmo ¡ T
»s ; (3.11)

where Tmo ; To ; T are the melting (absolute) temperature, the referencetem-
perature, and the temperature, respectively, »± is the degreeof crystallinit y at
the referencestate, while »s is the maximum (saturation) degreeof crystallinit y
at referencetemperature.

After carrying out the integration and appropriate rearrangement of equation
(3.8), we obtain

»(t) = ¹»(0) e¡
Rt

0
dt 0

¿( t 0) + e¡
Rt

0
dx

¿( x )

Z t

0

· ¹»(t0)
¿(t0)

e
Rt 0

0
1

¿( t 00)
dt00

¸
dt0 (3.12)

This equation implies two limiting casesthat explain the content of the compli-
cated relaxation behaviour and its e®ecton crystallization kinetics:

(A) In the limit of low temperatures, the relaxation time ¿ ¡ ! 1 which is
independent of strain rate. Then the crystallinit y doesnot changewith deforma-
tion: »(t) = ¹»(0).

(B) In the limit of high temperatures, the relaxation time ¿ ¡ ! 0 which is
independent of strain rate. Then, the crystallinit y will be momentarily at an
equilibrium state.

Betweenthesetwo extremecasesthere existsa time delay for the equilibrium
approach which also is the reasonfor stress-and volume relaxations.

We considernow a loading processwith constant loading speed _"

¸ 1(t) ¡ 1 = _"t ; 0 · t · t f ; (3.13)

where t is the loading time, and t f is the loading time required to reach the
maximum deformation ratio. Furthermore, we assumethat the relaxation time
¿ is merely a function of temperature T namely

¿(T) = aL exp[bL =(RT)] := ¿L ; (3.14)
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whereaL ; bL are constants and R is the universalgasconstant. From the dimen-
sionsof the parametersaL ; bL , it can be concludedthat bL is a jump energyper
mole for crystallization, and aL is an inversejump frequency, and it is propor-
tional to the jump probability of the chain segment for the transformation from
amorphousto crystalline state.

For an isothermal loading processonemay then deducefrom (3.12), together
with (3.9), (3.13) and (3.14),

»(t) = ¹»(0) + ( ¹»s ¡ ¹»±)
·

tanh( _"t) ¡ e
¡ t
¿L _"¿L

Z t
¿L

0

ex

cosh2( _"¿L x)
dx

¸
; (3.15)

in 0 · t · t f :

The non-equilibrium crystallization at the end of the loading processis

»(t f ) = ¹»(0) + ( ¹»s ¡ ¹»±)
·

tanh( _"t f ) ¡ e
¡ t f
¿L _"¿L

Z t f
¿L

0

ex

cosh2( _"¿L x)
dx

¸
; (3.16)

where »(t f ) is the degreeof crystallinit y at the maximum deformation ratio for
the loadingprocessand canbecalculateddirectly from equation(3.15) for t = t f .

Next, we consider the corresponding isothermal unloading processwith re-
versedspeedof deformation,

¸ (t) = ¸ f ¡ _"(t ¡ t f ) ; t f · t · 2t f ; (3.17)

where¸ f is the maximum deformation ratio at the end of loading. Using (3.12)
we obtain for the non-equilibrium crystallization in unloading

»(t) = e
¡

Rt
t f

dx
¿( x )

(

»(t f ) +
Z t

t f

· ¹»(t0)
¿(t0)

e
Rt 0

t f
dt 00

¿( t 00)

¸
dt0

)

; (3.18)

for t f · t · 2t f :

As mentioned before,in unloading, crystallite structures of shish-kebab-types are
formed besidesthe extendedcrystallites of loading. This means,that the relax-
ation time in unloading is di®erent from that in loading.

We assumeagain a constant relaxation time ¿ for isothermal unloading but
assumeotherwisea temperature dependenceas follows:

¿(T) = au exp[bu=(RT)] := ¿u : (3.19)
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Insertion into (3.18) yields then for the crystallinit y during an unloading pro-
cess2

»(t) = »(t f )e¡
t ¡ t f

¿u + ¹»o

µ
1 ¡ e¡

t ¡ t f
¿u

¶
+ ( ¹»s ¡ ¹»o)

½
tanh[(¸ f ¡ 1) (3.20)

¡ _"(t ¡ t f )] ¡ e¡
t ¡ t f

¿u tanh(¸ f ¡ 1)

+ e¡
t ¡ t f

¿u : _"¿u

Z t ¡ t f
¿u

0

ex

cosh2[(¸ f ¡ 1) ¡ _"¿ux]
dx

¾
;

for t f · t · 2t f :

2The mathematical calculations of equations (3.15) and (3.20) are available upon request.



Chapter 4

Deformation-Induced
Crystallization: Statistical
Approac h

4.1 In tro duction

The rubber elasticity approach includesa great variety of descriptions,models
and concepts.The research hasstarted last century in the late thirties by Kuhn,
Guth and H.F. Mark. It becamea very active ¯eld in the forties and ¯fties with
important contributions by Flory, James,Guth, Treloar, Wall and many other
researchers,basedmostly on the analysisof Gaussianchain models. The sixties
and seventies were the times of the establishment of the basisfor the statistical
mechanical treatment of polymers and elastomericmaterials, with fundamental
works by Flory and many other scientists. In the seventies the computer technol-
ogy of polymersbecamevery important and the role of thesesimulations rapidly
increasedin the eighties and the nineties.

The simple,elementary statistical theory which paved the way to the current
understandingof rubber elasticity was proposedin the pioneeringwork of Kuhn
[41, 42]. Other important early contributions to the early rubber elasticity theory
weregiven by Flory [21]. Flory was the ¯rst to develop a thermodynamic theory
of strain induced crystallization which is consideredto be the simplest and the
most convenient among the multitude of the statistical theories. Starting from
the simple model of Kuhn, Flory's theory is basedon many simplifying assump-
tions. According to it, a rubber network consistsof freely-joint Gaussianchains,
of which the positions of crosslinking points deform a±nely upon deformation.
Each chain contains a certain number of statistically equivalent rigid and sim-
ply connectedsegments with complete freedomof orientation. Flory, imposing

41
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the assumptionof constant volume,calculatedthe changesof the crystalline and
amorphousentropies with deformation. So far, the following crucial points of
worthiness may be mentioned: (i) Flory's theory is basedon the assumption
that, the changeof entropy is unequal to zero in the undeformedstate, in con-
tradiction to his assumption since he performed his calculations starting from
the totally crystalline network; (ii) the changeof entropy in the deformedstate
approachesfor completecrystallization a negative in¯nitely large value.

Flory's theory is inadequateto describe real rubber, becauseof his assump-
tions, that there is no crystallization in the undeformed state, and that complete
crystallization is possible. Both assumptionsare not consistent with reality.

In the present context, we correct the shortcomingsof Flory's theory. We
return to the picture of freely-joint chainscrosslinkedat junction points, of which
the motions are a±ne to the macroscopicdeformation. A modi¯ed Gaussian
distribution is employed for chains of ¯nite lengths to describe the end-to-end
vector distribution function and the contribution of that chain to crystallinit y.

4.2 Overview of the Mo del
In our model, we start treating the amorphouschain. According to Kuhn

[41, 42], we shall be concernedprimarily with those statistical properties which
may conveniently be dealt with in terms of an idealizedchain of N numbers of
freely rotating equivalent segments of length `. (A \chain" is de¯ned as that
portion of the network extending from onecrosslinkingpoint to the next [21], as
shown in ¯gure 4.1).

Figure 4.1: Example of a long chain of freely rotating segments.
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The statistical form of the long-chain molecule is illustrated by ¯gure 4.2,
in which the angle betweensuccessive segments (i.e. the valenceangle) is ¯xed
but completefreedomof rotation of any given segment with respect to adjacent
segments in the chain is allowed. The actual chain conformation will be subject
to continual °uctuation due to thermal agitation which enhancesthesesegments
to shift at a rapid rate from one position to another, consistent with their at-
tachments to neighbouring segments of the samechain and the availabilit y of free
spacein their immediate environment [21, 70].

Figure 4.2: Statistical schematic of a freely rotating segments around bonds.

Polymerscan exist in variousconformations and variouscon¯gurations. Two
polymers which di®er only by rotations about single bonds are said to be two
conformationsof that polymer. A schematic view of two polymer conformations
is shown in ¯gure 4.3. Two polymerswhich have the samechemicalcomposition
but can only be made identical (e.g. superposable)by breaking and reforming
bondsare said to be two con¯gurations of that polymer. No mannerof rotations
about single bonds can turn polymers in di®erent con¯gurational states into
superposablepolymers.

The above de¯nitions of conformations and con¯gurations are standard, but
they have not always been rigorously followed in the literature. For example,
Flory used con¯guration in his writings when he meant conformation. Fortu-
nately a writer's meaningis usually obvious from the context.

There are di®erent ways to characterize the size of a polymer chain. The
contour length L is the total length of a stretched chain,

L = N ` (4.1)

The contour length has a ¯xed value, no matter what the value of the chain
conformation.

The socalledfreely joint chain (¯gure 4.1), or randomwalk model is employed
to get the averagesover all the possible chain conformations. In this model
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(a) (b)

Figure 4.3: A schematic view of (a) polymer con¯guration and (b) polymer con-
formation.

the angle of each segment is independent of every other, including the nearest
neighbouring segments. To describe it, another measureof polymer chain sizeis
needed,the end-to-endvector. It is usedwhena chain is in a given conformation
asshown in ¯gure 4.4. The end-to-endlength variesfrom onechain conformation
to the next. The end-to-endvector r is the vector sumover the bonds`̀̀ i for bonds
i=1,2,3,...,N
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Figure 4.4: End-to-end chain length, with N segments: ¯v e segments are shown
somewherein the chain, the remainingonesof which arerepresented by the dotted
line till the N th segment. The angle®i is the anglebetweenthe i th segment and
the r axis.

r =
NX

i =1

`̀̀ i : (4.2)

The end-to-endlength can not be greater than the contour length. The end-to-
end length changeswhen a polymer is subjected to applied forces.
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The z-component of the end-to-endvector is

r z =
NX

i =1

zi ; (4.3)

wherezi = ` cos®i is the projection on the zi ¡ axis of the i th vector and ®i is
the angle of segment i relative to the zi ¡ axis. If all the segment vectors have
the samelength `, then

r z = `
NX

i =1

cos®i : (4.4)

The meanvalueof the end-to-endvector doesnot contain useful information,
since it equals zero (hri = 0). This is so becausethe averageover randomly
oriented vectorsis hcos®i i = 0 assumingthat all conformationshave equalprob-
abilities. Thus, the mean square root (rms) is a more expressive quantit y for the
conformation of the polymer chain [70]. So,

hr 2
z i = N `2: (4.5)

Fully stretched, the size of the chain is determined by its contour length,
L = N `. In its undeformedstate, its averagesizeis hr 2

z i 1=2 = N 1=2`, soa polymer
chain can be stretched by nearly a factor of

p
N . However, this model su®ers

from severe simpli¯cations. The chains do not interact with any environment.
Even asa singlechain model this is a dramatic simpli¯cation, sincethe chain can
interact with itself.

It is important to realize,sincewe start treating the amorphouschain in our
model, that all conformationsof the chain describedwithin this theory arepurely
entropic. The shape of the chain is driven purely by entropy. This meansthat

Figure 4.5: Conformational changein polymer.
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the meansquareroot of the chain °uctuates around its value given by equation
(4.5).

The shape, or \conformation" of a polymer molecule can range from the
fully extendedchain to the randomly coiled sphereas shown in ¯gure 4.5. The
extendedchain picture is the way we might chooseto draw a polymer structure.
The random coil picture, however, is a more realistic view of the shape of real
polymer molecules. Statistically, the coiled shape is much more likely than the
extendedone,simply becausethere aresomany ways the chain canbe coiledand
only oneway it can be fully extended.

4.2.1 Thermo dynamic approac h of an amorphous net work
To understand why rubbers are elastic, the full distribution function of the

end-to-endlengths is neededto count all the stretched and all the coiled confor-
mations of a polymer chain. More precisely, we would like to know how many
di®erent conformations of the chain have the same end-to-end vector. Thus,
Gaussiandistribution is used in this context for the probability of a conforma-
tion of the end-to-endvector of a randomly wriggling segment.

In the context of our recent model, we start treating the amorphouschain.
According to Kuhn [41, 42], the number of conformationsof the simply connected
chain from N statistically equivalent segments of length ` for a given end-to-end
distanceR and under the prerequisiteof large coiling R

L = R
N ` << 1 is given by

W(R) = K (
¯

p
¼

)3 exp[¡ ¯ 2R
2
] ; (4.6)

where¯ is a measurefor the averageend-to-enddistancein the standard models
of random walk,

¯ 2 =
3
2`

1
L

; (4.7)

K is a proportionalit y constant, and L is the length of the totally stretched
molecularchain.

Carvedon the tombstoneof Ludwig Boltzmann in the Zentralfriedhof (central
cemetery) in Vienna as shown in ¯gure 4.6, is the inscription

S = k log W: (4.8)

This equationis the historical foundation of statistical mechanics. It connectsthe
microscopicand macroscopicproperties. It de¯nes the entropy S, a macroscopic
quantit y, in terms of the multiplicit y W of the microscopicdegreesof freedom
of a system. For thermodynamics, k = 1:380662£ 10¡ 23JK ¡ 1 is a quantit y
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Figure 4.6: Boltzmann grave stone in Vienna.

called Boltzmann's constant, and Boltzmann's inscription refers to the natural
logarithm, loge = ln.

Employing this fundamental equation (4.8) of Boltzmann's formula to calcu-
late the entropy of one chain molecule,will yield immediately the expression

H (µi ) = k[3 ln (
¯

p
¼

)] ¡ ¯ 2(µ2
1 + µ2

2 + µ2
3)] + k ln K : (4.9)

The number of chains with one end at the origin and the other end within the
interval (µi ; µi + dµi ) is proportional to equation (4.6) and given by

Z(µi ) dµ1 dµ2 dµ3 = C
µ

¯
p

¼

¶ 3

exp[¡ ¯ 2(µ2
1 + µ2

2 + µ2
3)] dµ1 dµ2 dµ3 ;(4.10)

where C is a constant that is determined by the requirement that the total
number of the chains in the material is ¾. Then,

Z 1

¡1

Z 1

¡1

Z 1

¡1
Z(µi ) dµ1 dµ2 dµ3 = ¾= C (4.11)

must hold. Rubbersand polymeric elastomersare chemically or physically cross-
linked networks of polymer chains. The end points of the molecular chain are
the crosslinkingpoints. One of the simplest and earliest assumptionsregarding
microscopicdeformationin networks is that the crosslinkingpoints in the network
move a±nely with the macroscopicdeformation, which meansthat every part of
the specimendeformsas does the whole (this is the elastic assumption). If one
lays the co-ordinateaxesof the chosenCartesianco-ordinatesystemin the Eigen
directions of the stretch tensor, the crosslinking points are shifted as shown in
¯gure 4.7 accordingto

#1 = ¤ 1µ1 ; #2 = ¤ 2µ2 ; #3 = ¤ 3µ3 : (4.12)
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Figure 4.7: An a±ne deformation of a material.

Hence,the entropy of one chain moleculewith a±nely deformedendpoints is

H (#i ) = k[3 ln (
¯

p
¼

) ¡ ¯ 2(#2
1 + #2

2 + #2
3)] + k ln K : (4.13)

Sincean a±ne deformation of endpoints doesnot changethe number of chains
of the network, onehas

z(#i ) d#1 d#2 d#3 = Z(µi ) dµ1 dµ2 dµ3 : (4.14)

According to equations(4.10) (4.12), the number of chains for the a±nely de-
formed network is

z(#i ) =
¾

¤ 1¤ 2¤ 3

µ
¯

p
¼

¶ 3

exp
·
¡ ¯ 2(

#2
1

¤ 2
1

+
#2

2

¤ 2
2

+
#2

3

¤ 2
3
)
¸

(4.15)

The entropies of the amorphousrubber in the undeformedand deformedstates
are then

So =
Z 1

¡1

Z 1

¡1

Z 1

¡1
H (µi ) Z (µi ) dµ1 dµ2 dµ3 (4.16)

= ¾k
·
3 ln

µ
¯

p
¼

¶
¡

3
2

+ ln K
¸

;

and

Sa =
Z 1

¡1

Z 1

¡1

Z 1

¡1
H (#i ) z(#i ) d#1 d#2 d#3

=
Z 1

¡1

Z 1

¡1

Z 1

¡1
H (#i ) Z (µi ) dµ1 dµ2 dµ3 (4.17)

= ¾k
·
3ln

µ
¯

p
¼

¶
¡

1
2

(¤ 2
1 + ¤ 2

2 + ¤ 2
3) + ln K

¸
:
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The speci¯c entropy of amorphousrubber canbe expressedif onerefersto a mass
unit, by division through the massof network chains

m = ¾N mo ; (4.18)

wheremo is the massof a segment. Thus, the speci¯c entropy of the amorphous
rubber networks is

sa = so ¡
1
2

k
N mo

(¤ 2
1 + ¤ 2

2 + ¤ 2
3 ¡ 3) ; (4.19)

and this deliversjust the stresscoe±cients (2.95) of the statistical theory for pure
entropy elasticity.

4.2.2 Thermo dynamic approac h of a partially crystalline
net work

The main purposenow is to proposea model that describes the deforma-
tion induced crystallization of a network with partially crystallized chains. The
undeformedamorphousstate hasbeenchosenasa referencestate for the entropy.

For partial crystallization somechangeson the conformationalentropy of the
molecularchain must be made,sincethe molecularchain passesthrough di®erent
domains,mainly, amorphousand crystalline domains. However, when the chain
folds back to form a crystalline phase(lamellae), part of the amorphouschain
forms closedloops which are free of force at the beginning of the deformation,
until breakageof the crystalline folded-chains occurs,and then theseclosedloop
chainsbecomeexposedto force. Accordingto ¯gure 4.8, the total number of chain
segments N is the summation of segments which are sitting in the crystalline
domainsand thosein the amorphousdomains. The amorphousdomain segments
include segments which are exposedto deformation forcesand those segments
sitting in the closedloops. Let ³ be the number of segments sitting within a
crystalline domain(folded chain) in the chain. Then the total number of segments
is given by

N = ³|{z} + N f or ce + N loops| {z }
; (4.20)

crystalline amorphous
chain chain

segments segments

whereN is the total number of chain segments, N f or ce is the number of segments
exposedto deformation stress,and N loops is the number of segments sitting in
the force-freeclosedloops.

Both N f or ce and N loops have full conformationalfreedom.However with defor-
mation, the number of segments exposedto force, N f or ce increasesas the folded
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lamellae break. This breakageoccurs at the early stagesof deformation. Con-
sequently, many loops will be openedand hencebecomepart of the main chain
which is exposedto force. This processcontinuesuntil all loops are openedand
all folded-parallel crystallites becomeextended. As a result, the number of seg-
ments exposedto uniaxial stressN f or ce, will becomeequal to the total number
of chain segments N .

The total length of the extendedchain of N segments of length ` is shortened
as shown by the following equation and illustrated in ¯gure 4.8.

L» = L ¡ ³ ` + d = N `(1 ¡
³
N

+
d

N `
) : (4.21)

The degreeof crystallinit y » is introducedby

» =
³
N

=
mc

m
; (4.22)

where mc is the massof the crystalline segments, m is the total massof the
chain, and d = jdj is the distance between the inlet and the exit of the chains
to the crystalline domain. This distancevector is proportional to the degreeof
crystallinit y and is expressibleas

d = aN ` » ; (4.23)

wherea = jaj is a parameterof the theory depending on the type of crystallites.
For parallel unfoldedcrystallites a = 1, and for foldedor mixture typecrystallites
a < 1.

Free loops

Free loops

Crystalline domain
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r
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Figure 4.8: A schematic of the proposedmodel of partially crystalline chain .
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Consequently, the total length of the stretchedand partially crystallizedchain
is

L» = L(1 ¡ » + a») : (4.24)

The length of the crystallite is equal to the length of the extendedchain when-
ever complete crystallization exists (which, theoretically, is never realized in
crosslinked network) and parallel crystallites with a = 1 are formed. This will be
consistent with equation (4.1) that L »=1 = aL.

When the length of the amorphouschain L in equation (4.7) is replacedby
the length of the partially crystalline chain L », the parameter ¯ becomes

¯ 2
» =

3
2`

1
L»

= ¯ 2 1
(1 ¡ » + a»)

: (4.25)

Sincethe parameter ¯ is related to the mean squaredistance of the free chain
ends by 3

2¯ 2 = hr 2i , an increasefrom ¯ to ¯ » meansa reduction of the square
root mean of the chain by crystallization. Consequently, a pieceof rubber with
free surfacesshrinks when it is crystallized.

The crystalline domains are relatively immobile comparedto the chain seg-
ments within the amorphouschain. This meansthat ³ = N » segments within
the crystallites are frozen. Hence, the number of conformations of the N ¡ ³
segments of the amorphousremainderof the chain is then

W»(r 0+ r 00) = K »

µ
¯ »p

¼

¶ 3

exp[¡ ¯ 2
»(r 0+ r 00)2] ; (4.26)

where

r 0+ r 00= r ¡ d : (4.27)

As shown in ¯gure 4.8, equation (4.27) is the sum of possiblestatistical shifts of
the N ¡ ³ segments in the amorphousrest chain for a given distancevector r and
given distancevector d betweenthe inlet point and the exit point of the chain in
the crystallite.

The partially crystallized chain still contains a very large number of degrees
of freedom. Therefore, Boltzmann's formula (4.8) is applicable to calculate the
conformational entropy of the chain. With equations (4.26) and (4.27) there
follows

H»(r ; d) = k ln W»

= k[3 ln
µ

¯ »p
¼

¶
¡ ¯ »

2(r ¡ d)2 + ln K »] (4.28)

= k
·
3 ln (

¯ »p
¼

) ¡ ¯ »
2(r 2 ¡ 2r d cos®+ d2) + ln K »

¸
;
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where ® is the angle between the distance vector d and the distance vector r .
Evidently, the value of ® dependson the distancer = jr j of the chain end points
and the \diameter" d = jdj of the crystallite. With increasingr and d the angle
® decreasesin the mean, i.e., the crystallites in the mean are directed into the
direction of the chain endpoints aswell asby deformation and by crystallization,
respectively.

For the calculation of the meanvalue hcos®i of cos® in equation (4.28) one
needsthe probability density for the angle® asshown in ¯gure 4.8at ¯xed values
of r and d. From (4.26) and (4.27) this is

w»(®; r ; d) = C exp(A cos®) ; A := ¯ 2
» 2r d ; (4.29)

whereC is a constant that canbe determinedby the requirement that w»(®; r ; d)
is normalizedto the completesolid angle,so that

Z ¼

0

Z 2¼

0
w»(®; r ; d) sin®d®d' = C 4¼

sinh(A)
A

= 1 ; (4.30)

For the meanvalue of cos® there follows then

hcos®i = L (A) = cothA ¡
1
A

; (4.31)

whereL (A) denotesthe Langevin Function.

The mean value of the entropy (4.28) over all angles® at ¯xed valuesof r
and d is then

hH»(r ; d)i = k
£
3ln

µ
¯ »p

¼

¶
¡ ¯ »

2(r 2 + d2) (4.32)

+ ¯ »
2 2r d L (¯ »

2 2r d) + ln K »
¤

:

If oneendpoint of the chain is in the origin of a Cartesianco-ordinatesystem
and the other endpoint is at (x1; x2; x3), then r in equation(4.32) is to bereplaced
by

r =
q

x2
1 + x2

2 + x2
3 : (4.33)

As a special caseof equation (4.32) the meanentropy of a chain with degree
of crystallinit y »R , with one end point of the chain in the origin and the other
end at (X 1; X 2; X 3), is as follows

hH»R (R; dR)i = k
£
3ln

µ
¯ Rp

¼

¶
¡ ¯ R

2(R2 + d2
R) (4.34)

+ ¯ R
2 2 R dR L (¯ R

2 2R dR) + ln K R
¤

;
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whereR =
p

X 2
1 + X 2

2 + X 2
3 is the end-to-enddistancebetweenthe chain ends,

dR = aN`»R is the distancebetweenthe chain input and output to the crystallite,
and ¯ 2

R = ¯ 2 1
1¡ »R + a»R

is the radius of inertia of the partially crystallized chain of
»R .

For preparation of the subsequent calculationswe needsomeformulae. These
are the approximations [1]

z L (z) =
1
3

z2 ¡
1
45

z4 ; in 0 · z · 2 ; (4.35)

z L (z) = z ¡ 1 ; in 2 · z

for the Langevin Function, the error integral

erf(z) :=
2

p
¼

Z z

0
exp(¡ x2) dx ; (4.36)

and the integrals
Z z2

0
x

1
2 e¡ xdx =

p
¼

2
f 1(z) ;

Z z2

0
x

3
2 e¡ xdx =

3
p

¼
4

f 2(z) ; (4.37)

Z z2

0
x

5
2 e¡ xdx =

15
p

¼
8

f 3(z) ;

Z z2

0
xe¡ xdx = 1 ¡ (1 + z2)e¡ z2

:= 1 +
p

¼
2

f 4(z) ;

wherethe functions f i (z) are given by the following expressions

f 1(z) := erf(z) ¡
2

p
¼

z e¡ z2
;

f 2(z) := erf(z) ¡
2

p
¼

z (1 +
2
3

z2)e¡ z2
; (4.38)

f 3(z) := erf(z) ¡
2

p
¼

z (1 +
2
3

z2 +
4
15

z4)e¡ z2
:

Numerical calculation yields for large arguments z :

f i (z) = 1 for z ¸ 4; i = 1; 2; 3 : (4.39)

The entropy of the partially crystallized rubber can be calculated, if the dis-
tribution function for the number of chains is known. The number of chains is
given for the purely amorphousmaterial with ¯nite chain length L = N `

Zo(µi ) dµ1 dµ2 dµ3 = ¾
µ

¯
p

¼

¶ 3 1
f 1(¯ L)

exp[¡ ¯ 2(µ2
1 + µ2

2 + µ2
3)] dµ1 dµ2 dµ3 :(4.40)
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Here f 1(¯ L) comesfrom the ¯nite chain length concept. However, this equa-
tion is the sameas equation (4.10) for in¯nite chain length, onceL ! 1 then
f 1(¯ L) = 1.

Sincewith crystallization no chains disappear, the number of chains in the
partially crystalline state is the sameas in the amorphousundeformedreference
state jo. Then, onenecessarlyhas

ZR(X i ) dX1 dX2 dX3 = Zo(µi ) dµ1 dµ2 dµ3 ; (4.41)

for the partially crystallized chain, of which the endpoints in the undeformed
state jR have the distanceR. However, for the partially crystallized chains with
distancer in the deformedstate the following expressionis valid

zr (x i ) dx1 dx2 dx3 = Zo(µi ) dµ1 dµ2 dµ3 : (4.42)

To get the distribution function ZR(X i ) with respect to zr (x i ), onemust know how
the crosslinking points (µ2

1+ µ2
2+ µ2

3) of the undeformedamorphousreferencestate
jo are transformed to the crosslinking points (X 1; X 2; X 3) in the referencestate
jR of the partially crystalline undeformedmaterial. Furthermore the crosslinking
points (x1; x2; x3) of the partially crystalline and deformedstate must be related
to either one, jo or jR , of the undeformedstates.

The transformation from the amorphousreferencestate jo with speci¯c vol-
ume vo to the partially crystalline referencestate jR with speci¯c volume vR is
connectedwith volume shrinkage. If crystallization takes place at constant hy-
drostatic external pressurepR , the corresponding (a±ne) shift of all crosslinking
points is isotropic so that

X i = ¤ cµi (i = 1; 2; 3) ; where ¤ c =
µ

vR

vo

¶ 1
3

: (4.43)

Equations (4.41) and (4.40) imply

ZR(X i ) =
¾

f 1(¯ L)

µ
°

p
¼

¶ 3

exp
£
¡ ° 2(X 2

1 + X 2
2 + X 2

3 )
¤

; (4.44)

with

° := ¯
µ

vo

vR

¶ 1
3

: (4.45)

The transformation from the amorphousreferencestate jo to the deformed
partially crystalline stategoesvia the partially crystalline (undeformed) reference
state jR . The total shift of the crosslinkingpoints is then

x1 = ¤ 1¤ cµ1 ; x2 = ¤ 2¤ cµ2 ; x3 = ¤ 3¤ cµ3 : (4.46)
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Inserting equation (4.46) into equation (4.42) with the help of equation (4.40),
the following equation can be obtained

zr (x i ) =
1

¤ 1¤ 2¤ 3

¾
f 1(¯ L)

µ
°

p
¼

¶ 3

exp
·
¡ ° 2(

x2
1

¤ 2
1

+
x2

2

¤ 2
2

+
x2

3

¤ 2
3
)
¸

: (4.47)

Now, the conformational entropy can be calculated for a partially crystallized
network at the undeformedreferencestate jR ,

SK R =
Z Z Z

hH»R(R; dR)i ZR(X i ) dX1 dX2 dX3 : (4.48)

Inserting equations (4.35) and (4.44) yields, after transformation to spherical
coordinatesand performanceof the angular integrations,

SK R =
¾k

f 1(¯ L)

µ
°

p
¼

¶ 3

4¼
£
3 ln(

¯ Rp
¼

) ¡ ¯ R
2 d2

R

+ ln K R
¤Z L R

dR

R2 e(¡ ° 2R2) dR ¡
¾k

f 1(¯ L)
(

°
p

¼
)3 4¼¯ 2

R (4.49)

£
Z L R

dR

[R4 ¡ 2R3 dR L (¯ 2
R 2R dR)]e(¡ ° 2R2 ) dR :

The R-integration must be performed from the smallestpossibledistancedR of
the crosslinkingpoints to the largest possibledistanceL R = N `(1 ¡ »R) + dR of
the partially crystalline chain. For the theoretical limit of completecrystallization
»R = 1 onehasLR = dR = aN` , and the integrals in (4.49) vanish. This means,
that the conformational entropy vanishesin the completelycrystallized state, as
it must do so.

The conformational entropy of the purely amorphousreferencestate jo is the
other limiting case. This is obtained, if »R = 0 and vR = vo is chosen. With
equations(4.40) or (4.44) and equation (4.23) we then obtain (d = 0, ° = ¯ )

So =
¾k

f 1(¯ L)

µ
¯

p
¼

¶ 3

4¼
·
3 ln(

¯ Rp
¼

) + ln K o

¸ Z L

0
R2e¡ ¯ 2R2

dR (4.50)

¡
¾k

f 1(¯ L)

µ
¯

p
¼

¶ 3

4¼̄ 2
Z L

0
R4e¡ ¯ 2R2

dR :

In the statistical theory of amorphousrubber one normally replacesthe upper
integration limit L = N ` by 1 . We will not do that, in order to have a smooth
connectionto the partially crystallized referencestate.

The integrationsfor the conformationalentropy in the undeformedamorphous
state jo can alsobe performedwith the result

So = ¾k
·
3 ln

µ
¯

p
¼

¶
+ ln K o

¸
¡ ¾k

3
2

f 2(¯ L)
f 1(¯ L)

: (4.51)
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In the following we insert the approximations (4.35) for the Langevin Func-
tion into equation (4.49). Separating the integration interval in domains dR ·
R · 1

¯ 2
R dR

and 1
¯ 2

R dR
· R · LR and performing the integrationsyields for the con-

¯gurational entropy of the undeformedand partially crystalline referencestate1

jR

SK R =
¾k

f 1(¯ L)

·
3 ln

µ
¯ Rp

¼

¶
¡ ¯ R

2d2
R + ln K R

¸
[f 1(° LR) ¡ f 1(° dR)]

¡
¾k

f 1(¯ L)
3
2

¯ 2
R

° 2
[f 2(° LR) ¡ f 2(° dR)] (4.52)

+
¾k

f 1(¯ L)
H e(dR · DR)

3
2

¯ 2
R

° 2

½
4
3

¯ R
2d2

R [f 2(° DR) ¡ f 2(° dR)]

¡
8
9

¯ 6
Rd4

R

° 2
[f 3(° DR) ¡ f 3(° dR)]

¾

¡
¾k

f 1(¯ L)
H e(DR · LR)

½
[f 1(° LR) ¡ f 1(° DR)]

¡
2¯ 2

RdR

°
[f 4(° LR) ¡ f 4(° DR)]

¾
;

with

H e(x · y) :=
½

1 for x · y
0 for x > y

¾
;

DR = D(»R) := inf
0· »R · 1

½
1

¯ 2
RdR

; LR

¾
;

where H e(x · y) is the Heaviside unit jump that is used to distinguish both
integration intervals of the Langevin function for its approximation shown by
equation (4.35).

It is pointed out, that the parameter ln K R , besidesthe parametersN and
`, dependsin addition on the macroscopicvariables»R ; TR ; pR . The form of this
dependenceis not given by the statistical theory. We have to determine this by
reasonablemacroscopicrequirements. This will be donelater on.

The purely amorphouslimit of equation (4.51) results as a special casefor
»R = 0 and vR = vo, if ln K R j »R =0

= ln K o. The theoretical limit of complete

1The computations of equation (4.52) have been done analytically and they are available
upon request.
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crystallization2 is dR j »R =1
= LR j »R =1

= DR j »R =1
. The conformational entropy of

equation (4.52) is then zero,as it must be.

In the sequel,the conformationalentropy in the deformedand partially crys-
tallized stateof crystallinit y » is calculatedstarting from the following expressions

SK =
Z Z Z

hH»(r ; d)i zr (x i ) dx1dx2dx3 : (4.53)

If oneinsertsthe expressionsin (4.32) for the meanconformationalentropy of one
chain and (4.47) for the distribution of the chain endpoints and if oneintroduces
the isochoric deformationsalong the eigen-axesof deformation,

¸ i = (
v
vR

)¡ 1
3 ¤ i (i = 1; 2; 3) ; ¸ 1¸ 2¸ 3 = 1; (4.54)

then the following can be obtained

SK =
¾k

f 1(¯ L)

µ
±

p
¼

¶ 3 Z Z Z ·
3 ln

µ
¯ »p

¼

¶
¡ ¯ 2

» (r 2 + d2) + ln K »

+ ¯ 2
» 2r dL (¯ 2

» 2r d)
¸

exp
·
¡ ±2(

x2
1

¸ 2
1

+
x2

2

¸ 2
2

+
x2

3

¸ 2
3
)
¸

dx1 dx2 dx3; (4.55)

where± is the abbreviation

± := ¯ (
vo

v
)

1
3 : (4.56)

To incorporate the integration limits sphericalcoordinates x1 = r cos# ; x2 =
r sin# cos' ; x3 = r sin# sin' are introduced. The integration limits are the
d · r · L » = N `(1 ¡ ») + d; 0 · # · ¼; 0 · ' · 2¼. For the entropy thence
follows

SK =
¾k

f 1(¯ L)
(

±
p

¼
)3

Z ¼

0
d#

Z 2¼

0
d'

Z L »

d
dr r 2 sin# £ exp(¡ ±2¹r 2) (4.57)

£
£
3ln(

¯ »p
¼

) ¡ ¯ 2
» (r 2 + d2) + ¯ 2

» 2r dL (¯ 2
» 2r d) + ln K »

¤
;

where¹ is the abbreviation

¹ (#; '; ¸ i ) :=
cos2 #

¸ 2
1

+
sin2 # cos2 '

¸ 2
2

+
sin2 # sin2 '

¸ 2
3

(4.58)

and

± = ¯ (
vo

v
)

1
3 = ¯ » = ¯

1
p

1 ¡ » + a»
: (4.59)

2In crosslinked high polymers; complete crystallization is not possible due to steric hin-
drancesof the chemical bonds around the crosslinks (excluded volume). The degreeof crys-
tallinit y varies consequently between0 · » · »max < 1 .
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The r ¡ integration can be performedat onceusing the approximation (4.35)
for the Langevin function and using the relations (4.37). After somecalculation
oneobtains3

SK =
¾k

f 1(¯ L)

·
3ln

µ
¯ »p

¼

¶
¡ ¯ 2

» d2 + ln K »

¸
[F1(±L »; ¸ i ) ¡ F1(±d; ¸ i )]

¡
¾k

f 1(¯ L)
3
2

¯ 2
»

±2
[F2(±L »; ¸ i ) ¡ F2(±d; ¸ i )] (4.60)

+
¾k

f 1(¯ L)
H e(d · D»)

3
2

¯ 2
»

±2

½
4
3

¯ »
2d2[F2(±D»; ¸ i ) ¡ F2(±d; ¸ i )]

¡
8
9

¯ 6
»d4

±2
[F3(±D»; ¸ i ) ¡ F3(±d; ¸ i )]

¾

¡
¾k

f 1(¯ L)
H e(D» · L»)

½
[F1(±L »; ¸ i ) ¡ F1(±D»; ¸ i )]

¡
2¯ 2

»d

±
[F4(±L »; ¸ i ) ¡ F4(±D»; ¸ i )]

¾
;

with

H e(x · y) :=
½

1 for x · y
0 for x > y

¾
;

D» = D(») :=
inf

0· »R · 1

(
1

¯ 2
»d

; L»

)

:

The functions F1; F2; F3; F4 are given by the integrals

F1(®; ¸ i ) =
1

4¼

Z ¼

0

Z 2¼

0

1
¹ 3=2

f 1(®¹ 1=2) sin# d# d' ;

F2(®; ¸ i ) =
1

4¼

Z ¼

0

Z 2¼

0

1
¹ 5=2

f 2(®¹ 1=2) sin# d# d' ; (4.61)

F3(®; ¸ i ) =
1

4¼

Z ¼

0

Z 2¼

0

1
¹ 7=2

f 3(®¹ 1=2) sin# d# d' ;

F4(®; ¸ i ) =
1

4¼

Z ¼

0

Z 2¼

0

1
¹ 2

f 4(®¹ 1=2) sin# d# d' ;

for ® = ±L » or ® = ±d or ® = ±D».
For the undeformed, partially crystallized referencestate jR with » = »R and

3The computations of equation (4.60) have been done analytically and they are available
upon request.
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¸ i = 1 (i = 1; 2; 3) are ¹ = 1, ± = ° , d = dR , ¯ » = ¯ R , and D» = DR . Then,
Fa(®R ; 1) = f a(®R) (a = 1; 2; 3; 4) for ®R = ° LR ; ®R = ° dR ; ®R = ° DR ,
respectively.

The major problem is now the performanceof the integrations (4.61). For
simpli¯cation we consideruniaxial extension. If ¸ 1 ¸ 1 is the isochoric length
ratio in the direction of extension,then

¸ 2 = ¸ 3 =
1

p
¸ 1

: (4.62)

According to equation (4.58), ¹ is then independent of the angle ' and given by

¹ = ¸ 1

·
1 ¡ (1 ¡

1
¸ 3

1
) cos2 #

¸
: (4.63)

The ' -integration in equation(4.61)canbeperformeddirectly. After substitution
of

! =

s

(1 ¡
1
¸ 3

1
) cos2 # (4.64)

and integration by parts in ! , using the relations

1
(1 ¡ ! 2)3=2

=
d

d!

·
!

(1 ¡ ! 2)1=2

¸
;

1
(1 ¡ ! 2)5=2

=
d

d!

·
!

(1 ¡ ! 2)3=2
+ 2

!
(1 ¡ ! 2)1=2

¸
; (4.65)

1
(1 ¡ ! 2)7=2

=
d

d!

·
!

(1 ¡ ! 2)5=2
+

4
3

!
(1 ¡ ! 2)3=2

+
8
3

!
(1 ¡ ! 2)1=2

¸
;

1
(1 ¡ ! 2)2

=
1
2

d
d!

·
!

(1 ¡ ! 2)
+ artanh(! )

¸
;

1
(1 ¡ ! 2)

=
d

d!
[artanh(! )] ;

e¡ ®2 ¸ 1 (1¡ ! 2 ) = 1 ¡ (1 ¡ ! 2)
Z ®2 ¸ 1

0
e¡ ¯ (1¡ ! 2 ) d¯ ;

the further substitution of y = ®2¸ 1! 2 and integration by parts oncemoreusing
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equations(4.38) and (4:37)4 ,then yields4

F1(®; ¸ 1) = f 1(
®
¸ 1

) +
2

p
¼

®
¸ 1

e
¡ ®2

¸ 2
1 ¡

2
p

¼
1

¸ 3=2
1

p
D

e¡ ®2 ¸ 1

Z ®
p

¸ 1D

0
ex2

dx

= erf(
®
¸ 1

) ¡
2

p
¼

1

¸ 3=2
1

p
D

e
¡ ®2

¸ 2
1 D(®

p
¸ 1D) ;

F2(®; ¸ 1) =
1
3

(¸ 2
1 +

2
¸ 1

) f 2(
®
¸ 1

) +
2

p
¼

2
3

®
¸ 1

e
¡ ®2

¸ 2
1

·
®2 1

3
(1 +

2
¸ 3

1
) +

1
¸ 1

¸

¡
2

p
¼

2
3

·
®2 +

1
¸ 1

¸
1

¸ 3=2
1

p
D

e¡ ®2 ¸ 1

Z ®
p

¸ 1D

0
ex2

dx

=
1
3

µ
¸ 2

1 +
2
¸ 1

¶
erf(

®
¸ 1

) ¡
2

p
¼

1
3

®¸ 1 e
¡ ®2

¸ 2
1

¡
2

p
¼

2
3

(®2 +
1
¸ 1

)
1

¸ 3=2
1

p
D

e
¡ ®2

¸ 2
1 D(®

p
¸ 1D) ;

F3(®; ¸ 1) =
1
5

(¸ 4
1 +

4
3

¸ 1 +
8
3

1
¸ 2

1
) f 3(

®
¸ 1

) (4.66)

+
2

p
¼

4
15

®
¸ 1

e
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¸ 2
1

·
®4

5

µ
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4
3

1
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1
+

8
3

1
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¶
¡

4
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¸ 1
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1

¶
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¸ 1

µ
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¶ ¸

¡
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15
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µ
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¶ ¸
1
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1

p
D
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¸ 1D

0
ex2
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=
1
5
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1 +

4
3

¸ 1 +
8
3
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1
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®
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¡
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2
15
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·
®2 +

2
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4
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¸ 3
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¸
e
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¸ 2
1

¡
2
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¼

4
15

·
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2
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1
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¸

1
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1

p
D

e
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¸ 2
1 D(®

p
¸ 1D) ;

F4(®; ¸ 1) =
2

p
¼

1

¸ 2
1

p
D

" Z ®
p

¸ 1

0
e¡ y2

Z y
p

D

0

³
ex2

dx
´

dy ¡
1
2

artanh(
p
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#

¡
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¸ 1

2
e
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¼
®
¸ 1

e¡ ®2 ¸ 1

p
¸ 1D

Z ®
p

¸ 1D

0
ex2
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=
1

p
¸ 1D

Derf(¸ 1

p
¸ 1D;

®
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) ¡
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1
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D

artanh(
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¡
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¸ 1

2
e
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2
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¼
®

¸ 1
p

¸ 1D
e

¡ ®2

¸ 2
1 D(®

p
¸ 1D) :

4The cumbersomecomputations of equations (4.66) have been done analytically and are
available upon request.
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wherethe abbreviation

D := 1 ¡
1
¸ 3

1
(4.67)

hasbeenused,and D(z) denotesthe Dawson-Integral [1]

D(z) := e¡ z2
Z z

0
ex2

dx : (4.68)

Moreover, Derf(b; z) is a modi¯ed error function [57, 44], which is modi¯ed with
the Dawson-Integral,

Derf(b; z) :=
2

p
¼

Z z

0
D(bx)e¡ x2

dx : (4.69)

If ¸ 1 = 1 , then

Fj (®; 1) = f j (®) (j = 1; 2; 3; 4) : (4.70)

Therefore the conformational entropy at the undeformedpartially crystallized
referencestate jR , calculatedby equation (4.60), is reducedto equation (4.52) in
the limiting caseof » = »R .

On the other hand, the conformationalentropy of the totally amorphousma-
terial in the deformedstate is also included in equation (4.60). It is obtained if
one sets » = 0 , v = vo, ± = ¯ , L » = L , and d = 0. For ® = ±L » = ¯ L and
® = ±d = 0, respectively, oneobtains from equation (4.66)

F1(¯ L ; ¸ 1) = erf(
¯ L
¸ 1

) ¡
2

p
¼

1

¸ 3=2
1

p
D

e¡ ¯ 2L 2 ¸ 1

Z ¯ L
p

¸ 1D

0
ex2

dx ;

F2(¯ L ; ¸ 1) =
1
3

(¸ 2
1 +

2
¸ 1

) erf(
¯ L
¸ 1

) ¡
2

p
¼

1
3

¯ L¸ 1e
¡ ¯ 2L 2

¸ 2
1 (4.71)

¡
2

p
¼

2
3

(¯ 2L2 +
1
¸ 1

)
1

¸ 3=2
1

p
D

e¡ ¯ 2L 2 ¸ 1

Z ¯ L
p

¸ 1D

0
ex2

dx ;

F1(0; ¸ 1) = 0 ;

F2(0; ¸ 1) = 0 ;

and with this, (4.60) and (4.70) imply

Sa = ¾k
·
3ln(

¯
p

¼
) + ln K a

¸
£

F1(¯ L ; ¸ 1)
F1(¯ L ; 1)

¡ ¾k
3
2

F2(¯ L ; ¸ 1)
F1(¯ L ; 1)

: (4.72)

For the undeformedamorphousmaterial lim ¸ 1 ! 1 Sa = So. As a consequence,due
to (4.70),

K a = K o : (4.73)
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Hencefrom (4.51) and (4.70) follows the entropy of the totally amorphousmate-
rial

Sa ¡ So = ¡ ¾k
3
2

F2(¯ L ; ¸ 1) ¡ F2(¯ L ; 1)
F1(¯ L ; 1)

+ ¾k [3 ln(
¯

p
¼

) + ln K o]

£
F1(¯ L ; ¸ 1) ¡ F1(¯ L ; 1)

F1(¯ L ; 1)
: (4.74)

For control we considerthe in¯nitely long chain. According to (4.1) and (4.7) we

have ¯ L =
q

3
2N . Furthermore, since

lim
¯ L !1

F1(¯ L) = 1; lim
¯ L !1

F2(¯ L) =
1
3

(¸ 2
1 +

2
¸ 1

) ; (4.75)

the entropy di®erence(4.74) is

lim
¸ 1 !1

(Sa ¡ So) = ¡ ¾k
1
2

·
(¸ 2

1 +
2
¸ 1

) ¡ 3
¸

; (4.76)

the classicalresult, as given in (4.16) and (4.17).

So far, we consideredonly the conformational entropy of the chains. The
crystalline regions themselves, however, also have entropy. That is due to the
fact that, when the transformation occurs from the partially crystallized state
to the amorphousstate, the entropy increasesby the melting entropy ¢ S. The
entropy of the partially crystallized rubber is then reducedas comparedto the
amorphousstate (referencestate), by the melting entropy

S ¡ So = Sk ¡ So ¡ ¢ S : (4.77)

Let so = Sa(» = 0; T) be the speci¯c entropy of the undeformed,totally amor-
phousmaterial, sc(T) the speci¯c entropy of the crystalline domain, and mo the
massof a statistical segment. Then the melting entropy per segment is

S¾(T) = mo[so(T) ¡ sc(T)] : (4.78)

The melting entropy of the rubber is obtainedby multiplication with the number
of total segments in the network ¾³ = ¾N », which is boundedin the crystalline
domains

¢ S = ¾N » S¾(T) : (4.79)

The entropy of the partially crystallized rubber5 follows from equations(4.77) to

5The computations of equation (4.80) have been done analytically and are available upon
request.
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(4.79) and equations(4.60) and (4.59):

S ¡ So = ¡ ¾N »S¾ + ¾k
3
2

F2(¯ ; 1)
F1(¯ ; 1)

¡ ¾k
·
3 ln(

¯
p

¼
) + ln K o

¸

+ ¾k[3 ln(
¯ »p

¼
) ¡ ¯ 2

»d2 + ln K »]
F1(¯ »L»; ¸ 1) ¡ F1(¯ »d; ¸ 1)

F1(¯ L ; 1)

¡ ¾k
3
2

F2(¯ »L»; ¸ 1) ¡ F2(¯ »d; ¸ 1)
F1(¯ L ; 1)

(4.80)

+ ¾k H e(d · D») 2¯ 2
»d2

½
F2(¯ »D»; ¸ 1) ¡ F2(¯ »d; ¸ 1)

F1(¯ L ; 1)

¡
2
3

¯ 2
»d2 F3(¯ »D»; ¸ 1) ¡ F3(¯ »d; ¸ 1)

F1(¯ L ; 1)

¾

¡ ¾k H e(D» · L»)
½

F1(¯ »L»; ¸ 1) ¡ F1(¯ »D»; ¸ 1)
F1(¯ L ; 1)

¡ 2¯ »d
F4(¯ »L»; ¸ 1) ¡ F4(¯ »D»; ¸ 1)

F1(¯ L ; 1)

¾

The entropy di®erenceSR ¡ So of the partially crystallized referencestate jR
for » = »R , ¯ » = ¯ R , L» = LR , d = dR , T = TR , and ¸ 1 = 1 is included as a
specialcase.Both entropy di®erencesaresmalleror equalto zeroS¡ So · 0 and
SR ¡ So · 0 . The entropy of the rubber decreaseswith crystallization aswell as
with deformation by increasingthe state of ordering and orientation, as it must
do so.

For the calculation of the stressone needsthe free energy and for this the
internal energy. We assumenow that within the molecularchain, apart from the
kinetic and binding energieswithin the crystalline domains, no internal energy
of deformation can be stored. This corresponds to the model of Kuhn (simply
and freely joint chains). We refer again to the undeformedtotally amorphous
state asa referencestate for the energy. Thus the binding energyis just melting
energy. Consequently, the changeof the internal energywith crystallization and
deformation is

U ¡ Uo = ¡ ¢ U = ¡ ¾N » U¾(T) ; (4.81)

whereU¾(T) is the melting energyper segment. This is given by

U¾(T) = mo[uo(T) ¡ uc(T)] ; (4.82)

where uo(T) is the speci¯c (thermal) internal energy of the amorphousunde-
formed material and uc(T) is the speci¯c internal energy of the crystalline do-
mains, both at temperature T.
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The free energy related to the undeformedtotally amorphousstate at tem-
perature T is given by

F ¡ Fo = U ¡ Uo ¡ T(S ¡ So) ; Fo(T) = Uo(T) ¡ T So(T) : (4.83)

For the calculation of the nominal stressfor uniaxial extensionwe needthe
derivative of the free energy with respect to ¸ 1 for ¯xed values of » and T.
According to equations(4.81) and (4.82),

@F
@̧ 1

= ¡ T
@S
@̧ 1

; (4.84)

sinceU; Uo; So and Fo are independent of ¸ 1. The nominal stressis

¾1 =
1

vR
(
vR

vo
)1=3 @F

@̧ 1
: (4.85)

Dividing by the total massof the rubber ¾N mo and using the relations
¯ »

¯ = ( vo
v )1=3 and ¯ R

¯ = ( vo
vR

)1=3, following from equation (4.59), for the volume
ratios, (4.85) takesthe form
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¯ R
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: (4.86)

Let NL be the Loschmidt-Av ogadronumber; then R = kNL is the universal
gasconstant and M o = NL mo is the molecularweight of the statistical segment.

Using (4.80) the nominal stressin uniaxial extensionthus becomes
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1
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[F2(¯ »D»; ¸ 1) ¡ F2(¯ »d; ¸ 1)] (4.87)
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The derivativesof the functionsFj (®; ¸ 1); (j = 1; 2; 3; 4) areobtainedfrom (4.66).
After somelengthy calculationsand appropriate rearrangement oneobtains
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We insert now the expressionsof equation (4.88) into equation (4.87), by
identi¯cation of ® with ¯ »L»; ¯ »d; and ¯ »D», respectively. For the nominal stress



66 CHAPTER 4. STATISTICAL APPROACH

we obtain the expression
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4.2.3 Mo oney represen tations
The phenomenologicaltheory of Mooney [52] has played a dominant part in

the ¯eld of large elastic deformation.

Mooney's theoretical assumptions,as has been noted earlier in connection
with the statistical theory, is that the rubber is incompressible,and that it is
isotropic in the unstrained state. Mooney formula is presented as follows:

¾1 = (¸ 1 ¡
1
¸ 2

1
)(2C1 +

2C2

¸ 1
) ; (4.91)
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where ¾1 is the nominal (engineering)stress(force per unit undeformedarea),
and C1; C2 are empirical constants. We now write equation (4.91) in the form

¾1

(¸ 1 ¡ 1
¸ 2

1
)

= 2C1 +
2C2

¸ 1
: (4.92)

Figure 4.9: Mooney-Rivlin representation for cross-linked natural rubber, where
f ¤ equalsto ¾1

(¸ 1 ¡ 1
¸ 2

1
)

and ®¡ 1 equals 1
¸ 1

.

It is clearthat plotting ¾1
(¸ 1 ¡ 1

¸ 2
1

)
against 1

¸ 1
shouldyield a line of slope2C2, with

intercept 2(C1 + C2) on the vertical axis of 1
¸ = 1 . Thus more details about the

stresscoe±cients canbeobtainedusingthis formula. A largeincreasein modulus
at high elongation is illustrated by ¯gure 4.9 for natural rubber [50, 20] in the
Mooney-Rivlin representation. This increasein the modulus is generallyobserved
in crystallizablenetworkswith chemicalcross-linkingthat undergostrain-induced
crystallization.

This is included in the present statistical model, in which thesestresscoef-
¯cients C1 and C2 are functions of (¸ 1; »). Identi¯cation of (4.90) with (4.91)
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yields for the Mooney coe±cients:
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Chapter 5

Mo del Application

5.1 Mo del Parameters

Three crucial parametersare included in our proposedstatistical theory of
deformation induced crystallization: the degreeof crystallinit y », the number of
segments which are exposedto the deformation stressN f or ce, the parameter a,
and the entropy constant K » of partially crystallized rubber. Besides,we need
the total number of N of chain segments and their length `.

5.1.1 Degree of crystallinit y »

The degreeof crystallinit y is a vital parameter to our statistical model. In
Chapter3, a mathematicalmodelhasbeendevelopedto simulate the deformation-
inducedcrystallization at di®erent parameters(e.g. temperatureand strain rate).

The relaxation time ¿, for loading and unloading deformation, is greatly af-
fected by temperature as it is evident by equations (3.14) and (3.19), and the
strain rates. The e®ectof strain rates is summarizedby the following tables 5.1,
5.2 for both polyisoprenerubber and polyethylene-butenecopolymer as well1.

Table5.1: E®ectof strain rate on the constants of the relaxation time for loading-
unloading polyisoprenerubber at all temperatures

Strain rate [min¡ 1] aL [s] bL [J=mole] aU [s] bU [J=mole]
0.039 0.050 15000 0.005 15000
2.340 0.004 15000 0.002 15000

1Theseconstants were ¯tted using Mathematica ¯tting technique.
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Table5.2: E®ectof strain rate on the constants of the relaxation time for loading-
unloading of the thermoplastic elastomer(both types)at all temperatures

Strain rate [min¡ 1] aL [s] bL [J=mole] aU [s] bU [J=mole]
0.09 0.050 15000 0.0250 15000
5.40 0.001 15000 0.0002 15000

From the above tables, it is clear that aL and aU aredependent on both strain
rates. Unfortunately, fewexperiments havebeenperformedwith respect to strain
rates, however, this is not su±cient to perform ¯tting for this dependence.

The degreeof crystallinit y is calculatedfor both loading and unloading, from
equations(3.15) and (3.20), respectively. Then they are inserted into the stress-
strain equation (4.90) as an input parameter. To meet agreement with the mea-
surement data, the parameter a must be properly chosen. This is discussedin
the following section.

5.1.2 Parameter a

The parametera asintroducedby equation(4.23) and ¯gure 4.8, is a measure
for the type of crystallite attributed to our molecularchain. Its valuechangesde-
pendingon the type of crystallites, whether extendedor folded or mixed. Within
the context of the statistical theory, the value of a is unknown. It must be
determined by ¯tting of statistical stress-strainrelation (4.90) to the measured
stress-straincurvesfor isothermal (and isobaric) uniaxial extension.

It turns out, that the parameter a dependson temperature, on deformation
speed and, of course,on the rubber-elastic and crystallizable materials consid-
ered. Moreover, chain parameter a may depend on deformation ¸ 1 for uniaxial
extension.

The best ¯t to the stress-strainloading curvesis obtained with the constant
chain parametera, independent of deformation ¸ 1.

This re°ects the physicalexpectation that during loading the extensionaltype
of crystallinit y is favoured. Best ¯t valuesfor the polyisopreneare given in table
5.3 for di®erent temperature and two loading speeds. Corresponding valuesfor
the two thermoplastic elastomersENX-7086 and ENX-7256 are given in tables
5.4 and 5.5, respectively2.

2The constants shown in Tables 5.3, 5.4, and 5.5 were ¯tted using Mathematica ¯tting
technique.
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For unloading the crystallization behaviour is more complex. Besidesthe
extendedtype of crystallization the folded type developsin unloading using the
extended type as a nuclei for growing perpendicular to this to a shish-kebab
structure.The formation of thesecrystallites requiresrelaxation of chain ordering,
for which ¸ 1 is a measure.Consequently, the chain parameter a dependson ¸ 1

for unloading. With the following expression3:

a(T) = ao + a1¸ 1 + a2¸ 2
1 + a3¸ 3

1 + a4 cosh
q

¸ ¡ 1
1 + a5 e¸ 2

1 ; (5.1)

and perfect ¯tting of the unloading curves can be obtained. The temperature
dependent ¯tting parametersao; a1; a2; a3; a4; and a5 obtained by Mathematica
curves-¯tting technique are tabulated in Appendix A for two given strain rates,
and the three consideredrubber-like materials.

Table 5.3: Parametera valuesfor loading processof polyisoprene

Temperature [±C] strain rate [min¡ 1] a
21 0.039and 2.34 0.261
50 0.039and 2.34 0.375
80 0.039 0.490

Table 5.4: Parametera valuesfor loading processof ENX-7086

Temperature [±C] strain rate [min¡ 1] a
23 0.09 0.280
23 5.40 0.150
50 0.09 0.370
50 5.40 0.380

Table 5.5: Parametera valuesfor loading processof ENX-7256

Temperature [±C] strain rate [min¡ 1] a
23 0.09 0.240
23 5.40 0.250
50 0.09 0.300
50 5.40 0.150

3This formula has been¯tted using Mathematica curves-¯tting technique.
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5.1.3 Num ber of segments exp osed to deformation, N f orce

As has beendiscussedin equation (4.20), N f or ce increaseswith deformation
during loading extensionuntil it reachesthe total number of chain segments N .
This is expressedas4

N f or ce(¸ 1) = bo + b1¸ 1 + b2¸ 2
1 + b3¸ 3

1 + b4¸ 4
1 + b5e

h
1:25(¸ 2

1+ 2
¸ 1

´
] ; (5.2)

where bo; b1; b2; b3; b4; and b5 are adjustable ¯tting parametersof the model de-
pending on temperature. The values of these ¯tting parameters obtained by
Mathematica curve-¯tting technique are tabulated in Appendix B.

However for unloading, sinceall lamellaeof the folded chain crystallites are
split andbecomeextended,N f or ce will equalto the total number of chain segments
as follows

N f or ce = N : (5.3)

(The total number of segments per chain N can be obtained, if a reasonable
assumptionis madeabout the molecularweight M o of the segment. For this it is
observed, that the identit y unit of the moleculecontains ¯v e carbon singlebonds,
around which almost iso-energeticrotations can take place. At a 1.5-fold length,
e.g. 7.5 carbon singlebonds,the end point of the 1.5-fold identit y unit can reach
almost all positions in spaceif one end is held ¯xed. Thus the poly-cis-isoprene
moleculehasthe molecularweight of 183g=mole and a total number of segments
per onechain N = 55. However, the Ethylene-butenemoleculehasthe molecular
weight of 120g=mole and a total number of segments per onechain N = 63.

It shouldbe remarked, that the identit y unit of the poly-cis-isoprenemolecule
and ethylene-butenemoleculewithout attacking the valenceanglesof the carbon-
carbon distancesin the extendedstate of the chain has a length of 8:8ºA. The
length of the extendedsegment without attacking the valenceangle is then ` =
1:5 £ 8:8ºA = 13:2ºA)5.

5.1.4 Entrop y constan t K » of partially crystallized chains

Now the entropy constant K » of the conformational entropy of the partially
crystallized state is proposedas the expression

K » = eº o N s ; (5.4)

4This formula has been¯tted using Mathematica curves-¯tting technique.
5These informations have been obtained by personal communication with Prof. Dr. Rolf

Hosemann,Bundesanstalt fÄur Materialpr Äufung BAM-Berlin.
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where º o is an adjustable parameter. Ns is the number of free conformational
uncrystallized segments determinedby

Ns = N (1 ¡ ») = N ¡ ³ : (5.5)

º o is found to be temperature dependent for each material. The valuesof this
parameter,depending on the material, are shown in Table 5.66.

Table 5.6: Valuesof º o for three di®erent polymeric materials.
T( ±C) polyisoprenerubber º o(EN X ¡ 7086) º o(EN X ¡ 7256)

21 0.75 { {
23 { 2.75 1.50
50 0.60 1.65 0.53
80 0.50 { {

5.2 Application of the Mo del
With the aboveproposedmodel wearenow in the position with this statistical

theory of deformation inducedcrystallization to describe in an analytical way the
pseudo-plastice®ectand hysteresisin cross-linked rubber, elastomersand high
polymers.

5.2.1 Polyisoprene crosslink ed rubb er

The old term Cauotchouc7 was taken from the word Cauo-Chu meaningthe
"weepingtree". Many usefulobjects are madefrom the milk of the weepingtree.
Batonists gave it the nameHevea Brasiliensis. The milk producedis an aqueous
emulsion or dispersion of oils, fats, waxes, resins, starch, proteins. The main
component is polyisoprenethat is described by the chemical formula (C5H8)n .
C5H8 is called an isopreneand natural rubber is built up of regular sequences
of isoprene,which are arrangedin cis-con¯guration, forming long chains of high
elasticity, seē gure 5.1. The chainsare linkedand lie in the material likeagitated
snakes,they are perfectly regular in the backboneand have freely rotating links
at given distance.

6Theseconstants were ¯tted using Mathematica software.
7This complicated French word is said to stem from the Indian word Ca-hu-chu which means

\w eepingtree". Others maintain that it comesfrom the Kechuan languagewherecauchu means
\he who caststhe evil eye"; they ¯nd that notion appropriate becauseof the atrociousconditions
under which the Indians were forced to collect rubber. Sowe may safelyassumethat the origin
of the word is unknown. As caucho, caucciu and Kautschuk it provides the scienti¯c name for
rubber in Spanish, Italian and German.
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Figure 5.1: Structural formula of one isoprenemolecule.

Rubber at that time was called India rubber becauseit came from India
discovered by Columbus. There were problems though with India rubber: The
"Macintouchs" weresti® in cold weather and sticky when it was warm sincethe
raw rubber is non-crosslinked. Somethinghad to be doneand CharlesGoodyear
in 1839 found out what; he invented the processof vulcanization of rubber.
Rubber was mixed with sulphur and heated. Through a changein its chemical
structure (i.e. crosslinking), it is converted to a condition in which the elastic
properties are conferredor re-establishedor improved. In this manner rubber
becamea dry °exible material largely una®ectedby temperature changesin the
normal range[70, 62, 63]

5.2.1.1 Crystallization results for the statistical mo del

It is well known that natural and synthetic rubbers crystallize upon the ap-
plication of stressat room temperature, and this has beenstudied in both the
stretched and the unstretched condition at various temperatures. At low tem-
peratures, the e®ectof strain on crystallization has beenstudied by Gent [26],
Kim and Mandelkern [40], and Stevenson[65, 66]. In general,an applied strain
increasesthe rate of crystallization.

In this work, it is apparent that the equationsobtained permit prediction of
crystallinit y at any strain rate or temperaturewithin the studied range. However,
it would also be interesting to usetheseequationsto predict e®ectsof changing
the valuesof strain rate and temperature beyond the rangeexaminedsofar, even
though the validit y of the results would be uncertain.

The crystallization during stretching is less than that during an unloading
retraction process.Investigation of the in°uence of the draw temperature on the
crystallinit y development hasbeenperformedat two di®erent strain rates,and it
is observed that increasingtemperature always decreasesthe crystallinit y values
in both loading stretching and unloading retraction processes.At low strain rate
(= 0:039 min¡ 1) this behaviour is con¯rmed as shown for example in ¯gure
5.2. This is so, since the maximum saturated value of crystallinit y is inversely
temperature dependent.
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Figure 5.2: Theoretical results which show the e®ectof temperature on crys-
tallization of polyisoprenerubber at low strain rate of 0.039min¡ 1 during the
loading process.

Also, the crystallization during retraction is di®erent from the crystallization
during stretching; this is apparent at relatively low temperature (T= 21±C) in
¯gure 5.3. At moderate temperature (e.g. 50±C), deviation will be noticed as
shown in ¯gure 5.4. However, crystallization deviation in stretching-retraction
processesis diminished with increasingtemperature and at low strain rates. For
exampleat T= 80±C, it is clearthat crystallizationsarecompatiblein loadingand
unloading processeswith somedeviation at a strain ratio ¸ 1 = 4:75 as shown in
¯gure 5.5. In a retraction processthe curvegoesback to the origin which indicates
that melting of crystallites will occur at high temperature. This, the only type
of crystallite which will survive the high temperature is only the mechanically-
induced-type (the extendedone).

At low strain rate (= 0:039min¡ 1), the processis almost closeto the equilib-
rium state, and the deviation of crystallization during stretching and retraction
disappears at high temperatures. According to equation (3.8), the relaxation
time ¿ plays a vital role on the deviation of crystallization from the equilibrium
values,while at high temperature, the relaxation time has a rather small value,
which enablesthe processto be closeto the equilibrium state, see¯gures 5.3, 5.4
and 5.5.

The e®ectof strain rate has alsobeeninvestigatedand it was found, that at
low strain rate the crystallinit y valuesare closeto the equilibrium state and no
large hysteresisloops are observed in a loading-unloadingprocess.On the other
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Figure 5.3: Theoretical results which show the crystallization of polyisoprene
rubber at 21±C and di®erent strain rates during the loading-unloadingprocesses
(arrows indicate load path direction).

hand, at high strain rate the valuesof crystallinit y keepincreasingduring retrac-
tion while the changein crystallinit y during stretching is low. It is approved that
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Figure 5.4: Theoretical results which show the crystallization of polyisoprene
rubber at 50±C and di®erent strain rates during the loading-unloadingprocesses
(arrows indicate load path direction).
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Figure 5.5: Theoretical results which show crystallization of polyisoprenerub-
ber at 80±C and low strain rates during the loading-unloadingprocesses(arrows
indicate load path direction).

the type of crystallites during retraction is di®erent from those in the stretching
process.Consequently, a residualcrystallinit y will exist at the endof the unload-
ing retraction process,and this residual amount of crystallinit y will causethe
thermodynamical irreversibility.

5.2.1.2 Exp erimen tal part

Polyisoprenerubber probes(½= 0:9392g=cm3) have beenmadeby Dr. Eisele
at Bayer AG, Leverkusen, however, the tensileexperiments have beenperformed
at the BundesanstaltfÄur MaterialprÄufung BAM-Berlin by Prof. Dr. Rolf Hose-
mann. In theseexperiments, rectangular-shaped polyisoperenerubber samples
werecut from the sheet. The tensile test devicewasemployed to stretch and re-
tract the samplesat a certain chosenspeedand temperature. Wide Angle X-ray
Di®raction (WAXD) patterns weremeasuredin the undeformedstate and at the
end of the loading state.

5.2.1.3 Uniaxial stress-strain results

For the stress-strainmeasurements, the samplewas stretched and allowed to
retract by the samestrain rate. Generally, both sequential and simultaneous
measurements of stress-strainand birefringencewere made in order to under-
stand and investigate what occurred during stretching loading and retraction
unloading processesand at di®erent temperatures[68, 69, 53, 67]. Theseauthors
showed that the birefringenceduring retraction is more than that developed dur-
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ing stretching, but the stressduring retraction is lessthan that developed during
stretching. This indicates that a substantial portion of the total orientation of
the amorphousand crystalline regionsis delayed until the retraction stage. The
induced crystalline order itself can be analyzeddirectly by Wide Angle X-Ray
techniques.

In what follows, we compareour predicted resultswith the experimental uni-
axial extensiontestsof crosslinkedisoprenerubbers. Both the stress-straincurves
and the evolution of the degreeof crystallinit y are presented at di®erent model
parameterssuch as temperature and strain rate.

The increaseof stresswith temperature is dueto rubber elasticity. This elastic
force is entirely due to entropic e®ects,speci¯cally, the tendencyof the network
chains to increasetheir entropy by retracting to more random conformations.
This ideal situation would occur when intermolecular interactions do not depend
on deformation (one of the major assumptionsof molecular theories: absence
of energy e®ects). As can be seenin the ¯nal statistical formula of stress,see
equation (4.90), the forceor stressat constant length is then proportional to the
absolute temperature. This e®ectis clearly shown in ¯gure 5.6a, while stress
strain curves are shown at three di®erent temperatures. As the temperature is
raised, the Brownian-type wriggling of the polymer is intensi¯ed, so that the
material seeksmore vigorously to assumeits random high-entropy state. From
another view point, oncethe temperature is raisedthe crystalline portion of the
chain starts to melt, thus the end-to-enddistancesfor the remaining amorphous
portions of the chain areincreasedand, dueto that, the entropic e®ectis increased
as well. Figure 5.6b shows the e®ectof the temperature on crystallization.

The stress-straincurve shows high upturn with a signi¯cant hysteresis.Hys-
teresisof rubber is de¯ned asthe amount of mechanical freeenergydissipatedor
part of it converted into heat and other forms of energyduring cyclic deforma-
tion. So, the rate of heat generation(dissipateddeformation energy) is expected
to increasewith an increaseof the hysteresisloops [35, 36].

Figures 5.7, 5.8, 5.9 show the expected behaviour of the dependenceof the
hysteresisloopson strain rate and temperature (i.e., the hysteresisdecreaseswith
an increasein temperature and with a decreasein strain rate). It is clear, that
the stressduring retraction is much smaller than the stressduring the stretch-
ing loading process. In the unloading retraction process,the sampleis allowed
to retract after being stretched to a maximum strain, then the stressdecreases
drastically but the degreeof the strain-induced crystallinit y is still increasing
during the unloading process. Therefore, the degreeof crystallinit y during an
unloading retraction processis higher than that during loading stretching. Bire-
fringencemeasurements [68, 53, 67, 69] have shown that the birefringenceduring
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retraction is higher than that during stretching. This di®erencemay be due to
the fact that the birefringencerepresents a measureof total orientation of amor-
phousand crystalline chains. Thus, the secondarycrystallites with folded-chain
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Figure 5.6: Temperature e®ectat 0:039min¡ 1 strain rate on, (a) stress-strain
curves for uniaxial loading of polyisoprenerubber (theoretical results are rep-
resented by the solid line, while the experimental results by points) and, (b)
crystallinit y for uniaxial loading of polyisoprenerubber (theoretical results).
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lamellaedevelopduring retraction and causethe stressrelaxation. Consequently,
the hysteresisof the stress-straincurve is attributed to the formation of the stress
induced crystallites and their transformation.
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Figure 5.7: E®ect of strain rates on uniaxial loading-unloading of polyiso-
prene rubber for, (a) stress-hysteresis at 21±C (theoretical results are repre-
sented by solid and dashedlines, while the experimental results by points) and,
(b)crystallization at 21±C (arrows indicate load path direction).
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Crystallization kinetics in stretching and retraction processesdetermine the
amount of hysteresisof the stress-straincurves. Comparing the total cyclesin
¯gures 5.7, 5.8, 5.9 for the low strain rate, we recognisethat the hysteresisloops
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Figure 5.8: E®ectof strain rates on uniaxial loading-unloadingof polyisoprene
rubber for, (a) stress-hysteresisat 50±C (theoretical results are represented by
solid and dashedlines, while the experimental results by points) and, (b) crys-
tallization at 50±C (arrows indicate load path direction).



82 CHAPTER 5. MODEL APPLICA TION

(a)

0

0,5

1

1,5

2

2,5

3

1 1,5 2 2,5 3 3,5 4 4,5 5

Strain [1]

S
tr

es
s 

 �
1 

[M
P

a] �  = 0.039  1/min
T= 80°C

(b)

0

0,02

0,04

0,06

0,08

0,1

0,12

0,14

1 2 3 4 5
Strain [1]

 C
ry

st
al

lin
it

y 
 [

1]

�  = 0.039  1/min

eqm

T= 80°C

Figure 5.9: E®ect of strain rate on uniaxial loading-unloading of polyisoprene
rubber for, (a) stress-hysteresisat 80±C (theoretical results are represented by
solid and dashedlines, while the experimental results by points) and, (b) crys-
tallization at 80±C (arrows indicate load path direction).
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are getting narrower with increasingtemperature, and dissappear at 80±C. This
is due to the fact that crystallinit y formation decreaseswith increasingtemper-
ature. This is also related to the relaxation time which has smaller value when
the temperature is lower. This explainsqualitativ ely the di®erent widths of the
hysteresisloops. The disappearanceof the hysteresisloop at 80±C is due to the
fact, that at 80±C the crystallinit y is assumedto be "momentarily" at its equilib-
rium value ¹»(P; T = 80±C; ¤ 1(t)), so no further crystallization formation occurs
during the retraction unloading process.

For high strain rate, it is apparent that the hysteresisloopsare always much
broader than for low strain rate. This phenomenonis interpreted as follows:
For high strain rate, the degreeof crystallinit y is always (for both loading and
unloading) far away from its equilibrium value ¹»(P; T; ¤ 1(t)). However, during
loading the degreeof crystallinit y formation is too small while its formation is
relatively large during the retraction unloading process. Therefore, stresshas
high valuesduring stretching, and in the unloading processit has low valuesin
comparisonwith the equilibrium values. According to this, two limiting casesare
mentioned for which no hysteresisloopsare formed:

(i) In¯nitely quick loading and unloading processes(in¯nitely large strain
rate); in this casethe crystallinit y cannot follow the changesof the loading and
soit will bekept frozento the starting referencevalue»R . As a result, the loading
and unloading stresscurveswill be the same.

(ii) In¯nitely sluggishloading and unloading processes(in¯nitely small strain
rates): in this casethe crystallinit y will changethrough a sequenceof equilibrium
states» = ¹»(P; T; ¸ 1(t)).

Pseudo-plasticresidual deformation is observed in the unloading retraction
processas a result of the transformation of crystallites and the formation of
ShishKebab [45] structure, asshown in ¯gure 5.10,dueto stressrelaxation during
unloadingretraction process.This is clearin ¯gures 5.7and5.8. At a temperature
of 80±C, the stressduring stretching and that during retraction coincidetowards
the origin, the strain inducedcrystallites are totally molten or equal to the state
crystallinit y of the reference.This can be noticed in ¯gure 5.9.

Two X-ray pictures have beenobtained for polyisoprenerubber sample,one
in the undeformedstate (¸ 1 = 1) and the other at the maximum elongationratio
of the loading process(¸ 1 = 5). As shown in ¯gure 5.11 the undeformedstate
picture, there appearno oriented crystalline re°ection peaks.However, at ¸ 1 = 5,
the sampleis observed to be well oriented with sharp re°ections on the equator
and on the ¯rst layer.
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Figure 5.10: Shish-Kebabstructure of a polyisoprenerubber sample.

(a) (b)

Figure 5.11: WAXD of polyisoprenerubber at 21±C and high strain rate 2.34
min¡ 1, provided by Prof. T. Alts, for, (a) an undeformedstate (¸ 1 = 1) and, (b)
maximum deformation ratio (¸ 1 = 5).

5.2.1.4 Mo oney represen tation results

The Mooney representations of our stress-strainmeasureddata, will be dis-
cussedas follows:

It is clear that plotting ¾1
(¸ 1 ¡ 1

¸ 2
1

)
against 1

¸ 1
should yield a line of slope 2C2,

and an intercept with value 2(C1 + C2) on the vertical axis where 1
¸ = 1. Thus

moredetails about stresscoe±cients can be obtained using this formula. A large
increasein modulus at high elongation; is illustrated by ¯gure 4.9 for natural
rubber in the Mooney-Rivlin representation. This increasein modulus is gener-
ally observed in crystallizable networks with chemicalcross-linkingthat undergo
strain-inducedcrystallization.
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At temperaturesof 21±C and 50±C and at two di®erent strain rates(0:039,and
2.34min¡ 1), the loading curvesfor small deformation up to ¸ = 2:5 are inclined.
However, the intersectionsand inclinations are di®erent. At least, however, the
existenceof this inclined line means,that in the loadingcasethe stresscoe±cients
areconstants. This means,sinceC1 and C2 are functions of » and that the degree
of crystallinit y does not changeduring loading in this deformation interval (up
to ¸ = 2:5).

Qualitativ ely, this e®ectcanbe understood asfollows: For loading crystallites
of the folded chain type (lamellae) are destroyed at small deformation, and then
many of the chain segments will becomeexposedto deformationstress.For larger
deformation, crystallites of extended type are formed. According to Avrami
[10, 11, 12] nucleation and growth in uniaxial extensionare linear with time. As
deformation proceeds,a departure from linearity will ariseand an upturn of the
loading curve will occur as a result of deformation-inducedcrystallization.

To validate this view, Kuhn's model is included in our statistical model as a
special case,if we assume,that no state quantit y dependson crystallinit y and.
If possibly existing crystallinit y »o doesnot changeat all, then linear horizontal
lines will be achieved as shown in ¯gures 5.12, 5.13 and represented by dashed
line. This can be comparedto our model where formation of crystallinit y with
deformation is included. Thus, inclined lines will be achieved from our statistical
model for the Mooneystress.For unloading,hysteresisis observed,dueto further
formation and transformation of crystallinit y as it hasbeenfound and discussed
for stress-straincurves. Hysteresisdecreaseswith an increaseof temperature,
and with the decreasein strain rate as shown in ¯gures 5.12,5.13.

At high temperature (i.e. 80±C), loadingand unloadingcurvesarecompatible
and only a very small hysteresisat the beginning of unloading is observed, as
shown in ¯gure 5.14.
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Figure 5.12: Mooney-representation for uniaxial loading-unloading of polyiso-
prene rubber at 21±C (theoretical results are represented by solid the line, the
experimental results by points , while the dashedline is Kuhn's model when no
changein crystallinit y is assumedin our statistical model) for, (a) low strain rate
= 0.039(min ¡ 1) and, (b) high strain rate = 2.34(min ¡ 1).
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Figure 5.13: Mooney-representation for uniaxial loading-unloading of polyiso-
prene rubber at 50±C (theoretical results are represented by the solid line, the
experimental results by points , while the dashedline is Kuhn's model when no
changein crystallinit y is assumedin our statistical model) for, (a) low strain rate
= 0.039(min ¡ 1) and, (b) high strain rate = 2.34(min ¡ 1).
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Figure 5.14: Mooney-representation for uniaxial loading-unloading of polyiso-
prene rubber at 80±C (theoretical results are represented by the solid line, the
experimental results by points , while the dashedline is Kuhn's model when no
changein crystallinit y is assumedin our statistical model) for low strain rate =
0.039(min ¡ 1).

5.2.1.5 Volume change

According to equation (3.6), for a semi-crystallinepolymer, the equilibrium
volumeincreases̄rst with deformationsincea destructionof lamellae(spherulite)
occursinitially and a decreasein volumeis obtained for largedeformation due to
the formation of extendedcrystallites or orientation of both amorphouschains
and destroyed lamellaeparts. A linear relationship betweenvolume changeand
strain was found up to large extensionratios. On the basisof an a±ne deforma-
tion, onecalculatesa dependencewhich is proportional to ¸ ¡ 1 [25, 16, 30].

As shown in ¯gure 5.15strain rateshavea drastic impact on volumechangeat
certain temperatures. In our statistical theory, accordingto equation(3.6), a good
approximation is achieved to predict the changeof volume due to deformation-
induced crystallization.
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Figure 5.15: Changeof volume, model results, at di®erent strain rates for, (a)
21±C, (b) 50±C and, (c) 80±C.
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5.2.2 Poly ole¯n thermoplastic elastomers

Thermoplastic elastomersdi®er from the usual cross-linked elastomersin so
far as the cross-linksare not covalent bonds but physical links, e.g. consisting
of crystallized chain segments. Thesecan be molten by heating, thus allowing
thermoplastic processing[18].

The two polyole¯n elastomers,that have beenusedin this study, are copoly-
mers of ethylene-butenewith two di®erent degreesof crystallinit y as shown in
table 5.7.

Table5.7: Physical and chemicalpropertiesof the thermoplastic ethylene-butene
copolymer
Copolymer type Density [g/cm3] % Total Crystallinit y Tm [±C] Tg [±C]
ENX-7256 0.885 21.5 70 -48
ENX-7086 0.902 32.4 94 -39

Ethylene-butenecopolymers have the chemical structure as shown in ¯gure
5.16. ENX-7256hasa unique broader molecularweight distribution with higher
branching levelsthat o®ersexcellent clarity, processingand performancein foams
and extrusion applications such as tubing, pro¯les, wire and cable insulations.
ENX-7086 has much higher levels of long chain branching than other commer-
cially available polyole¯n elastomers. It is suited for blow molding, extrusion
and thermoforming applicationswherehigh level of shearthinning and high melt
strength may be required.

n

Figure 5.16: Chemicalstructure of ethylene-butenecopolymer.

5.2.2.1 Crystallization results for the mo del

This di®erencein crystallinities may be recalledfrom the copolymer crystal-
lization theoriesthat the co-unitspresent in a copolymermay either becompletely
rejectedfrom the crystal (exclusion) or uniformly included as an equilibrium re-
quirement (inclusion) [21, 23, 59, 60, 2, 3].
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Flory's prediction is that all brancheslonger than methyl are excludedfrom
the crystal lattice [33, 4]. Thus, ethyl and butyl side chains are excludedfrom
the crystal lattice. Therefore,the morphologyin morebranchedcopolymersmay
involve fringed-micellelike crystals.

Deformation-induced crystallization in polyethylene-polybutene copolymers
depends on temperature and strain rate in a similar way as does polyisoprene
rubber, although the molecularrearrangements taking placeare di®erent. In the
early stagesof drawing an unoriented crystalline polymer, spherulites become
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Figure 5.17: Theoretical crystallization of ENX-7256at di®erent strain rates for
two temperaturesof, (a) at 23±C, and (b) at 50±C.
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elongatedin the draw direction. Then, chain slipping occurswithin the lamellae
(chain-folded crystals) and the lamellaebreakup into small crystallites connected
to each other by uncrystallized tie molecules.[58].

Due to this fact, crystallization is kept constant up to ¸ 1 = 2 sincebreaking
the lamellaeenhancesthe reorientation of thesesmall broken crystallites in the
drawing direction. This is obviously shown in ¯gures 5.17 and 5.18 during the
loading stretching process.
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Figure 5.18: Theoretical crystallization of ENX-7086at di®erent strain rates for
two temperaturesof, (a) at 23±C, and (b) at 50±C.
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The same¯gures show the e®ectof strain rate on the evolution of crystallinit y
as a function of the deformation. In fact, it is clear that both materials do not
show drastic changesof crystallinit y causedby changingstrain rates at a certain
temperature during the loading process.This is clearly shown in ¯gures 5.17and
5.18for both copolymers.

The e®ectof temperature on crystallization is an important factor. An in-
creasein temperature acceleratesthermally activated processesand reducesre-
laxation times. Consequently, the hysteresisbetweenthe loading and unloading
processis reduced.

5.2.2.2 Exp erimen tal part

We are indebted to Rieter Automativ e Germany GmbH for providing us with
ethylene-butenecopolymer materials. Also another acknowledgment is to Ger-
man Polymer Institute DKI -Darmstadt for their highly appreciatedcooperation
and help with the preparations of samplesand running of the tensile loading-
unloading experiments.

For the preparation for the experiments, two ethylene¡ butene copolymers
(ENX-7086, ENX-7256) weredried under vacuumat 80±C, extruded by twin mi-
croextruder, and pressedto form a thin sheetby the following sequence:heating
1 min at 1 bar and 150±C, pressing2 min at 36 bar and 150±C , and cooling
2 min at 36 bar and 23±C. Then the sampleswere cut into a certain form (1.5
mm thickness,27.7 mm length, and 4 mm width) from the pressedsheetusing
a standard cutting machine. A tensile machine (Zwick-020TH2A) was equipped
with an environmental chamber that was used for performing the loading and
unloading tests. To correct for shrinkage at high temperatures (50±C), sample
length correction was usedfor deformation of the samplesunder constant tem-
perature and humidit y. Each samplewas drawn up to ¸ 1 = 7 at two di®erent
temperatures,23±C and 50±C, and two di®erent deformationspeeds,2.5mm/min
and 150mm/min.

5.2.2.3 Uniaxial stress-strain results

Sincetheseethylene-butenecopolymers have a degreeof crystallinit y in the
undeformedstateof the orderof 20-30%,deviation from rubbery behaviour is well
expectedat least in the small deformation region. Copolymer preparationswith
a density of lessthan 0:9 gcm¡ 3 show increasingly fringed micellesas the dom-
inant but not exclusive crystal morphology and exhibit mechanical and thermal
properties that are not found in standard polyethylene [13, 14].

Crystallization of copolymers is predominately by branching statistics. How-
ever, in homopolymers it is largely in°uenced by the chain length and its distri-



94 CHAPTER 5. MODEL APPLICA TION

bution, the extent of entanglement of chains in the melt and the undercooling. It
wasobserved that the lamellar thicknessat a selectedcrystallization temperature
increaseslinearly with decreasingcomonomercontent (this is fully discussedin
chapter two).

Sofar we consideredthe stress-strainresponseof amorphouschains (with low
degreeof crystallinit y at the origin) that crystallize in the courseof deformation.
Stress-inducedorientation reducesthe energybarrier betweenthe amorphousand
crystalline state, permitting crystallization at temperatures where none would
occur in the unoriented state.

Induction of crystallinit y levelsin the undrawn polymer can result in a brittle
behaviour that is di±cult to draw. In general, increasingcrystallinit y in any
unoriented state increasesthe stress required for deformation, and shifts the
stress-strainresponsetowards brittle deformation.

Somecopolymers with high levels of unoriented crystallinit y can, however,
be readily drawn. An unoriented, semicrystallinecopolymer generallyconsistsof
lamellaestructures. Chains fold back at the surfaceof each lamella.

The stress-strainresponseof a semicrystallinechain dependson temperature
and strain rate in a similar way as do amorphouschains e.g. in polyisoprene
rubber (negligibledegreeof crystallinit y at the referencestate). In the early stages
of drawing an unoriented semi-crystallizedchain, stressconcentrates initially on
spherulite which becomeselongated in the draw direction [32, 15], and in the
region of ¸ = 2 ¡ 2:5; chain tilting and slipping occur within the lamellaeof the
chain-foldedcrystals.

Necks begin to form in regionsof stressconcentration or in a region where
there are fewer molecular entanglement. This leadsto dramatic local orientation
of the amorphouschain, and dramatic local deformation of the spherulitesand
lamellaein the crystallized portion of the chain.

Eventually, the plastic deformation of the spherulites induces the breaking
of the lamellaeinto small crystallites connectedto each other by conformational
tie segments. Spherulite deformation under uniaxial tension has been studied.
Results indicate that the ¯rst deformation events occur near the center [73, 74].
However, other researchesshowed,that the deformationstarts from the equatorial
regimeand proceedstowards the polar regimeof the spherulites[61].

Although stress-strain response is temperature and strain rate dependent,
di®erent results can be identi¯ed theoretically and experimentally for the two
materialsbasedon their di®erencein the degreeof crystallinit y in the undeformed
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Figure 5.19: E®ectof temperature on stress-strainloading curvesat 0.09(min ¡ 1)
strain rate for, (a) at 23±C and, (b) at 50±C. (Theoretical results are represented
by the solid line, while the experimental results by points).
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origin state.

ENX-7086 has a total degreeof crystallinit y at the referencestate of »R =
0:332,while ENX-7256has»R = 0:221. As a result oneobserveswithin a certain
temperature range and regardlessof the range of strain rate: The higher the
referencecrystallinit y is the higher is also the mechanical energy required to
break up and reorient the crystals. This is clear from ¯gure 5.19; ENX-7086
(»R = 0:332) hashigher stressvaluescomparedto ENX-7256(»R = 0:221).

Sincethe referencecrystallinit y decreaseswith temperature, so the reference
crystallinit y equally decreasesat high temperatures(i.e. 50±C) and due to that,
the stressrequiredinitially will be lessthan that at room temperature(i.e. 23±C).
However, the number of segments that aresitting in the crystalline lamellaestate
will be lessand the required mechanical energy to break up the lamellae will
decrease.This is obviously shown in ¯gure 5.20.

The e®ectof the strain rate is not soconspicuousas it is in polyisoprenerub-
ber. For example,at a certain temperature, increasingthe strain rate increases
the initial stressrequired to deform the lamellaedomain. However a slight dif-
ferencein stressvalue is found in the deformation range ¸ = 2 ¡ 7 as shown in
¯gure 5.21.

For the hysteresis,di®erent loading-unloadingprocesseshave beenperformed
to investigatethe e®ectof temperature and strain rate on hysteresis.

As expected, the hysteresisdecreaseswith increasingtemperature for both
materials, ENX-7086and ENX-7256. It is found that further crystallization for-
mation proceedsduring undeformingcausingpseudoplastic residualdeformation
(strain residuals)as shown in ¯gure 5.22.

The e®ectof strain rateson the hysteresisis shown for both materials in ¯gure
5.22. Increasingthe strain rate will increasethe hysteresisas well.

Three ENX-7256 (»R = 0:221) sampleswere deformedup to three maximum
di®erent deformation ratios (¸ f = 5; 6; 7) after which they were unloaded. This
was done to explain the behaviour of the material. As shown in ¯gure 5.23 the
three loading curvesare compatible with certain rangeswhile each samplehasa
certain di®erent residualstrain after completing the unloading process.Residual
strains for these,are causedby di®erent crystallizations during unloading.

Doubts that hysteresismight have occurred due to somebreakage and de-
struction of the sample'sstructure can be removed oncethe sampleswith certain
residual lengthsareheated. Then a full shape recovery is achieved for all samples
(the sampleregainsits original dimensionsas in the referencestate).
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Figure 5.20: Stress-straincurves at 5.4 (min ¡ 1) strain rates for, (a) ENX-7086
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5.2.2.4 Mo oney represen tations

For crystallizable networks, there is frequently a downturn in the reduced
stressprior to its upturn [20, 50].

Mooney-Rivlin representations of the stress-strain curves do not show the
upturn in the isothermup to this valueof the deformationratio, ¸ 1 = 7. However,
the initiation of strain-induced crystallization is evidencedby the departure of
the isotherm from linearity.

We believe if the sample had been deformed up to ¸ 1 = 9 ¡ 10, then an
upturn in the isotherm would be obtained. The following ¯gures show Mooney-
Rivlin representations for crystallizablechainsof thesetwo copolymer elastomers
ENX-7086and ENX-7256. This is shown in ¯gures 5.24,5.25,5.26and 5.27.
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Figure 5.24: Mooney-representation of stress-strainfor ENX-7256at 23±C for, (a)
low strain rate = 0.09(min ¡ 1) and, (b) high strain rate = 5.4(min ¡ 1) (theoretical
resultsarerepresented by the solid line, the experimental resultsby points , while
the dashedline is Kuhn's model when no changein crystallinit y is assumedin
our statistical model. Arrows indicate load path direction).



5.2. APPLICA TION OF THE MODEL 103

(a)

0

0,5

1

1,5

2

2,5

3

0,1 0,3 0,5 0,7 0,9

1/�   [1]

M
o

o
n

ey
 S

tr
es

s 
 [

M
P

a] ENX-7256
T= 50°C

�

= 0.09  1/min

Kuhn model  ( �  = ���  )

(b)

0

0,5

1

1,5

2

2,5

3

0,1 0,3 0,5 0,7 0,9

1/�    [1]

M
o

o
n

ey
 S

tr
es

s 
 [

M
P

a]

ENX-7256
T= 50°C

�

= 5.4  1/min

Kuhn model  ( �  = ���  )

Figure 5.25: Mooney-representation stress-strainfor ENX-7256 at 50±C for, (a)
low strain rate = 0.09(min ¡ 1) and, (b) high strain rate = 5.4(min ¡ 1) (theoretical
resultsarerepresented by the solid line, the experimental resultsby points , while
the dashedline is Kuhn's model when no changein crystallinit y is assumedin
our statistical mode. Arrows indicate load path directionl).
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Figure 5.26: Mooney-representation of stress-strainfor ENX-7086at 23±C for, (a)
low strain rate = 0.09(min ¡ 1) and, (b) high strain rate = 5.4(min ¡ 1) (theoretical
resultsarerepresented by the solid line, the experimental resultsby points , while
the dashedline is Kuhn's model when no changein crystallinit y is assumedin
our statistical model. Arrows indicate load path direction).
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Figure 5.27: Mooney-representation of stress-strainfor ENX-7086at 50±C for, (a)
low strain rate = 0.09(min ¡ 1) and, (b) high strain rate = 5.4(min ¡ 1) (theoretical
resultsarerepresented by the solid line, the experimental resultsby points , while
the dashedline is Kuhn's model when no changein crystallinit y is assumedin
our statistical model. Arrows indicate load path direction).
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Chapter 6

Conclusions and
Recommendations

6.1 Conclusions

An overview about the thermodynamics of rubber-like high polymers is ob-
tained and simpli¯ed by employing someapproximations and internal constraints.
Uniaxial extension at constant temperature and constant external pressureis
discussedin the thermodynamic constitutive theory. Continuum theory is inad-
equate to explicitly show the dependenceof stresscoe±cients on the degreeof
crystallinit y.

The crystallization formulation, which is basedon irreversiblethermodynam-
ics, is adoptedto describe the crystallization inducedby deformation at di®erent
rangesof the temperatureand strain ratesand for uniaxial loading-unloadingpro-
cesses.Relaxation behaviour and its e®ecton crystallization kinetics has been
explainedin the context of the formulation of limiting cases.

The crystallization during stretching is less than that during unloading re-
traction processes.The important portion of crystallites, that are induced by
deformation, are extended-chain crystallites that developduring the loading pro-
cess,while during unloading other secondarycrystallite types(folded-chain crys-
tallites, shish-kebabstructure) are formed.

Strain inducedcrystallization hasbeensuccessfullymodeledby the statistical
approach in which the shortcomingsof Flory's theory have been corrected. A
modi¯ed Gaussiandistribution is employed for chainsof ¯nite lengthsto describe
the end-to-end vector distribution function. The contribution of the chain to
crystallinit y basedon a±ne deformation of the network of ¯nite chain lengths
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has been fully described. The dependenceof stress coe±cients C®(® = 1; 2)
on the degreeof crystallinit y has beenderived within the statistical framework.
A good approximation is achieved to predict the changeof volume due to the
deformation-inducedcrystallization phenomena.

Stress-straincurvesand their Mooney representations are introduced in our
theory and comparedto the experimental data. Stress-straincurves show high
upturn with signi¯cant hysteresis.Hysteresisloops are attributed to the forma-
tion of deformation induced crystallites and their transformation.

Pseudo-plasticresidual deformation is observed in the unloading retraction
processas a result of the formation of the shish-kebab structures due to stress
relaxation. This is obvious at high strain rates and low temperature (i.e. above
the glasstransition temperature). Hysteresisloops and inelastic deformation do
not show up at in¯nitely quick or in¯nitely sluggishloading-unloadingprocesses.

The upturn in the Mooney representation curvesat high deformation ratios
is clearly shown in polyisoprene rubber experiments. However, for ethylene-
butene copolymer experiments, the initiation of strain induced crystallization is
evidencedby departure of the isotherm from linearity. The modeled results are
comparedto experiments and fair agreement is found.

Ethylene-butenecopolymer behaviour deviates from rubbery behaviour at
least in the small deformation region, since they have a certain degreeof crys-
tallinit y in the undeformedstate. Although their stress-strainresponseis tem-
perature and strain dependent in a similar way asamorphouschainse.g. polyiso-
prenerubber, di®erent results have beenidenti¯ed theoretically and experimen-
tally basedon their di®erencein the degreeof crystallinit y in the undeformed
original state.

6.2 Recommendations

From the theoretical and experimental works undertaken in this study, some
recommendationscan be made. It is imperative to do the further:

Our model parameters,of which somewereobtainedby di®erent curve-¯tting
techniques, are by no meansunique. Di®erent ¯tting techniques will lead to
equally valid results.

Extension of the theory for biaxial and triaxial stressare required to meet
some industrial processessuch as blow molding. This will be a complicated
mission,but with the recent numerical softwaresnothing is impossible. All-side
compressioncan be included.
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In-situ study of deformation-inducedcrystallization inside the polymer struc-
ture with enlargement of the temperature rangeand extensionof the strain rate
rangeswill allow to meet the conditions for achieving tougher ¯b ers in the ¯b er
spinning process.

Our statistical model allows further to predict the heat e®ectfor loading of
rubbery samples. Deformation experiments should be performed inside a de-
formation calorimeter to study heat e®ectsand the crystalline binding energy.
Besidesloading alsounloading should be studied. [6, 7, 17, 19]
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App endix A

TableA.1: Parametera: Valuesof adjustableconstants during unloadingprocess
for polyisoprenerubber:
T[±C] _² [min¡ 1] ao a1 a2 a3 a4 a5

21 0.039 5.6740 -1.9490 0.4850 -0.0412 -2.4574 8.473£ 10¡ 13

21 2.340 -3.5450 0.9460 -0.2490 0.0263 2.1090 -1.623£ 10¡ 12

50 0.039 3.96843 -1.0537 0.2007 - 0.0119 2.6702 -3.905£ 10¡ 13

50 2.340 -3.4050 0.6340 -0.1602 0.0173 2.3570 -1.670£ 10¡ 12

80 0.039 -0.6490 0.3308 -0.077 0.0069 0.5020 -6.283£ 10¡ 14

TableA.2: Parametera: Valuesof adjustableconstants during unloadingprocess
for ENX-7256elastomer:
T [±C] _² [min¡ 1] ao a1 a2 a3 a4 a5

21 0.09 1.4790 -0.5740 0.1220 -0.0077 -0.3370 -1.011£ 10¡ 22

21 5.40 -1.0872 -0.0463 0.0137 -0.0002 1.2130 -1.011£ 10¡ 22

50 0.09 1.9815 -0.7783 0.1638 -0.0109 -0.3180 -8.920£ 10¡ 23

50 5.40 6.4008 -1.725 0.3287 -0.0208 -2.6570 -1.412£ 10¡ 22

TableA.3: Parametera: Valuesof adjustableconstants during unloadingprocess
for ENX-7086elastomer:
T [±C] _² [min¡ 1] ao a1 a2 a3 a4 a5

21 0.039 0.4650 -0.0598 -0.0063 0.0020 0.2026 -2.700£ 10¡ 22

21 2.340 -0.7140 0.1339 -0.0446 0.0050 0.9742 -3.350£ 10¡ 22

50 0.039 3.0470 -0.8500 0.17210 -0.0100 -0.9580 -2.440£ 10¡ 22

50 2.340 6.2010 -1.7700 0.3640 -0.0230 -2.5100 -2.150£ 10¡ 22
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App endix B

Table B.1: N f or ce: Values of adjustable constants during loading processfor
polyisoprenerubber:
T [±C] _² [min¡ 1] bo b1 b2 b3 b4 b5

21 0.039 -13.1890 87.3690 -41.5650 8.3930 -0.6110 04.41
21 2.340 10.5900 49.9100 -22.1000 4.2480 -0.2980 -99.00
50 0.039 26.2251 47.3980 25.9200 5.6220 -0.4260 -545.32
50 2.340 54.0045 -02.8210 00.9250 -0.0720 -0.0030 -485.09
80 0.039 27.1387 32.131 -13.492 2.3590 -0.1490 -959.78

Table B.2: N f or ce: Values of adjustable constants during loading processfor
ENX¡ 7256elastomer:
T [±C] _² [min¡ 1] bo b1 b2 b3 b4 b5

21 0.09 -03.8753 07.6210 0.4370 0.256 -0.041 -013.730
21 5.40 5.69468 -03.0910 4.0500 -0.2590 -0.0130 -098.531
50 0.09 32.5786 -13.1900 6.9700 -0.8330 0.0260 -533.660
50 5.40 -07.4905 22.867 -5.7880 1.1470 -0.0840 -162.590

Table B.3: N f or ce: Values of adjustable constants during loading processfor
ENX¡ 7086elastomer:
T [±C] _² [min¡ 1] bo b1 b2 b3 b4 b5

21 0.09 -16.1380 17.2300 -2.7958 0.5860 -0.0451 167.99
21 5.40 -13.15 14.817 -2.2043 0.5017 -0.0394 103.24
50 0.09 -07.536 10.643 -0.0554 0.0149 -0.0114 095.63
50 5.40 -06.543 08.7738 0.3945 0.0862 -0.0183 039.98
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