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Abstract

Linear control may be favorable over nonlinear control lbsealinear design techniques
greatly facilitate the controller design process and beednear controllers impose lower
requirements on the implementation and operation as cadgarnonlinear controllers.
It is therefore a tempting idea to use linear models and tineatroller design methods
also for nonlinear systems. It is for instance common pecadi control engineering to
use models obtained from Jacobi-linearization (i.e. firdeo Taylor series approximation
of the state space equations) instead of complete nonlmedels. However, in order to
guarantee the suitability of a linear model or the propecfiaming of a linear controller
in presence of the modplant mismatch due to linearization, a rigorous justificatis
required. This thesis presents a general framework toxésigar controllers for nonlinear
systems based on linear models, that guarantees stalshitos the nonlinear closed loop.

How to deal with a modgblant mismatch in a purely linear setup is very well knowmiro
linear robust control theory. Robust stability can be gotered if the gain of the modeling
error satisfies a certain bound. This small gain conditionaies valid in the case of a
nonlinear plant that is modeled by a linear model. HoweMse, dmall gain condition
requires a global bound on the gains of the modeling errorrelieer, this bound must
be small enough in order to prove stability. These requirgmare often too strong to be
satisfiable for general nonlinear systems. To avoid theazoaism connected to global
analysis, the presented approach makes therefore usensfa@aar sets in order to be able
to do the analysis and synthesis in a specified region of tparaCorresponding to the
introduction of gains over sets in theory, a saturationbieentroduced in the plant or the
controller in implementation. The controller design fonhpear systems is thus reduced
to the controller design for linear saturated systems. Epesnshow that the remaining
controller design problem is feasible with standard teghes from the literature.

Prior to controller design, a nominal linear model and threrdbound have to be derived.
While the linearization is a common choice as a linear modekfnonlinear system, it
does not need to be the best choice for a given region of aperatndeed, there are
situations in which other linear models turn out to be bedtated for controller design

than the linearization. It is therefore interesting to shdor the best linear model for a
nonlinear system, characterized by a minimal modeling efitois minimal modeling error

measures at the same time the disparity between the nantipgt@m and the set of linear
systems, and thus provides a way to assess the extend afeanty of the plant. Hence,
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viii ABSTRACT

the modeling error allows to (gvaluatethe quality of agivenlinear model, (ii)derivea
bestlinear model that minimizes the modeling error, and (iii¢ tise modeling error of the
best system asraeasure of nonlinearitgf the system. As there areffiirent ways to define
a modeling error, like an additive error, or multiplicateeors at the input or output etc.,
different according nonlinearity measures are defined undemanoo system-theoretic
framework.

This thesis has two main areas of contribution. The first evélae derivation and assess-
ment of linear models for nonlinear systems, and the secogalia the utilization of this
information for controller design. The main contributiohtbe first part of this thesis is
to introduce a novel unifying framework for nonlinearitysassment, to provide a rigorous
mathematical foundation, and to provide characterizatadithe nonlinearity measures and
best linear models for special system classes. The conqutait nonlinearity measures
and linear models is also discussed. In the second partofhbsis, stability conditions
and controller design procedures for linear control of m@dr systems are presented. The
exact form of the nominal closed loop and of the stabilitydiban depends on the type of
modeling error chosen and we present results for all prelyadefined setups. Examples
show the advantages and disadvantages of the proposed gesaggdure. In particular,
the possible advantages of regional design and of the usesbfiiodels are illustrated.

The results of this thesis build a bridge between nonlilgassessment and robust control
theory. The key feature of the proposed methods is therebying together nonlinearity
measures, the development and assessment of linear modetsfinear systems and the
design of linear controllers for nonlinear systems undemifying framework.



Deutsche Kurzfassung

Die lineare Regelung ist gegentuber der nichtlinearen Regelorteilhaft, weil lineare
Methoden den Entwurfsprozess vereinfachen und linearkeRagdrigere Anforderungen
an die technische Umsetzung stellen als nichtlineare Rdggast deshalb erstrebenswert,
lineare Modelle und lineare Reglerentwurfsverfahren diicmichtlineare Regelstrecken
zu verwenden. So ist es gangige Praxis, statt der vollgi@ndiichtlinearen Modelle ein-
facherere Modelle zu verwenden, die aus den vollstandigeaellen durch Linearisierung
(d.h. durch Taylor-Approximation erster Ordnung) henalrgn. Um jedoch die Stabilitat
des Regelkreises und die Funktionsfahigkeit des lineaegeRs angesichts des durch die
Modellvereinfachung verursachten Modellfehlers zu gieaen, und damit einen erfol-
greichen Reglerentwurf sicherzustellen, bedarf es eireghadischen Rechtfertigung. In
der vorliegenden Arbeit wird eine allgemeingtiltige Metthodorgestellt, mit deren Hilfe
anhand eines linearen Modells ein Regler fir ein nichtliee&ystem entworfen werden
kann, und die die Stabilitat des geschlossenen Kreisestigta

Wie ein Modellfehler beim Regelungsentwurf bericksidhivgrden kann ist aus der The-
orie linearer robuster Regelungen bekannt. TatsachlibBlbdie Bedingung, die Ublicher-
weise fur robuste Stabilitat linearer Systeme verwendsd {das sog. “small-gain”-Krite-
rium), auch hinsichtlich nichtlinearer Systeme, welchectidineare Modelle angenahert
werden, Gultigkeit. Jedoch setzt die Anwendung der “smaiit’-Bedingung eine glob-
ale Schranke fur die Signalverstarkung voraus. Das bedeangsehaulich, dass das betr-
effende System “im Unendlichen linear beschrankt” sein mussiilRer hinaus muss die
Schranke, die sog. Verstarkung des Systems, klein genagseidie Stabilitdtsbedingung
zu erfullen. Diese Anforderungen sind in der Praxis haufitpach, um eine Anwendung
der “small-gain”-Bedingung auf den Reglerentwurf fir aligeine nichtlineare Systeme
zuzulassen. Um den mit der globalen Analyse und dem glol&enurf einhergehenden
Konservatismus, d.h. die Ubermassig strengen Kriterignyezmeiden, findet in dieser
Arbeit das Konzept der regionalen Verstarkung Anwendunges& Konzept erlaubt die
Analyse und Synthese von Regelungssystemen in einem vomidkter festgelegten Ar-
beitsbereich. Die Einflihrung des Konzepts der regionatstéirkung findet in der Praxis
seine Entsprechung darin, dass entweder die Regelstrdek@ler Regler durch ein Satti-
gungsglied erganzt wird. Der Reglerentwurf fur nichtliree&ysteme wird auf diese Weise
durch den Reglerentwurf fir beschrénkte lineare Systesetzr Wie Beispiele zeigen,

ix
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kann das verbleibende Regelungsproblem mit Standardotethaus der Literatur gelost
werden.

Bevor jedoch der Reglerentwurf durchgefuihrt werden karusswein lineares Modell und
der entsprechende Modellfehler hergeleitet werden. Wihdée (lokale) Linearisierung
in der Praxis haufig als lineares Modell gewahlt wird, mussfér einen gegebenen Ar-
beitsbereich nicht das bestmdgliche Modell darstelleelvehr stellen sich in bestimmten
Fallen andere Modelle als fiur den Reglerentwurf geeigrieteaius. Es ist deshalb von In-
teresse, fur ein gegebenes nichtlineares System und egg@benen Arbeitsbereich das
beste lineare Modell zu finden. Das beste linear Modell zetisich dadurch aus, dass
es den kleinsten Modellfehler auf dem gewahlten Arbeitsibarbesitzt. Dieser kleinste
Modellfehler ist gleichzeitig ein Mal3 fir den Abstand deshtlinearen Systems von der
Klasse der linearen Modelle, und damit ein Mal3 fur die “Niclefaritat” des Systems. Der
Modellfehler kann also dazu benutzt werden, erstens, daiQueines gegebenen lin-
earen Modells zu bewerten, zweitens, ein bestes lineareelMoerzuleiten, und drittens,
die Nichtlinearitat eines nichtlinearen Systems zu mesdes gibt verschiedene Arten,
den Modellfehler festzulegen, wie auch in der linearen stéu Regelung z.B. additive
Modellfehler und (invers-)multiplikative Modellfehlerediniert werden kdnnen. In dieser
Arbeit wird eine Methodik zur Modellbewertung und Modeltlggtung eingefihrt, die die
Definition verschiedener Nichtlinearitdtsmal3e zu denpeathenden Modellfehlern im
Rahmen eines gemeinsamen systemtheoretischen Zugasgjsterl

Die Beitrage dieser Arbeit konnen also zwei Themenkompiexegeordnet werden. Der
eine Komplex beschaftig sich mit der Herleitung und der Béwwy linearer Modelle
fur nichtlineare Systeme, und der zweite Komplex behamndieltVerwendung der dabei
gewonnenen Information fir den Reglerentwurf.

Bezlglich des ersten Komplexes besteht der HauptbeitesgdArbeit in der Einflihrung

einer neuen, verallgemeinerten Herangehensweise zutliNedritatsbewertung, der Bere-
itstellung und Rechtfertigung der entsprechenden mattischen Methoden sowie der
Charakterisierung der Nichtlinearitditsmaf3e und der bdstearen Modelle fur spezielle
Systemklassen. Insbesondere wird gezeigt, unter welcedmgungen die oben beschrie-
benen Modellfehler definiert werden kénnen, und es wird igézdass die mathematis-
chen Eigenschaften dieser Definitionen den damit verbwerdémentionen entsprechen.
So wird zum Beispiel gezeigt, dass das beste lineare Monelfinne eines additiven
Modellfehlers im Spezialfall eines gegen einen Punkt kayeeenden Arbeitsbereiches
genau der Linearisierung an diesem Arbeitspunkt entspri€ls wird gezeigt, wie aus

dem stationaren Verhalten eines Systems untere Schraitiketef Nichtlinearitatsmalie
berechnet werden kénnen. Fir den Fall statischer Niclatlitiéen wird gezeigt, dass
dynamische lineare Modelle nicht besser geeignet sindtalische lineare Modelle. Es
werden Formeln fir die Berechnung der Nichtlinearitatsenstdtischer Nichtlinearitaten
angegeben. Der Begirder Sektornichtlinearitat fihrt dabei auf besonders eméuszuw-

ertende Formeln fir EingréRensysteme. Lineare Modelledendn Modellfehler werden

fur die Klassen der Hammerstein-Systeme und der WiengeBysangegeben. Es wird
gezeigt, unter welchen Bedingungen ein exakt optimalesaties Modell, d.h. ein Mod-

ell dessen Modellfehler dem Nichtlinearitatmald entspriekistiert. Falls kein optimales
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Modell existiert, kann immer ein lineares Modell gefundeerden, dessen Modellfehler
das Nichtlinearitatsmal’ beliebig genau annéahert. Methedecomputergestiitzen Berech-
nung von Nichtlinearitatsmaf3en und optimalen bzw. subwgden linearen Modellen wer-
den diskutiert.

Der Beitrag zum zweiten Themenkomplex besteht in der Herlgivon Stabilitatsbedin-
gungen und Reglerentwurfsverfahren fir die lineare Regehichtlinearer Systeme. Die
genaue Form der Stabilitdtsbedingung und des nominellschifesssenen Kreises hangen
dabei von der Art und Weise ab, wie der Modellfehler definrgrd. Es werden Stabil-
itdtsbedingungen fir alle im ersten Teil definierten Mdeéller angegeben. Anhand von
Beispielen werden die Vor- und Nachteile der vorgeschlagéintwurfsmethodik gezeigt.
Insbesondere wird die moégliche Verbesserung der Regetyiith die Verwendung eines
optimalen linearen Modells illustriert. Zudem wird demuiest, dass es notwendig sein
kann, einen regionalen Entwurf statt eines globlen Entsvdufrchzufihren. Es werden
Kriterien zur Auswahl der fur ein gegebenes Regelproblembasten geeigneten Defi-
nition des Modellfehlers diskutiert , und mogliche Erwaiteagen der Methode flir den
Entwurf mit garantierter Regelgiite gezeigt.

Die Ergebnisse dieser Arbeit stellen eine Verbindung ZmasdViethoden der Nichtlineari-
tatsbewertung und Methoden der robusten Regelung her. DreilMder vorgestellten
Methodik besteht dabei darin, Nichtlinearitatsmal3e, dddeitung und die Bewertung lin-
earer Modelle fur nichtlineare Systeme sowie den Entwunflugearen Reglern fur nicht-
lineare Systeme unter einem gemeinsamen systemthebegti8onzept zu vereinen.






CHAPTER 1

Introduction

Abstract models can describe and explain phenomenologis#rvations in a structured
and general way. Models play a fundamental role in sciencaus® they allow to predict
natural events and design artificial (technical) mechasistimodel is considered a good
model, if it allows to describe experiments and phenomagicé data sfiiciently well

In control engineering, the design and operation of te@irsgstems is greatly facilitated
by, and often necessitates, the use of models. Especiatipl@nce with safety and per-
formance specifications can be guaranteed by model-basgdeand design techniques.
Thus, mathematical models play an important role in systamgineering, and a lot of ef-
fort is put into establishing and analyzing models of techhsystems, as well as into
putting up model-based design techniques.

An important property of mathematical models of dynamideys is the linearity prop-
erty. Due to the rather simple structure of linear systemspfany control-related engi-
neering problems there are methods available that aredtiealty sound as well as practi-
cally applicable. Due to the diverse and complex behavibuoalinear systems, tools for
nonlinear systems analysis and controller design exhibitiah lower level of generality
and dficiency. To cope with nonlinear analysis and control prolsietinere are two alter-
native approaches. For highly nonlinear systems, spec#haods have to be developed
that possibly rely upon certain physical properties of hgligation or upon mathematical
properties of a certain system class, like energy-shapietpoas for mechanical control
systems or feedback linearization. For mildly nonlineatypems, one can attempt to use
linear models and linear controller design methods. Howetés last approach requires
a rigorous justification in order to guarantee the accurdeylmear model or the proper
function of a linear controller in presence of the nonlinggstem behaviour.

In view of the preceding discussion, the following questianise:

(1) Given (a model of) a dynamic system. Is the system lindan@t, is it “far from
linear” or “close to linear”?

(2) Given (a model of) a dynamic system that ishisiently close to linear. How
can a good (the best) linear model be obtained?

IMartin Schetzen remarks with regard to the use of modelsiense [111]: “One only claims that exper-
iments proceed in accordance with the model. In this sem$ence is not directly concerned with reality. The
question of reality is addressed in philosophy.”
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(3) Givenacontrol problem, i.e. a plant and a control olyectis a linear controller
adequate or is a nonlinear control algorithm needed?

(4) Given a control problem that can be solved with lineartadn How can a
linear controller actually be designed without the needaldwvanced nonlinear
techniques?

The topic of this thesis is the assessment and the derivatilbmear models for nonlinear
systems, as well as the use of linear models for linear chetrdesign for nonlinear sys-
tems. Therefore, this thesis touches upon all of the abavedgoestions. The intention of
this introduction is to give an overview over the researchceoning these questions and
to give an outline of the answers that are given in this thé®shis end, the next section
presents a literature review on the above four questionthelisubsequent Section 1.2, the
objectives of this thesis, as well as its structure and keyrdmutions are given.

1.1. Literature Review

The four questions above can be associated with the resasah of “Nonlinearity As-
sessment”, “Linear Modeling for Nonlinear Systems”, “Quitirelevant Nonlinearity As-
sessment” and “Linear Control for Nonlinear Systems”, aednill discuss previous work
on these topics in that order. Overviews over the recenairelen the area of nonlinearity

assessment can also be found in [114, 118].

Nonlinearity Assessment.Linearity is a definite property that is characterized byghe
perposition and homogeneity principles. If these prires@re satisfied by the input-output
behaviour of a dynamic system, or more precisely of a modal dynamic system, that
system (model) is called linear. Otherwise it is called im@ar. If a mathematical model
of a dynamic system is given, linearity can be checked withrtitodel equations. For
state space systems, linearity may be a matter of reprémentand seemingly nonlinear
systems can under certain conditions be brought to a lirear by coordinate transfor-
mations [80]. If no detailed mathematical model is avagaltheasurement data can be
used to evaluate whether the input-output behaviour of ege®is linear or nonlinear, i.e.
whether a linear process model can be used or not [49, 50].

Although the strict mathematical definition of linearity asdefinite trugalse property,
it is sometimes interesting to ask whether a system is “dodaear” or “far from lin-
ear”. Since the early days of control, it is known that feadalso reduces theffect
of nonlinearity of the controlled process [9]. In order todide to show that fact in an
operator-theoretic setting, Desoer and Wang introducedtiantity

o4 = inf sup||Nu- Gu| (1.1)
GeG yeus

as a nonlinearity measure [26]. The number givensffyquantifies the deviation of the
input-output behaviour of a system from linearity. In thénigon (1.1),N is the nonlinear

2The term “nonlinear” is used in the literature for both, theesss ofnot necessarily lineasystems (i.e. includ-
ing the class of linear systems), and the class of systerhartaot linear (excluding linear systems). In this thesis,
the term is also used in both meanings, but rendered moréspnebere necessary in order to avoid ambiguity.
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systemi under consideratiorf{ denotes the set of considered input signals, Grisl the
set of causal stable linear systems. In [26], also a secordune can be found, where the
above term is normalized by the norm of the input,

oY = inf supw.

1.2
GeG yeus ||U|| ( )

This second measure represents the gain of the system thaslmtput the dierencee
between the output of the nonlinear systdhand a linear modes, whereG is chosen
S0 as to minimize this gain. This second measure is used mexgadntly in the literature
(e.g. [102, 94, 79, 116]).

A different context in which quantitative nonlinearity assesgméa system is of interest
Is approximate feedback linearization [2, 3]. In cases &l exact/o-linearization by
feedback is not possible, for example because of non-mmirpbhase behaviour of the
plant, one may wish to design a feedback such that the closgedd “as linear as possible”.
As it is known that the closed loop cannot be exactly lindag desirable to quantify the
extent to which the approximate linearization has beenessfal. This desire was the
reason for reintroducing (independently from [26]) the Inwearity measure (1.2) and to
define a new, relative-error-like nonlinearity measure

u [INu—Gu|

O e TN
in [2, 3]. Helbiget al. [57] point out that the definitions (1.1)-(1.3) are only mieaful for
continuously operated (time-invariant) processes, agglgive a possible generalization of
the nonlinearity measure (1.3) for batch processes (tianghwg systems). Closely related
to definition (1.3) is the suggestion of the expresdiGni- N||., / |IN||., as relative-error-like
nonlinearity measure [94], whetf||., = sup,, . ”||PTI|J|” denotes thd..-induced operator
norm. Sun and Hoo [130] define a nonlinearity measure forlsimgput-single-output
(SISO) nonlinear systems by

(1.3)

¢ = max{sup”Nu— Lupy]| , suplNu— L|0u||} (1.4)
ueld ue

whereL,p andL, are linear systems such that the outp(in the time domain) oN lies
at all times between the outputs, andy, of L, andLio, (Vio — ¥)(Yup —Y) < O.

Nonlinearity measures based on norms and gains, as thoeedlbfi egns. (1.1)-(1.3) also
play an important role in the derivation of linear models famlinear systems. Those
aspects will be discussed below, and we first proceed witldig®ussion of general ap-
proaches to analyze the extend of nonlinearity of a system.

Before considering nonlinearity measures of dynamic dpesaone can ask to first con-
sider the simpler case of nonlinearity measures for (thtrections. A static nonlinearity

3More preciselyN is a mapping from one signal space to another signal spacdurtfer assumptions or
requirements oM need to be done at this point. If the physical setup requoettso, the domain dil may be
restricted to contain a certain class of signals, howeventi@uous or bounded signals may be such a signal class,
for instance.



4 1. INTRODUCTION

measure allows for instance to assess the steady-statadaghaf a stable dynamical pro-
cess. Such a nonlinearity measure for static mappings gopeal by Ogunnaiket al.
[100]. The idea is to compare local linear models correspuntd different points of the
operating range. The largesfi@irence of the local models in the operating range, measured
in terms of a matrix norm, is defined as a measure of nonlityedrhe idea of comparing
different local models is frequently met in nonlinearity assesd [128, 132, 81].

A geometric viewpoint is taken in [46, 42], where the curvatof the steady state map
is introduced as a measure of nonlinearity. The curvaturasore can be extended to
dynamic systems using Fréchet derivatives of operators42B However, the approach
requires the dynamic operator to be twice Fréchéedentiable, which practically restricts
its use toL., signal spaces (see also discussion in Section 3.3). Mareitneecalculation
of this dynamic curvature measure turns out to be imprdatithout significant simplifi-
cations.

Nikolaou and co-worker introduce an inner product for opmsain order to quantify the
nonlinearity of a dynamic system [98, 97]. The measure caefigently computed by
Monte-Carlo-Simulations.

A different approach is presented by Hadtral. [52, 53, 54], who introduce empirical
controllability and observability Gramians in order to qgtity the degrees of input-to-
state and state-to-output nonlinearity respectivelyutsip-state nonlinearity refers to the
mapping from input to state — x in this context, while state-to-output nonlinearity refer
to the mapping from the initial state to the outpgt— y. The chosen setup in [52, 53,
54] is discrete-time, and the empirical Gramians can bectireomputed from process
data. In order to get a measure for nonlinearity, the emgdizamians from the nonlinear
system are compared to Gramians from a linear model.

In this work, we will concentrate on deterministic signatglaystems. It should neverthe-
less be mentioned that there are also linearity tests anduresafor stochastic processes.
These can also be used for nonlinearity assessment of dyrsystems, as is for instance
done in [125, 127, 126, 128] using correlation analysis.

It is important to note that all nonlinearity measures rei@d so far are only defined for
stable systems. This is due tdfdrent reasons. The dynamic operator-based nonlinearity
measures discussed are (in general) only well-defined dbtessystems as otherwise the
used gain (or inner product) expressions are invalid. Thadst-state measures assume
that an asymptotically constant input implies an asymgadiyr constant output. Also, the
empirical Gramians can only be defined for stable systent tlaan same is true for the
auto- and cross-correlations of input and output data ussthtistical analysis. One way
for nonlinearity analysis to overcome the restriction &bt systems is the framework of
the gap metric [39]. Nonlinearity measures based on the gagpaand other approaches
amenable to unstable systems are discussed in the sectaamtyol-relevant nonlinearity
assessment.

As can be seen from the literature review, there are maigrdint ideas how to define the
degree of nonlinearity of a system. The approach presentélais work will take as a
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starting point the nonlinearity measures (1.2) and (1.8hough using these, and related,
nonlinearity measures allows to apply the results of thesighto finite-gain stable systems
only, the nonlinearity measures exhibit two key featureciwill be of central importance:

1. The input-output approach provides a very general satugyhamic systems modeling
and control.State-space techniques have been proven to be useful fgrgoatrol-related
problems, and it will be pointed out what the input-outpsiulés mean when specialized to
state-space systems were adequate. However, the evabfistaite-space systems will not
be our primary concern, and, for instance, the influenceibéirtonditions on a systems
behaviour will not be considered in this thesis. By the chatan input-output approach,
we will obtain results that are valid in a more general contard we are able to draw the
most general picture of the underlying ideas.

2. The analysis and synthesis of nonlinear systems is doa@aam-global way.By their
structural properties, there is ndi@rence between local and global analysis and synthesis
for linear systems, and there is no need to bother about wlelorte or the other. But
nonlinear systems may have venftdrent properties in elierent regions in the state or
signal space. Taking into account the behaviour in regiomBdbing controller design
in region A, for instance, may lead to unnecessary resristi For example, if negative
input flow rates are allowed in an otherwise stable CSTR, ¢kalting behaviour may be
unstable [99], while from the physical context, a negatiwaui flow will never happen.
Furthermore, the validity of a given model may be restri¢tethe conditions under which
it has been derived. Thus, we will use methods that alwagsvalthe engineer to specify
a physical meaningful range for the input signals, the dusmnals, or the state variables.

A third important property of the nonlinearity measure Jisits role in the derivation of
linear models for nonlinear systems, as discussed next.

Linear Models for Nonlinear Systems. Question (2), “how can a good linear model be
obtained”, is already more specific than question (1), “ig@agnic system far from linear
or close to linear”: we do not merely ask to assess the dedneentinearity, but ask for

a good (or the best possible) linear model for a nonlinearesys Of course there is a
strong link between nonlinearity assessment and lineaetmggfor nonlinear systems. In
fact, the gain-based nonlinearity measures discussecabstvquantify the disparity, in a
certain sense, between the nonlinear system and a bestrinoek|.

But before discussing this relationship in detail, it is onjant to render the scope of our
interest more precise. Almost all discussed nonlinearidasares require a detailed non-
linear reference model. Although some of them can in prieciiso be used solely based
on process data, they are not especially tailored to prablbat typically occur in iden-
tification practice like measurement noise, restricted Imemof experiments, for example
due to large time constraints, or the necessity for “pro¢esadly” test inputs. Conse-
quently, the question of linear modeling techniques forlinear systems can be divided
into two categories. The first class of techniques solve toblpm ofidentification of
linear models, i.e. the problem of directly determiningreeir model from process data
and at the same time deriving a quality measure or confidemgaeds for the model. The
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second kind of techniques help to derive a simplified lineadeh from a given detailed
nonlinear reference model, and can be described by the teaelmomplexity reduction
Both topics have received considerable interest over stediecade. The identification of
a best linear model for a nonlinear system has for instanea breated in [27, 112, 92].
The counter-intuitive examples given Engvist and Ljung, [38] show that there is indeed
the need to have techniques in system identification to déhl monlinear plants. The
focus of this thesis will however be on the model complexdgiuction problem. That is,
given a detailed nonlinear reference model, how can thetgwdla given linear model be
evaluated and how can a good, or the best, linear model besd@ri

As pointed out above, the nonlinearity measures based daamsygains are very closely
related to this question. Indeed, the second nonlinearégsure from Desoer and Wang
(1.1) corresponds to the distance between the nonlinetersy$ under consideration and
a best linear approximatid@* defined by [26]

INuU-Gul ~; . [INu— Gulj
sup———— =6y = Inf sup———. 15
Y A Y] L e TV (19
Instead of considering the best linear mo@é] the expression
INu-Gul|
IN -Gl = sup————— (1.6)
ver Ul

can be used to assess the qualityany modelG. The expressioffiN — G|| corresponds
to the gain (or induced norm) of the error syst&m= N — G. For instance, Kihas and
Marquez assess the quality of a nonlinear system’s locahfimation with this measure
[79]. But one can also derive theestlinear approximatiorG* of a given system in this
setup. This direction of research will be further developethis thesis for continuous-
time systems. For discrete-time piecewise linear systamapper bound on the modeling
error [N — G|, can be given [102]. In [94], the best linear model with respedhel..-
norm is given for discrete-time bi-gain systems, that anedr systems where the input
matrix depends on the sign of the input. The existence of tlinesr model for nonlinear
finite impulse response filters is proven in the same papeas dlso of interest to study
the achievable approximation quality for only one giverr gdiinput and output signals,
which is done in [90, 95, 91]. It can be shown that there argasiins in which the best
linear model defined this way is better suited for contraflesign than the model obtained
by linearization around an equilibrium (or trajectory) [9% different example for this
fact will be given later in this thesis in Section 4.2.

Makila also introduces the notion afear-linearity[92]. A nonlinear system is called
nearly linear if there exists a linear modgland a non-negative numbesuch that

INu-Gul, <& VYuel, (1.7)

and in this case, the modél is called thecompanionof N. This definition corresponds
to requiring that Desoer and Wang’s nonlinearity measurg) (ke finite fortd = |..

The companion of a nonlinear model is unique [92]. It can gt of as a comple-
ment (or even, opposite) of the local linearization of a medr system: The derivative
of an operator is the best local model in the sense that thmibatror, normalized by the
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input, vanishes for small (in the norm) input signals. Onabiger hand, as the compan-
ion is defined by a bounded (not-normalized) output errothierentire signal space, the
normalizedoutput error must tend to zero for large sigrfal€onsequently, the Fréchet
derivative and the companion arefdrent in general [92]. A necessary condition for a
strictly causal nonlinear finite impulse response (NFIRYemyi,1 = (U, Uk 1, ..., Uk_N)

to be nearly linear is that may grow at most linearly in its arguments. If the companion
exists, its cofficients can be calculated from Moreover, any nearly linear NFIR system
is bounded-input-bounded-output stable and a controlédilizes a nearly linear NFIR
system if and only if it stabilizes the companion, in the BIBéhse with respect tq. The
concept of near-linearity is generalized to unstable systim [93] using a factorization,
and the issues of stabilization and identification are atrsd.

For the purpose of model complexity reduction, the innedpob for operators defined in
[97] turns out to be very useful. The key feature is that, pged with a scalar product, a
nonlinear operator can be projected on a linear subspadeeair Isystems, thus providing
an easy characterization of the best linear model, whicheowar is unique [98]. As

mentioned in the context of nonlinearity measures, the wesdk of this approach is that
the corresponding norm derived from the inner product iscooisistent with the signal

norms (i.e., itis not an upper bound on any induced norm) tlamslthe measure of model
quality turns out not to be helpful for stability analysis.

All methods to derive linear models for nonlinear systeneskarsed on signal norms. The
output errore = Nu — Gu between the nonlinear system and its linear model is théereit
taken directly [26, 92] as a measure of the model qualityt @& used to define an inner
product [97, 98], or a norm [26, 102, 94, 79] for operators.tHis thesis, we will use
operator norms to assess the model quality because, fitgtlthe most common way, and
secondly, operator norms can (and will) be used to deri@lgyaconditions.

So far, linearity was considered as a system property, aultseon good models for non-
linear systems in terms of a small prediction error have bbeelewed. Next we want to
address the question whether or not the nonlinearity aseeg0f a plant gives a hint on
the applicability and suitability of linear control strgtes.

Control-relevant Nonlinearity Assessment. It has been recognized in the literature that,
besides factors like the dynamic order and interactioncgs® nonlinearity is one of the
main factors that determine the control problenffidulty [100]. In an industrial con-
text, one tries to avoid nonlinear controller design beeausequires more manpower and
knowledge in the development process and it may require mamglex (and therefore
expensive) hardware and it may imply high demands on theatqerat the stage of im-
plementation and operation. Given a nonlinear plant, otigeiefore interested to study in
how far the controller design task is complicated by the im@alr behaviour of the process.

4Interestingly, only for these two limiting cases the besedir model, i.e. the local linearization and the
companion respectively, can be shown to be unique. Notgittlaé nonlinear systeril with NO = 0 is continuous
at the origin, any continuous model wi0 = 0 will imply a locally vanishing absolute errdgiNu— Guj|,,. On
the other hand, iN has finite gain, any finite-gain stable mo@&buarantees that the normalized error is bounded,
i.e. the error system has finite gain. These relations onge stww the complementarity of the derivative and the
companion.
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More specifically, one wants to find out whether linear cdigralesign is suitable despite
the nonlinear process behaviour.

In order to find an answer to this question, it might not bésient to quantify the nonlin-
earity of the input-output behaviour of the plant, due tofthilowing two reasons. Firstly,
it is not easy to judge from nonlinearity assessment of thatphlone whether the non-
linearity has a positive or negativétect on the closed loop. (One might, for instance,
assign the systems= -y — y3 + uandy = -y + y® + u the same degree of nonlinearity,
while their nonlinear terms have oppositéeets on closed loop stability.) Secondly, the
complexity of the control problem will in general depend b performance objective,
as has been demonstrated before [125, 127, 63, 59, 122]. x&orpée, the disturbance
attenuation problem may be mordittult for input disturbances than for output distur-
bances [59]. The performance criterion may render the abptoblem both, more or less
nonlinear. Stack and Doyle [125] give an example of a noalir@STR for which a linear
controller achieves satisfactory performance. Fullemshfor a double integrator with a
relay at the input that a linear controller performs almaswall as a nonlinear controller
[37]. By virtue of variable transformations, it is easy tegexamples that show that the
optimal controller for a nonlinear plant can even be lingaren a nonlinear performance
objective® But contributions in the literature show that such a sitwratioes not only occur
in academic examples. Luenberger [87] provides for ingamceconomic control prob-
lem, where nonlinear dynamics together with a nonlineaedbje lead to a linear optimal
control law. On the other hand, even linear models may requimonlinear controller, de-
pending on the performance criterion. For example in debeontrol, low Glucose levels
are more severe than higher Glucose levels, which resulia @msymmetric performance
criterion. As a result, nonlinear control will give a betprformance than linear control
even for a mildly nonlinear system [60]. Other examples faragions in which nonlin-
ear controllers may be superior to linear controllers, ewvepresence of a linear plant,
are L;-optimal control [129], or special cases of stabilizatidruncertain linear systems
[103, 11].

The aim of control-relevant nonlinearity assessment is touassess whether linear con-
trol is adequate with respect to closed loop stability andgomance. As closed-loop
performance is very éicult to evaluate, many authors tackle the problem indiyelyl
assessing the nonlinearity of a suitable controller. Adrobmelevant nonlinearity assess-
ment is done to avoid unnecessary nonlinear controllegdesi primary goal is to come
to conclusionsvithouthaving to design a nonlinear controller.

The notion of control-law nonlinearity was introduced byaget al. [46, 42]. They ac-
knowledge that the impact of plant nonlinearity on closeokl stability and performance
depends on the degree of nonlinearity of the process, tlgerand direction of operation
and the choice of controller. As the inverse process stetatg-map can be used to achieve

SConsider for example the nonlinear plant’ 12;2 + ﬁuB' and the non-quadratic integral performance

objectived = fooo y8 + 2y* + 2y? — 2y + UBdr. This problem is by the variable transformatibe y +y3, v = u® -y
equivalent to the problem=v, J = fom 72 + V?dr. The solution to the last problem is known to be: —z, from
which followsu® — y = —(y + y®) and finally the linear optimal control law= —y for the original problem.
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perfect set point tracking, it is analyzed by the curvatueasure in order to obtain a mea-
sure of control law nonlinearity. In [47, 42], the approadtir@ control law nonlinearity
measure is extended to a nonlinear interaction measureseqing a generalization of the
relative gain array (RGA)12]. A drawback of both methods is that they capture onljicta
effects and that they are defined only for stable systems.

Stack and Doyle [127] form the notion of control-relevanniigearity assessment, and
give an approach that takes the plant dynamics and the pwafare objective into ac-
count. In order to leave most flexibility with respect to thregfprmance criterion, they con-
sider the classical optimal control problem with integratfprmance criterion. In order
to circumvent the derivation of the exact solution for théroal state feedback controller,
the first order necessary conditions for optimal controM[182, 6, 15] are analyzed. It
is noted that this system of equations, termed the “Optin@it®| Structure”, contains
structural information about the optimal (state-feedbadutrol law. It is recognized that
analysis of the OCS will result in an upper bound of the optiowatrol law nonlinearity
[126]. While quantitative assessment of the OCS may thezdbe misleading, the ap-
proach proves to be useful for analytic analysis of someegystlasses. For nonlinear
processes with Hammerstein-structure, the OCS is of Wigperand it is shown in [127]
that the control-law becomes linear when the penalty onrobattion tends to infinity
(corresponding to a cautious control action). In [126] tkeersion of the OCS approach
to output feedback is tackled by combining the OCS and amdgitt KaLman filter (EKF).

In order to more accurately characterize the optimal coméne nonlinearity, the OCS
approach is further developed in [122, 113, 114, 123]. Whsturbances to the control
system are present only in form of non-zero initial condisiothere is no dierence be-
tween the optimal open-loop and the optimal closed-logjedtaries, and the trajectories
can be used for nonlinearity assessment of the optimal &eddlaw. A further advantage
of this technique is that the plant under consideration nmeaystable. Using this tech-
nique, it is shown in [123] that the control-relevant noeknity of a nonlinear continuous
stirred tank reactor (CSTR) corresponds to its open-logpimearity.

As nonlinear internal model controllers (NIMC, [30]) can 8erived easily, the NIMC
framework represents also a way for control-relevant mesliity assessment. In [62, 61],
the impact of performance requirements (in terms of theetldsop time constant) on con-
troller nonlinearity is examined. While the nonlinearitgasure of the IMC controller does
not depend on the variation of the time constant for the clamed Hammerstein example,
the controller for the Wiener system shows a growing noalittg with increasing perfor-
mance requirements. The tradf-between the use of linear control and performance is
also demonstrated in [128] for an example system of Hammiarsipe by assessing the
achievable performance for multiple local models.

The IMC framework can also be used to directly compare théopeance of linear and
nonlinear controllers. In [31], two measures of contrdkvant nonlinearity in terms of
performance are proposed. The first measure gives fferehce (in terms of weighted
incremental norm over set) between a linear control systémlimear controller and lin-

ear model and a nonlinear control system with linear coler@nd nonlinear plant. The
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second definition gives thefiierence between a linearly controlled nonlinear plant and a
nonlinearly controlled plant.

Hernjak [58] introduces a framework related to the probldémemeral model matching. In
model matching, the problem is to design a controller suahttie closed loop matches a
prescribed behaviour (see e.g. [55]). Based on this ideageheral form

, IH(C)¢ — H*|
inf su
CeC geEp [IH*&]]

for a nonlinearity measure is introduced in [58], wherandH* are the actual and desired
closed loop behaviour ar@is the set of linear stabilizing controllers. Thefdiulty in this
framework is to choose a feasild, or alternatively, to characterize the disparity between
the actual and desired closed loop behaviour for thermmdinearcontroller.

Pz(G,H") = (1.8)

Instead of analyzing the nonlinearity numerically in théirenregion of operation, the au-
thors in [45, 44, 43] attempt to quantify the sensitivity bétclosed loop performance to
process nonlinearity locally at the operating point. Theaatage of the approach is its
computational fficiency, as the needed local linearizations and optimarothkats are eas-
ily computed. Furthermore, unstable plants can be coreid€dn the other hand, conclu-
sions about a larger operating range af&alilt to obtain, and the proposed interpretation
of these measures as “performance sensitivity” seems aulisig.

It has been said that gain-based nonlinearity measuregiadesadvantage of only being
defined for stable nonlinear systems. With the help of thengetpic, a distance can also be
defined between two unstable systems [39]. This fact is us§tBR, 133, 131] to define
a nonlinearity measure for systems given in quasi-LPV @8ingarameter varying) form.
The nonlinearity measure is given by the maximaiap between local linear models. This
technique can also be used for deriving linear controllses pelow).

The approaches to control-relevant nonlinearity assassare as diverse as the meth-
ods for nonlinearity assessment of a plant. As yet, thereoigeiden way to decide
whether nonlinear controller design is necessary or baakfor a given control problem,
or whether a linear controller is adequate. But the disonsabove makes clear that there
may always be a tradeffdoetween controller complexity and control system perforoea

In this thesis, we are more interested in the way a linearrotbet can actually be derived
for a nonlinear system than in the theoretical performarage lgy using nonlinear control.
The topic of control-relevant nonlinearity assessmenuah svill therefore only appear as
one side-aspect.

Linear Control of Nonlinear Systems. If the control-relevant nonlinearity assessment
indicates that linear control is adequate, the next step gesign a linear controller for
the nonlinear system. In order to benefit from the precedmgimearity analysis, the
controller design procedure should satisfy two criteriasthy, the controller design should
not be much more involved than the controller design for edirsystem. It should at least
be much easier than a full nonlinear controller design, beea nonlinear controller design
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Is what we want to avoid. Secondly, the design procedureldlguarantee stability, and
ideally performance of the closed loop.

In order to guarantee closed loop stability, mainly threwlkiof techniques are used in the
literature: techniques based on small-gain argumenthnigges based on the passivity
property, and techniques involving Lyapunov functions. e ®mall-gain and passivity-
based techniques allow to guarantee stability already bgidering plant and controller
separately. In order to verify (asymptotic) stability of lased loop in state space form,
Lyapunov theory is often used. Stability results that amevdd using these techniques
usually guarantee stability not only for one specific givenlmear system, but for a family
of nonlinear systems, characterized by a positivity, gamLipschitz condition. Thus,
the controller design methods using these techniques dacimmobust control methods
that achieve robust stability for a whole class of nonlingaeertainties. It must be noted
that this approach includes a certain degreeasfservatism This still is the case if the
robustness condition reecessary and glicient because robust stability is always achieved
for awhole class of uncertainties. But we are only integsiestabilization of one specific
member of this class, and for this member, the conditionuwsgé onlysyficient Of
course, if all information about the nonlinearity is taketoi consideration, results can be
derived that are valid only for the given, known nonlineastsyn. The controller design
can then be tailor-made to the given system, and will theedbe usually better than using
robust control techniques. In fact, the conservatism imgisobust control techniques
Is the price to pay in order to have a simple controller stmectand design procedure.
This remark is valid for all linear controller design metkddr nonlinear systems that use
robustness results.

A classic setup for linear control of nonlinear systems is tlase of a linear dynamic
system in feedback configuration with a memoryless nontie&ament, often referred to
as the problem of absolute stability [1, 144, 145, 141, 23, Based on the classical
stability results, also synthesis techniques can be foaride literature, e.g. [85, 4]. One
particularly important type of static nonlinearity is inpgaturation, and many controller
design methods in this area are related to the techniqudssofude stability [83, 84, 68].

In order to analyze robust stability in presence of nonlingecertainties in a more general
setup than for linear dynamic systems interconnected toangass nonlinearities, one
can consider nonlinear state space systems of the form

= AXx+ Bu+ ¢(x, u) (1.9
y = Cx+y(xu).

By imposing diterent kinds of boundedness conditions, results can benglatdor prac-
tical global stabilization by state feedback [38] and outigedback [78]. Extensions of
similar approaches that also guarartegerformance of the closed loop are also available
[5, 139]. Global approaches as those mentioned above hawighdvantage of requiring
the nonlinearities to be linearly bounded, and practicateays often do not satisfy this
assumption. It may therefore be necessary to perform amalganalysis and controller
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design. Battilotti [7, 8] gives conditions for regional Bil&ability of systems of the form
(1.9) by state and output feedback in terms of Riccati eqoati

Easier conditions can be based on thfedent variants of the small-gain and contrac-
tion mapping (incremental-small-gain) principles. Fastance, using a nonlinear internal
model control structure, finite gain of the closed loop cagileranteed if(N — L)QJ|, < 1
with N the nonlinear process, a linear model, and® the IMC controller parameter that
has been chosen based on the linear model [31]. This resal$asvalid for a regional
controller design, the only disadvantage being that thefsetference signals can only be
indirectly specified.

Doyle et al. [29] show for the application of a nonlinear CSTR how the dinenethods
based on the concept of the structured singular value cartergized to performance
synthesis for nonlinear systems.

Controllers with simple structure make up the far majoritycontrol practice. There-
fore, one is interested in applying such controllers algarésence of nonlinear processes.
Morari [96] gives conditions for robust stability of lineeontrol systems with integral con-
trol based on the steady-state gain. One conclusion is|itiear integral control cannot
achieve set point tracking for nonlinear plants with inputltiplicity (i.e. sign change of
the steady state gain) [96]. However, if the nonlinear systeglobally exponentially sta-
ble for any steady-state input and if it has no output mudigés, the use of Pl control is
indeed possible [24]. For a given nonlinear system, propection of an integral linear
controller can also be shown using the bounding linear nsddein (1.4) [130]. The ques-
tion of (locally) optimal tuning of parameters for a genesahtroller with fixed structure
is addressed by Kazantzs$ al. [76]. Simple control structures may be theoretically well
justified and prove useful in practice, as the application of/PID control with proof of
stabilization for a nonlinear CSTR given in [88] demongsat

As for control-relevant nonlinearity assessment, therheboptimal control also provides

a possible approach to the design of linear controllers @mlinear systems. Optimal
trajectories for multiple initial conditions can be useddesign suboptimal linear state
feedback laws [109, 75, 115]. Although it has been demotesirdnat the resulting linear
controllers may perform almost as good as the optimal neationtroller [109, 75], no

stability or performance guarantees can be obtained.

If one allows a nonlinear adaptation of a parameter of a fstedkcture linear controller,
adaptive high-gain techniques can also be used for linemubfeedback for nonlinear
systems, as witnessed by the recent work in [105] and [16].

Rather heuristic approaches are the ones using multipld toodels. Gotet al. [40]
describe a general procedure how to design a linear coettibthultiple linear models are
given for the plant. The example of a fluidized catalytic &rag unit shows the practical
applicability, although no rigorous justification is givéor the approach. This is also
the case for the methods given by Tanal. [132, 133, 131]. For nonlinear systems
in quasi linear parameter varying (LPV) form, the maximajap between local linear
models is used in the loop-shaping design for the nominahlimodel. The idea in using



1.2. STRUCTURE AND CONTRIBUTIONS OF THE THESIS 13

quantitative feedback theory (QFT) for linear control ohhioear plants is to capture the
plant nonlinearity by linear uncertainties of the lineaandl and by output disturbances
[143]. However, as only a finite set of plants and disturbarex® considered, again no
stability and performance guarantees can be made.

As in the case of nonlinearity assessment, the primary coader the development of
linear controller design techniques for nonlinear systefifi$e to use a setting that allows
to treat general dynamic ingoutput-operators, and that allows to perform a synthesis fo
a specified region of operation. These two points will be tistirtttive features of our
approach as compared to the methods available in literature

1.2. Structure and Contributions of the Thesis

The goal of this thesis is to establish methods

(1) to assess the suitability of a given linear model for @gidonlinear system and
(2) to derive optimal linear models for this system, as well a
(3) to design controllers for a given nonlinear system basea given linear model.

Nonlinearity measures will be an important tool to tackle #bove challenges, and they
will prove to provide a rich and fruitful basis for furthervddopments. In particular, two
key features of the nonlinearity measures used here aree(ijoperator-theoretighput-
output frameworkthat constitutes a very general point of view, and (ii) tosgbility of
regional instead of local or global analysis. The literature revigag demonstrated the
complexity of the problems associated with our goals, amaiinot be expected that the
answers to all problems can be reduced to a single numbeimigwetance will be to have
a toolbox of compatible techniques, from which we can chdbsamost appropriate ones
for a given problem.

Given these premises, the main contributions of this thesishe following:

e We introduce a novel, unifying framework for nonlinearitysassment, for as-
sessment and derivation of linear models for nonlinearesyst and for linear
controller design for nonlinear systems. In particulag tferivation of an op-
timal linear model for a nonlinear system and the evaluatibits quality are
done using the same technique. Moreover, the quality indexeadily be used
for the subsequent controller design based on the lineaemod

e The framework is rigorously justified in a mathematical sgrgving the proof
of the validity of the definition of nonlinearity measuregarest linear models
(Section 3.2) and the relation of optimal models to operdéoivatives and state-
space linearizations (Section 3.3).

e We give results to evaluate gains and nonlinearity meag&esgions 3.4 to 3.6)
for special classes of systems, like systems with a giveadgtstate locus,
memoryless systems, and systems composed of linear anoheambubsys-
tems. Characterizations and the existence of the assddiatar models are
also given.
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e Conditions for the stable control of the nonlinear systemgidesign techniques
for linear saturated systems are given that are similar tbaaneasy to use as
techniques known from linear robust control theory (Sexgi4.1 and 4.2).

This thesis is structured as follows:

Chapter 2 briefly describes the the mathematical backgreumadnotation for all of the
subsequent studies.

Chapter 3 deals with the topics of nonlinearity assessnmehtarivation of linear models
for nonlinear systems. The general framework and a familgaflinearity measures is
introduced in Section 3.1. Each nonlinearity measure spoeds to an associated setup
to assess the model quality. The theoretical foundationeasribed above is discussed,
and the results for special system classes are given. Saightion system nonlinearity
given by harmonic analysis is pointed out, followed by soemarks on the computation
of nonlinearity measures and optimal linear models.

The controller design problem is then treated in Chapter #terAstating the problem, a
brief review of linear robust control principles is giverhdn, an analogue development is
given that leads to stability conditions and controllerigesgrocedures for all introduced
model error setups. The design of linear controllers forlinear systems with guaranteed
performance is beyond the scope of this work, but some resr@rkpossible approaches
are given in Section 4.3. At the end of the chapter, the apipiity of the method is shown
on a practically relevant CSTR model.

The thesis closes with conclusions and an outlook to futesearch in Chapter 5.

Preliminary versions of some of the results presented rardoe found in [116, 121, 120,
117, 119].



CHAPTER 2

Background and Notation

The purpose of this chapter is to introduce the basic mattieahaotions and background
information on signals and systems used throughout thisgh&hese definitions and facts
will be completed in later parts of the thesis where needed.

General Setup. In this thesis, the main focus will be on input-output prasrof dynamic
systems. Of course, in many practical applications, nealirsystems are given in state-
space form, and we will point out input-output propertiesstidte-space systems where
appropriate. But most of the time, we will more generallysider systems as mappings

U — Y from one signal spac@/ to another signal spacg¢. We will assume throughout
thatPO = 0. We want to emphasize that, if not otherwise stated, akldgments given in
this thesis are valid for vector valued signals and systeitismultiple inputs and multiple
outputs. The number of inputs is usually denotedhpythe number of outputs by, and
where needed the number of internal stateg.biy that context we also want to note that
we use the symbal| for the absolute value of a real number as well as for the vexton

in R", which will be taken as the Euclidean norm for all examplelsoAote that we will
use the notatio® : u € U — y € VY for the mappingP : U — Y that mapautoy. The
rest of this paragraph briefly recalls basic definitions amébin [140, 25, 136, 135], and
can be skipped by the reader who is familiar with them.

In this work, we will consider as signal spaces tiedesgue-spaceg that are defined to be

00 1
the sets of measurable functioms R* — R" for which ||ul|, = (fo |u(t)|pdt) P < oo for

1 < p < coand|lull, = esssup,|u(t)] < oo for p = oo respectively wher®* denotes the
set of non-negative real numbers. Note that by equivalehoerms inR" the Euclidean
norm can be substituted by any other norm in the definitioh@liebesgue spaces without
affecting them. For convenience we will drop the subscrigitify throughout, and we will
only write it out to avoid ambiguity or if a result is given thanly holds for a particulap.

Thetruncation y of a signalu is defined as

_Jout) fort<T
uT(t)_{ 0 fort>T

and theextended Lebesgue-spaces are defined as the sets of all measurable functions
u for whichur € Ly forall T > 0. The definition of the extended spaces allows to treat

15
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persistent and even unbounded signals. While extendeéspae linear spackbut they
are no normed spaces.

As remarked in [140], the definition of extended signal spdsan particular useful for
causal systems. A mappiig: Ly, — L is said to becausalif (Pu)r = (P(ur))y, i.e. if

two inputs are equal up to tinlg then so are the corresponding outputs. In the input-output
setting, a system is said to Hey()stableif for everyu € LY the output satisfieg= Pu € L}

and it is said to bé ,-stable with finite gair{or short: to have finite gain) if there exists a
finite constant such that|(Pu);|| < y |lur]| forallue L™, T > 0, or, equivalently, if the in-

pe
: _ IPYTH i i

duced operator norm (also called tyen) ||P|| = SURkeLm, ur 20750 [y 1S finite. A system
[|(Pu1—Pw)t |

is said to bdinite incremental gain stablié ||P||, = SURYy el Boun 1 #1270 * [[tag ]| |
and||PJ|, is called theincremental L;-gain of P. Note that ifPO = O then finite incre-
mental gain stability implies finite gain stabilityF||, > ||P|]). We recall that an operator
P : L — Lpe has finite (incremental) gain doy, if and only if it has finite (incremental)
gain onL e, and the respective gains are equal [140].

< o0

Gains over Sets.lIt is often not useful to consider the system gains for n@amsystems
as defined above, as those definitions allow for signals tigahat physically realizable
[99, 20]. In practical applications, signals are alwaydrreted in amplitude, energy or
power. Therefore, for a subsef C L, we define the,-gain of P overt{ ag

Pu
P = sup WP
vettur20T>0  |[UTll
and theincremental L,-gain of P overd{ as
it — I(Pw, — Pw)+l|
IPI%, = sup
uppetdug2up, 750 I[(UL — U2l

We will again drop the subscrigt when it is not ambiguous to do so. Whenever in the
following we give results that hold for a certain value wbnly, we will denote the cor-
responding (incremental) gain By, and||P||,, respectively. Note that the gains and
incremental gains ovel{ satisfy the scalar multiplication property of norms and ttien-

gle inequality, but they are in general no norms||B$* = 0 does not implyP = 0. We
will call two operatorsP; andP, identical onU if ||P; — P,|“ = 0, and sayP; is aperfect
modelfor P, on U (and vice versa). Gains of systems will play a very importaf in

1if the truncation of two signals has a bounded norm, alsortivetition of a superposition or multiple of these
signals is bounded.

2In the case that € U impliesur € U we can define the silt = {ur € L, : ue U, T > 0} to get the
identity

I(PU)l IPul
IPIY = sup ——1= sup —
vettur#07>0 UTIl  vewrpuzo U
and
”P”(L{ _ sup ”(Pul - PUZ)T” _ sup IPu - Pw|
AT = rT—————
P Ul,UzeflI,U1¢U2,T>O ||(u1 - u2)T” ul,UZG'UT,Ul#»Uz,T>O ||U]_ - U2||

These relationships show that we may consider elemented@anach spacds, instead of elements of the
extended spacds,e. This fact will be used at some points in this work.



2. BACKGROUND AND NOTATION 17

this work, as they allow not only to tell whether two systeragénan identical behaviour,
but they also allow to quantify how close their behaviouf théy are not identical.

In the sequel, we will frequently use the expressjos sup. % with a slight abuse
of notation as an equivalent to" = infT" = inf {y € Rla(X) < yb(X), VX € X} and both
expressions are defined toge= o if the setl” is empty. This definition thus allows us to
have a well-defined expression also in the da(s¢ = 0 for somex € X. Note that, using

this convention||P||¥ < oo and Oe U implies PO = 0.

The composition (series connection) of two opera®ys L], — LK. andP, : L¥, — L,
will be denoted byP, o P; = P,P; i u € Lg‘e — Py(P1u) € L?,e. With P we will denote
the setPU/ = {y € L1, :y = Puu e U} and for a given numbgy € R* we denote by
the sefpU = {puju € U}.

At this point, a remark concerning the usage of thiéedent signal and operator norms is
in order. In a mathematical sense, fir@orms lead to the definition of fierent signal sets,
and a signal irL,, is not necessarily contained in dférent sel,, p, # p.. While the
different structure of these sets may be of mathematical int@res) engineering context,
we are more often interested in the way how the system gaegquantified. This is due
to the fact that dterent control objectives can be associated withedent norms. For
instance, the_.,-gain of a system is a measure for the peak of the output sigivain the
peak of the input, whereas thg-gain represents the amplification or attenuation of the
energy or average power contained in a signal. Thereforghat follows we will not pay
so much attention on which signals are contained in which €einsequently, in many
situations we will assume that the input signals are elesnehthe signal seL., N Ly,

or L.e, Which is a subset of . for any p > 1. In particular, we will often consider sets
U(V) € LT, € L of input signals defined bg/(V) = {u € LT, : u(t) € V ¢ R™ for all

t > 0} (note that ifV is bounded, thefi{/(V) C LY).

Dissipation Theory and Gains of State-Space System®fissipation theory provides a
framework to relate input-output properties of nonlingatems to their state-space repre-
sentation (if there is one)

X(t) f (x(1), u(t)) (2.1)
y(t) h (x(t), u(®))

with u(t) € R™, x(t) € R* andy(t) € R". When considering those systems, we will
throughout assume zero initial conditions and without lolsgenerality thatf(0,0) = 0
andh(0,0) = 0. We will furthermore assume that for a given $ét the solution ofx(t)
andy(t) is defined for allu € U andt > 0. For a system given in state space form (2.1),
a finite gain can be characterized via dissipation ineqaalior p < c. The following
definitions and facts closely follow the exposition in [1334]. But in contrast to the
standard material, we give regional variants of the resulésder to characterize the gains
over sets. As a basic tool, we need the notion of dissipsgtivit

DerintTiON 2.1, A state space system of the form (2.1) is said tdibgipativeon X x V C
R*x R™ with respect to a supply rate: (u,y) € R"xR" — s e R if there exists a storage
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functionS : R? — R* such that for alu

S (X(T)) — S(x(0)) < fo ' s(u(t),y(t)dt forall T > 0. (2.2)

Equation (2.2) is called an integral dissipation ineqyalitf the storage functior§ is
continuously diferentiable,S € C!, then the dissipation inequality can be written in its
differential form

S= Z—if (x(t), u(t)) < s(u(t), y(t)) for all x(t) € X, u(t) € V. (2.3)

This last form is much easier to verify, as the solution of shete space system does not
need to be known. Under the condition of zero initial cordfifithe connection between
dissipativity and finite gain on a s@{(V) = {u € LY, : u(t) € VVT > 0} can be established
as follows [135].

ProrosiTion 2.2. Let a nonlinear operator be given by the state-space sys2ehj. (Then
IPI¥™ < oo if and only if there is ay > 0 and a set X, invariant under the condition
x(0) = 0and Ut) € V, such that the state-space system is dissipative @ V/>C R* x R™
with respect to the supply rate

S(U, y) = yp |u|p - |y|p
and admits a storage function with(® = 0. Furthermore,||P|[X") is the largest lower
bound of all suchy.

The connection given above will turn out to be useful latedétermine the gain over set
of a system that is given in state-space form.

Although our main focus is on input-output properties of Ingear systems, itis interesting
to known that finite gain stability implies asymptotic stébiof a state-space system. The
equivalence of local exponential stability and input-autptability for small-amplitude
and small-in-the-norm signals are given in [138, 19]. As wesider most of the time
systems that are driven with inputs in a certain set, it istdriest to consider stability on
the region of the state space that is reachable under thpstsinA connection between
input-output stability and asymptotic stability is givepthe following regional version of
a result given in [135].

ProrosiTion 2.3. Consider a zero-state detectable state-space system (2.1 system
for which x - 0 whenever y— 0 and u= 0. Let the system admit a positive definite
C! storage function $) to the supply rate (8I,y) = y°|u]® — |y|° on the invariant set X
under yt) € V and X0) = 0. If X is unbounded, we furthermore require that S be radially
unbounded. Then x 0is an asymptotically stable equilibrium &f= f(x, 0) and the level
sets{S(x) < ¢} € X are contained in its region of attraction.

The last relationship justifies the use of the input-outpagda approach even in cases
where one might want to require asymptotic stability.



CHAPTER 3

Nonlinearity Measures and Linear Models for
Nonlinear Systems

This chapter is devoted to the introduction and theorefmahdation of a unifying frame-
work for nonlinearity measures, model assessment, andrimedeling of nonlinear sys-
tems. First, we motivate and defingtdrent nonlinearity measures. It is shown how these
nonlinearity measures naturally characterize best limadels and how they give rise
to general model quality indices. Some first properties efribnlinearity measures are
shown before we study the well-posedness of the proposeuitdefs in Section 3.2. It

Is of course of interest to ask how the nonlinearity measareklocal linearizations of
state-space systems and derivatives of the corresponpergtors are related. These ques-
tions are answered in Section 3.3. After verifying that thesen setup is well justified,
we take advantage of the special structural properties aiongdess systems and systems
exhibiting a certain steady-state behaviour to deriveydicatesults concerning the best
linear models and nonlinearity measures of those systerSeations 3.4 and 3.5. Lin-
ear models and upper bounds on the nonlinearity measuresmgiasite systems such as
systems of Hammerstein and Wiener structure are given itidde®.6, before we extend
the well-known [2] results on nonlinearity assessment bynomic analysis. The chapter
closes with the consideration of computational methods.

3.1. A Unified Framework for Nonlinearity Assessment

Nonlinearity measures have been introduced in the litezatuorder to quantify the ac-
curacy of linear models for nonlinear systems. In most iquiput approaches to nonlin-
earity assessment, the output ereet Nu— Gu, i.e. the diference between the nonlinear
process outpuwy = Nu and the outpuy = Gu of a linear model plays a central role, see
also the discussion in the introduction, Section 1.1. A camrapproach is to quantify
how small the gain of the corresponding error systghh- G||, can be made by a suitable
choice of the linear modé&b. As mentioned in the introduction, it is often not useful &sp
form a global analysis of nonlinear systems. In order to @tt@rize an operating regime
for the nonlinear system, the error gain can be considered over a certaifiéef admis-
sible input signals only. Then the known definition of a noeérity measure [26, 2, 116]

19
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Ficure 3.1. Different interpretations of the nonlinearity measure
¢;‘(E’N = iNfgegm, [IN — G||“: (a) as the distance of the nonlinear system
N from the set of linear systeng,,, and (b) as the minimal gain of
the (nonlinear) error system that corresponds to a linear mods)
such thaiN = G + A.

is obtained as

. Nu-Gu .
= inf  sup I(Nu=GUrll _ ¢ IN - G||“ (3.1)
GEGmn uet/,T>0 llurl GeGmn
whereN : U C LT, — L is a causal, finite-gain stable (@#) mapping. The symb@mh
denotes a set of linear causal transfer operators, andeulidrtussed in greater detail later
in this section. A linear modéb* is called a best linear model if the minimum is achieved
by G*, i.e. IN = G*|¥ = infaeg,, IN — G| [26, 94]. Moreovergt , can be interpreted

as the distanceof the elemenN from the seGn,, of linear systems, see Fig. 3.1a).

u
PAEN

The distance-from-set interpretation of the nonlineanitgasure is very interesting and
important in order to see the mathematical structure ofdéimition. However, we want to
point out a diferent, system-theoretic interpretation, namely the sintyl of this definition
to the typical setups in linear robust control. The expssi (3.1) can also be interpreted
as the gain of an error systemn= N — G*, where the nonlinear procebs= G* + Aisa
parallel connection of its (best) nominal linear mo@éland an error term, see Fig. 3.1b).
As the definition ofA corresponds to an additive error, we will from now on call il
known nonlinearity measure in (3.1) tlaelditive error nonlinearity measurAE-NLM)

of NonuU.

A similar, relative-error like nonlinearity measure is aipied if the norm of the error sig-
nal is normalized by the output of the nonlinear system awbtef its input [2, 57]. The

Lin fact, the set of finite-gain stable (not necessarily Imeaappings together with the system gain as a norm
is a Banach space [140]. The same is true when the gafftf @ used as norm and two systems are considered
identical when they are identical cff , so the expressiod(Nz, N2) = |[N; — N,||¥ defines a distance. The set
Gmn Of linear operators is a subset of this Banach space, mooisplgit is a linear subspace, and the distance of
N from Gmn is given byd(Gmn, N) = infeegnn d(G, N) = infeegm, IN - G||'¥. Note that, as no inner product is
defined for general nonlinear operators, projection mettgashnot be used to characterize (i.e. examine existence
and uniqueness of) a best linear moGé|
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Ficure 3.2. Representation of a general nonlinear sydteas the in-
terconnection of a nominal linear mod@&l and a nonlinear inverse
multiplicative output erron. The nonlinearity measugs, . ,, from
eg. (3.2) can be interpreted as the minimal gain of

corresponding nonlinearity measure reads

A

. I(Nu—Gu)rl|
inf sup ——.
GeGmn ue‘L[,Tp>O I(NU)]]

This second nonlinearity measure can also be interpretdteagain of an error system,
where the real plari¥l is represented by an interconnectiom\and a nominal linear model
G*. From the definition in (3.2) it becomes apparent that th@utusf the systenh must

be Nu— Guand its input iSNu. This setup corresponds to the interconnection depicted in
Fig. 3.2, which we will refer to as the inverse multiplicaigutput error setup. We there-
fore call the quantity defined by (3.2) tieverse multiplicative output error nonlinearity
measurgIMOE-NLM) of N onU.

(3.2)

U
¢IMOE,N

Similar definitions can be also posed for other interconaecditructures of the nominal
linear modelG and the error termA. A collection of interconnections together with the
corresponding definitions of the nonlinearity measuresvsrgin Fig. 3.3. The common
setup for all measures is the following. For a given lineadel@, an error system is
defined such that the interconnectior®&ndA reproduces the behaviour of the nonlinear
systemN. An index for the quality of the mod& is given by the gain of the error system
IAIIX, whereX is the set of signals that may occur as inputAtowhenu is restricted
to the given set of admissible inpufg. Both, A and X depend on the chosen type of
interconnection. A linear model is called an optimal, ortbisear model, if it minimizes
this error. This minimal error gain

N =Gt 1Al (3.3)
corresponds to the quality index of the best linear model,isat the same time a measure
for the nonlinearity of the process.

The expressions of the nonlinearity measures are definechimal mappingsdl having
finite gain on?{. They can also be well-defined in some cases for unstdlgtensider for
example the trivial case of an unstable linear system).igwibork, however, we will, with
few exceptions, restrict ourselves to stable systems wittefgain.
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d)
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,,,,,,,,,,,,,,,,,,,

Additive error

| A | nonlinearity measure (AE-NLM)
u i [ : ac ¥ ! 3 Y ¢%\IEN 2 inf sup w
e ' GeGmn uew,T>0 llurl
A = N-G

. Multiplicative output error

| R nonlinearity measure (MOE-NLM)

| | . Nu-— Gu);||
u J Tl Ly ¢“L( 2 inf  sup ”(—T

G+V MOEN GeGmnyerr 750 I(GU)1|

A = NG*'-I

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, Inverse multiplicative output error

| ‘[ a 3 nonlinearity measure (IMOE-NLM)

| | . Nu- Gu){||
“ o il ol = inf sup I(NU = Gu)r i

e IMOEN GeGma et 10 [I((NUT]

A = |-GN?
Multiplicative input error

N e nonlinearity measure (MIE-NLM)

1 -1

: | p— . o |
L oo Lt gl = inf sup

,,,,,,,,,,,,,,,, T MIEN G legIV(NU) uel,T>0 [lur]|

A = GIN-I
Inverse multiplicative input error
777777 o nonlinearity measure (IMIE-NLM)

| A !
D . 1
u ' U ! Y U
> G PimiEN

= inf

(e ) |

¢ ‘ . sup
N GlegMhNt) uen >0 |[(GINU)||
A = I-N'G
Feedback error
R e nonlinearity measure (FE-NLM)

L G INu-u
Lt —* $fen = inf  sup I ]
A ’ GlegmNw e 750 [((NU)T|

A = G'-N"

Ficure 3.3. Different possible representations of a general nonlinear
systemN as the interconnection of a nominal linear moGeand an
error system\, together with the definitions of the corresponding non-
linearity measures and the informal definitions of the esy@mtems.
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All nonlinearity measures are by definition bounded belowzbyo. Also, some trivial
upper bounds can be given.

ProposiTion 3.1. Assume the system:NI/ C L, — Li, is finite gain stable ortd. Then
the following statements are true:

(i) ¢AEN < ¢|MOEN ”N”(H

(i) SRen SINIY, glhoen <1

(“I) ¢MIEN - 1 ¢MOEN <1

(iv) If ¢iiie v IS finite, thermp, 2 < 1.

(v) Punen < Pren - INIY.

Proor. (i) Itis easy to see that
I(Nu-Gu|l _ I((Nu-Gu)|| Ilurl| S 1 I((Nu—Gu)||
ver 750 [[(NU)T]] UeU.T>0 llur]| IINUI — [INIY wezr >0 llur]|

and the relationship/y, e \ = ¢4& \/ INJI“ follows.

(ii) By considering a sequence of syste@se Gmn with |G| — 0 we have¢AEN

IA

INI™, ¢loen < 1.
(iii) The inequality
G INu- GIN
sup H( u U)TH <1+ sup H( U)TH <1+ ”G_1”NW”N”'U
U, T>0 U]l ver 750 Ut

proves the bound,. , < 1 by letting|[G2[|"" — 0. The bounds¥%. , < 1 follows by

I(Nu— G| NG e ﬂ( . ||(Gu)T||)‘
sup —— <1+ su < N
o O TS D i TGu = T INI o T

and considering linear models with arbitrarily large “nmiail gain” inf,cq; 150 ”(ﬁj‘fﬂ” .

(iv) For the next result, suppose there i6d € G WNTU) with

fomo-]

=M
wrtio [[(GENU | =

(if there isn't, there is nothing to prove). Then

G INu-u
M= sup H( )TH > s _ el
UeU,T>0 ||(G‘1N U)T” uel,T>0 ||(G‘1NU)T||
and by linearity of the spaggmn there is &67* = pG™* € g (NU) for anyp > 0 and
G INu-u
ap I L O Y B ea

U, T>0 H(G—lNu)TH U, T>0 ||(pG—1N u)T|| B P
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-1 _
As p can be arbitrarily large, the infimum over sup., li(enu-u) | < M < co must be

(G Nu) |l
less or equal to one.
(v) The relationgfe > ¢,/ INI[* follows from
-1 -1
[t IS (Rl (T
sup = sup
ueU,T>0 ”(NU)T” ue, T>0 ”uT” ”(NU)T”
-1
|(eNu-y),|
INIY vewsT>0 llur ]
and the proof is complete. O

The given bounds can be interpreted in the way that all queddices corresponding to
a multiplicative interconnection structure give some kofdelative error, and that it is
always possible to choose a linear model such that thisvelatror does not exceed 100%.
In the additive error setup, one can form the relative epf\gyN/ IN|¥ from the AE-NLM
and the gain of the systei, and this relative error will always be smaller than the IMOE
NLM. For the feedback error setup, no such interpretationlmagiven, and the measure
is also not guaranteed to be bounded.

Classes of linear systemsAt this point, we want to address the class of linear models we
are considering in greater detail. It is important to keemind that the goal is to derive

a linear model for a nonlinear system in order to reduce thepbexity of the model. We
will therefore most of the time deal with the ¥gt,,, of causal linear time-invariant finite-
dimensional systems : Lij, — L, given by

X(t) = AxX{t)+ But) (3.4)
y(t) = Cxt)+ Du(t)
with u(t) € R™, x(t) € R?, y(t) € R", and according dimensions of the real matriée$,
C andD. For three of the setups, inverses of linear systems appéehe idefinition of the
nonlinearity measures. This set of inverses of operatoginis defined by
G () = {G-l §ed cLl—uelmAG: ¥ c GLT andy= Guforallue Lfge}.
This last definition is done this way in order to have for e@ch € i?yn(E/) aG € Gmn
such thatG~1G is the identity onV.

But the basic definitions would also be possible for genemakal linear infinite-dimen-
sional or time-varying systems. To choose a class of tinmgiwg linear systems might
for instance be an advantage for linear modeling of trangarbatch) processes. We will
however concentrate on the class of systems (3.4), givingeduints on generalizations
where possible. Thus, if the nonlinearity measures are tmetime-variant (linear or
nonlinear) systems, not only nonlinearity is quantified bg teasures, but also time-
variance.
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Moreover, the following proposition shows that in approatmg stable nonlinear systems,
unstable linear models are not superior to stable linearetsod

ProposiTion 3.2. Assume the system:NU/ C L7, — L, is finite gain stable or?/. Then
the following statements are true:

(i) The values o3¢\, and ¢}},,c  do not change when the g, is replaced by
the seG € Gmn : IIGII* < 2|INI™}.

il The value ofgp¥ does not change if the sét,,, is replaced by the sdG €
L IMIE,N
Gmn : IIGIS ™ < 2|INJI™).

(i)  The values ofp}; . v, ¢roen @and ¢re  do not change when the sgty, is re-

placed by the se{G € Gmn 1 IIGII¥ < oo}.

Proor. (i) For anyG with ||G]|% > 2|IN]|¥ we have that|N - G||“ > |IN||¥. But from
Proposition 3.1, we know thaﬁtﬁ’E,N < |IN|“, and we need not to consider systems with

IGI™ > 2|IN||“ for the AE-NLM. In a similar way, if|G||“ > 2|IN||“ we can see that

I(Nu~- Gu){|| S IGu)sll 1> IGIIY
ver7>0  II(NUTIl  wearmso IINU)l N

which shows that we need only to consider models Wa&h" < 2||N||“ for the IMOE-
NLM. Note that this last development used a somewhat slogpstion (which we will
keep up in the following for readability). A more precise wayshow the inequality is the
following. Remember that witly = SUR..q; 7+ ”(Tf(‘,’\l‘j:)lf” we mean thay = inf{y e R:
I((Nu=GU[l < yI(NUrll,ue U, T >0} But](NU)ll - [(GU)|l < [I(Nu-Gu)|l and
IINU+]l < [INI[¥ ||lur]| for all u € U and T > 0 by definition of|[N|| show that|(Gu);|| <
(1 + ) IN]“|jur|l. Hence, by definition ofG||” we have|G||¥ < (1 + ) IN||“, and finally
y > Lif |G| > 2|IN|[¥,

(i) If IGIC N > 2|IN|[“ we have

|(6*Nu-u) | lurll Nl IGIST
" ueutso IINULI[[(GINU), ||~ INg™

uei(l:lTEO ||(G‘l Nu); ||

and if the infimum is finite, it is also achieved byza® e ‘,{‘Q;,(N(Ll) for which ||G||G_lNﬂ <
2INJ™.

(iii) If G is not finite gain stable ofé/, then for anyy > 0 there arai € U, T > 0 such that
IGU)rll > v llur|l and thus

I(Nu=Gull o INWell Nl N
G~ G T IGUA Ty
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and the supremum overe U, T > 0 can not be less than one (MOE setup). In the same
way for anyy > 0 there arg/ € NU, T > 0 such thatlyr|| > y ”(G‘ly)TH and thus

e nu-w) ]| e e
el T el

and thus considering only stable models does not imply adbggnerality in the MIE
setup. Finally, ifG is not finite gain stable ofi{, then for anyy > O there argy € NU, T >

0 such thatlyr|| > y H(G‘ly)T”. Then, for anyy > 0

[Comato IR M (e IR (0

sup

Uel,T>0 I(NU)<|] “uen >0 IINUTIl wewrTs0 IIINUIL  werm>0 (INUSIl
(G *Nu-u)|| el .
and thus supy; 1.0 “ o = 2 suple%non(w. If the last expression is unbounded,
. . u
there is nothing more to prove. If sup, 1o jg < © then
U H(G‘lNu - U)TH
) = inf sup
FEN GlegMNtyuerr7>0  [I(NU)+l
-1 _
_ : H(G Nu u)TH llurl|
= inf sup
GLeGM (NU) uetd,T>0 [lur ] INU)+l
-1
u _ ” G™Nu-u ”
< sup MICLE inf sup ( )
UeU,T>0 ”(N U)T” GlegPV (NU) ue,T>0 U |l

lI(U)7]] [[(O]
< oH su < su
e ue’u,TEO IINU)TIl ~ vearTso (NI

shows that unstable models are not better suited than siabkein the FE setup and the
proof is complete. |

As a consequence of the above proposition, we can in theafioigpalways restricGmn
to include only stable linear systems without loss of gdlitgraln particular in the AE,
IMOE and IMIE setups, we need only to consider systems whaseig at most 4N||“,
rendering the search for optimal linear models easier.

Summary and Discussion.This section introduced model quality indices and nonlinea
ity measures. These measures correspond to the gains ofsgatemsA, if the given
nonlinear systenN is represented as the interconnection of a (best) nommedutimodel
G (or G*) andA. As class of linear systems, we consider time-invariargdmsystems
that are equivalent to a state-space form, i.e. that arecalgsal and finite-dimensional.
We have moreover shown that we do not need to consider uadtabar models, as the
nonlinear systenN is also assumed to be stable.
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At a first glance, the introduction of flierent setups seems to be a disadvantage, but it
will become clear in later parts of the thesis that the preseof diferent tools allows

to pick the most useful one, depending on a priori known syst&ucture, a possible
control objective, or based on the computationéidilty. Moreover, four of the measures
correspond to relative errors, allowing a particularlyitive interpretation. Thus, the most
suited setup can be chosen in face of a particular applitatio

3.2. Well-Posedness of Interconnections and Existence of& Models

It is not guaranteed under all circumstances that therdseais optimal nominal linear
modelG* and an error termh such that the given interconnection exactly returns the be-
haviour of the nonlinear plaritl. Firstly, there is no guarantee that the infimum in the
definition of the nonlinearity measures is actually attdibg a member of clagg or g™
respectively. Moreover, the error modebr the interconnection might not be well-defined.

Well-posedness of interconnectionsWe will first consider the question: Given@ €
Gmn, under which conditions one can define the systersuch that the interconnection is
well-posed and that its input-output behaviour is equaN®

For the additive error nonlinearity measure, the definitbm : ue U C L, — e =
Nu-Gu € Ly, is possible foran\ : U c L, — Lj.andG € Gmp, and the interconnection
y = Gu+ Auis well-posed and results in= Nu. This implies also that & € G, can be
given that achieves the modeling error giver‘xﬁﬂ,N up to an arbitrarily small number.

In order to discuss the question of well-posedness for theranterconnections and non-
linearity measures, we will need to use inverses of systelros. mappings that are not
one-to-one and onto, twoftierent inverses can be defined. From a system-theoretic view,
the left-inverse is equivalent to a filter, that reconstsube input of a system based solely
on the information of its output. This is possible if and oiflthe corresponding mapping
IS one-to-one (injective). The second type of inverse igitjia-inverse. It corresponds to
an open-loop controller that generates a (not necessauidyia) input signal, such that the
plant output tracks a given reference signal. The trackioglpm has a solution if and only
if the signal to be tracked lies in the image of the mappingeaegnting the plant. It can be
solved for a whole class of desired outputs if and only if tregoping is surjective to the set
of admissible reference signals. Both types of inverseg aleole for the well-posedness
of the interconnections.

ExampLe. In order to clarify ideas, consider the examples of thacsliaear mappings

(w5 D)) e (2 )=(3)e o=t 2y

where all variables are scalar. It is easy to see that mapp)ng both, injective and
surjective ontdR?. Mapping B) is injective, i.e. from the knowledge of the autty; y»)"
the input is given by = y; = 0.5y,. However, it is not surjective ontR?, as only outputs

2Well—posedness, as it is used here, means that the opecptatians of the interconnection have a unique
solution.
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with y; = 0.5y, can be generated, and the inverse is not defined everywhRre Mapping
C) finally is not injective, but surjective onfR. The family of right-inverses is given by
U = 4, U = y— 24, whered may depend or. Interestingly, there are not only multiple
right-inverses, but all but one of them are nonlinear maggirirhe analogous properties
for dynamic operators can be seen by considering their rangdernel. |

In the following we give conditions for well-posedness fthio@ithe interconnection setups.
We start out with the multiplicative output error nonlinkgameasure, for which we require
N not to have more inputs than outputs in order to make a gesetgment.

Proposrrion 3.3 (Well-posedness of MOE setuplet N @ U c LT, — Ly, be a causal,
finite-gain stable mapping with m n and let Ge G, beinjective over U. Then there
exists an error system such that the interconnection in Fig. 3.3b) is well-defined ¢he
corresponding input-output operator is equal to N. Moraptiee gain ofA with respect to
all signals occurring in the interconnection fora, i.e. the MOE model quality index,

; GU _ I(Nu-Gu)1]|
IS[AIIPY = SURew/T-0 “Gay

Proor. AsG € G, is injective, we can define the error systemias NG - | whereG
is the (possibly unstable) left-inverse®f The corresponding interconnection is obviously
well-posed ang/ = (I + A)Gu = Nu. Furthermore, we can write syp, .o 0reodtl -

I(NG"15-9)+ || IGUT
NG 19-9);
SuR}eG‘L{,T>O 157 1 . O

We could also drop the requirementraf< n (it was not used in the proof). However, in
most meaningful cases, this condition is implied by inpttiof G on?/. So we mentioned

it for the sake of clarity. This remark will be valid for the ecgoming results in a similar
way. Note also thaG~*, and hence\, are not necessarily stableNeverthelessA (and

the interconnection) have finite gaom /. This makes sense, as we are not interested in
some kind of internal stability, but only in well-posedne€sir goal is not taealize Nas

the interconnection d& andA, but only torepresentt that way. We go on with this idea

in mind and derive a similar result for the inverse multiptige output error nonlinearity
measure, where we first require the nonlinear operator tefbénlertible (injective):

Proposrrion 3.4 (Well-posedness of IMOE setup)et N: U C L, — L, be aninjective
causal and finite-gain stable mapping withamn and let Ge G, beinjective over U.
Then there exists an error systeinsuch that the interconnection in Fig. 3.3c) is well-
defined and the corresponding input-output operator is €tqual. Moreover, the gain of
A with respect to all signals occurring in the interconneatio.e. the IMOE model quality

. . NU Nu-Gu
mdex, |S||A|| = SURJE'L(,T>O ||(||(Nu)T?|T”

3AIthoughG‘1 may be impropeiG! andA are causal a6 andN are assumed to contain no dead-time.
4For conditions for invertibility of nonlinear input-outpoperator given in state-space form, see [67, 66].
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Proor. As N is injective on, it has a well-defined left-inversd—! on N7/. Define

A =1 — GN~! and consider the equations of the interconnection
y+Ay =y
y = Gu

or equivalentlyG (u- N-1y) = 0. Clearly, asN is a single-valued magy = Nuis the

unigue solution ofu — N~y = 0. By injectivity of G, it is also the unique solution of

- Nu-G j-GN 1y
G (u—-Nty) = 0. Furthermore, we have syp, .o i3 = SUBena/ 70 W

O

We can remove the assumption about the injectivitiNdby allowing A to be a relation
instead of a mapping.

In some parts of the thesis it will be necessary to considatioas on signal sets instead
of mappings. A relatiorR C L7, x L}, represents the generalization of a nonlinear map-
ping in the sense that its output does not need to be uniqud. [13 fact, a relation just
puts constraints on its ports, and strictly spoken the pmatsiot be separated into input
and output any more. However, we will always have two pont® corresponding to an
input, and one corresponding to a non-unique output. The gai{ of a relation is then
accordingly defined as

u llyrll
IRI" = sup ——
(uy)eRUeU, T>0 ||UT||

and its incremental gain of¥ as

(Y1 = ¥2)
IRIY = sup 10—y
(u1,y1),(U2,y2)eRU1,upeU, T>0 ”(Ul - UZ)T”

We then define the modeling error as
A={(y.€) e Lhx LpJIue U :y=Nu=Gu+e
and the feedback part of the interconnection becomes

(=8 ={FY) € Lpex Lipdy = +e (y,6) € A}

Now, for anyy € GU, there is a (unique, by injectivity @&) u € U with § = Gu. Hence,
there is a unique pafily, €) € A such thaty = Gu+ e = Nu(asN andG are single-valued)
and(l —A)™? : § » y = NG ¥ is a single-valued mapping. Moreover, the gainAof
satisfieglA|"Y = su lerll — gy INu-Guhr

Ry,e)eA,yeN"u,T>0 IyTl Riewm>0 IINWTII
In a similar manner, well-posedness is shown next for theratbtups. Readers only inter-
ested in a summary of the results may therefore directly gbae@nd of this subsection.

The case of the multiplicative input error nonlinearity @ can be treated next in a
straightforward manner for systems with at least as manyteas outputs.
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Proposiion 3.5 (Well-posedness of MIE setup).et N : U c Ly, — L, be a causal,
finite-gain stable mapping with m n and let the operator G G, be surjectiveto NU.
Then there exists an error systeinsuch that the interconnection in Fig. 3.3d) is well-
defined and the corresponding input-output operator is €tqual. Moreover, the gain of

A with respect to all signals occurring in the interconneatid.e. the MIE model quality

. . u _ [1(GNu-u). ||
index, isllAI™ = SUR,q; 150 IV R

Proor. As G is surjective toN, there is a right-invers&— ¢ gi,;‘L‘{](N(LI) such that the
error systemA = G™IN — | is well-defined orZ{. The interconnection is obviously well-
posed, ang = G(I + A)u = Nu. The statement on the gain is true by definition of the

gain onU. |

Note that surjectivity of5 on NU implies for instance thab may not have a higher rel-
ative degree thahl. Moreover, the model quality index as given in Propositidni8 not
necessarily uniquely defined, because the right inverse doeneed to be unique. This
defect can however be remedied by taking the minimum oveiggit-inverses.

The case of the inverse multiplicative input error setupgaim a little bit more sophisti-
cated, and in addition tm > n we requireN to be left-invertible in a first step, in order to
relax it again later.

Proposition 3.6 (Well-posedness of IMIE setup)et N: U C L5, — L, be aninjective
causal and finite-gain stable mappingm and let the operator & G, beinjective and
surjective(one-to-one and onto) frorf¥ to NZ. Then there exists an error systensuch
that the interconnection in Fig. 3.3e) is well-defined and tiorresponding input-output
operator is equal to N. Moreover, the gainsfwith respect to all signals occurring in the

. . . . . . Gleru _ ||(G_1NU—U)T||
interconnection, i.e. the IMIE model quality index||i§| = SUR,cq/ 750 e[| -

Proor. The systenN is injective onZ{ and therefore it has a well-defined left-invet¢e

on NU. DefineA = | — N~1G and consider the equations of the interconnection
0 = u+Al
y = Gi.

The first equation yields = N~1G(i, the unique solution of which is= G*Nu(N-tisin-
jective asN is single-valuedG— can be applied as it is defined bii{ and it is unique a&

e . . . G INu-
is injective). The second equation giwes Nuand we can write syp;, 1-o ”|(| G_lltl’u“)h” =
’ T
[1(@-N"*Gt) ||
SURieG-1Nw.T>0 ol : o

We can remove the assumption about the injectivitN@&ndG again by allowingA to be
a relation. We choose a right inverGe! of G and define

A={(fe) e LhxLiu=G"N@-e),
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so the feedback part is
(I —A)" ={(u) e Lpx Lpfi=u+e(le)eAl

FromUd - e = u,(0,€) € A follows i = G 'Nu, which corresponds to a single-valued
mapping, and finally = Gii = Nu. Furthermore||A|® ™ = sufg g sec-tnaTo0 Lk =
[I[(G*Nu-u)|]

SURIE‘L(,T>0 ||(G—1Nu;T|| :

Finally, we consider the case of a feedback error system.

Proposrrion 3.7 (Well-posedness of FE setuglet N @ U C Ly, — Ly, be aninjective
causal and finite-gain stable mappingm and let the operator &G G, beinjective and
surjective(one-to-one and onto) frorf¥ to NZ{. Then there exists an error systensuch
that the interconnection in Fig. 3.3f) is well-defined ané torresponding input-output

operator is equal to N. Moreover, the gainsfwith respect to all signals occurring in the

(G Nu-u) || _

interconnection, i.e. the FE model quality index|jA8/"” = sup..q; -0 TNOT

Proor. The systenN is injective on?/ and therefore it has a well-defined inveise' on
N/, and the same applies f@; as it is one-to-one and ontdZ{. DefineA = G* — N!
and consider the equations of the interconnection

~

U0 = Ay+u
y = Gi.

Substituting the second equation in the first yialds (G‘l - N‘l)GG + uand thusu =

N-1G, the unique solution of which is = G-*Nu (N~ is injective asN is single-valued),

, G INu-u G ly-N1
ory = Nu. Furthermore we can write S, 1-o W = SURene/T>0 ”T—”y)T”

O

We can again remove the assumption about the injectivity ahdG by allowingA to be
a relation. We choose a right inverGe! of G and define

A={(y.€) € Lpx Lily=Nue=G'Nu-uueu}.
The feedback interconnection is
(1-GA) G = {5, ) € Lo X LTy = G(u+ ), (v, €) € A
and fromy = G(u + €), (y,e) € A follows y = Nu, which corresponds to a single-valued

- NU _ lerll _ [[(G~INu-u) |
mapplng. FurthermorQﬂAH - SuRy,e)eA,yeN(L(,T>0 ”yT_” - SupJe(L(’T>0 ||(NU)T|| T .

The above studies show that the AE, MOE, and IMOE setups wagyalwell-defined ifc

Is injective (left-invertible) ont{, which usually requiresn < n. On the other hand, the
MIE, IMIE and FE setups requir& to be surjective (right-invertible) oNZ{/, which will

in general only be the case far< m. Note that these results concern the validity of the
model quality indeX|A||¥. It has yet to be verified that the definitions of the nonliitgar
measures and best linear models are also justified.
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Well-posedness of nonlinearity measuresin the last paragraph, conditions for the six
different setups were derived in order to guarantee that the grstemA and the model
quality index||A||* can be properly defined. Assume the nonlinearity meagffref a
nonlinear plant in one of the error model setups (interconoe structures) is known. The
guestion we want to address now is: Given any arbitrarilylsmanbere > 0, is there a
linear modelG such that|A|l¥ < qﬁﬁ,’ + £? l.e. can the value of the nonlinearity measure
be approximated arbitrarily well by the quality index of adar model that guarantees
well-posedness of the interconnection and the error syatem

The answer to this question is “yes” for all of the intercoctien structures.

For the additive error (AE) setup, the answer is obvioushastror model and intercon-
nection are always well defined, i.e. for the choice of @y Gn,n. For the MIE, IMIE and
FE setups, the answer is also easy to see. Take as exampléElstdp and nonlinearity
measure. By definition of the sgt?l‘g(Nfu), the choice of &7 € '”‘;(N(LI) implies that
there is aG € Gmpn that is surjective toNU. As surjectivity is (necessary and)fBaient
for the interconnection and error model to be well-definbdré is nothing more to prove.
The same reasoning holds for the IMIE and FE setups.

However, the situation is fierent for the MOE and IMOE setups. Here, we allow in the
definition of the nonlinearity measures any linear madet G.,n. Well-posedness of the
error system\ and the interconnection is however only assuréélig injective. Therefore,

it will be shown next that we can drop the assumption of inyégtof G in the definition

of the nonlinearity measure without loss of generality. Véwento keep, however, the
requirement that the nonlinear process under considarhte at least as many outputs as
inputs,n > m. This is practically no restriction, as far< m, the nonlinearity measure will
almost always return a value of 1, rendering the informatieeless (see also the discussion
on the IMOE-NLM of memoryless operators in Section 3.4).

Proposrrion 3.8 (Well-posedness of IMOE nonlinearity measuregt N: U C L, — L,

be a causal and finite-gain stable mapping witham. LetGinh(U) € Gmn be the set of
injective operators Ge Gmn. Then

_ Nu- Gu)|| [(Nu-Gu)¢||
u = inf sSu ”(—T = inf Su —_—,
PMOEN = a0 INUT  cegihan ucrinoo  TONU]

i.e. in the limit, the models of claﬁﬁ%jn((u) achieve the same IMOE model quality index
as the models of clagsm.

Proor. By
H('\'“‘GL‘)T“_” o ol _INu=Guy _ [[(Nu-6y),| 16 o !
INOI NG = INO- (NG INU-I

it is easy to see thd% is continuous i for all u, T > 0. Since the supremum of

continuous functions is lower semi-continuous, the fuocti

I(Nu— Gu)y |
AN = syp D= SUT
oD T INO
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Is lower semi-continuous. The result follows from the fdettform < n, the seGirﬁjn(‘Ll)
is dense irGmn. O
It is straight-forward to give an analogue result for the MREM.

Proposrition 3.9 (Well-posedness of MOE nonlinearity measurghder the same assump-
tions as in Proposition 3.8,

. Nu-Gu ) NUu—-Gu
Boey = jnf sup WU _ o gy MO _CU)
3 GeGmn yerr >0 I(GUT| GeGIN (1) Ut T>0 I(Gu)+l

i.e. in the limit, the models of clagin,, (1) achieve the same MOE model quality index as
the models of clasGmp.
Proor. With the inequalities
I((NU= Gu)|| - ”(Gu— Gu)T” H(Nu— éu)T” I((Nu= Gu)|| + H(Gu _ Gu)TH
IGurll+|(Gu-Gu) ]| — |Gu,]| ~  wGu-||(Gu-Su)|

the result follows as in Proposition 3.8. |

Existence of optimal linear models.We have proven so far that there always is a linear
model G that satisfies the well-posedness assumptions and thavasha model quality
indexarbitrarily close tothe corresponding nonlinearity measure. Next, we are coade
with the question of existence of best linear models in tmsasehat the value of the non-
linearity measure can be matchexhctly We start out with considering the AE-NLM, for
which things turn out to be particularly simple, based onfttlewing fact?>

Lemma 3.10. Let N U C Ly, — L, be a causal, finite-gain stable mapping. Then the
function||N — G||¥ is continuous in Ge Gmn.

Proor. Let G = G + G. Sub-additivity of the supremum, i.e. sy@a(x) + b(x)) <
sup, a(x) + sup b(x), and the triangle inequality show thbjﬁ\l ~GI" —|IN - (§||w' <
IGel“. Hence/IGel[“ — 0 implies||IN - GI[“ - [N - | - o. o

SFrom the lemma, we can also conclude that general, possifiljte-dimensional, stable delay-free transfer
operatorss : Ly, — Lp, defined by

t
(GU)(t) = Gnru(®) + (g u)(t) = Gnru(t) + fo g(t - )u(r)dr

with the instantaneous ga®, € R™™ and a measurable kerngl: R* — R™™ with ||gl|; < oo do not result in

a smaller modeling error in the additive error setup tharnesys fromGn,,. This can be seen by considering that
the Laguerre functions are denselin[89], and that any finite superposition of Laguerre functiaorresponds to
a finite-dimensional system. It is, on the other hand, wetyn [137] that distributed linear systems containing
time-delay cannot be approximated by delay-free (finiteedisional or not) linear systems.
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Itis known that if the additive error nonlinearity measufasystenN vanishesg’L | = 0,

the systenN admits a perfect linear model [26]. In the general case nbtsyet known in
which cases there is a best linear approxima@onvith [N — G*||* = infgeg,,, IN - G|[“.

However, if we consider only approximations from a finiteaénsional set

gr';lm = {G € gm,n

N
G= ZaiGi, CL’E]RN
i=1

Gi € Gmn linear independent|Gi[[“ < ¥ < o}

then we can prove existence of a solution of the correspgnfiinite-dimensional mini-
mization problem irgy,...

Tueorem 3.11. Let the finite-gain stable operator Nu € U C L, — y € Li}, be given
and letgl | be as above. Then there exists a best linear approximatioe @}, with
IN =G| = infggy, IIN - GI[".

Proor. Following Proposition 3.1 we can restrict the minimum sbawithout loss of gen-
erality to the set{G e GNIIGIY < 2||N||”}. Furthermore, the mapping{, ..., ;) —

|=N, @G| is a norm onRY, so by equivalence of norms RN the search oveg,,
G=3N aiGiai <M< oo} for

someM. Since||N — G| is continuous inG, its minimum is achieved over the finite-
dimensional, closed and bounded (and hence, compacghse(Weierstra®’ theorem,
e.g. [86]). O

is equivalent to the search over the &8, = {G € Ghn

A similar result can be obtained for the IMOE-NLM.

Tueorem 3.12. Let NG}, be as above, and let N be injectivetai.e. (NU); = 0= ur =
0. Then there exists a best linear approximatioh€gy, , with

I(Nu-Gu)fll . I(Nu— Gu)||
su = inf sup — ——
uew,Tp>0 I(NU)1]| GeGN\n ue%{,TEO I(NU)+l

Proor. We need again only to consider boundeds Gmp, [IG]| < 2|IN||“. By Proposi-

tion 3.8, the function sypy, 1., ‘>l is lower semi-continuous i, and existence of

the minimum of sup., 1., ‘st over the compact sy follows from Weierstraf

theorem. O

Note that the best model is not necessarily unique. Note thlsoWeierstral?’ theorem
needs a compact set, which is a much stronger requiremenfimite dimensions than
closedness and boundedness. Therefore, the existended®ass not carry over to the
general case Moreover, the strong results above cannot be generalizalli nonlinearity

SConsider for instance the case of an infinite-dimensiomalali system whose integral kernel is the infinite
sum of (linearly independent) Laguerre polynomials. Thareiy finite-dimensional linear model of ordeithere
is a finite-dimensional linear model of higher order tlzahat achieves a smaller modeling error.
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measures, although lower semi-continuityGrof the expressiongA||¥ can be established
for all of the nonlinearity measures. However, the bound ithaeeded otiG|| or |G|
respectively in order to establish the existence resulsocdy be given for the AE- and
IMOE-setups. On the other hand, for the computation of thdinearity measures (see
also Section 3.8), the existence of the exact optimal madebt very important. We are
very well satisfied by the fact that the values of the nonlittganeasures can be approxi-
mated arbitrarily well by sub-optimal models.

Summary. In this section, we have verified that the definition of the elaguality index

Is well-justified under some intuitive conditions on theelam modelG. Under very weak
conditions, the nonlinearity measures reflect what theyrdemded to reflect, namely the
achievable quality of linear models for a nonlinear systérhis means that it is always
possible to find a linear model that satisfies the well-posssiitonditions and that has a
model quality index arbitrarily close to the nonlinearityeasures. The last results give
more restrictive conditions that guarantee that the vafute nonlinearity measure can
be matched exactly. While being an interesting theoretesult, the existence of an exact
best linear model will not be necessary for the usefulnesisenetup in practice.

3.3. Operator Derivatives and Local Linear Models

In this section we study the relationship between the besal models in the novel setup,
and the commonly used class of linear models, the derivatiMore specifically, we will
describe conditions under which the two are identical. Gnwlay to these results, we
point out some traps when using derivatives in an inputwutmework for dynamical
systems.

The definitions of nonlinearity measures allow to descrhe ionlinear behaviour in a
specifiedregion of operation, i.e. in &gional way. However, it is also insightful to
consider thdocal behaviour of nonlinear systems close to an operating pdivi. first
want to underline the fact that two kinds of subsets of theaigpaced., are frequently

encountered: balls of the ty|c§a € Lg‘l [Jul] < r} characterized by the maximal nomand

subsets of the forn{u € Lyllu®)l < AVt} characterized by maximal signal amplitudes (or
in a more general setting by their maximal range a&{(V) = {ue L, : u(t) e V ¢ R™

for all t > 0}). Both points of view are merged when considering the spagebut for
Lp, p < o they may diter significantly. One can search for local linear models gisin
either characterization and is thus led to twéatient kinds of local behaviour. We start
with the norm-wise approach and recall accordingly the defmof Fréchet-derivative on
Banach spaces (see e.g. [86]).

Derinition 3.13. Consider an operatbr: U € X — Y with the Banach space$and,
U open.P is said to barréchet-djferentiableat xo € U if there exists a continuous linear
operatorDP,, : X — Y such that

i |IP(x0 + ) = Px — DPXOth

(Ihllx—0 IIhlx
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DP,, is called theFréchet-derivatie of P at xo.

The Fréchet-derivativ®P is the (unique) perfect local linear approximationRan the
following sense.

ProposiTion 3.14. Consider an l-stable mapping N: ¢ c Ly — Lj defined on the
bounded set/ containing a neighborhood of the origin ofll. Under these conditions
there exists a perfect local continuous linear modg| @ith

I ||N(U) B Gl*oc(u)” _
im sup -

P=0 uepty llull

(3.5)

if and only if N is Fréchet-gferentiable at u= 0. Furthermore, G is unique and we have
G = DNo.

Proor. As U is bounded and as it contains a ball around the origin, theltréslows
directly from the definition of the Fréchet-derivative amdrh the fact that the Fréchet-
derivative is always unique [86]. O

This fact has been observed before [26], but without statmeguniqueness of the best
local model. The notion of Fréchet-derivative can be gdimae to the extended spaces
by defining for anyT > 0 (DPy,h)r = (DP,), hr)r [140], and Proposition 3.14 is easily
generalized accordingly.

Note that we didnot state that the best linear model is from the Ggt, (the Fréchet-
derivative might for example be a time-variant system ottaiorntime-delays). Moreover,
the concept of Fréchet-derivative can lead to problems ap fe c a smallL,-norm
does not imply a small signal amplitude: it can be shown tbapf< oo a static operator
P:xeld—yelL yt) = g(x(t) defined by the functiolg is Fréchet-dierentiable
if and only if P (i.e. g) is linear [110]. We therefore consider a second type ofvdévie
frequently encountered in local analysis of dynamic system

Dermnirion 3.15. Consider an operatbr: U € X — Y with the Banach space$ andY,
U open. P is said to beGateaux-dfferentiableat x, € U if for all h € X there exists a
continuous linear operatoPy, : X — Y such that

. P(xo+th)-P
0Py,h=1lim (o + th) .l
t—0 t
0Py, is called theGateaux-derivativef P at Xo.

The Gateaux-derivative generalizes the notion of directiaerivative. Its definition is
different form Fréchet-éierentiability in the fact that the convergence does not o
uniform in U (and may thus depend on the “direction” in whighis approached). There-
fore, the existence of a Fréchet-derivative implies thetexice of a Gateaux-derivative,
and in this case both derivatives are equal [10]. This isifstance the case if the Gateaux-
derivative is continuous iRy. The notion of Gateaux-derivative can also be generaliaed t
the extended spaces by defining for dng 0 (6Px,h)r = (6P, hr)r [35].
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The linearization of a state-space system along trajestaorresponds to the Gateaux-
derivative with respect to thie..e-space of the corresponding input-output operat$s6,
35]. Under the more restrictive assumption of a Lipscharttuous right-hand side, it
coincides with the Gateaux-derivative w.r.t. thg-space as well. The following result
states that the state-space linearization is also theqtddeal linear model in the sense
of the additive error nonlinearity measure. To get the @elsstatement, it is necessary to
consider admissible inputs witl(t) € V for all t > 0 whereV € R™ is bounded e.g.
{(ve R"|V| < Ae R" Vt}.

Tueorem 3.16. For any pe [1, co] consider an operator N U € Lii. N LT — Ly, given
by the state-space realization

X f(x,u), x(0)=0

y h(x, u).
Assume that € U = ur € UVYT > 0. Suppose that f and h are'@n both arguments,
that for any given & U, the state and output trajectories x and y respectively arquely
defined and absolutely continuous, th#0,0) = 0 and K0, 0) = 0, and thatx = f(x,0) is
locally exponentially stable. Under these conditions ¢hexists a unique (of/) perfect
local linear model G of classGm,, with

I|m HNu Gieul™ = JJ'_% Fen =0 (3.6)
and G : L, — Ly is given by the linear time-invariant state-space system
X A%+ Bu, %(0)=
y CX+ Du
with A= 25(0,0), B= 3(0,0), C = 22(0,0) and D= 2(0,0).

Proor. Instead of considerin@g/, we can consider the set$r = {ur :ue U} C Ly N L
for all T > O (see Section 2). We introduce the error variagles y — yandx, = x — X
and consider the system

X = f(ou)
% = Ax+f(xu)
Ve = Cx+h(xu)

with f(x,u) = f(x,u) — Ax— Buandh(x, u) = h(x, u) — Cx— Du. We have to show that,
given anye > 0 there is @ such that|ye|| < £ |Ju]| for all u € U+ with ||u|l,, < p.

With g(t) = Ce" we havey. = g f(x u) + h(x,u) and thusllyell < ligll; - ||f(x w)|| +
[|A(x, w)||- The definition off (x, u) implies that for any¢ > 0 there is gy with ||T(x, u)|| <

et (IX + ull) for Xl , JUlle < pf/2, and analogously fdn(x u) (f andh are functions
of higher order than one). Hence for all,e, > 0 there are constanjs, pn such that
[IYell < llglly - &¢ (IXI+ lIUll) + &n (IX] + [lUll) whenever|Xl., , llull., < min{ps, pn}/2. That
G;.. is a best local linear model follows by observing that, urtther given assumptions,

loc
there areu,c > 0 such that|x||, < c]ull, for all [lull, < x and anyp € [0, o] [136,
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proof of Thm. 6.3.15]. (Given any, take for instancee; = 2(1T8)||g||1 & = g
so thate = ||glly - &r (L+¢) + en(L+c¢). Then|ull, < p = min{u, 5, %, 55, L0} im-
plies |lul, < g, llull, < min{5, 2}, [IXl, < cllul, < min{5, 2} and finally [lyell <
lgll; - € (€ + 1) |Jul] + &n (c + 1) |lul] = &]ul|.) Consider a second linear model candidaie

that is diferent fromG;,. on U, i.e. ||Gz — Gy, > 0. Then lim_osup,,,, 24 >
G2 = G| = im0 SURL a4 W > 0 shows thaG:, _is unique. O

Note that the local results we obtained so far concern thaiael@rror nonlinearity mea-
sure and state the existence of a unigeefectlocal linear model. That does not only
imply that there is no equally good linear model, but alsodbeesponding value of the
nonlinearity measure is zero, indicating a perfect matchcddrse, only the input-output
behaviour of the best linear model is unique, whilfeatient state space representation do
exist.

The state-space linearization does not need to be a pavéatiinear model with respect to
the IMOE-NLM (see example below). This is due to the fact tbathe IMOE-NLM, the
existence of a perfect local linear model is not guaranteeggneral. If it exists, however,
it can be shown to be unique and to be identical to the stateesinearization.

CororLary 3.17. If for a nonlinear operator N: U C LY, — L, with a non-vanishing
local gainlim,_,o IINIF¥ > Othere is a perfect local model G with

. Nu-Gu

im sup )l _

p—0 uepU,T>0 ”(NU)T”
then this model is unique and

G = G with lim  sup
p=0 uepU,T>0 ||U||

Proor. The equation

: Nu-Gu . Nu-Gu u
im sup I I~ i sup I )rll el
p=0ueprrT>0  II(NUl P=0 4ep1s,T>0 U]l I(NU)<||
. Nu-Gu
> lim T sup u
p=0 |IN|FY p=0 ueprr T>0 llur |
i IIN-Gu)rll  _ i IN-Gurll _
shpws that Ilrpqosugjep_ﬂbow = 0 = limyoSURg 150 =0~ = O and
uniqueness follows as in Theorem 3.16. |

The corollary shows that only the state-space linearinat@n be a perfect local linear
model in the IMOE setup (but it does not need to be one), whiestxample below shows
that the state-space linearization does not need to be ecp&tal linear model.

ExampLe. Consider the following systems with their state-spacediizations

[ x = =x+u . .| x = —=x+u
Nl' _ 3 1loc - _
y = X+X y = X



3.3. OPERATOR DERIVATIVES AND LOCAL LINEAR MODELS 39

and

[ x = =x+u . | x = —=x+u
No: y = x+x-u 2l y = x-u

Clearly, all systems have finite gain for any bounded opegatgionu € U(V),V = [v,V].
Itis also true, by Theorem 3.16, thag .. (G;,.) is the unique perfect local linear model
with respect to the additive error setupPQf(Nz) Note that for systemy, [|[X7(le < llUrlle
and

J(vu- G | #
I|m sup <lim sup =0.
p—0 uepU ”(NU)T” P_’0|x|<pmax1vv |X+ X3|
Thus, G, is a (unique, by Corollary 3.17) perfect local model fy w.r.t. the IMOE
setup. This is not necessarily the case, as shown by syslger@onsidering the steady-
Uuw) _ d li H Nau- GZIOC H > i M _
state, we getyoen, = 1 and lim_oSup,,q o] M0 SURepy 7] = 1.

At least for the case = 2 it can be shown with SOS techniques (see Section 3.8) that

) N G . . .
im0 SURe s W < 1, and the best local models result in the highest possible

value of the nonlinearity measure. Moreover, the zero apeechieves the same value of
the error system gain, and the best model is not unique. ]

In this context it is also in order to note that the gain of agerlocal linear modeG;
with respect to the AE-NLM gives a lower bound on the gain efionlinear systeri\.

loc

ProposiTion 3.18. Let N U C L, — L7, be afinite gain stable mapping witl satisfying
pU CUforO<p < 1. The existence of a perfect local linear modg Gor the setl/

such thatim,_o||N - G; = 0implies||N||“ > “

Ioc

Proor. By the definition of a perfect local linear model, for any O there is g such that

||N Goe |pw <e.
The inequality-[|(N u)T||+H(Grocu)T” < H Nu- GI"OC H and linearity ofG; . show that for
anys > 0 there is @ such that]N|[“ > INJ"¥ = |p” IN-Gi I = ||Gic“~& ©

The above proposition is true for the linearization in thesseof Fréchet as well as for the
state-space linearization given above, depending on theechsetl/ (note thati/ C L
doesnot contain a neighborhood of the origin ir! for p < o). We can now state that the
achievable linear model error with respect to the additiverenonlinearity measure is at
best half the model error corresponding to a perfect looaldi model.

Proposirion 3.19. Let N: U C L, — L, be afinite gain stable mapping wii satisfying
pUCUforO<p < 1. The existence of a perfect local Iinear modg) Gor the setl/

such thatim,_o [N - G;,||”" = Oimpliesg}e > 1 ||N-G;,

Ioc loc
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Proor. From the definition of the perfect local model it is obviohattfor any linear op-
eratorG € Gmn, G, — G is a perfect linear model fad — G. Hence, by Proposition 3.18,

IN-G. || -IN-GI“ < |G -G || <IN-G|“forallGeg. o

loc loc

Summary. In this section, the local behaviour of nonlinear systenssteen considered.
It has been shown that care must be taken when using opeseateaitives, as the choice of
the signal norm determines the meaning of the term “locathenmathematical sense. In
a control context, the most useful meaning of local behavi®the behaviour for signals
of small amplitude. As could be expected, with respect to tiotion the first-order Taylor
approximation of the state space equations deliver a gddeal model for the additive
error setup. While it may also be a perfect local model foeo#etups, it has been shown
that this is not necessarily the case.

3.4. Memoryless Systems and Steady-State Behaviour of Dynacal Systems

Next, we derive results on nonlinearity measures and besaidimodels based on spe-
cial structural properties of systems. We first considetesys with a given steady-state
response, before we turn our attention to memoryless apsran this section, the expo-
sition concerns the additive error setup only, while thetrs@ction gives corresponding
results for all other setups. In this and the next sectiowjlitoe a standing assumptién
on the setl{ that||G||“ < co implies||G|| < oo for all G € Gy, i.€. if a SystenG has finite
gain on, then it has finite gain ohf,.

Recall that the additive error nonlinearity measure justegponds to the gain of the sys-
tem N — G*. Therefore, we derive results for the gain of a general neali system that
can then be applied to the systém- G*.

Steady-State Behaviour of Dynamical SystemsThe first result we are going to present
concerns the gain of stable nonlinear systems featuringaalgtstate response to a steady
state input. The intuitive idea is that the system gain isnoed from below by the gain of
the function that describes the steady state locus. Thasigd®rmalized as follows.

Tueorem 3.20. Consider a nonlinear system defined by the causal, finite gfaisie map-

ping P:ue U C Ly, — Yy € Lj,. Consider the function f V ¢ R™ — R" satisfying

|f(V)] < o for all v € V and assume that P has a steady state locus on V with respect to
U given by f in the sense that for anyewV there is a ue U C L with ut) — v and

y(t) = (Pu)(t) — f(v) fort —» oo . If p = co assume furthermore thau(t)| < |v| for all

t > 0. Under these conditions

IPIY > [f]V £ supol (3.7)

veV ||

’Note that a linear state space system is stable if and onheifatrixA is Hurwitz, and in such a case, if
limi .« U(t) = Up andu(t) is bounded for all times then lim. y(t) = yo = (CA™ B + D) up = Kup.
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Proor. We define the set{* C U of functionsu € Ly, with ut) - v e Vfort — oo.
Consider the following (in)equalities

P - I(Pu-
verr,T>0  IUrll
) Pu
> supllmsupu
cet T |
f(v
veV |V|

The first inequality is obvious. To prove the second equality first consider the case
p < co. For anyu* € U* we have Pu’)(t) —» f(v) ast —» oo. Note that, ifx(t) — afor

t — oo then for anye > O there is al'; such thatx(t) — al < e forallt > T,. Hence, for any
e>0

= &P

_ P x—a),||”+eP(T =T
lim supM < lim sup”( ) ( 2
To T T-oc T

and limr_,., 15230 = 0. From||(x — a)r|l > [lIxrll - llarlll > |Ixr]l - [ TYP| > O follows

that limr_.., L = Ja| and thus

II(PU*)TII [f (V)
\

lim

T—ooo

and the result is proven fgp < . If p = oo we additionally require fou € U* that
= |v| and limr_. [|(PU)+ll. = |f(v)| and we directly

get

. I(PU)7lle If (V)|
| R~ /Tl AT

and the proof is complete. O

A nonlinear operator can have multiple steady-stated, is;ot necessarily unique. The-
orem 3.20 then applies to any such function. Theorem 3.2 @lews to infer that a
dynamic system with the described steady state behaviaimifiaite gain if the corre-
sponding steady state locus does.

The above result can now be directly applied to derive a ldweind for the AE-NLM.

CoroLLARY 3.21. Consider the same conditions as in Theorem 3.20. Then

: Kvi

“ = inf [[INu-GU" > inf su [T(V) = 3.8
PrEN o Il | L1 veVp w (3.8)
Proor. Follows immediately from Theorem 3.20. O

The formulae given by (3.7) and (3.8) allow to derive loweuhds on the gain and the
additive error nonlinearity measure at very low computaiacost, as only a static opti-
mization problem has to be solved.



42 3. NONLINEARITY MEASURES AND LINEAR MODELS FOR NONLINEARSYSTEMS

Memoryless Systems.The next theorem deals with the gain of memoryless operaters
operators given by a static nonlinear function. In factsishown that the lower bound
given by Theorem 3.20 is equal to the gain of the nonlinear amrglass operator defined
by the functionf (v). To make things clearer, we will use as an example the faofhigygnal
setsU/(V) introduced above. Recall théf(V) contains all functions ihJ, < LY, that have
values inV C R™ for all times.

Tueorem 3.22. Let the operator P: u € L, -y € LY, be given by

y(t) = (Pru)(®) = f (u(t)) Vt (3.9)

where f: V ¢ R™ — R" is a function satisfyingf (v)| < o for all v € V. Let the se/
be such that & U = u(t) € V ¥t. Assume that for any & V there is a ue U C Ly, with
u(t) — v and(P;u)(t) - f(v) fort — oo . If p = co assume furthermore thai(t)| < |v| for
all't > 0. Then the following equivalence holds

f(v
1P = [P “ =11 = supt . (3.10)
veV |V|
Proor. First note that{/(V) satisfies the assumptions @ soU = U(V) is just a special
case. Lety = sup., |f(v)|/|vl > O and note that the inequalit§i(v)| < v |v| holds for any
veV.Forp=oo
[Priell, _ esssupr TN _
[[V; ] ess Sup.r u(t)]

and similarly forp <

ol

1Pl (6 1wy o)

llurll 5

(6 e e)

forallu e ¢4 andT > 0 and thus
P:u
[Pl o0l

su <

wtrio Ut o M
The result then follows by application of Theorem 3.20, ecd&sng that the assumptions
imply that f is a steady state ¢¥; onV with respect tal/ (and(V)). |

In direct application, Theorem 3.22 is most useful when margg a setl/(V) of admis-
sible inputs. However, we will also use it later as an intediaee result for sets with less
structure. The minimum assumptions ©hrequire thau(t) € V in order to get the upper
bound. Also the steady-state behaviour is here rather atemmdn 2/ than onf. Itis for
instance fulfilled if for any € V there is an input signal that tendsu@f f is continuous,
otherwise we need to havauft) = v).

Note that (3.10) holds regardless of the valugaf [1, oo], and so allL,-gains ofP; and
R respectively are equal. This is due to the definition of tg@ai norm, where the vector
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norm is always taken to be the Euclidean norm. As all normR'irare equivalent, the
input-output stability (bounded-input-bounded-outpufinite-gain stability) of a nonlin-
ear mapping is independent of the chosen noriR'Inand, contrary to dynamic systems,
finite-gain stability of memoryless operators is also iretegent of the chosen signal space
Lpe. Especially theL.-norm is often defined to b, = €ss sup, max«<n [uk(t)l. As a
matter of fact, only the norm properties of the Euclideammprare used for the proofs in
this paper, and the Euclidean noffircan be substituted throughout by any other norm in
R", e.0.IIXl, = (Xk-1 1%(t)[P)'P. Only the values of the respective expressions fieeted

by a change of the norm iIR", but not the relations amongst them.

ExampLe. The memoryless operator given lfiyv) = /v is L.-stable, but has no finite
L.-gain due to the infinite slope for small Considering the inputi = (1 + t)=¥/P it
can easily be seen that the same system id_gattable (and thus has no finitg-gain)
for any p < . As the steady-state map gives a lower bound on the gain ohknear
dynamical system, the systgm="—y3+u does not have finite gain even though it is globally

_1
asymptotically stable. Moreover, for any initial condrtigg, y(t) = (1 + 2ty§) *yo and

thus fooo ly(t)|Pdt = oo for p < 2. As any state is reachable in finite time with bounded
input, the systeny = —y® + u is also notL-stable forp < 2. ]

Equipped with the results for gains above, it can now be shibaifor memoryless nonlin-
ear operators dynamic linear approximations are not soiperiterms of the nonlinearity
measure to memoryless linear approximations, i.e. todimealels from the set

0 n = 1{Go : U GoUl(Gou)(t) = Ku(t), K € R™™}
Moreover the infinite-dimensional minimax problem is regldito a finite-dimensional one.

CoroLLary 3.23. Letthe operator N: u € LY, — y € Lj, and the setl{ satisfy the same
assumptions as given in Theorem 3.22. Then the followiniy&euace holds

U UV i [f(v) - KV 311
¢AE,Nf ¢AE,Nf K E']gnxm felf‘f) Vi : (3.11)
Proor. As G2, C Gmn and from Theorem 3.22 we have
. Kv|
w = inf |IN;-G|" < inf |[Nf -G inf _su [T(V) =
¢AE,N Gegm,n || f || Ge g || f= 0|| K eRMm VG(Vp V|
On the other hand, Theorem 3.20 ascertains that
. U
Jnf [INe=6[" = inf [N~ Go|[" = ot [INi -~ Gol
which completes the proof. O

We can now also conclude that a best linear model for a narimemoryless operator
indeed exists, and that the associated optimization pmoideonvex.
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Cororrary 3.24. Let the finite-gain stable operator Nu€ U C Ly, — y € L, be given.
Then there exists a best linear static approximationeKR™™ with

[INu— K*u| . IINu— Kul|
sup———— = sup————
vetd [lul KeR™M yeqr ||Ul|

and the optimization problem in K is convex.

(3.12)

Proor. The result follows from Theorem 3.11 with the required foup to ordering,

n m
K= Z Z aij Eij
i=1 j=1
whereE;; is the matrix with an entry of one in the, {)-th element and zero in all other
entries. O

Note that this theorem is also valid fodginamicnonlinear system that is approximated by
a linear static system.

It is worth noting that the best linear approximation in Qlany 3.23 is adapted to the
worst case of functions with values W in the set of considered inpu®. If different
function sets are considered, the result may iedint. In thel,-case it is, for instance,
straightforward to show that the optimal static linear @ppnationK € R™™ of onepair
of inpu/output trajectoriesy,y) € L} x L} is given by

K* = ( fo ) u(t)uT(t)dt)_l ( fo ) y(t)uT(t)dt)

and doeshot correspond to the solution of the optimization problem 23.Moreover, the
best dynamic approximation will in most casessogeriorto a static approximation.

Scalar Memoryless Systemslin the case of a scalar functioh: R — R the additive
error nonlinearity measure can be determined more exXplidihis result is established by
the following theorem. Moreover, it establishes the uniggss of the best linear approxi-
mation.

Tueorem 3.25. For a given function £ V C R — R define

A f(v)

ki = sup—=
veVp \

2 inf Y
veV V

and define kby

e o) 30 +i) i k< oo
10 else

Then,
¢W(V) —inf Suplf(V)—k\/' :{ %(k"'_k_) if |k+|’|k_|<00

AENE  keR Loy V] 00 else
and if the infimum is finite it is uniquely achieved foe Kk*.
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Note that we do not require continuity orfidirentiability of f, but for consistency we
definek™ = oo or k= = —co respectively iff (0) # 0. The nonlinearity measure is defined to
be infinite in this case (it is, indeed, not well-definedNashas no finite gain).

Proor. In the scalar case, the additive error nonlinearity measifia static function can
be reformulated as

inf supM = inf sup ) k‘.
keR vev \ keR vev | V
The cases in whiclk®| = oo or [kK*| = co are obvious. In all other cases we havekot k*
f(v) _ 1 _
— —-kK|=k"-K|=|k =k|==(k = k).
sup|— | | 5 ( )

Note that we always have < k* < k*. We can now distinguish the two cases

k <k <k: Supe |2 -K 2k—k‘>k*—k‘:%(k+—k‘)

1
k<k <k': supoy |2 -K >k'-k>k' -k = 5 (K =K.
We have shown that no oth&rthank* can achieve the same or a smaller value of the
nonlinearity gain and the proof is complete. O

What we rediscovered here using a novel framework are ofsedilne famous sector con-
ditions used in the theory of absolute stability, e.g. tawdethe circle criterion [145]. As

kv < f(W<kVVveV

the sector in whiclf lies is given by the slopds™ andk™ and by definition, those bounds
are the tightest bounds possible. Note thas to lie in the sectorlf -, k*] only for v e V
and may lie outside fov ¢ V, see Fig. 3.4.

ExampLE 3.26. We consider the example of a static nonlineafi{ty = v + V3 in the range
of V = [0, 2]. One sector bound is given by the derivative at the origin£ 1), and the
second bound by the point at the border of the considered/ait™ = 5). With the given
formula, the best linear approximationks = 3 and the nonlinearity measure becomes
%E,Nf =2
Now consider the nonlinearity measure for only one inpubhaig{ = {u(t) = 2te1‘t}.
The input signal takes values in the interval2Dand lies in the rang@’ that was consid-
ered before. For the given pair of trajectories, the besitsipproximation is given big =
[ uydt u-ku| fuzdtfyzdt—(fuydt)2 _
[ u2dt flur - [ u2dt 2 -
1.14. The latter static approximation performs better for thisafic input trajectory than
the first approximation (which gives a measure|pft k*u|| / |lull = 1.37), but it will of
course be worse for other signals with valuesiine.g. for small step functions of height
0.01 we havdly — k*u|| / llull = 2.76 > [ly — k*ull / [lull = 1.99.

Still better for the single trajectory case is a dynamicdinapproximation. The Laplace
transform of both, input and output of the operabdy can easily be calculated and an

= 3.77 which results in a nonlinearity measure otggaf”Nf
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fo) & kv

Ficure 3.4. A nonlinear function and its sector bounds¥o« [v, V].

LTI system that realizes the corresponding input-outmltaviour is given by the transfer

. 2 T .
functionG(s) = % =1+ % and this linear model achieves a perfect matdfu =

Gu. ]

Notion of a Generalized Sector.Interestingly, an analogy shows that the notion of a sector
can be generalized to dynamic systems in the catg-sfgnals. Note that the inequality
k-v? < f(v)v < k'V2 Vv € V can also be written ag v — f(v)) (k'v— f(v)) < 0Vv e V.

In the same way, a sector for dynamic systems can be defin@dipy GiuNu— Gou) <
0VYu € U where(:|-) denotes the scalar productlin. The geometric interpretation is that
“G; andG,; lie on different sides ofN”, i.e. the vectordNu — G;u andNu — G,u point in
opposite directions for all € U. LetS be the set of all pair§s;, G,} defining a sector for
N in the aforementioned sense. We then have the followingraltere characterization of
the additive error nonlinearity measurelip

ProposiTion 3.27. Let N: u e U C Ly, — Yy € Lj, be a finite-gain stable operator and let
the setS be defined as

SH = {(GLGo}:G1.Gr € Gmn.
(Nu-—GiuNu—-Gyu) < 0VYu e (L{}.
Under this condition

U H Uu H Uu
paen = _INFIN=GJ;" = inf |G -Gl .
GeGmn (GGl
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Proor. The result follows from
3G; € Gmn, G2 € Gmin - <Nu— Glu‘Nu— qu> <0VYueU

— AGeGmT€Gmn: IINuU=GU?-|Tu®*<0VueU
— G e Gy €R: INu—-Gu| < y|ull| Yue U

where the first step is obvious Iy = 2 (G, + G;) andI’ = 1 (G; - G;) and the second
step is verified by considering =yl andy = sup., % respectively. O

The proof essentially reveals that, when searching foalisgstemsG,, G,} that define a
generalized sector for the nonlinear systdrit is suficient to consider systemsttiring
only by a multiple of the identity mapping. The smallest taabccurring is at the same
time a measure of the “aperture” of the sector and corresptunithe nonlinearity measure.
Note that this definition of sector is fierent from the one frequently seen in literature

[145, 140], where a generalized sector is defineéNau;— au‘Nu - bu> <0.

Summary. In this section, it was shown for the gain and the additive@renonlinear-
ity measure how lower bounds can be derived by the steady Istédtaviour of a system.
Moreover, the gain and the nonlinearity measure of a merassydystem can be character-
ized by a “static” optimization problem that has a particlylaimple solution in the case of
scalar systems. The result for the lower bound allows to easily derive a first estimate
of the degree of nonlinearity of a general system. The refoltmemoryless systems show
that in a practical context, dynamic linear models cannptr@amate a memoryless non-
linear system better than a memoryless linear model. Meretivese results will turn out
to be useful for the characterization of systems composetymimic linear subsystems
and memoryless nonlinear subsystems in Section 3.6.

3.5. More Results on Memoryless Systems and Steady-StatelBgiour

This section is devoted to the derivation of similar resaksbove for the other setups for
nonlinearity assessment and linear modeling. In some cais@d however be necessary
to slightly modify the statement due to thefdrent mathematical properties of the setups.
Most importantly, we will have to deal with relations insteaf mappings, and give the
respective generalizations of Theorems 3.20 and 3.22 ikfsér the results for all error
setups are presented, a discussion follows that pointdeuntin diferences for the dif-
ferent setups. At the end of this section we give conditiamden which the results can be
extended to classes of infinite-dimensional linear models.

Gains of Relations. The result giving a lower bound on the gain of a nonlinearesyst
by its steady state behaviour can be transferred to the ¢asectation without technical
difficulties.
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CororLary 3.28. Consider a nonlinear system defined by the causal, finite gi@ble
relation RC L, x Li that is defined for inputs ii{, i.e. ue U = Iy e L\, : (U,y) € R.
Consider the relation € R™ x R", defined on \C R™, i.e. ve V. = dze R": (v,2) e r.
Assume that R has a steady state locus on V given by r in the swmaisfor any(v, 2) €
r,v eV there is a pair(u, y) € R with ue U such that (t) —» v and y\{t) —» z fort — co. If
p = oo assume further more thai(t)| < |v| for allt > 0. Under these conditions

U VA 1z
IRI™ =" = sup —.
(v,2)er,veV |V|
Proor. Considering the relations
- —
IRIY = sup Mz sup IlmsupU: sup 2
uy)eRuer,T>0 lUTll @ y)eRurerrr Tooo ||U?|| (voervev V]
%
> sup limsupi—:
(usy*)eRu*eU* T-ooo U?
= sup 4
(v,2)er,veV |V|
the proof follows as in Theorem 3.20. O

The gain of a memoryless relation follows immediately frohedrem 3.22, and we state
it without proof.

CororLary 3.29. Let the relation RC LY, x L7\, be given by

R = {(u, y) € LT x LD (u(t), y() e r vt > 0}

where rc R™ x R" is a relation defined on V. Assume that for gmyz) € r,v € V there
isa(uy) e Rue YU withut) - vandy— zfort— oo . If p= oo assume further more
that|u(t)] < |v| for all t > 0. Then the following equivalence holds
Z
IRIM = IRIMY =Y £ sup 2 (3.13)

(v,2)er,veV |V| .

We are now equipped with the necessary tools to give thetsssairesponding to the ones
from Section 3.4 for the other nonlinearity measures.

Results for the IMOE-NLM. Similar results as for the AE-NLM concerning the steady-
state locus and the nonlinearity measure of memorylessatipsrcan be given for the
IMOE-NLM.

Tueorem 3.30. Consider the same conditions as given in Theorems 3.22 &@d 3hen
U U — 4UWV) —i [f(V)-KVv
dimoEN Z Pivoen; = Pivoen, = INfermm SURey =7
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Proor. Define the relatiorR(G) = {(y, €) € Lpex L3y =Nue=Nu-Guue (LI}. For

any stables € Gma, 1(K) = {(z, ) e R"X Rz = f(v),n = f(V) - K,V e v} is a steady-
state ofR(G) on f(V). Then, by Corollary 3.28,
[(Nu- Gu),|| N f(v) _ [f(v) — Kv|
sup ——— =||R(G > r(K = SUp———~——
e NGy RO RO = 2b =)

and the relation also holds M is substituted byN;. As for any ¢ n) € r(K),z € f(V),
there isay,€) € Ry € N¢U such thaty(t) —» zandet) — n fort — oo, and for all
y € Nt U, y(t) € f(V), Corollary 3.29 delivers

U _ H N U
PimoEN; = G'égzm||R(G)||
Kyv|
< inf |IRG Nrtl = nf Ir(K "™ = inf su IT(v) -
S, IRGol PO = inf sup=t=
and the fact that/(V) satisfies the same assumptiongasompletes the proof. O

According to the definition in Chapter 2 the expression

uv)  _ [f(v) - Kv|
fuioem = [n 3P [

is to be understood in the sense of
U = inflp € RAK € R™™: [f(V) - KV < o] (V)| YV € V).

If the IMOE nonlinearity measure is finite, then froffv) = 0 follows f(v) = Kv=0. On

the other handKv = 0 implies that eitherf(v) = 0 or¢ = 1. As a consequence, either
the setV, of all pointsv for which f(v) = 0 (and all limit pointsv of sequencesv;} for
which f(v) — 0) is equal to keK NV or we have that|,\or, = 1. For rectangular
systems with more inputs than outputs ¢ n), the relationf(v) = 0 & Kv = 0 is very
unlikely to hold for anyK and thus the IMOE nonlinearity measure, being almost always
equal to one, is of restricted use for such systems. Thisigambnsistent with the well-
posedness conditions in Section 3.2, where we requiredrtearimodel to be injective.
But injectivity also requires in general (except for patigptal cases) thah < n. In the
cases wheren < n, the setV, will usually have only few elements, and the nonlinearity

measure is likely to deliver useful information.
In the case of scalar functions, we can again obtain an éixgditution.
Tueorem 3.31. Let f, K" and k be as above and definé ky
{ Lai(F+3) ifo<kk. k. Ik <oo
k=0 else
Then

K| jf 0 < k'k, [k, K] < o0
£(V) — k k|| » KT,
¢;ZI</%E Ny LnHI;SUpl (\? v =7 0 ifkt =k =0

Ruev [TV)] 1 else
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and the infimum is uniquely achieved foek* if k* and k are finite.

Proor. Inthe scalar case, the nonlinearity measure of a statatiumcan be reformulated
as

[ £(v) — kv k '
inf su = inf sup|1 - .
& ST TR L o) T
We first consider the cadek™ < 0. The cas&™ = k= = 0 is obvious. If eithek* = 0
ork~ = 0 thenk = 0 is the only value for whickp,yior . is finite andg {0 = 1, so it
sufices to consider the cake < 0 < k*. If k = 0 we have agaig\iory, = 1. If k>0
UV — . UV
theng,yiorn, = 11— k/k| > 1 and ifk < 0 thengY > |1 - k/k*| > 1. Hencepiidk ., = 1

and this value is uniquely achieved foe O.

Next, consider the case when eithlef] = oo or |k'| = . Clearly, for anyk # O:
SUR.y |1 - f(v)/v' > 1 but sup., If(v) — kv /|f(v)| = 1 for k = O (but this time there may
be othelk achieving the same value).

We have now to verify the caseOk*k™. Fork = k* we have

S L S L
v T YV Rl e |l e vk |
Note that we always havwe < k* < k*. We can now distinguish the two cases
— * . k
k <k <k: igvpl—f(v)/v'z‘l ‘ ‘k‘(k k™)
k+ k™
K —k7) =
> fieloe -0 =
k Kk
k<k"<k': 1- >1- —|=|— -K
<K= e f(v)/v' - | k|~ Ik )
k+ k™
-k) =
=l
We have shown that no oth&rthank® can achieve the same or a smaller value of the
nonlinearity measure and the proof is complete. |

If k* or k™ are infinite, the nonlinearity measure is actually not vadgfined, as the corre-
sponding operatadX; has no finite gain. Thus, the result above generalizes theeanity
measure and states that a memoryless operator withoutdairtes consistently attributed

avalue ofgjyioe . = 1.

Results for the MOE-NLM. The respective result for the MOE-NLM is the following.

Tueorem 3.32. Consider the same conditions as given in Theorems 3.22 &td 3hen
Uv) [f()-Kv
Prioen = Piok, Ny = Pmoen; = INfkermm SURy ey
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Proor. Define the relatioR(G) = {(y, e) € LPex Ly

)”/:Gu,e:Nu—Gu,ue(L[}. For

any stables € G, note that (K) = {(2 n) € R"x R"|Z
steady state dR(G) onKV. Then, by Corollary 3.28,
I(Nu—Gu)|| GU KV | (V) Kv]
———— = ||IR(G > |r(K =
ey Guy RO = O = b=

and the relation also holdsM is substituted byN¢. As for any € n) € r(K), Z e KV, there
isafy,e) € Ry e GyU such thaty(t) - Zande(t) — n fort — oo, and for ally e GoU,
y(t) € KV, Corollary 3.29 delivers

=Kv,p = f(v)—Kv,veV} is a

U _ : N U
PmoEN; = G'égrfm”R(G)”
: : f(v) — Ky|
< inf RGN = inf r(K)"™ = inf su ) = Kyl
Goegm,n” (Go)ll IRnxmI( )l o Vevp ROl
which completes the proof. O

In the case of scalar functions, we can again obtain an éixgditution.

Tueorem 3.33. Let f, kK" and kK be as above and definé by

o %(k++k‘).

Then
7\ |1 (v) — kv %| if 0 <k"k™
M(OéN = infsup———=4{ 0 ifkt =k =0 .
o keR ey |kV| 1 else

and the infimum is achieved forkk* if 0 < k"k™ and uniquely achieved if at least one of
k*, k™ is non-zero.

Proor. Inthe scalar case, the nonlinearity measure of a statatifmcan be reformulated

as
[f(v) —kv f(v)/v '
e T (|
If k- < 0 < k* then sup,, | "2 - 1] > max{|% - 1].|% - 1]} > 1 for anyk and

suRey |12 -1 > 1for kK — co. If k" = k- = 0thenf(v) = 0 and the result is
obvious. We have now to verify the caseck*k™, |k*| > 0. Fork = k* we have

f(v) /V Kk k- |k -k
ol = i -4 = e -1 = [
Note that we always have < k* < k*. If k has a diferent sign thak*, k™ then clearly
sup‘ T/ — 1‘ >1
veV K
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and we only can have to consider the four cases

_ . ) f(v)/v k™ k= k"-k
O0<k <k <k: igvp 1>1 k>1 vl ey
- : f(V)/v ‘ k . ki-k
Cslocks0 fevp< 2R e Tt e

f(v)/v Kk k* kt — k-
<k<k' <k": ~1>—-1>—-1=
Osks<kis veuV k ol % kt + k-

i . _ f(v)/v k* kKt k'-k
k<k <k"<0: fﬂ){ ” 1‘ >1 k>1 vl
We have shown that no oth&rthank* can achieve the same or a smaller value of the
nonlinearity measure and the proof is complete. O

Results for the MIE-NLM. The result establishing the steady-state behaviour asexr low
bound cannot be derived for the MIE-NLM, IMIE-NLM and FE-NLM a similar way.
This is due to the fact that the systgB1'N — | may not have the desired steady-state
behaviour. Consider for instance the case of linear systeithszeros on the imaginary
axis, where convergence of the output to a constant value doeimply convergence
of the input. It is possible, however, to give an upper bounmdilie three measures for
memoryless operators.

Tueorem 3.34. Consider the same conditions as given in Theorem 3.22 anoiresssi> n.
[Kf(v)-v|
v

Thengy e v, < INfregma SUR,y

Proor. Define the setK™* = {K e R™: KTK is regula#, i.e. the set of all matrices in
R™" that have full column rank. The set of memoryless linear ajpesG), , is a subset of
Gmn, and the matrix = (RTK)_l KT € R™™M satisfiez = Kvfor all v = Kz (andK is onto
R" asK has full row rank), so the seiin’ = {Gt 1 y - Glyl(Gyly)(t) = Ky(t), K € K}
is a subset og'nv Hence, from Theorem 3.22,

u H(G‘leu B U)TH
PMiEN, = inf  sup
GLeGiN, uet,T>0 U]l
-1
|(Gamiu-u).| Rfw) -y
< inf sup = inf sup
GyleGmn’ U, T>0 [[ur ] KeK+* very \Y

The result follows from density oK™ in R™" (using standard regularization arguments)
and the continuity of the last expressionkn O
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Note that if inf.cy 'f(" > 0, a common bound oK can be given and the existence of an
optimal K* with

Kfw-v [Kf(v) —v|
sup——— = inf sup——
veV \Y KeR™N ey \Y

is guaranteed. The corresponding nominal md¢let K-! only exists, ifK has a right
inverse. Also, the model is not necessarily an optimal moaglequality mngIEN <

INf g crmen SURey KT cannot generally be guaranteed. In the case of scalar funsctan

explicit solution of the upper bound for the MIE-NLM can bee.

Tueorem 3.35. Let f, k" and k be as above and definé ky
wéQW+wy

Then

= k_ = o
1 else

UV) uy)
¢M|E,Nf S‘/5|\/|0E,Nf = 'RQ][]:?:VF’ V]

ki) -y [ il o<k
— =410 if k*
and if0 < k*k~ the infimum is uniquely achieved fiore= 1/k* .

Proor. Inthe scalar case, the nonlinearity measure of a statatifmcan be reformulated
as

fM¢

_ kfv) -V
inf sup————— = inf sup|—= v

keR vev V| keR veV

]
If kK~ <0< k" then sup., [~k - 1] > maxj|k'k -1, |k"k—- 1|} > 1 for anyk # 0 and
[Pk = 1] = max{lick - 1] Jkk - 1} K

Hﬁk—4=1

Su
pV

veV

for k= 0. If k* = k- = 0 thenf(v) = 0 and the result is obvious.

We have now to verify the caseQk* k™, |k*| > 0. Fork = 1/k* we have

f(V) -
\

k* k™
P 1\ 1‘

k*—k‘
k*

kK|

.

sup|—-
veV

Note that we always hade < k* < k*. If k has a diferent sign thaik*, k- then clearly
v

sup
veV

R—4>1
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and we only can have to consider the four cases

ng‘<k*<% 53\/p¥§—121—ﬁk‘>1—l;—;:£;t:
k‘sk*<%s0 §§p¥k_lzkk__l>t_;_ =—:i;t:
0§%<K“sk+ igvp@R—lsz+—l>%—1::i;E
%<k*gk+30 ilﬂ/p@ﬁ—lzl—ﬁk+>l—%:—:i;t:

We have shown that no oth&rthank* can achieve the same or a smaller value of the
nonlinearity measure and the proof is complete. O

Results for the IMIE-NLM. The respective result for the IMIE-NLM is the following.

Tueorem 3.36. Consider the same conditions as given in Theorem 3.22 anaoiress> n.

u _— [Kf(v)-v|
ThengblM,E’Nf < |an€]Rm><n SUQ/GV W

Proor. Define the sef* = {K e R™": K"K is regula}, i.e. the set of all matrices in
R™" that have full column rank. The set of memoryless linear apesG?, , is a subset of

~\ —

Gmn, and the matrixK = (KT K) 'RT e Rvmsatisfiesz = Ky for all v = Kz (andK is onto
RR" asK has full row rank), so the sg%n" = {651 Ly - GoiyI(G5ly) () = Ky(t), K e 7<+}

is a subset ogir?an(N(L{). Define the relation

RG™) = {(u, & e L0 x L7,

i=GINue=GINU-UUE fu}
-1 0,inv :
and for anyG,* € Gmn let the relation
r(K) = {(\7,;7) e R"x R"fv = Rf(). = Kf(Y) - v.v e v}.

As for any ¢ n) € r(K),v e Kf(V), there is a’e) € R i € G5*N;U such thau(t) — ¥
ande(t) — n for t — oo, and for alli'e G;*N¢U, {(t) € Kf(V), Corollary 3.29 delivers

[(G™*Nsu - uy |

inf inf RG-1 GoINs U
G—leé?%(N‘Ll) ujxl,JTEo ||(G_1NfU)T|| B Galleng?r{ﬂv G )”
" R K f(v) —
= inf r(®)"Y = inf sup|~(v—)v|.
Kex+t KeK* vev |Kf(V)|
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Take any matrixK € R™™ and assumé}%v)l > y > 0 (otherwise the nonlinearity measure
is unbounded). Witk = K + AK, K € K*, AK € R™™ we then have

[Kim-v _ jakf()

! L [KfW-v] | JAKf(v)
[Rf) [RfW)]

|Kf(V) - V| Rio] KT

sup <sup——1 <
VeV 1 + LBKIWI veV |K f (V)| VeV |1 _ 1K@
KT

[Kf(v)]

AK F ()
|K f(v)|

we can make arbitrarily small by choosing andAK appropriately, which shows that

_ Kf(v) -v] [Kf(v) - V]
inf sup——— = —.
KeK* vev |K f (V)| KeR™M yey |K f (V)|

Clearly, sup., = y < o asK has full column rank. Becausk*is dense inR™",

O

In the case of scalar functions, an explicit solution of thper bound can again be given.

Tueorem 3.37. Let f, k" and k be as above and definé ky

1,101 1
k* - 2\ k+ k-
If infuey | 22| > O then
: kf(v) - v K| jf 0 < ko, KF]L kO] <
(p(IZK/I(IVI%,Nf Sﬁﬂf\é)am = inf sup|~—| :{ 1k K I K|, K| < o0
keR vev |k F(V)| else

and the infimum is uniquely achieved for 1/k* if 0 < kKTk™ < oo. If infyey |@| = Othen

. kf(v)-v
iNfrcr SURey W =

Proor. Inthe scalar case, the nonlinearity measure of a statatifimcan be reformulated
as 3
. kfv)-v|
inf sup—=—— = inf sup
keRvev  [KF(V)|  keRvev

11— ——
=T
k=~

If inf vy [£2| = 0 then sup,,

1- @ = oo for anyk. If inf,ev | 2| > 0 andk~ < 0 < k*,

SUR.y |1~ =z | > 1 for any choice ok, andk — oo (andor |[1¥| - co) results in
W |
We have now to verify the case<Ok*k™. Fork = 1/k* we have
k* * k+ _ k—
supll— —=|=1-—|=[]1-—| = .
vgvp k@ ‘ k* ' k- k+ + k- '
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Note that we always have < k* < k*. We can now distinguish the two cases

_ 1.
=k W 2 1~ kk“ 'k '“
k+ k™
ki —k) =
R
1 . 1 1 |1y, 1
" kt — k™
K) = kt + k- '
We have shown that no othkrthank = 1/k* can achieve the same or a smaller value of
the nonlinearity measure and the proof is complete. O

Results for the FE-NLM. The last results concern the feedback error setup, and are co
parable to the results for the MIE and IMIE nonlinearity meas.
Tueorem 3.38. Consider the same conditions as given in Theorem 3.22 anairaess> n.

. K f(v)-v
Then¢FEN < infgegma SURy | O |

Proor. Define the sefk™* = {K e R™: K™K is regula}, i.e. the set of all matrices in
R™" that have full column rank. The set of memoryless linear ajpesG), , is a subset of
Gmn, and the matrixK = (IZT K)_l KT € R™Msatisfiesz = Kv for all v = Kz (andK is onto
R" asK has full row rank), so the seiin’ = {Gt 1 y - Gglyl(Gyly)(t) = Ky(t), K € K}
IS a subset '”V(Nﬂ) Define the relation

RG™) _{(u y) € L x LN

U=Gly-uy=Niuue (LI}
-1 0,inv .
and for anyG;~ € Gy let the relation
I’(IZ) = {(\7,2) e R™Mx ]Rm'v = Rf(\/) -v,z= f(v),ve V}.

As for any (7, 2) e r(K),¥ e Kf(V), there is a(y) € R 0l € G;*N¢U such thatt) — ¥
andy(t) — zfor t — oo, and for allti'e G;*N¢ U, {i(t) € K f(V), Corollary 3.29 delivers

_1N _
inf sup (G *Nru - | = inf R(G‘1)||wa
G-1eGIMY (NU) uetl,T>0 ”(NfU)T” G legmh
. _ N U
< Gallggf%fﬂv RGsH[™
- |()_ inf sup|Kf(V)_V|

KeK+ vev [ (V)|
The result follows from density oK™ in R™® (usmg standard regularization arguments)
and the continuity of the last expressionkn O
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In the case of scalar functions, an explicit solution of thper bound can be given.

Tueorem 3.39. For a given function .V C R — R let

k¥ 2 sup—
o FV)
-V
k= = !/re]\f/ f(v)
and definek* by
L+ A 1 L+ -
=3 (k +K ).

If infyey |[£2] > O then

~

. kf(v) - V] 1k k) else

UV) < f |— — 2 > N
Pren = RSUPTIR ) { % if K = oo or k= = o0
and if0 < k*k™ the infimum is uniquely achieved fioe= k- .

Proor. In the scalar case, the feedback error nonlinearity measfuat static function can
be reformulated as

inf su M _ inf suplk — —~ ‘
Ry FO) kRl TV
If k* = 0o ork= = —co then sup.y |k — | = oo for anyk. In all other cases, fok = k'
we have
N 1 L e L
suplk — ':k*—k+:k*—k_:k+—k_.
yerd R TOYIY | [=(k-k)
Note that we always have < k* < k*. By considering the two cases
L 3 1 I P
k- <k <k: k — >k-k >k -k ==(kt -k
=es v f(v)/v‘ =R 5 (K -K)
L _ U L+ - L 1 Lt L+ L _ 1 [V
k<k <k : igvpk—f(v)/v'zk k>k k_2(k k).

We have shown that no othkthank = k* can achieve the same or a smaller value of the
nonlinearity measure and the proof is complete. |

Remark. The results on scalar memoryless systems for the feedbeaksetup allow an
interesting interpretation. The formula given is a complahalogue to the case of the
additive error setup, if thewversenonlinear function and thmverseof the linear model

Is considered with prescribemltputrange. As a consequence, the scalar static feedback
error nonlinearity measure is the only given nonlinearityasure that can be generalized
to unstable systems (i.e. functions that are not linearlynided), while still delivering
non-trivial values.
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Ficure 3.5. Input-output relationship for the sign-function anesb
linear model (left) and error system (right) for the feedback error
setup.

ExampLE. The sign function

-1 :u<O
=101 7 5o
clearly has no finite gaink® = oo, so all other nonlinearity measures are unbounded or
return their maximal possible value for any given operatiagge. The feedback error
nonllnearlty measure, however, can be defined and one siiaia 1, k- = 0 andk* =

> (k+ +k ) = 0.5 for an operating range ¢l < 1, to which belongs the best linear gain

= 1/k* = 2. The system response together with the best linear modetrensector
boundaries are depicted in Fig. 3.5 (left graph). The nealiity measure is obtained as
sren, = 5 (k" k) = 05, which is the gain of the uncertainty shown in Fig. 3.5 (tigh
graph). Note that the error system is a relation in this céellack upright line at the right
side of the graph belongs alsoAd. Therefore, the sector in which the error system lies is
given by the two bisectors, the first one coinciding with & parA. This examples shows
that the feedback error setup might open the possibilityetfind a nonlinearity measure
also for unstablelynamicsystems. We will however not pursue this idea here any furthe
|

Discussion. In Section 3.4 it was shown for the additive error setup thetwser bound
on the nonlinearity measure can be derived by the steady Istdtaviour of a system, and
that the nonlinearity measure of a memoryless system cahdaaterized by a “static”
optimization problem that has a particularly simple santin the case of scalar systems.
The extension of this result in this section was only congpfer the MOE and IMOE
setups. For those two setups, similar (butetent) results were given. For the remaining
three nonlinearity measures, only results for memorylgstems could be given. It is
believed that the given characterization is tight, althoiigvas only shown that the given
formulae are upper bounds on the nonlinearity measuresdanaryless systems. This is
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TasLe 1. Nonlinearity measures and best linear models of the memo-
ryless nonlinear operatgr= u + 2u°.

Best linear model Nonlinearity measure
AE y=ku=2(k" +k)u=2u ¢AENf=1(k+—I()=
MOE ) ¢MOE Ne ~ t;t— =05
MIE ¢ :
IMOE || y=ku=ZXKu=15u “
IMIE ¢ :
FE ) ;:L(E,Nf = %(ki— - k%) - %

due to the appearance of inverses of linear operators, rirgetneral do not possess the
required steady-state behaviour.

In order to illustrate the similarities andffbrences between the results on the static scalar
nonlinearity measures for the various setups, we give ampbea

ExampLE 3.40. Consider the memoryless nonlinear function
= f(u) =u+20°

and an operating region ¢ff < 1. It can be readily seen thiat = 3 andk™ = 1. For the
feedback error case, we hakke = 1/k* andk~ = 1/k- because the nonlinearity strictly
lies inside the first and third quadrant. With these values best linear models and non-
linearity measures of the fiierent setups can be determined as collected in Table 1. Itis
also instructive to have a look at the corresponding erretesgsA. It can be seen from
Fig. 3.6 that the error systems for thefdrent setups are very similar. But note that the
scales on the inputs and the outputs aféedent for the dferent setups. The reason is
that the input signal to the nonlinear syst&is also the input signal to the error systems
only for the AE and MIE setups. The inputs to the error systamMOE and FE setups
correspond to the output &f;, while the inputs to the error systems in the IMIE and MOE
setups are internal signals. For a similar reason, also utguts have dferent ranges.
Taking the ranges into account, the nonlinearity measuves gn Table 1 can be verified.
The values of the nonlinearity measures just corresponde@ain of the depicted error
systems. From the figure we can also see a typical charditeriserror systems\ that
correspond thestlinear models5*: the sector in which the nonlinear error lies (dashed) is
symmetric to the input-axis. This behaviour implies thatgain of the error system cannot
be reduced by adding or subtracting a linear term, and quurets to the associated linear
models being the best possible models. [

Generalization to Infinite-Dimensional Systems.At the end of this section, we address
the question whether the given results can be extended wimemeageneral class of linear
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Ficure 3.6. Error systema for the memoryless nonlinear operator
y = u+ 2u® and the best linear models infidirent setups.

models is considered. This is the class of causal linear-tnvegiant (LTI) delay-free

transfer operator§ : L, — L}, defined by

(Gu)(t) = Gpru(t) + (g = u)(t) = Guru(t) + fo g(t — n)u(r)dr (3.14)

with the instantaneous gafh,; € R™™ and a measurable kerngt R* — R™™, that has
already been addressed in Section 3.1.

The results given in this and the last section concerningti@dy-state behaviour of non-
linear systems and the values of the nonlinearity measnorid®iadditive and the (inverse)
multiplicative output error setups made use of the factiftthe input of a finite gain stable

linear system converges to a certain value, then the oufjyatatotically tends to a value
that is given by a linear function of the asymptotic inputuali.e. fromu — u, follows

y = Kug, K € R™™. This behaviour is not so easy to verify for general convotut
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operators. However, if such a linear convolution operatersuch that|gll, < ®, this
assumption is also satisfied.

ProposiTion 3.41. Consider a convolution operator given by (3.14) that sa&sfy||, < co.
Ifu e L, andlimi_, u(t) = ug thenlim . y(t) = lim_,(Gu)(t) = Kug with K = Gp¢ +

5 9(@)dr.

Proor. Let lime,. u(t) = ug, G(t) = u(t) — up and rewrite the convolution ag & u)(t) =
fot o(T)updr + (g = T)(t). If u(t) is bounded, i.eu € LT thenl||g = (Tr)ll; < 9l llTr]l; < oo
forall T > 0 and @ = ) is uniformly continuous [64], so Barbalat's lemma provkatt
(g (Ur))(t) » O0fort — oo [77]. Fromu(t) — ug, for anye > 0 there is al' > 0 such
that||g = (G — Ur)ll, < ll9ll; [0 - Urlle < &, which proves thafg = ) (t) — 0 fort — co and
thus lim_. GU(t) = Gnilo + [, g(r)dr Up = K. O

The proposition shows that the results of Sections 3.4 abde3nain true if instead of
stable finite-dimensional linear models, stable convolutnodels are considered antla
or L., setup is chosen.

3.6. Composite Systems

In this section, some results on nonlinearity measurestefdéonnections of two subsys-
tems are established. The goal is to derive upper boundsatnisterconnections based
on the measures of the subsystems alone. Moreover, if Imedels are known for the
subsystems, as is the case for interconnections of dyname@rlsystems and memoryless
nonlinear systems, these results immediately deliveafimeodel candidates that achieve
the modeling error given by these upper bounds.

Parallel connections. We first consider the case of a parallel connectigri+ N, of two
finite gain stable mappings; andN,. The proposition below shows that the AE-NLM of
the parallel connection is bounded by the sum of the indalidnlinearity measures. For
this relation, no equivalent property can be shown for tieiohonlinearity measures.

ProrosiTion 3.42 (AE-NLM of parallel connections)For two finite-gain stable mappings
N1, Nz : U € L, — L. the “triangle inequality” gA¢ . .n, < Phen, + Pacn, NOIDS.

Proor. We have
I(N1 + N2)u — Guj

7/1 .
= inf su
Premete = Gl S
. N; + No)u — (G1 + Gy)u
_ inf sup”( 1+ No)u = (G1 + Go)ul|
G1,G2€Gmn yeut [|ull

8Note that the conditiofigll; = fot llg(x)lldr < o is suficient for a system (3.14) to be stable, but it is also
necessary only for the casespt 1, «o [25].
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[IN1U — Gaul| + [[Nau — Goul|

< inf  sup
Gl,Gzegmn uel ”u”
. Niu—-Gqu Now — Gow
< in sup(” 1 1Ul| N IN2 2W|
G1.G26Gmn ywets [|ull [Iw|

— U Uu
= OpeN, T PrEN,-

As has been observed before [26], if one system,May L € G, is linear and one is
nonlinearN, = N, we trivially getgit \,, = ¢ If the nonlinear system in parallel to
the linear system is memoryless, Theorems 3.23 and 3.24lgveest finite-dimensional
approximationGg (a constant gain matrix) and the associated linear modeHd. + Go.

Series connections, Hammerstein and Wiener systemslext, we consider series con-
nections of systems. In particular, we are interested iles@onnections of a linear and
a nonlinear system. The first case is a series connettiorN of a nonlinear system

N followed by a linear systemh. If the nonlinear subsystem is memoryless, this is the
classical Hammerstein system structure. We thereforeacaéiries connectioh o N a
Hammerstein-like system. For this class of composite syst¢he following proposition
establishes results for the AE-NLM, the MIE-NLM and the IMNEM.

ProposiTion 3.43 (Nonlinearity measures of Hammerstein-like serigsections). For a
series connection b N of a nonlinear system N/ C L}, — L. and a linear system
L € Gkn, finite-gain stable ori{ and NI/ respectively,

u u
Saein < Ll daen-
Moreover, if L is injective on K, then
u u
Sien < Pwien. @nd
u u
dimien < Dmien:

Proor. AS {LG'G € ka} C Gmn for any givenL € Gy, the first result follows from

o . I(L(NU) — Gu)1]]
= inf  su
Pren = R Tl

< inf sup ”(L(NU)_L(GU»T”

GeGmk ueld. T>0 U |

< |ILIl ¢ -
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For the other results, observe that there is a left-invier$éo L and{é‘lL‘HG‘l € Q'r?l"k} C

inv for any suchL € Gy, and so
u H(G‘lLNu— u)TH
PwielNn = inf  sup
GlegiW ueu,T>0 U]

”(G‘lL‘lLNu - u)TH

< _inf  sup = PEN
G-LeGM uetd,T>0 llur |l ’
and analogouslyl, c |\ < éiie n- O

Note that injectivity ofL requiresk < n. The results for the IMIE- and MIE-NLM can
be generalized for unstablein a straightforward manner. If the nonlinear subsystem is
static, the structure of the composed system is of Hammesstee and the upper bound
can be calculated easily with the help of the previously mjifeemulae for static systems.
From Fig. 3.7 it can be seen that the corresponding linearetisdjiven byG = L o G,
where the memoryless linear syst&p is a constant gain matriK. Figure 3.8 shows
the derivation of the model for the additive error setup. eNtttat linearity ofL allows
to move the summation point from befoketo behindL, so the model candidate is also
G = LoGy, as above. But contrary to the MIE and IMIE setups, the eysiesnA is given
by L o Ns, whereé(v) = f(v) — Kv, leading to the appearance of the additional faftdr

in the estimate of the upper bound of the error system gain.

ExampLE. Consider the Hammerstein system composed of the inputnaamity N¢ given

by f(x) = 0.05x + x3 and the linear dynamick(s) = (s+11)3 for an operating range of

lu < 1. In this case, Proposition 3.43 delivers the upper batffid . < ¢yiey, - AS the
nonlinearity lies in the sectokf, k"] = [0.05, 1.05], Theorem 3.35 provides the value of

MIEN, S K= | = 0.91 for the multiplicative input nonlinearity measure tdy, together

with the optimal linear gain ok* = %(k+ + k™) = 0.55. From these data we obtain the

linear modelG(s) = (;-51?3 (for an illustration see Fig. 3.7), and the associated nioglel

error is bounded byA|¥ < 0.91. An important point is that this linear model is much
better than the model obtained by linearizing the nonligaiThe linearization admits
the modelGy(s) = 3+°§3 which delivers the modeling bourii\|“ < 20. Although
for technical reasons, the bounds on the nonlinearity nmeasnd model quality index
respectively cannot be shown to be sharp, it is believedhiegtin fact do reflect the exact
values in these cases. The significarftadence between the best linear model and the
linearization can be seen from Fig. 3.9. The steady stateajahe local linearization is
by far too small. On the other hand, the gain of the best limeadel is larger than the
gain of the nonlinear system for small input amplitudes,levhiis smaller for large inputs.
Thus, the best linear model achieves a compromise betwdaenab@pproximation for
small signal behaviour and for large signal behaviour. ]

Upper bounds can also be derived in the case of a series ¢mmie L of a linear system
L € Gmk followed by a nonlinear systemd : U C L'f)e — L. If the nonlinear subsystem
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Ficure 3.7. lllustration of the derivation of a linear model caratil
for Hammerstein systems in the IMIE and MIE setup.

Ficure 3.8. lllustration of the derivation of a linear model caratel
for Hammerstein systems in the additive error setup.

is memoryless, this is the classical Wiener system stractiWe therefore call a series
connectionN o L a Wiener-like system. The given bounds concern the AE seatdplee
MOE and IMOE setups, i.e. the setups that have the error tBenthe linear model.

ProposiTion 3.44 (Nonlinearity measures of Wiener-like series cornas). Let L € Gk
and the nonlinear system NI < L, — L%, be finite gain stable systems. Thgfy,. \, <

LU U Lu i icini i U LU
voeNn @Nddvoe vt < Pivoens @nd if L is injective orld, theng ¢\ < IILII ¢ag -

Proor. The first result follows from

. NLu- Gu)¢||
U = inf su I T
Pwoent = GIGL SR TGN
) H(NLU_GLU)TH
< inf sup

GeGkn uet,T>0 H(G LU)T “
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Ficure 3.9. Step responses of the Hammerstein system, its best loca
model on the considered operating range, and the locakizagen.

H<NG_GD)T” LU
= inf sup —F——— = dyoen
GeGn teLU.T>0 H GG) ”
.

and the second result follows in an analogous way. The lasttrs obtained from
I(N(LU) — Gu)r||

(L[ .
PAENL = inf  sup
’ GeGmn ye, T>0 [lur ]
“(N Lu— GLu)TH
< inf  sup
GeGin ueld,T>0 U]
njectivyof L sup ”(NLU_ GLU)TH I(Lu)+ Il
GeGkn uetd,T>0 llur ]| I(Lu)+ Il

J(NLu=GLu) |y

< inf sup
GeGkn uel Weld T>0 I(Lu) ]| (W ||
Lu
< Il ¢agn-

65



66 3. NONLINEARITY MEASURES AND LINEAR MODELS FOR NONLINEARSYSTEMS

Ficure 3.10. lllustration of the derivation of a linear model catate
for Wiener systems in the IMOE and MOE setup.

Ficure 3.11. lllustration of the derivation of a linear model catate
for Wiener systems in the additive error setup.

For the seL U, an easy estimate can be given in the form

50 < lILll. - supillulle, , u € w}

if all signals in the sefl/ have bounded amplitude. This estimate can be used to calcu-
late an upper bound on the nonlinearity measures for Wigrstesis based on the static
nonlinearity and the gain of the linear dynamic system part.

LU C {)76 Lpel

Figure 3.10 shows how the corresponding linear m@ile! Gy o L can be derived, where
the memoryless linear syste@y is a constant gain matriik. Figure 3.8 shows the deriva-
tion of the model for the additive error setup. Note thatdirty of L allows to move the
branching point from behind to beforeL, so the model candidate is al€o= L o Gy, as
above. But contrary to the MOE and IMOE setups, the erroresyatis given byN; o L,
whered(v) = f(v) — Kv, leading to the appearance of the E&¢ instead ofZ{ for the
operating region of the memoryless error systém

The results above show one more possible use of the nontineaeasures. Suppose
different nonlinearity measures are given for one nonlineaesys Then it is possible
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to tell whether the system structure is closer to a Hammeréitee system or closer to a
Wiener-like system (or to none of them) by comparing, elg Malues of the MOE and the
MIE nonlinearity measure.

Feedback interconnection. As the third common interconnection, we study the feedback
interconnection of a linear systeimin the forward path and a nonlinear systémn the
feedback path. The transfer operator of this interconaeatan be written ak(l — NL)~2.

If the nonlinear system is memoryless, this is the clasdicaie system structure. As
expected, we can derive an upper bound on the feedback enntin@arity measure for
this type of system.

ProposiTion 3.45 (Feedback interconnection of a linear and a nonlingstem). Let L €
Gmn be strictly proper and injective, let the nonlinear systemt M/ C Ly, — L, be
finite gain stable and the feedback interconnectigh -+ NL)~* be well-posed, injective

- - . - _1
and finite-gain stable. Thepft, |\ . <datn ~

Proor. Insert the expression(l — NL)~! for the feedback system in the definition of the
FE-NLM and use the notatia¥ = L(I — NL)™1/ to get

“(G—ll_(l N tu- U)TH

" .
PreL-ny G—lelgi,{%(y) et |(L( = NL)u)||
| (ey-0-NuLy) |
= inf sup
G LG (Y) yey.T>0 Iyl
| —GL)Lly— (1 = NL)L?
) o s (0 -GuLty -0 -NoLty). |
G1=(1-6L)L-LeGIN (¥) yey. T>0 llyrll
. H(Ny—éy)T“ NV
T T P

The supremum ovet{ can be replaced be the supremum a¥erecause (I — NL)™* :

U — Y is one-to-one and onto. In the second step, we made use gbebembkform of a
linear modelG—1 = (I —GL)L". In order for this step to be valid, we have to verify that the
systemG = L(I — GL)! is well-posed (i.e. it is a unique mapping) and surjectiveoon.
Well-posedness follows from strict propernesd.afnd properness @ [146]. Moreover,

G is surjective ontaY if (I — GL)™! is surjective onto I(— NL)"%, or equivalently, if

(I - GL) is defined for alLe (I — NL)~*/, which clearly is the case. From Proposition 3.1
we know that we do not have to care whether to consider onblestaodels or not, s&
does not need to stabilizefor the argument to be valid and the proof is complete. O

If the nonlinear subsysteid is memoryless, the formula for the AE-NLM of memoryless
systems can be used to derive an upper bound of the FE-NLMeohterconnection. The
provenance of the associated model is illustrated in Fi2.3t can be seen that the linear
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Ficure 3.12. lllustration of the derivation of a linear model catate

in the FE-NLM setup for feedback systems composed of a lidgar
namic subsysten in the forward path and a nonlinear memoryless
systemN; in the feedback path.

modelG is the feedback interconnectionlofind the optimal memoryless mod&] of N,
represented by a constant gain makixG = L(l — GoL)™2.

Summary. In this section, we derived linear models for systems thatcamposed of a
linear and a nonlinear subsystem. For such systems, linedelsiand bounds on the cor-
responding nonlinearity measures and model quality irsdaza be given by considering
the linear and the nonlinear part separately. In case thi@ean subsystem is memoryless,
these results can be used with the help of the formulae giv&ection 3.4. As compared
to previous results [61], these results show the advantatpe general framework for non-
linearity assessment introduced in this thesis. In pdeicthe selection of a compatible
error setup for a system with known structure is an advantdgareover, for Hammer-
stein and Wiener systems this approach also allows to hagdtems with unstable linear
dynamics.

3.7. Nonlinearity Measures and Harmonic Analysis

In this section we discuss a numerical approach on how to ateng lower bound for
single-input single-output systems in thg-setting by means of harmonic analysis. The
given method was first proposed in [2, 3] in a slightly lessegahsetting.

We consider the special class of sinusoidal inpts= Asin(wt) where the sets of admis-
sible frequencies and amplitudes are specified accorditigetdesired operating regime.
In particular we suggest the following lower bound on thelmaarity measure.

Dernirion 3.46. For a finite-gain stable mappihg: U € Lpe — Lpe and a set
Us = {u(t) = Asint), Ac ACR",we QCR",w> 0} CU.

we define

. R N _G
X(KE,N = sup inf lim Sup”( u Uy ||2.

(3.15)
ueUs GeG11  Tooo ”uT”Z
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Note that maximization and minimization are interchange(Bi15) as compared to (3.1),
and the supremum over time is replaced by a limit, and heffcg >XAEN

It can often be assumed that the response of a stable nardiyega@mN to a sinusoidal in-
put with fixed amplitudeA € A and fixed frequencyw € Q is the sum of (i) the continuous
periodic steady-state respongg;, and (ii) the transient respongg — 0 that decays to
zero,yn = Nu =Yy +VYss. The periodic signass can then be expanded in a Fourier series

Yss(t) = Ao(w, A) + > Adw, A) - sinfet + @) (3.16)
k=1

where the amplitude cdigcients A, are functions of the amplitude and the frequency of
the input signaf. Given the Fourier cd#cients of the responses hfto inputs in/s, the
lower bound on the additive error nonlinearity measure @oadiculated easily.

THeOREM 3.47. Let N: U C Lye — Lpe be afinite-gain stable mapping exhibiting asymp-
totically periodic outputs to sinusoidal inputs.af and)(AEN are as in (3.15), then

1 (o]
XAEN = sup J 2”5 (w, A) + Z A(w, M), (3.17)
et} k=2

where A(w, A) are the amplitude cggcients of the ® harmonics of the steady-state re-
sponse ¥s to the input {t) = Asin(wt).

Proor. Consider an input signal with fixed amplitu8eand fixed frequency. First of all,
fromy, — 0 we have that (as in the proof of Theorem 3.20)lim \/;II (Yer)r Ilo =0and

thus
- [1 1
fim /= IH(Gu=NuUr [l = lim /=l (Gu=Yss)r ll2

We rewrite the periodic steady-state responsg ad) = ap+> . {&1 Sin(kwt)+b; coskwt)}.
The periodic steady-state response of a stable lineamsyst&u)(t) = y. (t) = a sin(wt) +
B coswt). By orthogonality of the sine and cosine functions invdlvee can write

. 1 1 1 ©
i\ lss-rl - Jasw(al—a)az(bl—ma 32, (&)

where we used the fact that §m.. # ||(sin(kwt + (pk))THZ 1. Moreover, lim ., £[jur|2 =

| =

7, and we have

imeuplNU=CU Y+ 3@ ) 3 (1 3 3 (& + )

T—oo ”uT”Z

1
sA

9Classes of nonlinear systems where this decompositiors laotgfor instance given in [110, 35]. For systems
given in state-space form, this assumption can be verifigtidowttractivity of the center manifold corresponding to
an exosystem that models the sinusoidal excitation sigi2al [
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Straightforward calculation shows that the last expressaninimized by any linear sys-
tem that satisfies the principle of harmonic balance [13@], i, () = —a; sin(wt) —
by cost). With AZ(w, A) = a2 + bZ the result follows. O

When choosing finite sets of amplitudes and frequenciesqtaatity X:i(é,N constitutes
a computationally attractive opportunity to calculate wdo bound on the AE-NLM for
dynamic systems. The numerical computatio;\v@*f only involves the Fourier analysis of
the simulated output and therefore the computation canb&stone for systems described
by differential-algebraic equations, systems with non-smootilimearities, or systems
governed by partial dierential equations. From (3.15) it follows immediatelytttiaN is

a linear JO-operator, the value of the lower bound is also equal to.zErom)(Tf,’S =0

it can however only be concluded that for each input signal{s there exists a perfect
linear systenG;, (depending on the respectiuwg Linearity ons follows only under the
additional condition thaf) ¢, {G;} # 0.

Similar results can be derived for the IMOE-NLM and the MOEN\

CoroLLARY 3.48. Assume the same conditions as in Theorem 3.47, and define

u . . I (Nu-Gu) ||
oy = sup inf limsu 3.18
XMOEN UE‘U?GEgl,l T—ooo p ” (GU)T ” ( )
and
u e Il (Nu-Gu) |
S ey = sup inf limsu 3.19
XIMOE N ueﬂEGegl,l T—oo p ” (NU)T ” ( )
(Lls (l’(S
Then‘f’;\LAIOE,N 2 X MOEN and¢?(/IOE,N Z X\MOEN and
A2(w, A)
u u 1\W,
XvoeEN = Xin =Sup4/1- — .
MOE,N IMOE,N el \/ 2A(2)(a), A) + Zk:l Aﬁ(w, A)

we

Proor. Redo the proof of Theorem 3.47 and calculate the optim@alaccording to the
definitions of the MOE and IMOE-NLM respectively. O

For nonlinear systems that do not produce a steady-stédet8,, the lower bounds of
the MOE- and IMOE-NLM are in fact a variant of the total harnwodistortion (THD),
that gives the sum of powers of the harmonic signals dividethb sum of powers of all
frequencies (including the fundamental frequency).

The following proposition shows that similar definitiong the MIE- and IMIE-setup turn
out not to be useful, because they only deliver the triviadldobound of zero.

ProrosiTion 3.49. Given the same assumptions as above, we have

() |

Xus_ = sup inf_limsup
’ uefL(sG’lGQI'\ll T—ooo ”uT”

0 (3.20)
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and

Xt n = Sup_inf_lim sup“(G_lNu_ U>T“ =

3.21
Uells Glegly Tooo ||(G‘1N u)T|| ( )

Proor. For any sinusoidal inpuf(t) = Asin(wt), and thus for any outpyg s(t) = Ag(w, A)+
Yer Ax(w, A) - sinkwt + @) of the nonlinear system, we can construct a proper, stable,
minimum-phase syste®* € G" such thatG™ (A(w, A) - sin(t + ¢1)) = Asint) =

u(t) and all other terms are attenuated to any desired levelhée iis a uniform bound on

all A, the result follows. O

The lower bounds for the MOE and IMOE nonlinearity measuesslIlto one more in-
teresting fact concerning the suitability of those meastme Hammerstein systems, that
has been observed for the IMOE nonlinearity measure in [8L, 6onsider a nonlinear
memoryless system that is not odd (i.B(—v) # —f(v) for somev e V) followed by a
strictly proper linear system with a non-vanishing steatte gain. For sinusoidal inputs,
the memoryless nonlinearity generates a periodic signdleofame frequency superposed
with a constant bias. For very high input frequencies, thedr system attenuates the pe-
riodic signal to an arbitrarily small level, and lets pas$/dhe constant bias. In this case,
the measure,s(h‘,l’gE’N and )(I‘(,ISOEN are equal to one as the only non-vanishing termgs
and thus the MOE and IMOE nonlinearity measures also take riieximal value. This
fact shows again that the value of nonlinearity measuresieliver insight in the system
structure. Vice versa, given a system with known structheeresult helps to select the
appropriate nonlinearity measure for systems analysis.

If the aim is not the derivation of a linear model, and one istented with a rough estimate
in form of a lower bound on the nonlinearity measure, harmanialysis is a computation-
ally very dficient way for nonlinearity assessment. As only simulatiatads needed for

the computation, it is also attractive for plants that ary given by simulation code.

3.8. Computational Aspects

The results in Sections 3.4 to 3.6 allow to compute the neality measures and best
linear models of memoryless systems and Wiener and Hamaresststems. If only the
nonlinearity measure is of interest and no linear model 8rdd, the methods based on
harmonic analysis presented before (Section 3.7) oftevigg@ood estimates for general
nonlinear systems, and these estimates are very easy to.olkso, the computation
of a lower bound of general nonlinear systems by considdhegsteady state behaviour
(Sections 3.4 and 3.5) promises a first insight at a very lowpmdational cost. If a model
is already given as a series of linear and higher order taimssinformation can be used
in some cases to directly compute the nonlinearity meagaresnore precisely, model
quality indices), as done in [56] using the technique of fiomal expansion. But we are
of course also interested in having a method to obtain thérmearity measure and a best
linear model for general nonlinear systems. In this secivenconsider the problem of
computing nonlinearity measures for general nonlineaesys.
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Problem structure. The exposition so far has made clear that nonlinearity measare
eqgual to the gain of the error system corresponding to thidibear model. Consequently,
there are strong links between the computation of nonlityeareasures and the computa-
tion of system gains over sets. Consider the structure ohargénonlinearity measure as
pointed out in Section 3.1, Eq. (3.3),

by = IAIX.

inf
GGGmn
The problem of computing the quantit// can be decomposed in two parts, an outer
minimization problem to get the best linear model, and aelimMmaximization problem in
order to obtain, for each linear model candidate, the cparding error gain.

It has been observed before that the outer minimizationlenolbis convex inG for the
guantities that we call the additive error nonlinearity sw@a and the inverse multiplica-
tive output error nonlinearity measure for a finite $ét[2, 3, 57]. This result can be
generalized to arbitrary sefg, and in a similar manner the minimization problems for the
multiplicative input nonlinearity measure and the feedbacor nonlinearity measure are
convex inG™1,

ProposiTion 3.50. Let N: U C LY, — L, be a causal, finite-gain stable mapping. Then
the additive error model quality index
A L syp NNU=GUyll
ue,T>0 [|ur |
and the inverse multiplicative output error model qualitgéx
AN 2 sup I(Nu-Gu)||
verr 750 I((NU)7]]
are convex in Ge Gnmn. Furthermore, the functions corresponding to the errottegsgain
in the MIE setup
Jlona-u)

u “1y A
5M|E,N(G )= sup
Ueld,T>0 (U]

and in the FE setup

sU (G—l)ﬁ su H(G‘lNu—u)TH
FEnt = e TN

- 1 H
are convex in G € Gny(NU).

Proor. Convexity for the AE setup follows from
(1 + (1 =) Nu= (4G, + (1 - )Gp) U)||

IN- (G +(1-DG)I* = sup
UeU T>0 llur |
< sup (/l“(Nu_Glu)T” + (l—A)II(NU—qu)TII)
ueU,T>0 (U]
< AUN=-G*+(1-2)IN-Gy".

for all A € [0, 1]. The proof for the other setups is done in a similar way arahitted. O
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The two last expressionsy/ - (G™') andsfe | (G™) are strictly spoken not model quality
indices, as they are functions Gf'* and not ofG. It was shown in Section 3.2 that all
problems are lower semi-continuousGnor G1 respectively, so that by virtue of a finite-
dimensional parameterization, the minimization probleaus be treated in a numerically
efficient way.

A Direct Method. In order to avoid the computation of the norm for each model ca
didate in the process of minimization, Allgbéwer [2, 3] prepd to select a representa-
tive finite subsetldy < U from the infinite-dimensional set{ that characterizes the
region of operation. The minimax problem of computing thalimearity measure can
then be reformulated into a convex constrained minimipapooblem that can befie
ciently solved with numeric standard tools, like sequérdizadratic programming [3].
Although this method proved to béheient and to deliver good results in many applica-
tions [2, 3, 57, 60, 62, 59, 122, 113, 114, 123], no bounds erafiproximation error can
be given due to the finite approximationof.

An lterative Method. Once an icient computational scheme to derive the gihf*
along with a (suboptimal) maximizing inputt € U, T € R*) as a function of the linear
model G (or its inverseG1, respectively) is available, an appealing scheme to coenput
the nonlinearity measure is the one given by Sourlas and Maowothakis [124]. In order
to fix the ideas, we give the algorithm for the additive erronimearity measure, but the
application of the procedure to other definitions is strd@ward. The overall iterative
algorithm is as follows:

(1) Start with an arbitrary model candida®g, e.g. Go = | of Gy = G,
empty set of input signaldg = {}.

(2) Compute the gain of the error system = sugm,bow and add
the maximizing input signalg;, ; and time horizonT;, , to the respective sets,

U1 = U VAU b Trer = T U TR

k+1}'
(3) Computeyk = infg MaX.ey, Ter,

”(Nu”_u—f'ﬂ“)T” by using the constraint convex min-
imization described above. In [3], the linear model is pagtaimed by a finite
numberN of linear terms

G—ZN: u
- — 1+TiS

where the time constants are fixed in advance. The resultingt@int convex
optimization problem is then solved to get the model candiGa, ;.

(4) Repeat steps 2 and 3 ungil = yy is suficiently small (e.g. below a prescribed
tolerance).

and an

An obvious advantage of the procedure is that we obtain adegreasing sequence of
lower bounds from the values ¢f, and a sequence of upper boungsffom which we

can construct a non-increasing sequefice sup. k- No convergence results of these
two sequences are available for a general systerut in practical cases, the upper and
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lower bounds allow us to terminate when a specified accusamgeiched. The application
example in Section 4.4 is computed with this procedure.

The computation of gains plays a central role in the aboveguhore, and we will discuss
possible approaches to perform that computation next.

Gain Computation via Optimal Control and Direct Optimizati on. The problem to
compute the quantity

I(Pu-l
IPI“ = sup LEUr

verr 750 ||Urll
can be viewed as the problem to compute a maximizing paif)(of the expression
I(Pu)t|l / llurll. This formulation constitutes in fact an optimal controblplem with free
horizon.

Some researchers use necessary conditions from optimabkttreory (as found in, e.g.,
[104, 82, 15, 22]) for the derivation of a solution to thislplem. Nikolaou and Manousiou-

INul

thakis [99] propose to use the identity gdﬁﬁ—” = SUR. {% sup, T} to compute the gain

and the identity|(N|| <) [IN]l, = suR,, ||Ly|| with Ly, the linearization around a trajectasy

to compute the incremental gain (see also [31]). The relgedtity of a stability measure
is computed with non-smooth optimal control techniques2@][ The results given in
[124] for discrete-time second order Volterra models shoat it is possible to use this
approach for special system classes. There are, howeverakserious concerns about the
suitability of this approach for general systems. Firgtlg conditions are only necessary
for a global maximum. The numeric solution can as well repmés: local maximum, or
even a minimum or saddle-point. Secondly, and even morerigpily, existence of an
optimal solution is not guaranteed, i.e. it is not known veetan input signal* exists

such that
I(PU)r-l I(Pu)~l

u*

. ver 750  [Urll

As indirect methods of optimal control are not applicablg@meral, it is possible to use
direct optimization methods instead. In order to do so, tipait signal is approximated by
a finite number of parameters, and the resulting finite-dsimeral optimization problem
is solved directly. Because the discretized optimizatimbfem is typically of high order
and is non-convex, the use of randomized algorithms is ailwrmopt order to compute a
good approximation of the gain [121]. A method that has agfeo theoretical foundation,
but is restricted to low order systems of special structoae, be based on the theory of
dissipative systems, as discussed next.

Gain Computation via Dissipation Inequalities. In Chapter 2, dissipation inequalities
have been introduced as a means to determine the gain of memnbkystem. This is
illustrated below by a small example.

ExampLe. Consider the syste given by
X = —-x=xX+u
y = X
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for X =V = R andp = 2. The storage functio8(x) = yx? satisfies
S = 2yx(—x—x3+u)
= 29X = 2yX* + 2yxu— yAUP — X2 + PP + %P
< —(x=yu?-(2y - 1) X% +y2?

and finallyS < —x2 + 22 if ¥ > 1. On the other hand, suppoge< 1. For anyS we can
chooseu = x + x3 to getx = const and thusS = const, and by choosing a fficiently
small x the expression

T T

f —X% + y2uldt = f ()/2 - 1) X2 + 2y2x* + y2xCdt
0 0

can be made strictly negative. Henceyif< 1 there can be n& such thatS (x(T)) -

S(x(0)) = 0 < fOT —x% + y?u2dt for all x andu, and thel,-gain of the example system is

IPll2 = 1. n

The example demonstrates that Proposition 2.2 allows hdlyigharacterize the gain of

a general nonlinear systeRmgiven in state-space form over a given set of input signals
U(V). However, there are three mainfitbulties in applying this procedure to the gain
computation of general nonlinear systems.

(1) In the above example, we took the whole®Rfas range for the inputs, and
accordingly the whole oR as invariant region. Considering unbounded inputs
often results in unbounded gains, so it is useful to consiidy a restricted
set of admissible input values. If the inputs are constdhfioge instance by an
amplitude bound, we first have to determine an accordingriem@iregion X
(for deriving an upper bound on the gain) or the reachalsktyrespectively (to
tightly approximate the gain). But the determination offsaa invariant region
or reachability set is a very demanding task in general.

(2) If for a givenV we have determined the regiofy we have to find a storage
functionS for the supply rates(u, y) = yP [ul’P—|y|®’ on Xx V. Therefore, we have
to find a common positive semi-definite solution to an inhoer@pus linear
partial diferential inequality with variable céigcients where the disturbance
term can vary within the given bound an Also this step can only be hoped to
be solved for special system classes.

(3) In order to get a tight approximation (i.e. an error bobycalculating a lower
bound) of the gain, the non-existence of a storage functioa fgiven range of
values fory has to be demonstrated as in the example above. Otherwisesne
to be satisfied by obtaining an upper bound on the gain.

Regarding problems (1) and (2), we will see that these tashkde solved to some extend
for the special class of polynomial systems. An approaclgémeral nonlinear systems
using the notion of input-to-state stability and a griddieghnique can be found in [79].
Problem (3) however cannot be solved by constructive mathadd it remains an open
problem in general. Fortunately, for the systems analysisantroller design tasks de-
scribed in Chapters 3 and 4, an upper bound on gains will tutiaobe more important
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than lower bounds, so we will focus on the solution of prolddf) and (2). If an invariant
setX is known, and the dissipation inequality is satisfiedr V for a giveny, then the
system has ah,-gain on?{(V) that is smaller or equal te.

Gains and Invariant Sets of Linear Systems.In the case of linear systen@ the L,-
gain can be characterized by taking into account sinusagaks only [146]. In this case,
any bound on the input that allows for an open ballRfi does not have an impact on
the L,-gain, anlellZ’(V) = ||GJ|,. A similar argument is valid for the case of the-gain
[25]. However, for the additive error nonlinearity measute need to compute the gain
of the diference between a nonlinear system and a linear system. hrastese it will be
helpful to calculate the invariant sets of the linear syspart separately. In the case of a
bound given by ma)u;(t)] < umax the L.-gain can be used to get bounds on each state
separately. If the bound on the input is given as an ellipsomhriant sets under norm-
bounded disturbances can also Ifieceently computed [14, 11]. For a linear system given
by

X = Ax+ Bu (3.22)

whereu(t) € R™, x(t) € R? and the input is bounded hyu < 1 a setP = {x € R?:
X"Px < 1} is invariant if and only if for some: > 0

1
PA+A'P+aP+ =PBB'P<0. (3.23)
a

Moreover, if the pair A, B) is controllable the smallest such set for a givers the set
P = {xe R?: x"S™1x < 1} with S~* the positive definite solution of

AS+SA +aS+1BE =0, (3.24)
(04

A minimization of the trace o8 (maximization of the trace dP) over the real parameter
a > 0 delivers the tightest ellipsoid that is invariant undex given perturbation, i.e. the
best approximation of the reachable set. If the system rAti$ Hurwitz one only needs
to check O< @ < —2 max R¢A(A)} [14]. In principle, one can mimic the same procedure
as above also for nonlinear systems [13]. This approacts|badever to invariant sets
that are also globally attractive, a property that is fardtrong for our purposes and that
leads to overly conservative results.

ExampLe. Consider the linear systeri= —ax+ bu. Then equation (3.24) deliver2as+
as+b?/a = 0orp = a(2a—a)/b?. Hence, forany & a < 2a, the se{|x| < b/ Va(2a - a)}
is invariant for allju| < 1, and the smallest of those setg|¥ < b/a} for « = a. For any
other input boundu| < 3, the invariant set is accordingly obtained{p$ < gb/a}.

Invariant Sets and Gains of Nonlinear Systems.To determine an invariant region for
general nonlinear systems is a verytidult problem. This task can be greatly facilitated
by considering the special class of polynomial systems.ifdégualities arising in systems
analysis are then also often of polynomial type, and theylmamchecked with limited
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conservativeness by sum-of-squared (SOS) methods. Sublaseely on the fact that a
polynomial p(x) of given order may be written as a sum of squares, i.e.

PO = > (RE)).

if and only if it can be represented as

PO = m(X)" Mm(X)

wherem(x) is the vector of monomials of andM is a positive semi-definite matrix [21].
Thus, the proof of positivity ofp(X) can be reduced to the fficient condition thaiM be
positive definite.

The SOS technique allows to check invariance of a level satpafsitive definite function
V(X) in the following way. For systems admitting a unique saufiit is possible to char-
acterize positive invariance of a set by the behaviour o¥/gwtor field on the boundary of
that set [11]. Let the input be bounded )T u(t) < r2 for all t. If

(2_\;]‘ (X(t), u(t)) < O for all V(x) = 1 andu(t) u(t) < r2

then the level sevV(x) < 1} is positive invariant under all admissible inputs. With tredp

of the Positivstellensatz, a generalization of the S-ptaoe this equation can be verified
with the help of SOS methods [74]. The drawback of the progosethod is that the
Lyapunov-functionV(x) can not be calculated by semi-definite programming teclasq
asV and % do not enter in anféine way in the polynomial inequalities. Instead, a candi-
date function has to be known, and then the{¥€k) < 1} can be tested for invariance.

Once an invariant set has been computed, there fereht ways to compute the-gain
over U(V) with the help of the dissipation inequali f (x(t), u(t)) < ¥°[ul® - Iyl’. The
key problem is to find a storage functi@that satisfies this inequalign S only in order
to avoid unnecessary conservatism. If the bounds on thesstaie given for each input
and state separately, then the substitutios ”ZX%);‘;” anduy; = Zu'%u"gax in the dissipation
inequality leads to a condition that can be tested globalthaut iﬁtroducing additional
conservatism. If the sétis given in the formX = {V(X) < 1}, then once again results from
algebraic geometry lead to a formulation that can be workid wa SOS, and this time
the smallest number that satisfies (2.2) oK x V can be computed directly.

ExampLE. Consider the systed given by

5(1 = —X1+X§+U
Xo = —X+U
y = X-X

for V. = [—Umax Unax] @and p = 2. The invariant region can be computed with the com-
putational procedure described above, by using the Lyaptumection candidaté/(x) =
x?/x2.and searching for a feasibig., for the subsystem of statg. For this simple prob-
lem, itis also possible to computga, directly by solving the equationXmaxt X3 .+ Umax =

0, and both methods lead to the same results. [Thgain fromu to x, can immediately
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Ficure 3.13. Reachable set, characterizedkly, and bounds on the
gainy of the systemx; = =X + X + U, Xp = —Xo + U, Y = X1 — X OVer
the operating regiofu| < Umax.

seen top be one. The reachable magnitude of the states playdis in Fig. 3.13, upper
part, as a function afimax. These results can in a second step be used to compute an upper
bound on thd_,-gain, while a lower bound is obtained by application of Titeeo 3.20.
Both bounds are shown in Fig. 3.13, lower part. For inputhwilarger amplitude than
Umax = é V3 ~ 0.385 the system is unstable and thegain is unbounded. For very small
values, the steady-state gain can be seen to tend to zein,fast, the equation ok, is

the linearization of the equation fag. This example shows that for small polynomial sys-
tems, the characterization of the gain via dissipationuiaéities indeed opens a possibility

to compute (an upper bound on) the gain. In fact, the sySt@wmrresponds to the additive
error system of the nonlinear system = —y + y® + u and the state space linearization
as linear modely = —§ + u. Therefore the bounds shown in Fig. 3.13 are nothing else but
bounds for the additive error model index o#(V). This example emphasizes the utility
of regional analysis for nonlinear systems, when a globalyais is not possible. [

Summary. The computation of nonlinearity measures is in principl®@aplex problem,
as it requires the solution of a minimax problem over infhitmensional sets. However,
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the convex structure of the minimization part allows theceent approximation of the value
of four of the nonlinearity measures and the correspondes lnear models. In order to
improve the accuracy of the solution, the computation ofig@ver sets is necessary. We
have pointed out that the necessary conditions for optimiairol should not be used for
the derivation of a solution, as it cannot be guaranteedtligmaximizing input indeed
exists. Therefore two alternative approaches have been.gi¥ne possibility is the use of
(direct) global optimization techniques. Randomized atgms are an interesting option,
because they can also be applied to treat big optimizatioil@ms without a priori known
structure. They thus can help to improve the results as ceedpa ad hoc techniques.
The disadvantage of using those algorithms is, howevet,thiey do not provide error
bounds on the solution. In order to get a rigorous upper baumthe gain of a system,
dissipation theory in connection with SOS-techniques @nded, if small scale systems
are considered.

3.9. Summary

In this chapter, we introduced a novel framework for the@gion and assessment of lin-
ear models for nonlinear systems. The novel framework el extends results known
from literature about nonlinearity assessment and lineadats for nonlinear systems. As
the related nonlinearity measures known from literature téchniques are applicable to fi-
nite gain stable systems only. The key idea is to measureuthiéygof a linear modeG by
the gain of the modeling errax over a specified region of operation. The modeling error
A is defined such that the interconnectiorGodndA reproduce the input-output behaviour
of the given nonlinear systeM. The novel aspect is thereby to consider interconnections
other than the parallel connection, that corresponds tdditize modeling error. The setup
and the definitions of nonlinearity measures have beerfipgin a mathematical rigorous
way. We have given results that relate the mathematicapdetengineering intuition.
It has thus been shown for some of the interconnection strestthat the best model for
a vanishing operating regime corresponds to the stateedpesarization at the operating
point, and that the best linear model for a memoryless neatisystem is also memory-
less. With these results at hand, linear models and boundiseononlinearity measures
have been derived for Hammerstein systems, Wiener systammig, systems and similar
system classes. These results gave a first hint on how to €lbedest interconnection
structure for a given system, based on an a priori known tstreic Finally, we discussed
the computation of nonlinearity measures for general syst®ue to the convex structure
of the related optimization problems, four of the measui@s lne computed at feasible
cost.

The results given in this chapter show for the first time retet between existing non-
linearity measures, and extend them to a more general sétscompared to previous
work on linear modeling and nonlinearity measures in camus time, at the same time a
broader view on this problem and more detailed results oridilnedation of nonlinearity
measures is obtained. These foundations will prove to becealy useful for the design
of linear controllers for nonlinear systems as discussedémext chapter.






CHAPTER 4

A Small Gain Approach to Linear Control of
Nonlinear Systems

The problem considered in this chapter is the design of atioentrollerC for a nonlinear
plantN. The setup of the control system is given in Fig. 4.1. Two exays signals are
entering the control loop corresponding to what are usuhakydisturbance signal at the
plant input (1;) and the reference signal,{. The regulated variables are the controller
outputy, and the plant outpuyt or their respective inputs.

The usual approach to the design of linear controllers fainear systems is to use the
linearization at the operating point as a linear model,gteailinear controlle€ and ana-
lyze the stability and performance of the closed loop with tlonlinear plant. Using this
method, no stability and performance guarantees can be amadihe degree of nonlinear-
ity of the plant is not taken into account in the controllesida step. In this section, we
present a novel approach to linear controller design fotinear systems that guarantees
stability of the closed loop containing the nonlinear pssce

The central idea of the method is to use the framework anda$@ts from nonlinearity

analysis in Chapter 3. In fact, all nonlinearity measuree gie gain of the error system
when a given nonlinear process is represented as the intexcbon of a (best) linear
model and this error system. This chapter establishes hewnflormation can be used for
control-relevant nonlinearity assessment and linearobtiet design for nonlinear systems.

It is necessary to note that, as the method developed in lizipter makes use of the
nonlinearity measure framework, it is restricted to firgean stable nonlinear systems. So,
in order to leave no room for ambiguity, the goal of the praubsontroller design method

Uy

U 4 €2 8. Y2 Y e N Y1
_T +

Ficure 4.1. General setup for the considered design of a linear con-
troller C for the nonlinear plani.

81
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Ficure 4.2. Generalized plant and setup for robust control.

is not to stabilize unstable plants by linear feedback. eladt the purpose of ouiferts

is to be able to design a linear controller using a linear rhoderder to enhance the
performance of the nominal control system. Although onbbsity of the control loop
with the nonlinear plant can be guaranteed, also the pediaceis expected to increase.
Examples will show that ourfiort succeed, and that in particular set-point tracking Gan b
achieved also for the nonlinear system.

Before turning to the main results, we first briefly review pineciples of linear robust con-
trol. After some preliminary results in Section 4.1 the remgdaved for the main results in
Section 4.2 that establish stability for nonlinear systeuitis a linear controller. Results for
all interconnection types along with some illustrating rexdes are given. In Section 4.3,
some possible extension to performance synthesis arehgkgtand the example of linear
control of a practically relevant nonlinear CSTR closesdhapter in Section 4.4.

4.1. Principles of (Non-Global) Robust Control

The goal of linear robust control is to stabilize a given &inplantG despite the presence
of a linear modeling error (auncertainty A, only the gain of which is known. The usual
setup in linear robust control is the one depicted in Fig. Bere A is the uncertaintyC the
controller andP is the so-called generalized plant, that contains a mod#eoprocess
and the information about ho@, A andC are interconnected. The fundamental principle
of linear robust control can then be sketched as follows: ddmrol system is robustly
stable, if (a) the control system is nominally stable, itabke forA = 0, and if (b) a small
gain condition is satisfied that guarantees the stabilith@interconnection dP, C andA.
Denote withM the nominal feedback loop, i.e. the interconnectiof®@ndC. Thus, one
obtains the usua¥l — A-structure depicted in Fig. 4.3. As the nominal closed loggiem
M is linear, it can be split up into four parts,

(5 )0 () “
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Ficure 4.3. Basic principle of robust control: Robust stabilityidavs
from the conjunction of nominal stability and a small gaimduion.

The nominal closed loop systelhis said to be stable, if all its subsystems have finite gain.
Then the inequality

llchIl < My - [|doll + Myz - [Jul (4.2)
with mq; = [|[My4]] andmys = [[Myo]], and]|do|| < ||A]| - ||di]| leads to the bound
lIdoll < (1 = (Al - Mqa) JA]] - My - JJul (4.3)

if the small gain condition|A|| - my; < 1 is satisfied. This bound fdid,|| in turn gives a
bound only|| as

IVl < Mpq - [Idol] + M2 - U] (4.4)
with mpy = ||[Mag]| andmy, = |[My2]|, or
Vil < (m21 (1= IAl - my) AL Mg + mzz) [|ul] (4.5)

and the closed loop is stable also in presence of the ernor AerFor linear systems, it
can be shown that if the small gain condition is not satistieely there is a linear dynamic
systemA with gain||A|l| that destabilizes the closed loop [146]. In this sense, dineition
IA]] - [IMy11]] < 1 isnecessary and gicientfor robust stability in the linear case.

The goal of this chapter shall be to parallel this procedarerder to design linear con-
trollers for nonlinear systems. To this end, the nonlineacess is partitioned in a linear
modelG and a nonlinear error terih. Note that there are two flierences to the case of
linear robust control. Firstly, the term is not uncertain, but known. Howevex,will be
nonlinear (and this is the secondtdrence), rendering the information abduwoid for
linear controller design. Note that, also in the linear ¢casing the small gain condition
introduces conservatism if the uncertaityis known, while in the linear case, there is
no need to introducd, as the data could be directly used in the controller dedigihe
nonlinear case, however, this conservatism is the pricaydqr the complexity reduction
in the controller design step (i.e. designing a linear caldr instead of a nonlinear one).

Lin order to keep the equations readable, we will in the foiit@ashortly write(Ix|| < [yl for [[x7ll, < llyrll,
for all T > 0. The following exposition applies to the choice of ang b < co.
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When robust controller design methods are applied, it isesones mentioned that this
strategy also takes into account possible modeling ernoesta nonlinear behaviour. It
is indeed true that (4.1)-(4.5) remain validAfis a nonlinear operator. However, as has
been mentioned in ffierent places and shown withfidirent examples, global analysis and
synthesis for nonlinear systems is not appropriate in masgs, because thef@irence in
behaviour between any linear model and the nonlinear sylsemmmes arbitrarily large for
large operating regions. For instance, the nonlinearitgsuees introduced in Chapter 3
commonly take their maximal value if an unbounded regionpafration is considered. But
if a bounded region of operation is considered, the reagamiove for robust stability does
not longer hold (it only holds if the whole signal spadgs are allowed for all signals).
Consequently, the main contribution of this chapter is tax¢he assumption that the gain
of A is considered globally to a situation where this is only theecfor a given subset of
signals.

In virtually all applications, control engineers have taadwith processes whose ma-
nipulated variables can take values in a certain range oAlycordingly, only nonlin-
ear behaviour that occurs for these inputs plays a role iraiber design. In the se-
guel, we will therefore consider inputs that are constmiteetake values in the s&t =

{ve R™: |vi| < Vimax | = 1..m}. If no or too large physical bounds are given by the nature
of the process, they can be introduced or strengtheneccaattifiin order to represent the
desired region of operation. The set of input signals camnedl for the calculation of the
gain of the error system then istU(V) = {u eLyiu)eV,t> O}. Instead of consider-
ing restricted signal sets, we can equivalently use the evbiginal spaces and think of the
systemN to incorporate input saturation of the type

—Vi max if U; (t) < —Vimax
Vi,max if Ui (t) > Vi,max

In the sequel we will therefore encounter the systémX, where the systerl appeared

before. Note also that for all nonlinearity measures it hahtatg, ) = ;r‘]’;‘i/ and similar
relations are true for the gain of error systems correspgntdi non-optimal linear models.
In Chapter 3 we always represented the pMrs an interconnection of a linear modz|
and an error term. In the same way we can now represBintY,, as an interconnection of
Yv, G andA, as exemplary shown in Fig. 4.4 for the additive error andiisg multiplicative
output error setups. The nonlinearity measures give the @fah for all signals that may
occur in the respective setup. This fact allows to give tlegjirality||d,|| < ||A]l-||dil|, where

|A]| is equivalent to the nonlinearity measur&iis an optimal model.

Now we need one more ingredient in order to be able to givdteethat are analogue to
(4.3) and (4.5). While we clarified the problems with boundaghals entering the nonlin-
ear systems, we now have a generalized pfaabd a nominal closed loojd that contain
saturations, so they are not linear any more. However, weotlmeed exact linearity in
the derivation of (4.3) and (4.5). Instead, the validity loé somewhat relaxed conditions
(4.2) and (4.4), which express a superposition principlaarm, is stficient in order to
show robust stability. Thus, if we can show that these twquadities hold for each of the
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Ficure 4.4. Representation of a saturated nonlinear system as inte
connection of a saturation systeig, a linear modelG and an error
termA, (a) for the additive error setup, and (b) for the inversetmul
plicative output error setup.

error model setups, we will obtain for each setup a procethurgnear controller design
for nonlinear systems.

If a system has inputs and outputs that consist of stackenrgedike M does, the exis-
tence of a finite gain is equivalent to the existence of sepdmaunds for the sub-vectofs.
Therefore, the desired equivalent of (4.2) and (4.4) isrgibe ||dil| < [IP]| (IIdoll + [ull),
and the same inequality holds fiyl| replacing]|di||. However, this bound is a very rough
estimate and we therefore aim at deriving better bound$éodiferent error model setups
in the following.

4.2. Stability of Nonlinear Systems with Linear Controllers

Before turning our attention to the main results, we clattiy kind of stability we want to
achieve and we give some helpful lemmas. Consider agairotiteot loop in Fig. 4.1. We
assume throughout that the closed loop is well-posed hiag for all considered exogenous
inputs, the signals; ande are uniquely defined and are elements of the respectivelsigna

2Consider a general systefhwith stacked input and output vectogs= (y1y2)" = P(u1Up)" = Pu. The
inequalities|yi|| < Bix luall+Bizlluzll for i = 1, 2 imply ||(yr y2) || < llyall+lIyall < (811 + B21) luall+ (Baz + B22) lItzl <
(B11+ Ba1 + P12 + B22) ||(ur up)T|| where the last inequality is justified Byl < ||(uy u2)"|| for i = 1, 2. Vice versa,
from |lyll < |IPJ||lul| follows |lyill < [IP] (Jlus]l + [lug]]) for i = 1,2 and the generalization to more than two sub-vectors
is straightforward.
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spaces. We will call the closed loop stable if the mappgihag : (Ui, W) — (Y1, Y2, €1, €)
has finite gain. The following fact makes our life easier wiverhave to check for stability.

ProposiTion 4.1. [135] The following three statements are equivalent:
(i) (U, U2) = (Y1, Y2, €1, &) has finite gain,
(i) (ug, Up) — (Y1, Y2) has finite gain,
(i) (uz, Up) — (e, &) has finite gain.

With the help of the arguments in Section 4.1 it is now possiblgive stability conditions
for a general nonlinear control system involving a nominased loop and an error model.

Tueorem 4.2. Consider a not necessarily linear control system as showfign4.3, that
satisfies the superposition principle in norm given by (&2} (4.4). If

IAIP - myy < 1

where D; denotes the set of signals tthat may occur as inputs ta during closed-loop
operation, then the closed loop is stable, i.e. the mappirg yhas finite gain.

Proor. Follows directly from the exposition in Section 4.1. O

When we show the superposition principle in norm for théedent setups, we will need to
make use of the fact that the saturation sysigits incremental gain stable afigy||, = 1.

ProposiTion 4.3. The saturation operatoEy given by (4.6) is finite (incremental) gain
stable and|Zy||, = 1.

Proor. The result is proven bjE, u; — ZyUy|| < ||u; — Up|| which follows from
(Zvun);i (1) — (Svlz)i ()] < Jui(t) — uzi(t)|

for all components of the vectorg(t) anduy(t). FurthermoreX,0 = 0 and the finite
incremental gain implies a finite gain. O

Linear stabilization of nonlinear systems in the additive eror setup. We are now aim-
ing at tailor-made bounds for the superposition principlexorm of the nominal closed
loop M in the additive error setup. Those bounds will allow to sholust stability of the
closed loop in presence of the nonlinear perturbation

ProrosiTion 4.4. Assume the control system M in Fig. 4.5 (witk= 0) is stable and G is a
finite incremental gain stable system. Under these conmuiti¢4.2) and (4.4) hold and in
particular, my can be taken to be m= ||(I + CGZy)*C| = |[C (I + G=vC)Y||.

Proor. By inspection of Fig. 4.5, the equati@s = u, — dy — GZy (u; + Ce) can readily
be given. We define = GXy (u; + Ce) — GXyCe and obtaire, = u, — dy — GZyCe, — 2,
and hence

&=>10+G%C) (u-dy-2).
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U1 + €1

(b) Closed loop inM-A configuration.

Ficure 4.5. "Pulling out theA” for the additive error setup.

Fromy, = Ce, we obtain
y2ll < [|C (1 + GZvC) || (Idoll + 1] + IIell)

But finite incremental gain stability @& and ofZy with ||Zy||, = 1 implies||Z| < |G| [|ual|
and we can get rid of the dummy varialdé get

Iall < ||C (1 + GZvC) ™| (lIdoll + 111 lluall + lluzll) -
Fromd, = XyYy, + zfollows
lldill < ||C (1 + GZyC) || (lIdoll + 1IGIlx Ul + lluzll) + flual]
and finally,y; = Gd + d, leads to
Iyall < IGIH[|C (1 + GEVC) || lIdoll + G Huall + [luzll) + Gl [1ua]l + [Id |
and the proof is complete. O
Note that, beside& being an incrementally stable system, we have the weaksstijie

assumptions. In particula€ is neither required to be stable nor to be linear. This will
allow for instance for integral controllers with anti-wimgl. In principle, we can even
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allow for nonlinear model&. For our application, however the class of linear mo@els
the most important one, and in this case a finite gain impliigsit@ incremental gain and
Gl = lIGI|.

With the above result the road is paved for &isient condition on stability of the closed-
loop system, whei is given as a nominal linear model and an additive error term.

Tueorem 4.5. For the finite gain stable process N, let a finite incremengahgtable model
G and a finite gain stable mismatch term= N — G be given. Furthermore, assume that
a controller C is provided such that the mapping:M: C (I + Gy, C) ™ has finite gain. If
the gains satisfy

A - IMyal < 2

then the control system in Fig. 4.5 is stable, i.gusthc has finite gain.

Proor. The result follows immediately from Theorem 4.2 and Prapms 4.4 by consid-
ering that only signals ifl{(V) may occur as inputs to the modeling error texm O

The stability condition above can be used to set up a coatraéisign procedure consisting
of the steps

(1) define the region of operatict{(V) by choosing the; max,

(2) calculating the nonlinearity measus&'y, and the best linear mode", or cal-
culate the quality indegA|“®") for a given linear modeB, and

(3) design a linear controlle€ for the saturated linear syste@o %, such that
IMII = [[C (1 + GEZyC) || < 1/ 1A%

One might argue that after all, we end up with &idult design problem, as we have to
design a controller that achieves a givegrgain despite plant saturation. On the other
hand, during any practical controller design input constsahave to be respected. In
fact, we do not introduce an additionaHitiulty here, but we rather benefit from the fact
that saturation has to be taken into account anyway, sohbatdnlinear behaviour of the
process has only to be considered in the respective region.

Performance synthesis for saturated systems is still an@fractive research, as can be
seen from the many publications in that field in recent yedats 106, 107, 65, 101, 23,
142, 69, 70, 71]. For the examples considered in this wonkrited out to be successful
to first do a controller design for the unsaturated systenterdards the methods given
in [108] or [71] have been used to analyze whether the sa&wicdosed loop also achieves
the necessary (incremental) gain. If this was not the casepeérformance objectives for
the first step have been weakened, and the procedure hasdpested. This procedure
proved to be useful and to deliver satisfactory results. digpoing research in control of
saturated systems promises to deliver mdfective methods that are easier to use in the
future.

In Step 2. above, we do not necessarily have to use the besl rmod the nonlinearity
measure, but any modél along with its associated error model g#ixj|“") can be used.
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One obvious candidate model to be used is for instance thélinearization, as illustrated
by the following example.

ExampLe. Linear control of a (globally) unstable syste@onsider the syster given by

V = -y+y+u

and the state space linearizatioryat 0

¥=-y+u
as a linear model. The model error gdifs|“") for V. = [—Unax Unax] @and p = 2 has
actually been computed in the example of Section 3.8 andp@el in Fig. 3.13 (lower
part) as a function oflh,. Clearly, a global linear control strategy cannot be susfcgs
and this example once more advocates the application ofianagprocedure. In order
to design a linear feedback controller, we fix the region afraion tounax = 0.3. The

modeling error for the local linear model and the chosenatpeg range isiA|“") = 0.13.
We design aH.,-controller for the system, solving the mixed-sensitiptpblem

aWS

BKS <1

Hoo

with the weighting function\(s) = Ssj—gcl’ and where a nested - g—iteration was done in
order to maximizer while still satisfying the conditioffA|¥™) . IKS|lh, < 1. An upper
bound on the gain of the saturated linear control system afasilated using LMIs by the

method given in [71]. The bound could then be used to veri&stmall gain condition
IAI“M - |C (1 + G=vC) || < 0.13-48=079< 1

proving stability of the closed loop containing the lineantroller and the saturated non-
linear system. Plant input and output under closed loopitiond for steps of the reference
signal are shown in Fig. 4.6. It can be seen that, due to tHedigndy state gain, almost
asymptotic reference tracking is achieved, although lsafithe saturation, the system
follows higher step more slowly. But the example primaritp®s that (i) not necessarily
the bestlinear model has to be used, and thatr@gional linear controller design may be
a solution for nonlinear systems that are glatbally stable. [

The same reasoning that has been used to derive a robusitystasult for systems in
additive error representation can be redone for the othapséhat correspond to a non-
linearity measure. However, in order to assume only the esatonditions necessary to
establish stability, the technical assumptions aféednt for each setup. In the following,
we derive stability conditions for all of the setups seqiadiyt Then, a generalized proce-
dure is given that possesses the beauty of being applicallé getups, but for which we
require the closed loop to be incremental gain stable idsbégust gain stable. This is a
stronger requirement, because (gain) stable linear fe&dbaps incorporating saturation
need not be incrementally stable [18]. After the derivatidthe various stability results,
a short discussion follows.
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Ficure 4.6. Input (above) and output (below) of the plgat ~y+y3+u
under closed loop conditions for steps (dashed) in theerter signal.

Linear stabilization of nonlinear systems in the multiplicative output error setup. In
the case of the multiplicative output error setup, no adddl dificulties arise. The whole
argument boils again down to deriving a sharp bound for thpeiguosition principle in
norm. The interconnection and the nominal closed Ibbpre shown in Fig. 4.7.

TueoreM 4.6. For the finite gain stable process N, let a finite incremenghgtable model
G and afinite gain stable multiplicative output erribe given. If a controller C stabilizes
the linear saturated system G, i.e. the closed logg:}1t is stable, and

IAICHM .y < 1

where m; = ||GZVC(I + GZVC)‘1||, then the controller also stabilizes the nonlinear closed
loop, i.e. Hns,)c is stable.

Proor. The equation of the closed loop ferise; = u,—d,—GXy (u; + Ce). We introduce
again artificially the variable = GZy (u; + Y2) — GZy Y, with ||Z] < [|G]|A [lui]]l. Thus we
arrive ate; = (I + GZyC) ™ (u, — dy — 2). Fromd; = yf =Gy (u +Ce) =GE\Ce + Z
follows

Idill < Muafluz = do — 2| + [IGlIx lluall < Mug (llUal] + lidoll) + (L + Mg IG5 Ul
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(b) Closed loop irM — A-configuration.

Ficure 4.7. "Pulling out theA” in the multiplicative output error setup.

A bound fory;follows immediately fromy; = yf + d, and stability ofHs,)c guarantees
a bound forly,||. Application of Theorem 4.2 completes the proof as in Cargli.5. 0O

Linear stabilization of nonlinear systems in the inverse mitiplicative output error
setup. The corresponding result can be obtained for the inversaphachtive output error
setup without diiculty. The closed loop with the nonlinear plant in inversdtiplicative
output error representation and the configuration to aedlyare shown in Fig. 4.8. How-
ever, in the case of the inverse multiplicative output es&tup, the error term may be

a relation instead of a mapping. We discussed in Chapter 8dhditions which assure
that the interconnection of the error systanand the nominal linear mod@& result in a
mapping that corresponds k We assume that these conditions are met, as we implicitly
did above for the other setups. Thus, althoughk allowed to be a relation, we do not need
more assumptions than above, i.e. in addition to the fat¢twieaassumés and A to be

a valid modeferror term pair for the nonlinear syste) we only assume that the closed
loop with N andC is well-posed.

Tueorem 4.7. For the finite gain stable process N, let a finite incrementahgstable linear
model G and a finite gain stable multiplicative output errerrh A be given, where\ is
allowed to be a relation. If a controller C stabilizes thedar saturated system G, i.e. the
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(b) Closed loop ilM — A-configuration.

Ficure 4.8. "Pulling out theA” in the inverse multiplicative output
error setup.

closed loop ks, )c is stable, and
ANy < 1

where m; = ||(I + GZyC)™*||, then the controller also stabilizes the nonlinear closeep,
l.e. Hng,)c Is stable.

Proor. Consider the equation of the closed lasp= u,—d,—GZy (u; + C&) in Fig. 4.8 b).
The occurrence afi; can be replaced by an artificial inppte GZy (u; + Cy,) — GZyCy»
with ||| < [IG|l, llua]l. Thene, = u, — d, — GXyCe — zand hence, = (I + GZyC) ™ (U, —
do — 2). Finally,d; =y; = U, — e; leads to

lcil < lluall + {|(1 + GEZvC) ™| lidoll + I1Uzll + IGlIa fluall)

and stability ofH s, )c and application of Theorem 4.2 completes the proof. O

Linear stabilization of nonlinear systems in the multiplicative input error setup. In
order to keep the influence of e apart, we have to assume slightly tighter conditions as
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(b) Closed loop irtM — A-configuration.

Ficure 4.9. "Pulling out theA” in the multiplicative input error setup.

for the results above. The setup is depicted in Fig. 4.9 fosweration of the nominal
closed loopM.

Tueorem 4.8. For the finite gain stable process N, let a finite gain stabhedr model G
and a finite gain stable multiplicative input error modeglbe given. If a controller C is
given such that the nominal closed loog:H)c is stable and one of the conditions

(i) Cislinear and finite gain stable,
(i) G has a stable inverse,
(i) v (I + CGZy)™* C isincremental gain stable

holds, and the small gain condition

IAIYY oy < 1

is satisfied where g = [|CG (I + £,CG)™*|, then the controller also stabilizes the nonlin-
ear closed loop, i.e. Ry, )c is stable. The conclusion also holds if C stabilizes the naimi
closed loop and the small gain condition is satisfied with m||C (I + GZ\C)™*| IIGII.

Proor. The equation of the closed loop reass= u, - G(d, + Xy (U; + Ce)). First con-
sider the cases (ii) and (iii). Introducirg= Xy (u; + C&) — ZyCe, ||Z| < ||ui]| puts the



94 4. A SMALL GAIN APPROACH TO LINEAR CONTROL OF NONLINEAR SYBSEMS

equation in the forne, = u, — Gd, — GXZyCe& — Gz from whiche, = (I + GZ,C) ™ (u, —
Gd, — G2). Withd; = 3y (u; + Ce) = ZyCe + zone obtaing; = Z,C (I + GZyC)™* (u, -
Gd, - G2) +z If (ii) |G| is bounded, the, = ZyC (I + GZyC) ' G(Gp —dy - 2) + 2
and

ldhll < [[2vC (1 + GEvC) ™ G| (||G| lluall + lidoll + llugll) + lluall.
Note that for a finite-gain stable systdhwe haved|P (X + y)|| < [P (X +Y) — Pyl +||Py| <
IPlls - IXIl + [IPYl| and therefore if i)y C (I + GZyC)™* is incremental gain stable, then

lldk | [ZvC (I + GZyC) Y|, Izl + ||=vC (I + GEVC) G (=do — 2) + 7]
|C (1 +GEvC) Y, Ilall + [|C (1 + GZyC) ™ G| (lIdoll + lHuall) + llual]

IA

IA

If (i) C is linear and finite gain stable, consider the equatign = —-G(d, + Xy (u; +
C(Uz - y1))). Introducingz = Zy (up + C (U2 — y1)) + ZvC (=), 12l < llugll + [IC]] [|ugl]
leads to-y; = —Gd, — GEZyC(-y1) — Gz or -y; = (I +GZ,C)*G(-d, — 2. From
d = ZyC(-y1) + zwe get

il < [|C (1 + GZvC) ™ G| (lIdoll + lluall + I U2ll) + lluall + [ICI U2l

Note that the expressior@(l + GZyC)*G = CG(l + ZyCG)™! are equal, and i€ is
linear, then so ar€ (I + GZy,C) G = (I + CGZy) *CG. Finally, if none of (i)-(iii) is
true, then front; = %,C (I + GZyC) ™} (U, — Gdy, — G2) + zwe still have

dill < [|C (1 + GZvC) || (lluall + G Ido |l + IIGI L) + llugl] -

The bounds fory; andy, follow from stability of Hgs,)c because by linearity of the
input (U, Uy, dy;) to M is equivalent to the inputug, u, + Gd,, 0), and by stability ofG,
U, + Gd, is bounded above, and the proof is complete. O

The example of the systeyn= —y+y>+u above showed that any linear model together with
its model quality index can in principle be used for lineantroller design, like the local
(state-space) linearization. However, the next exampdessithat it may indeed occur that
the best model is much better suited for controller design the local approximation.

ExampLE. Linear control of a Hammerstein syster@onsider the syster® given by the
series connection of the nonlineary given by f(x) = 0.05x+ x® and the linear dynamics

L(s) = @ for an operating range ¢ < 1. The best linear mod&(s) = (gﬁgoind the
95 and

nonlinearity measurgy ., = 0.91, as well as the local linearizati@oc(s) = e
the respective model quality ind@A||“ = 20 have been given as examples in Section 3.6.
In order to achieve stability, the product of the norm of tbmplementary input sensitivity,
CG(l + ZyCG)™, and the error gain (or nonlinearity measure) must be Btiimver than
one. Moreover, the closed loop must be incremental stabtbeaontroller must be stable
(see Theorem 4.8).

It has not been possible to design an integral controlldn aiiti-windup for the best linear
model such that the closed loop was incrementally stabla,cgmtroller structure without
integrator has been chosen. The controller design was godistiad using internal model
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Ficure 4.10. Performance of fierent controllers for the Hammerstein
example system to unity steps in the plant input disturbgabeve)
and in the reference signal (below).

control, but the desired closed loop behaviéiis) = (;—71?3 was chosen to have a steady-

state error, in order to fulfill the requirement of a non-gred controller. Both, the gain and
incremental gain were computed in order to verify the siighdlonditions. The input and

output of the plant under closed loop conditions are showign4.10, where the scenario
IS a unity step plant input disturbance (above) and a unéy stference input (below). It
can be seen that the closed loop is stable. The input distoela attenuated significantly,
and the reference step can be followed to 83%.

The advantage of using the best model becomes obvious whearbtve results are com-
pared to the controller based on the local linearizatiomstFiote that the model quality
index||AllY = 20 implies that the complementary sensitivity cannot hagaia larger than
or equal to 5 in order to guarantee stability using Theorem 4.8. Tleegfan internal
model control design was chosen, with a desired closed letbypviour ofF(s) = (;Lf)gg
Also in this case, the small gain condition was met for tharsétd closed loop. The per-
formance in terms of disturbance attenuation and tracldmgmnsiderably worse compared

to the first controller, as seen from Fig. 4.10.

Finally, for the sake of comparison, a linear controller wlasign based on the lineariza-
tion without considering the nonlinear plahlinear model mismatch. The performance
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(b) Closed loop ilM — A-configuration.

Ficure 4.11. "Pulling out theA” in the inverse multiplicative input
error setup.

objective was chosen equal to the first controller. Fig. 4li@ws the performance of this
last controller for the given disturbance and referenceadgy Disregarding the nonlinear
error term in the controller design process obviously le¢adastability. Note that in this
case, no saturation has been introduced at the plant infpthis lis done, the closed loop
still remains unstable, exhibiting persistent oscillaio

This example shows two important facts: firstly, the bestdinmodel can significantly
improve the performance of the closed loop. Secondly, gang the stability conditions
derived above may lead to instability, justifying the apgmio proposed in this work. =

Linear stabilization of nonlinear systems in the inverse mitiplicative input error
setup. In order to be able to show stability also for the nonlineased loop in inverse
multiplicative input error setup (see Fig. 4.11), we havaiago assume the somewhat
tighter conditions as for the multiplicative input errotige

Tueorem 4.9. For the finite gain stable process N, let a finite gain stabhedr model G
and a finite gain stable inverse multiplicative input erroodel A be given. If a controller
C is given such that the nominal closed loogd]c is stable and one of the conditions
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(i) Cislinear and finite gain stable,
(i) G has a stable inverse,
(i) =y (I + CGZy)™*C isincremental gain stable

holds, and the small gain condition

AN UM gy < 1

is satisfied where m = ||(I + ZyCG)™||, then the controller also stabilizes the nonlinear
closed loop, i.e. ks, )c is stable. The conclusion also holds if C stabilizes the nami
closed loop and the small gain condition is satisfied with sm1+ ||C (I + GZyC)™Y||IIGII.

Proor. The equation of the closed loop reads= u, — G (d, + Xy (U; + Ce)). First con-
sider the cases (ii) and (iii). Introducirg= Xy (u; + Ce) — ZyCe, ||Z| < ||ui]| puts the
equation in the forne, = u,—Gd,—GXyCe—-Gz from whiche, = (I + GZyC) ™ (U,—Gdy—

G2). Withd, = dy+Zy (U + C&) = ZyCe+dy+zone obtaingl, = Z,C (I + GZ,C)™* (u,—

Gdy, - G2) + d, + z If (ii) |G| is bounded, then

d = ZyC(+G%C)'G(G U —do—2)+d+2
= ¥,CG(l +%,CG)* (G-lu2 —d, - z) - (G—lu2 —d, - z) + G,
—(1 +=,CG)™ (G‘luz —d, - z) + Gy,

and thus
kil < |0+ ZvCG) M| (||GH| Huall + lidoll + llugll) + |G| Iluzl -

Note that for a finite-gain stable systdhwe have|P (x + y)|| < [IP (X + y) — Pyl + ||Pyl| <
IPIls - IXI| + [IPYl| and therefore if (iii)=yC (I + GXyC)™* is incremental gain stable, then

Idll < [[BvC (1 + GEvC) Y|, lluall + [|ZvC (1 + GZVC) ™ G (~do — 2) + 0o + 7|
< |ca+eze)y |, uall +||( +ZvCC) ™ (idoll + lluall).-

If (i) Cis linear and finite gain stable, consider the equatign = —-G(d, + Xy (u; +
C(Uz — y1))). Introducingz = Zy (u; + C (U2 — y1)) — ZvC (=), 12l < [lugll + [IC]| [|uz]]
leads to-y; = —Gd, — GXyC(-y1) — Gz or -y; = (I + GZyC) G (-d, —2). From
d =2y (U +Clp+C(-y1)) +do = ZyC (-y1) + dy + ZWe get
ldll = [[EvC(l +GEZvC) G (~do — 2) + do + 7|
< [0 +=vCE) Y| (lIdoll + lluall + ICI U

Finally, if none of (i)-(iii) is true, then front; = ,C (I + GZyC) ™ (U, — Gdy — G+ +2
we still have

il < ||C (1 + GEyC) ™| (lluall + G Idoll + [IGI 1ugll) + [Ids ]l + lluyll -

The bounds fory; andy, follow from stability of Hs,)c because by linearity o& the
input (U, Uy, dy) to M is equivalent to the inputug, u, + Gd,, 0), and by stability ofG,
u, + Gd, is bounded above, and the proof is complete. O
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(b) Closed loop ilM — A-configuration.

Ficure 4.12. "Pulling out theA” in the feedback error setup.

Linear stabilization of nonlinear systems in the feedback gor setup. We have again
to assume finite incremental stability for the nominal (@ineaturated) closed loop in
Fig. 4.12 in order to be able to show stability also for thelim@ar closed loop.

Tueorem 4.10. For the finite gain stable process N, let a finite gain stabhedr model G
and a finite gain stable inverse multiplicative input erroodel A be given. If a controller
C is given such that the nominal closed loogsc is stable and one of the conditions

(i) Cislinear and finite gain stable,
(i) G has a stable inverse,
(i) (I + CGXy)tis incremental gain stable

holds, and the small gain condition

IAING U myy < 1

is satisfied where @ = |G (I + Z,CG)™*||, then the controller also stabilizes the nonlinear
closed loop, i.e. s,)c is stable. The conclusion also holds if C stabilizes the nami
closed loop and the small gain condition is satisfied with #||(I + GZyC)™*||IGII.
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Proor. The equation of the closed loop reads= u, — G (d, + Xy (U; + Ce)). First con-
sider the cases (ii) and (iii). Introducirg= Xy (u; + Ce) — ZyCe, ||Z] < ||uy]| puts the
equation in the forne, = u, — Gd, — GXyCe, — Gz from whiche, = (I + GZ,C)™* (u, —

Gd, - G2). Withd; = y; = U, — & one obtaingl, = u, — (I + GZyC) ™ (U, - Gd, — G2). If

(i) |G™Y| is bounded, then

Idill < [|G (1 + ZvCO) ™| (|G uall + lidoll + lluall) + llugll

Note that for a finite-gain stable systdtrwe have|P (X + y)|| < [P (X +Y) — Py +||Py| <
IPIls - IXI| + |IPYll and therefore if (iii)(| + GZyC)™* is incremental gain stable, then

Il < fuall + |0 + GEVC) |, uell + || (1 + GEvC) ™ G (—=do - 2)||
IG (1 +ZyCO) ™ (lidell + lluall) + (L + [|(1 + GZVC) Y|, ) lual -

If (i) Cislinear and finite gain stable, consider the equatipn= —G(d, + Z\/(u; + C(u, —
y1))). Introducingz = Xy (up + C (U2 — y1)) — ZvC (=y1), 12l < lluall + lICHl|uzll leads to
~y; = -Gd, - GZyC (-y1) - Gz or-y; = (I + GZyC) 1 G(-d, — 2). Asd =y; we get

dill < [|G (1 + ZvCG) Y| (lIdoll + flull + IICIl ugll) -

Finally, if none of (i)-(iii) is true, then fromd; = u, — (I + GZyC) ™ (u, - Gd, - G2) we
have

A

IA

Ichl < [|(1 + GZvC) | (lluall + IGIHlIdoll + G Tugll) + Uzl
The bound fory; is immediate, the bound fg follows from stability ofHs, )c because
by linearity of G the input (1, U, d,) to M is equivalent to the inputug, u, + Gd,, 0), and
by stability of G, u, + Gd, is bounded above, and the proof is complete. |

A generalization for incrementally stable nominal closed dop systems.In addition to
the results stated above, a very general result can be pitatimpplies to all of the er-
ror model setups. The advantage of the following result camuded to derive stability
conditions for all setups in a unified and elegant way. Howeweorder to provide that
general result, we have to make the assumption on finitenmeméal gain stability of the
closed loop transfer operators. This may be a restrictigemeral [18], so that the follow-
ing result cannot completely replace the detailed worklierdpecific setups given above.
The generalized plants for all of the model error setups @ddauced from the general
nominal closed loop depicted in Fig. 4.13.

Under the assumption that all closed-loop transfer opesae incremental gain stable,
we aim at developing a bound

IVl < B1lIGill + B2 [160ll + B3 lluall + Ba lluel

for all possible outputg = s, 1,0, Y1, Y». This can indeed be accomplished as follows. First
consider the equation of the closed loop

& = Uy — 6o — Goi —GZV(U1+C92) =U — 0, — G —GxE,Ce — Gz
with z= 2y (u; + C&) — ZyCe, 17| < |lug]|. We thus get
& = (1 +GZC) (up — 6, — G — G2)
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Ficure 4.13. General nominal closed loop with possible connestion
to an external error model.

as the basic closed loop transfer equation. Now, for theubygpve can write
Y, =Ce =C (I + GZyC) ™ (U — 6o — G6i — G2)
and using the incremental norm property we arrive at
Iyall < [|C (1 + GEVC) Y, (6ol + lIuall) + [|CG (1 + ZyCG) || (lsill + lluall) . (4.7)
For the outpus,

s = Ly(w+Ce)=%XCe+2
TvC (Il +GZyC) Y (up, — 6, -G — G2 + 2

and by considering tha,C (I + GZ,C)* (-G2+z = (I + ZyCG)™* (-2) one can conclude
that

sl < ||c( +GEvC) Y|, (6ol + lluzl) +||CG (1 + =,CO) Y|, lIsill  (4.8)
+]|( + ZvCE) Y| lluall -
From

r = S+
= SyC( +GZyC) (U — 6o -G —GD) +6i + z

we get in a similar way as before the estimaterfor
Irll < || (1 +GEvC) Y|, (Iall + luall) + [|(1 + ZyCG) | (lsill + fluall) . (4.9)
The signalg, given by

qg = Gr
= G C(l +GZyC) (W — 6, — G6 — G2) + G6; + Gz

can then be bounded by

lall < [|GZvC (I + GZVC) Y|, (I6oll + lluzll) + [|(1 + GZyC) ™ G| (I5ill + lluall) . (4.10)
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and finally, from

Y1 = Q+do
= GZyC(l +GZC) Y (wp — 6o — G6 — G2 + 6, + G + Gz

we can deduce
il < ||GEvC (I + GEVC) Y, uall + || (1 + GEyC) Y 116l (4.11)
+|(1 + GEVC) " G| (15l + lluall) -

With the above results, we can derive a condition for robtagtikty for any of the error
setups. For example, consider the inverse multiplicatitput error setup. The input to the
error term isy; and the output of the error term enters the nominal closegl behind the
linear modelG, as the signad;. Thus, the last equation (4.11) would give an appropriate
bound and following Theorem 4.2 closed loop stability cagbaranteed if the small gain
condition

(1 + GEvC) Y|, - NANY™ < 1

is satisfied. Clearly, this condition is very similar to theeagiven in Theorem 4.7, but the
assumptions are more restrictive as we required increrns&atality of the nominal closed
loop in order to arrive at (4.11).

Discussion. For each of the six error setups defined in Chapter 3, we hawestabil-
ity conditions available that allow to design a controller & general nonlinear system
based on a linear model and the corresponding model quatigxi(gain of the error sys-
tem). An immediate question arising is how to choose thet rsghup for a given plant
and control problem, and how the proposed controller designedure can be related to
control-relevant nonlinearity assessment.

On the question which interconnection structure shouldHmsen, some answers can be
given. First of all, it has been shown in Section 3.2 thatdla@e some structural restrictions
for the diferent setups. All setups in which the error term acts on theeinaput (i.e. the
MIE, IMIE and FE setups) are in general only well defined if trnlinear process does
not have more outputs than inputs. Similarly, the setupshichvthe error term acts on the
model output (i.e. the AE, MOE and IMOE setups) are in geranbf valid if the plant has
at least as many outputs as inputs. Moreover, Section 3.6mk&nated that if the system
is known to have a certain structure, like a series or feddbannection of a linear and
a nonlinear subsystem, then certain choices for the sedagolstd simpler expressions for
the nonlinearity measures. The opposite is also true: itftwagistance been argued in
Section 3.7 that the inverse multiplicatieettputerror nonlinearity measure will in many
cases be maximal, if a system with a nonlinearity atitipeit (e.g. a Hammerstein system)
is considered. Some more advices can be given based on foenpence objective, and
we postpone them to the first paragraph of the next section.

Concerning control-relevant nonlinearity assessmehgstalready been pointed out in the
introduction that it is not possible to reduce the questibonamtrol-relevant nonlinearity
assessment to a single number. The values of the nonlineaeasures defined in this
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work already give a hint on whether it may be possible to desi¢jnear controller for a
given nonlinear plant or not. However, a final answer to thissgion can only be given
after a linear controller has been designed. Then, the adble closed loop performance
can be compared to the desired performance, or to the peafmenobtained by nonlinear
controller design. Usually the comparison with a nonlineshnique is not possible, or
not desirable. In order to nevertheless obtain an indinatio the performance loss, the
achieved performance can be compared to the performancédiradaa controller for the
linear mode] without taking the small gain requirement into account. But the uatabn
of closed loop performance and the evaluation of a possigteopnance gain by using
nonlinear controller design methods is #&idult question, which still has to await further
development (see also the discussion in Section 1.1). Soeaes ion analysis and design
for performance are given in the next section.

4.3. Some Remarks on Performance

In this section we give possible extensions of the propopedoach to the design of linear
controllers for nonlinear systems with guaranteed levgdesformance. As mentioned in
the introduction, an in depth treatment of this topics liegdnd the scope of this work. We
nevertheless want to point out directions for future stsithat might lead to useful results.

Multipliers and weighted nonlinearity measures. In the last section, stability conditions
have been derived for fllerent interconnections of a (saturated) nominal linearehau
controller, and a nonlinear error term. For each of the sethp condition involved the
gain of a nominal closed loop and the gain of the error systeaneach setup, the involved
nominal closed loop operator can be interpreted as a ceayfagnof sensitivity function of
the feedback interconnection of the saturated linear manathe controller. For example,
the stability condition for the multiplicative output errsetup involves the operatd, =
Gy C(l + GxyC)™ 1, which is exactly the complementary (output) sensitivitpdtion of
the nominal closed loop. Similarly, the conditions for timedrse multiplicative output
error setup involve the (output) sensitivity functi®y = (I + GZy,C)~1. The respective
conditions for the (inverse) multiplicative input errottges involve the (complementary)
input sensitivity function, and the condition for the additerror setup the functio8S,.

All these functions play an important role in performancetlgsis problems. The function
S, describes the ability of the closed loop to follow referesigmals and to attenuate output
disturbances. The functid®; signifies the attenuation of input disturbances, the famcti
T, the attenuation of measurement noise, and the fun&Bycharacterizes the amount of
needed control action. For all functions, a small valueaatiks small errors in the output
variables of the closed loop, which is the goal of contrallesign. However, it is known
that not all of the above quantities can be made small at thee dame. Therefore, the
typical procedure in lineaH., performance synthesis involves dynamic weights in order
to describe the frequency ranges in which the above obgsctive most important [146].

This observation leads to the suggestion that the setupntifvearity assessment and linear
modeling should be chosen such that the function involvebarstability condition is also
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Ficure 4.14. Closed loop with nonlinear plant represented by a nom-
inal linear model and an inverse multiplicative output erfthe mul-
tipliers, or weightsV andW are introduced in order to make the per-
formance requirements and the stability requirement mexelotly.

the function that is most important for performance syntheH, for instance, in a con-
troller design, the attenuation of input disturbances ésrttost critical aspect, the inverse
multiplicative input error setup might be the best choicéisTway, the most important
performance criterion and the stability condition are rttcadicting. Instead, while opti-
mizing the performance of the nominal closed loop, the resrgsobustness margin may
come for free. In contrast, for optimizing tracking and attation of output disturbances,
the inverse multiplicative output setup leads to a compastability condition.

The idea of choosing nonlinearity assessment and modediig siccording to the desired
performance criterion may even be extended. Consider &amte the problem of mini-
mizing the quantity

m=wsv-Y.

As has been said, the output sensitivity function appeatisdarconditions for stability in
the IMOE setup. But in order to have exactly the same quantityvolved in the stability
analysis, the definition of the IMOE nonlinearity measure lba modified to a “weighted”
IMOE nonlinearity measure representing the gain of therermodel shown in Fig. 4.14.
The corresponding weighted nonlinearity measure would tteve to be defined as

. V (Nu-Gu)|

u = inf su I =, 4.12
Pimoenvw = I3l uew,TEo (W (NW)-+l (@12

The weights, or multipliersy andW have to be chosen to be stable and proper, and to

have stable and proper inverses, as usualinperformance synthesis. The modified
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“performance-relevant” nonlinearity measure defined Way is of course not bounded
by one any more. But the modified nonlinearity measure haadkiantage of not impos-

ing further restrictions on controller design additiogdt the performance requirements,
as the performance objective is to minimimend the new stability condition becomes

||5||W WSV = o v - WSV | < L.

With some abuse of notion, the mechanism by which this methayg improve perfor-
mance can be explained as follows. The use of the weights mtgrflout the frequency
response of both, the sensitivity function and the errotesys In the linear case, this hap-
pens if the system gains are achieved for input @ifedent frequency, thus reducing the
conservatism of the stability condition. Similar proceskiand extensions can of course
be made for all of the nonlinearity measures.

Robust Controller Design with GuaranteedL ,-Performance. In the last paragraph we
have discussed how the proposed controller design proeedarbe modified as to improve
the performance of the nonlinear closed loop. Although th#tired approach can be
helpful, no guarantees on the actually achieved performane given. In a linear context,
the structured singular value is the right analysis toorédaust performance [146]. Doyle
et al. [29] give a similar procedure in order to analyze the perfmoe of a nonlinear
system. Consider therefore once again khe- A-structure given in Fig. 4.3 (left part).
Assume thatM already incorporated possible performance weights andhaadter. If
IIM]] < 1 and||A]| < 1 then
I3 + VI3 < 11dall3 + llull3

and

Idoll3 < llchII3
and consequently the inequality

IVilz < llull

follows, proving that thd_,-gain is bounded by one. The procedure can also be done for
other signal spacds,, if the vector norm is chosen such that

()

In order to get a more general result, consider Fig. 4.15.rdieroto deal with a general
uncertainty, not necessarily bounded by one, we introdulcedscaling factob = ||A|l.
Moreover, we introduce additional degrees of freedom brothicing the real scalar pa-
rametersy andg. By applying the above procedure, if

1
=5 S (% O)(h S e

robust performance is guaranteed Wit < ||Tl, orjaquivalently,||y|| < ||lull. Asa andp
are arbitrary, they can be chosen so as to minirﬂM«H, reducing the conservatism of the
approach given in [29].

p
= IXIE + VIS
p
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__________________________

__________________________

Ficure 4.15. Generalizetl — A-structure with free real scalar param-
etersa andg.

A crucial point for the above approach is to respect a cergion of operation of the
plant. In the example given in [29] it was shown by physicaisiderations that the system
always stays in a certain part of the state space. Theraf@éechnique of introducing an
artificial saturation proposed in this work was not necgsdaut in order to use this idea
of performance synthesis, it is important to lay out a gdna@cedure that incorporates a
restriction to a fixed region of operation. Contrary to theecaf stabilization, this cannot be
done when unbounded external signals are allowed. Thiseaxflained by considering
the example of reference tracking. Assume a saturatiortrsdaced at the plant input in
order to prescribe the region of operation. As the systertaldes, it will not be possible
to follow any given desired output. In this case, the tragknehaviour will be arbitrarily
bad if large reference values are given, rendering a pedocaanalysis of the closed loop
obsolete. The necessity to restrict the admissible extsigiaals for performance analysis
and synthesis of the saturated system is widely recogniz#iekiliterature [106, 107, 101,
23, 142, 69, 71]. So, a promising direction for future reskas to apply the results on
performance synthesis for the linear saturated systemder@o guarantee th#l\7l|| <1
for a restricted set of external inpuis

Relations to Linear Stabilization of Nonlinear Systems usig the Gap Metric. The
small gain approach to linear control of nonlinear systesngery appealing due to its
simplicity and its intuitive nature. Nevertheless it passes some disadvantages. First of
all, it can only be applied to stable plants. Furthermore, dimall gain condition is known
to be conservative. Even in the linear context, the smati gandition is only sftficient, but
not necessary for the stability of the closed loop. The mwbat hand is in fact to design
a controller for a model A, and to ascertain that the develaqmmtroller also stabilizes the
real plant B. In the linear context, a necessary arficsent condition can be derived using
the gap metric [32]. The gap metric concept can be extendadribnear systems [39],
but the necessity of the criterion is lost. Nevertheless gip metric approach promises to
reduce the conservatism of the small gain approach cordilyeMoreover, the gap metric
framework also allows to treat unstable plants and to aeayability and performance for
bounded signals.
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U -+ U1 P

UQ C

Ficure 4.16. Control system convention for the gap metric framé&wor

The gap metric has a very well developed theoretical fouodaand also characterizations
of the (nonlinear) gap metric in terms of stable factormasi are available [73]. These re-
sults are however not suitable for numerical computatiand,it remains an open problem
for future research how the gap metric framework can gelyeb& used &iciently for
linear control of nonlinear processes. But there are matbdf the gap metric to the mul-
tiplicative output error nonlinearity measure, which wel woint out next.

The general setup for the gap metric framework is as depictédg. 4.16. The signals
(uo, Yo) are exogenous signals angi,(y;) and (1, y,) are the inputs and outputs of the
plant and controller respectively. The signajsare elements of the signal séf, where
U is a (subset of a) Banach or extended signal space. The signal Y are defined
analogously. For ease of presentation, the following exXiposconcerns the case wheté

is an entire signal space. The case of closed ballg tan be treated in a similar way [39].
Note the unusual minus sign that is used at the summation gioyg andy;, introduced to
make use of parallel projection operatdr$28].

DerNirion. [39] For a mappind®: ue U - ye Y Let

o-{(3)

be the graph of a syste” The directed metric between two graphs is defined by

y:Pu,uele}Q‘ley

N . I((® - )w)+|l @ is a causal bijective }
6(G1,Go) =inf{ sup —————"1—: . .
(gl QZ) {weg1,$>o |Iwr || mapgl - G with ®0 = 0

With some abuse of notation we also wrii€P;, P,) for the metric between the graphs of
the two system$’; and P,. If a controllerC for a plantP; is given, and the gap metric

betweenP; andP; is known, then the following dticient condition on the stability of the

closed loop with the controlle and the planP, can be given.

Theorem [39] LetI1pc : (Ug, Yo) — (U1, Y1) be the mapping from the exogenous signals to
the input and output of the plaift (see Fig. 4.16). Leflp,c be finite-gain stable (i.e. the
closed loop withP; andC is stable). If a systerR, is such that

_5)(P1, P2) < ||HP1C||_1
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thenIlp,c is finite-gain stable and

1+ 0(Py, Py)

[eyc| < [[Tlecl] = -
1 - ||HP1C|| 6 (P].’ PZ)

This theorem can now be used for the design of linear cortofbr nonlinear systems as
follows: Let P, = G be a linear model for the nonlinear pla = N. If the linear con-
troller C stabilizes the linear mod@, it also stabilizes the nonlinear pladt provided that

—6)(G, N) < |[TIecll™. Moreover, we can define a new nonlinearity measure thatumesis
the gap between the nonlinear systdmnd its best linear mod&*.

DerintTioN. The gap metric nonlinearity measurmaf a (not necessarily stable) nonlinear
plantN : U — Ly, is defined by

U = inf 6(Ge.
¢GAF3N GeGmn (Gs,GN)

and the linear modeéb* with _(5)(6*, N) = ¢é’ARN is called the best linear model in the gap
metric.

Consider the particular map froge to Gy

o[ 3) (e[ 3)-( &)

and consider thé, signal spaces. Then we obtain from the definition of the gapime
the following upper bound on the gap metric nonlinearity suza

. . Nu—-Gu
oY = inf 8(G,N) < inf sup I Al
CARN ™ GeGma GeGmn yett, T>0 2 2
U0 Gy I + llur 3
: [((Nu-Gu)rll, 4
< inf su = )
GeGmn ue(L(,Tp>0 ”(G u)T”z ¢MOE’N

As ¢ioen < 1itcan be directly concluded thag,,, < 1 for stableN. In order to draw
conclusions about the control-relevant nonlinearity, lthear control problem has to be
solved for the modeb subject to the requiremefilgc|| < 1/¢é’ARN. If this condition can
be satisfied (which is easy to check with linear methods}y thienear stabilizing controller
can be designed for the nonlinear plant. From the paraltgéption property follows that
IMgcll = 1, and a gap metric nonlinearity measure value of 1 meanditieatr control for
the nonlinear plant will not be possible using this approgtamight still be possible using
other approaches as the theorem given above only pro¥isiesocy, but not necessity).
Note that the theorem directly delivers a bound on the gaith@monlinear closed loop
operatoIyc, giving a hint on closed loop performance.

As compared to the approach presented in this thesis, thegajz framework to describe
the distance between input-output operators has the alantage of being applicable to
unstable systems. Moreover, the stability conditions asei@ed to be less conservative
than the small gain theorem. But as the condition is also sedfigcient, no conclusive
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statement can be made at this point. The two mafificdities for developing useful and

practical methods based on the gap metric are expected be lbemputation of the metric

itself and the specification of the region of operation. tFattempts to use the gap metric
in practical examples for linear controller design for noear systems have been only
possible by using a family of local linear models to computepproximation of the gap

metric [132, 133]. Furthermore, the computation of the gagirim can be related to the

kernel and image representations of the involved mappstgsying the complexity of the

underlying structure [73]. Finally, it is not yet known whichoice of signal space is the
best one, and whether same way to fix the operating regionssilde as is done in this

work.

4.4. Application Example: Linear Control of a Nonlinear CSTR

The purpose of this section is to demonstrate the proposetdotier design technique on
a practically relevant example. We consider a continuougedttank reactor (CSTR) in
which the product cyclopentenol (substari@eis to be produced from cyclopentadiene
(substancé\). But in addition to cyclopentenoB]), the reactions

ASBRC

ks
2A — D.

produce the unwanted byproducts dicyclopentadiéieafd cyclopentanediold). The
reactions are governed by the nonlinedfedential equations

dc
d_? = ViR(CAO —Ca) — KiCa — k3Ci (4.14)
d
d—CtB = —ViRCB + kiCa — koCg (4.15)
dar ¢ kwAr
ra V—R(To -T)+ oV (Tc—T) (4.16)
1
—[E(kchAHRAB + KoCaAHRgc + ksCAAHRAD) (4.17)
dT, 1 .
i rncCpc(Q + kwAR(T — Tc)) (4.18)

with the reaction rate cdicients described by
k = koeT,i=123 (4.19)

The stateg,, Cg are the concentrations éf and B respectively,T is the reactor tempera-
ture andT. is the coolant temperature. The heat flQuihat influences the temperature of
the coolant is assumed to be constant. The variable to bé&atedus the product concen-
trationcg in the outflow and the manipulated variable is the inlet flote cp The example
process given above is typically driven at an operatingtgbet achieves about 70% of the
maximally possible yield, denoted as suboptimal operagtimigt (S P). For further details
on the process and parameter values we refer to [17].
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For the nonlinearity assessment and controller design,ave bhosen the additive error
setup. This setup has been chosen because the systemserbib#pecial structure that
would favor a diferent setup. Moreover, the controller is designed in ordechieve set
point tracking, which to our experience can be achieved reasily in the additive error
setup. Especially an integral term in the controller caasé@sulties in the other setups, as
the available methods to verify the stability criteria aegtggularly conservative for neu-
trally stable systems. The nonlinearity measure and besalimodel have been computed
using the algorithm given in Section 3.8 and in [121] empigygenetic algorithms. The
terminating criterio% < 5% has been used to stop the algorithm, but the actually
achieved accuracy was ever®@%. The value of the additive error nonlinearity measure
Is obtained as

U
e =0.00747

in the L,-setup, for an operating range gf= 1883 + 10d/h. This value seems to be
very low, but it has to be compared to the gain of the systenthigiven operating range,
which evaluates tgN||“) = 0.02359. The ratio of the nonlinearity measure to the system
gain is of¢(§’E(j‘,<,)/ INJ“M = 0.317, and so the system nonlinearity can not be neglected.
Moreover, it is worth mentioning that the lower bound of tlenlnearity measure based
on the steady-state locus of the planpf§')) > ¢,{) = 0.00128. Comparison with
the exact value suggests that the most significant sourdeeafidnlinear behaviour is in
the system dynamics of the plant. The gain of the error systsmg the local lineariza-
tion G,,c as model igjA[“Y) = 0.00876 and the corresponding ratio to the system gain
1AM 7 INII#M) = 0.371. This value is only little higher than the nonlinearitgasure
and only little diference is expected between using the linearization or thelinear
model for controller design. These findings can be suppdriedtudying the step re-
sponses of the open-loop nonlinear process, best lineaelraod linearization, as shown

in Fig. 4.17.

Both models seem to approximate the real system behaviotg well. It can be seen
that the best linear model has worse accuracy for the stetadly-behaviour, but a better
approximation of the dynamic behaviour for negative stéjmss compromise is obviously
the reason for the best linear model to be slightly supener the linearization.

It has to be noted that the best model is not unique. This eadyr true in theory, and
there are even more degrees of freedom when the model is ¢edhpumerically. For
the considered CSTR, computations showed that considerougls with real poles only
does not imply a loss in model quality. On the other hand, tmgroller design experience
showed that such a model can greatly facilitate the coetrglynthesis procedure. There-
fore, the best linear model was chosen among the linear medti real poles only, and
the nonlinearity measure given above is the associatedlmgagror. This best model

(s—1061)(s+5.0)
(s+937.7)(s+321)(s+114)

G(9) = -7.8
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Ficure 4.17. Step responses of the exact nonlinear CSTR model
(solid), the best linear approximation (dash-dotted), @nadlocal lin-
earization (dashed). The plant output is the concentraicof prod-

uct B, measured imol/l as deviation from its steady-state value of
0.9mol/l. The inputs are equally spaced step inputs in the range of
g=1883+n-333/hwithn=1,2 3.

was also used for controller design. The controller desas hleen performed using the
H., design technique with the mixed-sensitivity problem folation

aWS

BKS <1

Heo

with the weighting functionV(s) = :—Sg A nesteda — B—iteration was done in order
to maximizea while still satisfying the conditiosag . - [KS|l, < 1. The small gain

condition for stability given by Corollary 4.5 was verifiegt Heriving an upper bound via
LMIs as described in [108]. Note that the level of saturatioes not have any impact on
the gain in the single-input case, but is has an impact onéhfeqmance (e.g. the size of
reference steps that can be followed). In addition tdthecontroller design, the controller
was augmented with an integral term with anti-windup. Thegration time constant was

trimmed as high as possible while still respecting the &tglaiondition.

Simulation results of the closed loop with the nonlineampland the linear model are
given in Fig. 4.18. It can be seen that the set-point trackiglgaviour is very satisfactory.
It can also be seen that for a reference step@iLmol/l, the manipulated variable runs
into saturation. Comparison with the responses of the dlés® containing the saturated
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Ficure 4.18. Responses of the closed loop with nonlinear plant and
linear model respectively to steps in the reference sighdifterent
height.

linear model shows that in this case the nonlinear mismatoh tloes not féect perfor-
mance, although this could not be guaranteed in advances eKaimple shows that also
for practical systems, the proposed procedure allows toesstully integrate linear model
assessment and linear controller design for nonlineargssss.

4.5. Summary

In this chapter, stability conditions and a controller desprocedure for linear control of
nonlinear systems has been presented. The general precedoased on the fact that
the nonlinear plant is represented as the interconnecfianominal linear model and a
nonlinear error term. Principally any linear model can bed $ut the best model, with an
error gain given by the corresponding nonlinearity measwes shown to be superior to
other models in some cases. The example of a locally stalig/ldbally unstable system
showed that it may indeed be necessary to do a regional dentlesign. In our approach,
the region of operation is described by constraining theobatlowed input signals to a
certain, physically meaningful set. In order to incorperthis restriction in the closed loop,
a saturation block has been introduced, that in practicedbs added to either the plant
or the controller. Closed loop stability can then be guaadtby satisfying a small gain
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condition of the product of the error gain and the gain of aimahtlosed loop system, the
exact form of which depends on the interconnection type @mog/e presented results for
all interconnection structures that have been defined iptéh&. We have also given rules
that allow to select the most appropriate setup. Possilpgeoaphes to extend the method
to performance synthesis have also been given.

The controller design procedure given in this chapter caagptied to nonlinear systems
that may be given in any form, as long as they are finite galiestd he region of operation
can be specified very easily, presenting and advantage os@ppsly known results. The
only prerequisite for the application of the method is thihear model is given together
with its quality index (modeling error).



CHAPTER 5

Conclusions

It is important to know in which cases the simplification camialong with the use of
linear models for nonlinear systems is tolerable in contrajineering. The goal of this
thesis is to establish methods

(1) to assess the accuracy of a given linear model for a givehnear system and
(2) to derive optimal linear models for this system, as well a
(3) to design controllers for a given nonlinear system basea given linear model.

In order to quantify the quality of a given linear model andd&rive an optimal linear

model, this work introduced a novel unifying framework. histframework, the nonlinear
plant is represented as the interconnection of a nominahtimodel and a nonlinear error
term. The model quality can be measured by the gain of the eystem, and a best
linear model is defined to achieve the smallest possible gaia. Possible interconnection
structures include those known from linear robust contrebty. The model quality index
of the best linear model is a measure of nonlinearity in tipaitroutput behaviour of the
nonlinear process, and two nonlinearity measures knowm fiee literature are special
cases of the proposed framework. The information aboutitieail model and the error
gain can then subsequently by used to design a linear clamntfoi the nonlinear system.

The main contribution of this thesis for linear modeling ohtinear systems is to provide
a rigorous mathematical foundation of the introduced fraork, and to provide charac-
terizations of the nonlinearity measures and best lineatalsdor special system classes.
Conditions were given under which an error model can be plpplefined, also showing
that the given definitions of nonlinearity measures and loestr models are indeed mean-
ingful. We also showed for the additive error nonlinearitgasure that the state space
linearization gives a unique perfect local linear moda, ithe unique linear model that
achieves zero modeling error in the limiting case of a vangloperating regime. It was
shown that the steady state behaviour establishes a lowsdlior three of the nonlin-
earity measures, and that in those cases, dynamic lineaglsmbdve no advantage over
static linear models for memoryless nonlinear operatorgtmkilae for the nonlinearity
measures of memoryless operators were given, and particaleple expressions were
obtained for memoryless scalar systems based on the ndtiarsector. Linear models
and the associated modeling errors were derived for Hamene@nd Wiener models, and
some further interconnections of a linear and a nonlinestesy. It was shown that, if the

113
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approximation is a linear combination of linear models framiven basis, the best linear
model is guaranteed to exist for two of the measures. If atdigst linear does not exist, it
was shown that an arbitrarily close linear model can be pbthi

The main contribution of this thesis for linear control ohtinear systems are the stability
conditions and controller design procedures for lineatrabof nonlinear systems. The
general procedure is based on the fact that the nonlineat iglaepresented as the inter-
connection of a nominal linear model and a nonlinear ernontelhe idea is then to use
controller design to robustly stabilize the nominal linegstem in presence of the nonlin-
ear perturbation term. Principally any linear model can ®edy but the best model, with
an error gain given by the corresponding nonlinearity megsuas shown to be sometimes
significantly superior to other models. This is explainedhy fact that the smallest mod-
eling error implies the least conservatism in the contralksign. The example of a locally
stable, but globally unstable, system showed that it iseaddeecessary to do a regional
controller design. In our approach, the region of operasatescribed by constraining the
set of allowed input signals to a certain, physically megfuhset. In order to incorporate
this restriction in the closed loop, a saturation block hesrbintroduced, that in practice
has to be added to either the plant or the controller. Closepl $tability can then be guar-
anteed by satisfying a small gain condition on the produtheferror gain and the gain of
a nominal closed loop system. The exact form of the nomiraded loop depends on the
interconnection type chosen and we presented the resuld foterconnection structures
defined previously. Although the proposed method is rdsttito finite gain stable pro-
cesses, the key advantage is that a linear controller caedigreéd to achieve the desired
performance for the linear model, while still guaranteastaged loop stability for the non-
linear process. It has been shown that this approach catdemdd performance, and that
it is also applicable for practically relevant processes.

The results of this thesis build a bridge between nonlimganeasures and robust control
theory, allowing a new and better interpretation of knownlmzarity measures, and intro-
ducing new ones. As compared to previous research, the e proposed framework
is to bring together nonlinearity assessment, the devedoprand assessment of linear
models for nonlinear systems and the design of linear clhetsofor nonlinear systems.
The framework thus contributes to all related fields of redgato nonlinearity assess-
ment, to linear modeling of nonlinear systems, to contebdvrant nonlinearity assessment
as well as to linear control of nonlinear systems.

Concerning the areas of nonlinearity assessment and Imedeling for nonlinear sys-

tems, the results have shown that two previously known neality measures are closer
related than was known before. Many theoretical resulte Baown that the definitions of
nonlinearity measures are in accordance with engineeningion, e.g. in the case of local
linear approximations, thus strengthening the confidendée usefulness of the frame-
work. Other results enable the user to more easily evalhat@anlinearity measure and
derive linear models for a system with a known structuree llammerstein and Wiener
systems, and to decide in advance whether a certain nontinggeasure (or model qual-

ity index) is suited for a given system or not. Both facts citite to the applicability

of the proposed framework. But the given results can be thioteggbe generalized even
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more. Instead of evaluating the gain of the error system fioxeml error setup, one can
also think of searching for an optimal generalized planisthlso optimizing the intercon-
nection structure. In order to be able to apply the analystssynthesis methods of this
thesis in an i-the-shelf manner, advances in the computation of nonlisgstem gains
are desirable. Furthermore, an analogue approach applitaiinstable systems would
significantly enlarge the class of problems that can beddeaDne possible starting point
for such a method is given by the gap metric framework.

Although the individual nonlinearity measures are comguiased on the plant only, the
framework also allows to assess the control-relevant neality. This assessment can on
the one hand take into account whether the necessary statwhditions can be satisfied
for the best linear model. On the other handfetent nonlinearity measures can be com-
pared, and weighted nonlinearity measures can be useddssasge suitability of linear
models with respect to a given control objective. Furtheanthe control-relevant anal-
ysis that is done this way does not only refer to an imaginast bnear controller for a
nonlinear plant, but a concrete design procedure is knowntbactually design a linear
controller.

The linear controller design methods for nonlinear systgmsn in this thesis use the
input-output framework and therefore, the presented obetrdesign procedure is not
restricted to systems given in state-space form. Moredtierregion of operation of a
plant can be specified easier than has been possible bdfasealiowing for non-global
synthesis. In the future, it will be interesting to see wheetthe method also proves to
be useful in the application to real industrial processes.hé&ve sketched a way how the
controller design may be extended to also design linearalers for nonlinear systems
with guaranteed performance. Such a development, as wilegsossibility to also treat
unstable systems, would contribute to make the ideas givehis thesis a fruitful basis
for the application and the further development of lineadeimg and linear control of
nonlinear systems.
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